


Complete solution to
a ColleCtion of problems in mathematiCs

Classes XI-XII

Bidesh Biswas  M. Sc.
J.M.M.C Research Foundation, Kolkata

Guest Teacher of  
Ramakrishna Mission Boys’ Home 

High School,   Rahara,  Kolkata

Sraboni Biswas  M. Sc.
J.M.M.C Research Foundation, Kolkata

Ex-Teacher of
 Our Lady Queen of the Missions 

School, Salt Lake
Mahadevi Birla Shishu Vihar
Ashok Hall Girl’s H.S. School

JMMC Research Foundation Publication 
333/C, Jessore Road, Kolkata 700089

[For all Indian Boards and Competitive Exams]

in association with :  



Published by : JMMC Research Foundation  Publication  
                   333/C, Jessore Road, Kolkata 700089

Phone : +913325224106
  + 918585856766
 
website  : www.mathjmmc.com
email  : books@mathjmmc.com
  jmmcrf@gmail.com

 © reserved by authors

1st Online Edition -2019

in association with :  

This book is dedicated to our
beloved students who give us the

motivation to learn the subject.



Preface 

I
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It is indeed immense joy to place before the young students the complete 
solution to"A Collection of Problems in Mathematics" for Classes - XI 
&XII. The success and overwhelming response from students has given 
us the impetus to do this huge task.For the betterment of the students and 
their convenience the solution of nearly six thousand problems has been 
published online for free. We hope that the students will make the best 
use of this opportunity.
   We shall be happy if this endeavour serves the cause of the students 
in a more effective way. Suggestion for improvement of the book from 
all corners are welcome.
   

kolkata           Bidesh Biswas
24.05.2019          Sraboni Biswas

email : bb@mathjmmc.com
             mathbiswas@gmail.com                                                                          
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1.(a)  
(x+2)2 (x–1)(x2)
(ex  – e) (x–2)  < / 0

 

 ⇒ 
x2(x+2)2 (x–1)(x2)

(ex  – e) (x–2)  ≥ 0  ....(i)

  Here, x ≠ 1, 2
 ∴ (i) is satisfied if x = –2, 0 or x > 2
 ∴ –2 is the only –ve integer.

2.(b)  L.H.S = 
a
b
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 [ a3 = b4]
 = a1/3 + b–1/4 = aα + bβ

 ⇒ α =  
1
3

 , β = –  
1
4

3.(b)  |(x–3)(x–2)| = x +2
  Case (i) : If x ≤ – 2or x ≥ 3,
  (1) becomes (x–3) (x+2) = x + 2
 ⇒ x = –2,4.
  Case (ii) : If – 2 < x < 3,
  (1) becomes –(x–3) (x+2) = x + 2
 ⇒ (x+2) (x–2) = 0 ⇒ x = ±2.
 ∴ x = 2 [ –2<x <3]
 ∴ Required solutions are x = –2, 4,2
  i.e.  3 solutions.
4. (b) We know that,
  R2 = P2 + Q2 + 2PQcosθ
  When Q is doubled, R is also doubled 
  So, (2R)2 = P2 + (2Q)2 + 2.P.(2Q) cosθ
 ⇒ 4R2 = p2 + 4Q2 + 4P cosθ   ...(2)
  On eliminating θ we get, 2R2 = –p2 + 2Q2.

 = 2 
R
Q

P
Q









 = −











2 2

 + 2 = – 
2
3

 + 2
  
  [Since,P  : Q : R = 2   : 3  : k] 

 ⇒  Q : R = 3 :  2   ⇒ k = 2  .

5.(b)  Check that P(1), P(2), P(3) are false but P(4) is true and all next 
values of n are true.

6.(a)  Here ,N = z + 10y + 100x ......(i)
  Also, x ≤ 9, y ≤ 9, z ≤ 9
 ∴ (x) (y) (z) ≤ (x)(9) (9) < 100x < z + 10y + 100x 
 ⇒ (x) (y) (z) < N  [from (i)]

7.(c)   0 ≤ |cos2x | ≤  1 ⇒ 0 ≤ 2[x] ≤ 1 ⇒ 0 ≤ [x] ≤  
1
2

 ⇒ [x] = 0  ∴ 0 ≤ x < 1  ...(ii)
 ∴ Given equation becomes |cos2x| = 2(0) = 0 

 ⇒ 2x =  
π
2

 ⇒ x =  
π
4

 is the only solution in (i) .
8.(b)  Clearly, a = 2   ...(i)
  3222 = (25)32 = (3–1)160 = 3160 – 160C13

159+  160C2·3
158.......–

160C159·3+1

 = (a number of multiple of 3) + 1 = 3m + 1(say)[m  I ']
 ∴ 1 is the remainder, when 3232 is divided by 3 
 ⇒ p = 1....(ii)
  Also, 323232

 = 323m+1  = 215m+5  = 22.(23)5m+1

 = 4[7  +1) 5m  +1 ]  =  4[7 5m  +1  +  5m+1C 1·7 5m + . . . . . .+  
 5m+1C5m·7+ 1] = 4[(A multiple of 7)+1]

 
 ∴ Clearly when 32

32
32

 is divided by 7, the remainder will be 4 ⇒ 
m = 4  ...(iii)

 ∴ (i), (ii) and (iii) ⇒ p,a,m are in G.P.

9.(a) ∑
∞

r = 12 
1
2r ·  
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10.(b)  |x–3| + (x–1) + (x+2)| ≤ |x – 3| + |x–1| + |x–2|≤ 3
 ⇒ |3x – 6| ≤ 3
 ⇒ – 3≤3x – 6≤ 3 ⇒ x  [1,3].
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11.(a) z
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1 1

 ⇒ C  = B

  Similarly, it can be proved A = B
 ∴ A = B = C. 
12.(a)  Putting n = 0 & 1 : 2(6–2) = c 
 ∴ c = 8 & 2(6–2) + 2(7–2) = a+b+c 
 ⇒ a + b = 10.
13.(a)  Since, 1800 = 23.32.52

  No.of factors of any positive integer of the form 2α.3β.5γ ..... is 
(α+1) (β+1) (γ+1)....

 ∴ Total no. of factors = (3+1)(2+1)(2+1) = 36.
 ∴ Required no. of factors = 36 – 1 = 35 (excluding 1).

14.(b)   (x+iy)5 = x5 + 5C1x
4iy + 5C2x

3i2y2 + 5C3x
2i2y3 +  5C4xi4y4 + 

i5y5. 
 = (x5 –10x3y2 + 5xy4) + i (5x4y – 10x2y3 + y5)
  On taking modules to both sides and squaring, 
  (x2 + y2)5 = (x5 – 10x3y2 + 5xy4)2 + (5x4y – 10x2y3 + y5)2.Hence, 

a= 1, b = 5(on comparing).

15. 	  cosx = 
sinx + |sinx|

2
  If  sinx < 0, cosx  = 

sinx – sinx
2

 = 0

 ⇒ x = 
3π
2

only in [0,2π] 

  If sinx ≥ 0, cosx = 
sinx + sinx

2
 = sinx

  i.e. tanx = 1 ⇒ x = 
π
4

 only in [0,2π]
 ∴ The number of possible values of x = 2 in [0,2π].

16.(d)  x = t t  –  
1

t t  = ( t )3 –  
1 3

t
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1 3

 + 3. t · 
1

 t
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−











1
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t

t

t
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 +

−









1
3

13
 = y3 + 3y

 ∴  
x
y2  = y +  

3
y  ≥ 2. y ·

3
4

 [∴A.M. ≥ G.M]
 

 ∴  
x
y2  ≥ 4 sin 

π
3

 

17.(d)   
1

(x – a)2 (x–b) 
  =  

1
x–a

 
1 1
x a x b− −









·

 =  
1

x–a
 ·  

1
a–b

1 1
x a x b− −









·
 

 =  
1

a–b
· 

1 1
2x a x a x b−( )
−

−( ) −( )












 =  
1

a–b
·  

1
(x–a)2  –  

1
(a–b)2 ·  

1
x–a  +  

1
(x–a)2·  

1
x–b

 ∴ λ =  
1

a–b
, μ = –  

1
(a–b)2 , v =  

1
(a–b)2 .

18.(d)  We have 
x
x

n−









1
 =  1= cos2rπ + i sin2rπ 

  [where r = 0, 1,2......(n –1)]

 ⇒  1 –  
1
x

  = cos 
2rπ
n

 + i sin 
2rπ
n

 
 

 ⇒ x =  
1

1–cos 
2rπ
n

– i sin 
2rπ
n

 ⇒ 
1

2− +








i

r
n

r
n

i
r
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· sin cos sin
π π π  [ i2 = –1]
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− −
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2

cos sin

sin

π π

π  =  
1
2
i

r
n
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19.(c)  x3 – 3xy2 = 1008   ∴ x3 + 3x(iy)2 =  1008  
 

  3x2y– y3  = 1005   ∴3x2y + i2y3 =  1005
 ∴ (x + iy)3 = x3 + 3.x2.iy+ 3x(iy)2 + (iy)3

 = [x3 + 3x (iy)2] + i[3x2 y + i2y3]
 =  1008  + i 1005     ...(1)

  Also, (x–iy)3 = x3 – 3x2(iy) + 3x (iy)2 –(iy)3

 = [x2 + 3x(iy)2]  – i[3x2y + i2y3]
 =  1008  – i 1005     ...(2)
  On multiplying (1) and (2) we get 
  (x2 – t2y2)3 = ( 1005 )2 –i2 ( 1005  )2

 ⇒ (x2 + y2)3 = 1008 + 1005 ⇒ x y2 2
6

+( )  = 2013.
 ⇒ |x+iy| = 6 2013

20.(a)  Let x, y be the unit's and ten's place respectively then the number 
will be in yx form (where x > y).

 x y Total
 2 1 1 
 3 1,2 2
 4 1,2,3 3
 5 1,2,3,4 4
 6 1,2,3,4,5 5
 7 1,2,3,4,5,6 6 
 8 1,2,3,4,5,6,7 7 
 9 1,2,3,4,5,6,7,8 8
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  Total =  ∑
8

r = 1
 r = 36

21.(c)    ∑
2012

r = 1007
  

1
r  =  

1
1007  +  

1
1008  + ....+  

1
2012

 = 1
1
2

1
3

1
2012

1
1
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1
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1
1006

+ + + +








 − + + + +









.... ....
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1
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1
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+ + + +








 + + + +
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 + + + + +









.... ....
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1
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1
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1
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1
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.... ....  

 = 1 –  
1
2

 + 
1
3

 – 
1
4

 + 
1
5

 – ......+ 
1

2011
 –  

1
2012

 =   ∑
2012

r = 1
  

(–1)r+1

r

  Also, above sum = 

  
1

1
2

1
3

1
4

1
5

1
6

1
2011

1
2012

−








 + −









 + −









 + + −









...... 

 =  
1

1.2
 +  

1
3.4

 +  
1

5.6
 + .....+  

1
2011·2012

 =   ∑
1006

r = 1
  

1
(2r–1)2r

.

22.(b,c)   1
1 1

1
1

1 1

1

2

2 2+ −
+









 = + +

+( )x x x x

  + 2
1 1

1
1

1x x x x
−

+
−

+








( )  

 = 1 + x–2 + (x+1)–2 + 2 
x
x x x
+ −
+

−
+









1 1
1

1
1( )  

 
 = 1+x–2  +(x+1)–2 + 2(0) = 1 = x–2 + (x+1)–2

 ∴ {1+x–2 + (x+1)–2 }1/2 = 1+  1
x

 –  
1

x+1
 

 ∴    ∑
2013

r = 1
{1+r–2 + (r +1)–2}1/2 =    ∑

2013

r = 1
 1

1 1
1

+ −
+









r r

 = 1
1
1

1
2

1
1
2

1
3

1
1

2013
1

2014
+ −









 + + −









 + + + −









.....

 = 2013 + 1 – 
1

2014
  = 2014 –  

1
2014

  or 2013 +  
2013
2014

.

23.(b)  a =    ∑
∞

n = 1
  2

4n2 + 2n

 ⇒  
a
2   ∑

∞

n = 1
  1

2n(2n + 1)
 =  ∑

∞

n = 1

1
2

1
2 1n n

−
+











 ⇒ 
a
2  = 

1
2

1
3

1
4

1
5

1
6

1
7

−








 + −









 + −









  + .....to ∞

 

 = 1 – 1
1
2

1
3

1
4

− + − + ∞








..... to  = 1 – loge (1+1)

 
 ⇒ a = 2 – 2 log, 2......(1)

  Also, b =  ∑
∞

r = 1
   

r
r rr2 11+ +( )  =   ∑

∞

r = 1
  1

2r+1(r+1)

 =  1
22·2

 +  1
23·3

 +  1
24·4

 +... to ∞
 

 = 1

1
2
2

1
2
3

1
2
4

3 4

+










+










+










+ ∞
























2

.......to



−1

 

 = –loge 1
1
2

−








 –1 = loge2–1 ⇒ loge 2 = b +1

 
 ∴ From (1); a = 2 –2(b–1) ⇒ a + 2b = 0.
24.(d)   7! = 24.32.5.7 and factor should be of (3n+1) form and odd, 

only 
 ∴ Their sum = 8    [1 and 7 only].
25.(c)  Let f(x) = αx2 + βx + γ
 ∴ From Remainder theorem, f(–1) = 13, 
  f(–2) = 11 and f(–3) = 27 
 ⇒ α – β  + γ  = 13 ....(ii), 4α – 2β + γ = 11...(ii)
  9α – 3β + γ = 27 ....(iii)
  On solving we get α = 9, β = 29, γ = 33.
26.(b)  Let d be the c.d.

  Coefficient matrix, A = 
a a
a a

2 4

3 5

−
−









  

 

  |A| = 
a a
a a

2 4

3 5

−
−

= a2a5  + a3a4

  = – (a1
 + d) (a1

 + 4d) + (a1
 + 2d) (a1

 + 3d)
 = 2d2 > 0 [ d ≠ 0]
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  |A| ≠ 0. ∴ System of given equations has a unique solution.
27.(a)  In each of 5! , 6! ...., 2014! the digit at unit place is 0.
  1! + 2! + 3! + 4! = 33

 ⇒ Unit's place in ∑
2014

r = 1
r !  = 3

 
  n > 1, n  I. ∴ 2n = 4k(k N)
 ∴ Digit at unit's place in 22n

 or 24k or 16k is 6

 ∴ Digit at unit's place in 22n
 + ∑

2014

r = 1
r !  = 9

28.(c)  ∴   
2012b + 2011a
2012b – 2011a  =  

2012c + 2011b
2012c – 2011b

 
 ∴ By Comp. & Div, we get 

   
2012b
2011a  =  

2012c
2011b  ⇒ b2 = ac

 
 ∴ a,b,c are in G.P.

  Lets its common ratio be r ∴  
a
b  =  

1
r  =  

b
c  ....(1)

  
  Again, c a b c c b bx x x. . ( )+ < +

 ⇒ c
a
c

b b c
b
c

x x








 + < +( )









 
  [on dividing both sides by ex]

 ⇒ c
r

b b c
r

x x1 1
2









 + < +( )







  

 ⇒  c t b b c t· 2 + < +( )   [where  
1
rx  = t]

 

 ⇒ (t–1) ( )ct b t t
b
c

− < ⇒ −( ) −








 <0 1 0  

 ⇒ 
b
c

 < t < 1 ⇒ 
1 1
r r x

<  ∴ = >










b
a

r 1
 

 ⇒ r 
1
2  > rx ⇒ x <  

1
2  ⇒ x  −∞









,

1
2 

 

  0
1
2

,








  is required subinterval of −∞









,

1
2

.

29.(a,c) a =  ∑
671

r = 1
 
3r–1

r  =   ∑
671

r = 1
3

1
−









r  = 3 × 671 –   ∑

671

r = 1
 
1
r  = 2013–b 

 
 ∴ a+b  = 2013 which is a constant.

30. (a) 33! = (2·4·6·...32) (1·3·5·...33)
 = 216 (1·2·3...·16)(1·3·5...·33)
 = 216 (2·4·6...·16) (1·3·5...·15)(1·3·5...·33)
 = 216·28 (1·2·3...·8) (1·3·5...·15)(1·3·5...·33)

 = 224 (2·4·6·8) (1·3·5·7) (1·3·5...·15) (1·3·5...·33)
 = 224 (21+2+1+3· 3) (1·3·5·7) (1·3·5...·15) (1·3·5...·33)
 = 231·3 (1·3·5·7) (1·3·5...·15) (1·3·5...·33)
 ⇒ 33! is divisible by 231.
 ⇒ largest (n–1) is 31 ∴ n = 32 (largest)
  α2 + β2 + y2 = 81 + 841 + 1089 = 2011.
 

31.(b)  ∑
n

r = 1
 (x1 + y1)

2 ≥ 0
 
 

 ⇒ ∑
n

r = 1
 xr

2 + ∑
n

r = 1
 yr

2 + 2 ∑
n

r = 1
 xryr ≥ 0

 

 ⇒ 1+ 1+  2 ∑
n

r = 1
 xryr ≥ 0 ⇒ ∑

n

r = 1
 xryr ≥ –1 ....(i)

 

  ∑
n

r = 1
(xr– yr)

2 ≥ 0 ⇒ ∑
n

r = 1
 xr

2 + ∑
n

r = 1
 yr

2 – 2 ∑
n

r = 1
 xryr ≥ 0

 

 ⇒ 1+ 1+  2 ∑
n

r = 1
 xryr ≥ 0 ⇒ ∑

n

r = 1
 xryr ≤ 1 ...(ii)

  From (i) and (ii), ∑
n

r = 1
 xryr  [–1,1].

32.(b)   P1 = 
x+a0

a1
 =  

x
a1

 ; P2 =  
x+a0

a1
.  

x+a1

a2

 =  
x(x+a1)

a1a2
 etc. [ a0

  = 0]
 

 ∴ 1 +  ∑
2013

r = 1
 Pi = 1 + P1 + P2 + P3 + ....+ P2013

 

 = 1+  
x
a1

 +  
x(x+a1)

a1a2
 +  

x(x+a1)(x+a2)
a1a2a3

 +.....to 2014 terms
 

 =  
x+a1

a1
 +  

x(x+a1)
a1a2

 + 
x(x+a1) (x+a2)

a1a2a3
.....to 2013 terms

 

 = 
(x+a1) (x+a2)

a1a2
  + 

x(x+a1) (x+a2)
a1a2a3

+ ... to 2012 terms ......

  ...................................
  ...................................
 

 =  
(x+a1) (x+a2)(x+a3)....(x+a2013)

a1a2a3 .....a2013
 .

 = 
∏

2013

r = 1

x a
a

r

r

+









33.(a)  
a1006 – a1007

1– a2013
 = 

a1006 (1–a)
(1–a) (1+a+a2 + ....+ a2012) 

 = 
1

(a1006+ a–1006) + (a1005 + a–1005) +....+ (a +a–1) +1
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 ≤ 
1

(2+2+... to 1006 terms) + 1

  [ A.M. ≥ G.M. and x +x–1 ≥ 2 etc.] ≤  
1

2013  On comparison, we get N = 2013
 ⇒ |1–N | = |1 – 2013|= 2012.
34.(b)   A.M.  ≥ G.M.
  (a + a + .... to a times) + (b+b  ....to b times)

 ∴ 
+(c+c +.....+  to c times)

a + b + c  

 ≥ (aa· bb·cc) 
1

a+b+c

 ⇒ 
a·a + b·b + c·c

a+b+c
≥ (aa bbcc)

1
a+b+c

 
 ⇒ a2 +b2 + c2 ≥ aabbcc

  [ a + b + c =  
560 + 671+782

2013  = 1]
 

  Similarly, 
ab + bc + ca 

a+b+c
≥ (ba.cb.ac)1/a+b + 

  

  and  
ac + ba + cb 

a+b+c
≥  (ca.ab.bc)1/a+b+c

 

  i.e. (ab + ba + ca) ≥ ba.cb.ac    ....(ii)
  and ac + ba + cb ≥ ca.cb.bc    ....(iii)
  Adding (i), (ii) and (iii), we get a(a+b+c) +b(b+c+a) + 

c(c+a+b)≥ aabbcc + bacbac + caabbc

  i.e. (a+b+c)2 ≥ aabbcc + bacbac + caabbc

 ∴ aabbcc + bacbac + caabbc ≤ 1 [ a + b + c = 1]

35.(d)  Here, x > y > z and z may be zero . Thus, we have to select any 
3 different digits out of 10 digits (including 0).

  [e.g. if we select 8, 3,7 in any order, we have to consider 873 
only satisfying x >y > z] 

 ∴ Required no. of nos.  = 10C3 = 120

36.(b)     A  + 1 + x + x2 + .......+xn–1  =  
1–xn

1–x

  B = 1 + x4 + x 8 + .....x4(n–1)   =  
1–x4n

1–x4
 

 ⇒  
B
A

 =  
1–x4n

1–x4 · 
1–x
1–xn  =  

(1+xn) (1+x2n)
(1+x) (1+x2)

  B will always be divisible by A only if n is an odd positive 
integer.

 ∴ n ≠  2014.
37.(d)   2012 > 2011
 ∴ 20122012–2011 > 20112012–2011

 

 ⇒  
20122012

20122011  >  
20122012

20122011

 ⇒ 20112011 · 20122012 > 20122012 · 20122011

  Similarly, 10010 · 200200 > 100200 · 200100 & 9999 · 101101 > 
90101· 10199

 ∴ (a), (b) and (c) are correct.
 ⇒ option (d) is incorrect.

39.(c)  Let y/x = a  ∴ x +y = –3/2a ......(i)
  and x + y +a = 1/2....(ii) 

 ⇒ –  
3
2a  + a =  

1
2   ⇒ 2a2 – a – 3 = 0

 ∴ a =  
3
2 a xy

y
x

a≠ − > ⇒ > ⇒ >








1 0 0 0as  

 ⇒  
y
x  =  

3
2 ⇒   

x
y  =  

2
3

 

 ∴ 2 ∑
∞

r = 1
 
x
y

r








  = 1 +  

x
y  +  

x2

y2 +.....+ to ∞ 
 

 = 1+  
2
3 + 

2
3

2








  + ....+ ∞  =  3  r = <











2
3

1

40.(a,b) 32013  = 3.(34)503 = 3(1+80)503

 = 3{1+ 503C1·80 + 503C2·802 + ......}
 = 3{1+ 40240 + 100m}
  [ all terms from 3rd onward are multiple of 100]
 = 120723 + 300m, m  I
 ∴ Last 2 digits =  23

41.(d)  3 3
2 2

−( )
−x

 + 1  = 4 3
2 2

−( )
−x

 ⇒ 
3 3

4 3
1

4 3

2 22 2
−

−















+
−











− −x x

 = 1 ....(i)
 
 

  
1

4 3−
 = sinθ 

 

 ∴ cos2 θ =  1– 
1

4 3−
 =  

3– 3

4– 3

 ∴ cosθ  = 
3 3
4 3

−

−

 ∴ Eqn.(i) becomes (cosθ) x2–2 + (sinθ)x2–2 = 1.
  But cos2 θ + sin2θ = 1⇒ x2 – 2 = 2
 ⇒ x = ± 2



6

 1.(c) log6(216 6 ) = log6(6
3+1/2) = 

7
2

  2.(c) y = 312×28 ⇒ log10y = 12 log103 +8 log102

  = 12 ×0.47712 + 8×0.30103

  = 5.72544 +2.40824 = 8.13368

 ∴ Number of digits in y = 8+1 = 9.

  3.(a) We have,

  2log35 = 2log2 5log32 = (2log25) log32 = (5)log32 

 ∴ 2log35  – 5log32 = 0

 4.(b) abc = 
log 12
log 24

·
log 24
log 36  · 

log 36
log 48

 = 
log 12
log 48

 
 
 ∴ 1+ abc = 

log 48+log12
log 48  = 

log (48.12)
log 48

 
  = 

log 242

log 48  = 2.
log 24
log 48

 = 2bc
 
  5.(d) T1  =  34 log35

 = 3 log3(54) = 54 = 625; 
  
  T2 = (33) 

2
3  log36

 =  3 log363  = 216
  
  T3 = 34 log97

 =  3 4 1
2

. log37  =  3 log372
   = 49

  
  6.(c) b2 = ac ⇒ 2 log b = log a + log c
 
 ∴	 log na. log nb , log nc are in A.P.
 ∴ Their reciprocals logan, logbn, logcn are in H.P.
 7.(a)  Let x18 = y21 = z28 = k, then 
  18logx = 21logy =  28logz = logk
  
  
  Now, 3 logyx = 3

logx
logy   = 3.

21
18

 = 
7
2,

 
  
  3 logzy = 3. 28

21
 = 4, 7logxz = 7. 18

28
 = 

9
2

 
   Hence the numbers are 3 

1
2 , 4 and 4

1
2, which are clearly in 

A.P.
 8.(c) logy = 40log3  = 19.08 ∴ Number of digits in y = 19 +1 = 

20.

  9.(c)  y = 2log175  ∴ 
1
y

 = 
1
2 log5 17, 

  
   

1
x

 log53  = 
1
2 log59.

  Clearly,  
1
y  > 

1
x  ∴  x > y.

  
  10.(c) If y = logb (ab) then 

1
x

 +
1
y  – logaba+logabb

 
 or, 1

x
 +  

1
y

 = logab(ab) =1
 
 
 ∴ 

1
y  =1 – 

1
x

 = 
x–1
x  ∴  y = 

x
x–1

 
  11.(b) log2.log3..... log99log1001009998....

 

.......2
1

 

  

 = log2.log3..... log9999
98....

 

.......2
1

  

 = log2.log3..... log9898
97....

 

.......2
1

 = log2.log3..... log9797
96....

 

.......2
1

 = log2.log33
21

 
= log22

1log33..... log22 = 1.

 12.(b) Put 6x  = 3x. 2x . Divide by 6x and put (3/2)x = t, where t is 
positive being exponential function.

  ∴ 
4
t

 –1 –18t = 0 or, 18t2 + t– 4 = 0

 ∴ t = 
4
9

, –
1
2

 

  
3
2

2
3

3
2

2 2






 = 






 = 







−x

 ∴ x = –2

  The other value t = –
1
2

 is rejected as t is positive.

 

 13.(c) log0.04(x–1) ≥ log0.2(x–1)......(1)

  For log to be defined x –1 > 0 ⇒ x > 1

  From (i), log(0.2)2(x–1) ≥ log0.2(x–1) 

LOGARITHM
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 ⇒ 
1
2

 log0.2(x–1) ≥ log0.1(x–1)

 

 ⇒	 x −1 ≤	(x–1)

 

 ⇒ x −1 ≤	(1– x −1 )	≤	0⇒ 1– x −1 ≤	0

 

 ⇒ x −1 ≥	1⇒	x ≥ 2 ∴ x Î [2,∞]

 

 14.(b) log34. log45. log56. log67. log78. log89

 

  = 
log 4
log 3 · 

log 5
log 4 · 

log 6
log 5 · 

log 7
log 6 · 

log 8
log 7 · 

log 9
log 8

 
  =  

log 9
log 3  = log39 = log33

2 = 2.
 
 15.(d) From a2 + b2 = 7ab we have (a+b)2 = 9ab 
	

	 ∴	
a b+





3

2

 = ab
 
  Taking logarithm of both sides, we get,
  2log 

1
3 (a+b) = loga + logb

 16.(a) 1

2

2

11 log
log( )n a a

n

n

n

n n
=

==
∑∑

 

 

 = 
n

n

=
∑

1
  nloga 2 = loga 2  

n

n

=
∑

1
n

 

 = loga2×
n(n+1)

2  = 
n(n+1)

2 , loga2 

 

 17.(a) (0.05)log 
20 (0.1+0.01+....)

 

 = 
1
20








2 0 1
1 0 120log .

.−








  

 =  20 –2log20(1/9) 
  = 202log20

9 = 20log20
92

 = 92 = 81.

 18.(d) Here, 5 = 4a and 6 = 5b. 

  Let log32  = x, then 2 = 3x

  Now, 6 = 5b = (4a)b = 4ab or, 3 = 22ab –1 

 ∴  2  = (22ab  –1 )x  = 2x(2ab–1) ⇒ x(2ab –1) = 1

 19.(c)  log5x = logx5⇒ (log5x)2 = 1

  ⇒ log5x = ± 1 ⇒ x = 5, 5–1

  20.(a)  Here, logex + loge(1+x) = 0

  ⇒  log xe(1+x) = 0

 ∴ x 2 + x =1 ⇒ x2 +x –1 = 0 

  21.(a) x = log5 1000 = 3 log510 = 3 + 3log52

   = 3 + log58

  y = log7 2058 = log7(7
3 .6) = 3 + log7

6

  As log58 > log55 i.e. log58 > 1∴ x > 4

  and log76 < log77 i.e. log76 < 1 ∴ y < 4

 ∴ x > y

 22.(d) 
1
4

1
2

1+ +





 log2x = 14 ⇒ 
7
4

 log2x = 14

 

 ∴ log2x = 8 ∴ x = 28 = 256

 23.(d) For y = loga
x
  to be defined a must be any positive real 

number ≠ 1.

  24.(a) log5
3/25  = 

1
3/2   log5 5 = 

2
3

 

 25.(c)  log162  = 
1
4   log2 2 = 

1
4

 26.(c) logba, logcb, logac = logaa = 1

  27.(b) x = loga b, y = logb c, z = logc a

 ∴ xyz = loga b logb c logc a = 1

 28.(c) Given expression

  = 7 log 2
3 5

5 5
3 2

3 3
5 2

4 2

3

4

4×









 +

×









 +

×









log log  

  = 7 [4log2  – log 3– log5] +5[2log5 – log3 –3log2] + 3[4log3 
– log5 –4 log 2] = log 2.

  29.(c) logkAlog5k = 3⇒ log5A = 3 ⇒ A = 53

 30.(c)  log616 – log62
4 = 4 log62

  = 
4

log26
 =  

4
log22 + log23  = 

4
1+log23

....(1)

 

  and a = log12 27 = log123
3 = 3 log 123 

 = 
3

log312  = 
3

log33 + log34  = 
3

1+2log32  

 ∴ a + 2alog32  = 3 or, log3 2 = 
3–a
2a 
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  Hence log2 3 = 
2a
3–a  

  Now, from (1), log6 16 = 
4

1 2
3

+
−
a
a

 = 
4(3–a)

3+a 
 

 31.(c)  log10 50 = log10 
100
2 

 = log10102 – log102

 

  = 2 log10 – log10 2  = 2 – 0.30103 = 1.69897

 32.(d) 
1
4

1
2

1+ +





  log2x = 14 or, 
7
4 

 log2 x = 14

 ∴ log2x  = 1.8 ∴ x = 28 = 256.

 

  33.(a)  Let each ratio be k and y = abbbcc.

  Then loga = k(b–c), logy = Σa loga

  Now Σa loga = Σak(b–c) = 0 

 ∴ logy = 0 ⇒ y = 1 or, aabbcc  = 1.

  34.(c)  a2 + 4b2 + 4ab  = 16ab ∴ (a+2b)2 = 16ab

 ∴ 2log(a+2b) = 4log2 + loga + logb

 35.(c) log2x = 5 ⇒ x = 25
 
 = 32.

  36.(b) Make the common base 4, 

  log4  
x2 + x
x+1

 – log4(x+1) = log4x = 2.

 

 ⇒ x = 24 = 16

  x +1 ≠ 0 by definition of logax.

 37.(a)

  log log
logab

b
a

ab
+









1  = log(logabab) = log1 = 0.

 

  38.(d) By definition, x ≠ 1, –1.

  Given equation, log (x+1)2

x2 –1 
 = log2

 or,  x+1
x –1 

 = 2 ⇒ x = 3

 39.(c) We have, 2log3 (2
x–5)

   = log32  + log3(2
x–7/2) = log3(2

x+1
 – 7) 

  = (2x–5)2 = 2x+1– 7 ⇒ 22x– 12.2x + 32 = 0

 or, (2x
 –8) (2x

 –4) = 0

 ∴ 2x  = 23 or, 2x  = 22 ⇒  x = 3  or, x = 2 

  But x = 2 is ruled out since in that case 2x –5 < 0 

 ∴ x = 3.

 40.(d) 
x y+






3

2

  = xy ⇒ x2 +y2 = 7xy ⇒	
x
y

 + 
y
x   = 7

 41.(b) log(1+2+3) = log6  = log(1×2×3)

  =  log1 + log2 + log 3.

 42.(c)  log308 = 
log8
log30  = 

log23

log(2×3×5)
 

  = 3log2
log2+ log3+log5

 

  But log2  = log 10
5

  =1 – log5 (Base of log is taken as 10).

 ∴ From (1) we get, log308  = 
3(1–a)

1+b

 43.(c) We have, A = log2log2log4256 + 2log
2

2

 = log2 log2
 log4(4

4) + 2 2
2

log
log

 =  log2log24 + 
2 2
1
2

2

log

log
 log2log2(2

2) + 4

 

 = log22 + 4 = 1+ 4 = 5

 44.(d) Given expression =   5 72 8 1 65 7log log+

   

  = 5 7 8 62 8 2 2 6 2 2 25 7log log( ) + ( ) = +   = 10

  45.(a)  log(x2y3) = logx2 + logy3  = 2logx + 3logy

  and log x
y









 = log x – logy 

 

 ∴ 2 logx + 3logy = a ....(1) and 

  logx – logy=b .....(2)

  (1) and (2) × 2 gives 5logy = a –2b

 ∴ logy = 
a –2b

5  

  Putting in (2)

  logx = b + logy = b + 
a –2b

5  = 
a +3b

5
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 46.(c) log x+y
7

 = 
1
2 (logx + logy) = log(xy)1/2

 

 ∴ 
x+y

7  = (xy)1/2

  Squaring we have, (x+y)2 = 49xy

 or, x2 + y2 = 49xy – 2xy  = 47 xy

  Dividing throughout by xy, we get 
x2+y2

xy
  = 47

  i.e., 
x
y + 

y
x

 = 47

 47. (a) Given a3–xb5x = ax+5b3x. Taking logarithm of both sides we 
get,

  (3–x) loga + 5xlogb = (x +5) loga + 3x logb 

 or, (3–x–x–5) loga = (3x–5x) logb

 or, –2(x+1)loga = –2xlogb

 or, xlogb –xloga  = loga or, xlog b
a






 = loga 

 48.(b) log2x + log2y ≥ 6

  or, log2 xy ≥ 6 ⇒ xy ≥ 26 ......(1)

  Now, (x+y)2 = (x–y)2 + 4xy ∴(x+y)2 ≥ 4xy

  [(x–y)2 ≥ 0 for all x,y] 

 or, x + y ≥ 2 xy
 ≥ 2.23 [by(1)] ∴ x + y ≥ 16

 49.(c)  x = loga be gives x = logab+ logac

  Adding 1 =  logaa  to both sides, we have

   x + 1 =  logaa + logab + logac
 

 or,  x + 1 = logaabc  

	 ∴  
1

x+1
 = logabc a and similarly, 

1
1+y

 = logabcb

 

  and 
1

z+1  = logabc c.

 ∴ 
1

x+1  +
1

y+1  + 
1

z+1
 

 = logabca + logabc b + logabcc = logabcabc =1.

 50.(b) Let logkx = p, logmx = q, lognx = r

 ∴ x = kp = mq = nr

  Since p,q,r are in A.P. ∴ p+r = 2q

  Now, x = mq ∴ m= x1/q = (kp)1/q 
  = kp/q

  (kn)logkm   = (kn)p/q  = kp/q . np/q = (x1/p)p/q (x1/r)p/q

  = x1/q .xp/qr  = x

r p
qr
+

 = x

2q
qr  = x2/r

  = (x1/r)2 = (n)2 = n2.

 51.(c)  xyz +1 = log2a
  a log3a 2alog4a3a +1 

 

 =  
loga
log2a×

log2a
log3a × 

log3a
log4a +1 

 

 =  
loga
log4a+ 1 [logarithms are with a common base]

 

 = 
loga +log4a

log4a  = log4a2

log4a
 = 

log(2a)2

log4a

  =  2.
log2a
log4a = 2.log2a

log3a
 ×

log3a
log4a

 = 2 log3a2a.log4a 3a = 2yz 

52.(c)  log7log5 x x+ +( )5  = 0

  ∴ x x+ +5  = 5

  Squaring we have, 2x + 5+ 2 x x( )+ 5  = 25

 or, x + x x( )+ 5  = 10 or, (x–10)2  = x(x+5)

 or, –20x +100 = 5x or, 25x = 100 or x = 4.

 53.(a) [logbalogca – logaa]

  + [logab.logcb – logab] + [logaclogbc – logcc] = 0

 ⇒	 [(Ina)3 +(Ina)3 + (Inc)3] 
1

Ina.Inb.Inc  – 3 = 0

 ⇒ 
1

Ina.Inb.Inc
  

  × [(lna)3 + (lnb)3 + (lnc)3  – 3lna.lnb.lnc] = 0 

 ⇒ lna + lnb +lnc = 0

 ⇒ ln(abc) = ln1

  [a3+ b3 +c3 – 3abc = 0 ⇒ a +b+c = 0]

 ∴ abc = 1.

 54.(b) log 75
16

–2 log
5
9

 + log 
32
243

 = log75– log16 –2(log5– log9) + log32 –log243
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 = log(3×52) – log24 – 2 log5 + 2log32 + log25 – log35

 = log3 + 2log5  –4log2 –2 log5 + 4log3 + 5 log2 –5log3.

 =  5 log3 – 5log3 + 2 log5 –2 log5 –4log2 + 5log2 = log2

 55.(b)  log35 ×log2527  = log3 5 × log327 ×log253

 = log35 × 3× 
1

log325   = 3 × log35 × 
1

log35
2

 = 3 ×log35× 
1

2log35
 = 

3
2 × log35 

1
log35

 = 
3
2 ×1 = 

3
2

 56.(a)  log210 – log8125 = log210 – log85
3

  = log210 –3 log85 = log210 –3
1

log58
 

 

 = log210 – 
3

log52
3  = log210– 

3
3log52

 = log210–log25 = log2
10
5  = log22 =1

 57.(a)  Let x = 7 7 7....to  ∞

 

 ∴ x2 = 7 7 7....to  ∞ = 7x ∴x2 – 7x = 0 

 or, x(x–7) = 0 ∴ x  = 7 (x ≠ 0)

 ∴	 log7  7 7 7....to  ∞ = log7x = log7 7= 1

  

  58.(c)  Let u  = x logy – logz × y logz – logx × z logx – logy

  Taking logarithm of both sides we have,

  logu = log [xlogy – logz ×ylogz– logx × zlogx – logy]

 =  logxlogy – logz + logylogz –logx + log zlogx–logy

 = ( logy –logz) logx + (logz –logx) logy

  + (logx – logy) logz = 0 = log 1∴ u  =1 

  59.(c)  4log93 + 9log24 = 10logx83 

  log93 = log9
1/2

 
  = 

1
2; log24 = log22

2 = 2

  So from the given equation we get,

  41/2 + 92 = 10logx83
 or, 2 + 81 = 10logx83

 or, 83 = 10logx83

 or, log1083 = 101010logx83 = logx83 ∴ x = 10

 60.(a)  logab = 10 ∴ a10 = b ......(1)

  Again  log6a (32b) = 5  ∴ (6a)5 = 32b .....(2)

  Dividing (1) by (2) we have, 
a10

(6a)5  = 
b

32b

 

 or, 
a10

65a5  = 
1
32  or, a5 = 

65

32  = 
65

25  = (3)5 ∴ a = 3

 61.(c)  Let loga2x  = m, logb2y  = n, logc
 2 z  = p

  ∴ x = a2m, y = b2n,  z = c2p   

  ∴ xyz = a2m. b2n.c2p = (am.bn.cp)2

  ∴ ambncp = xyz

 or,  aloga2x  . blogb2y . clogc2z   = xyz .

 62.(a)  According to the problem, y = x+1 , z = x + 2

  1+xz  =1 + x (x+2) = 1+ x2 + 2x = (1+x)2 = y2

 ∴ log(1+xz) = logy2  = 2 logy

 63.(d) log(2+2+22+23 +24 +25)

 = log(4+4+8+16+32) = log64 = log26

 64.(c) Let log
3

81 = x. Then ( 3 )x  = 81 or,

  3x/2 = 34 or 
x
2

 = 4 or x = 8.

  65.(b) 
1

log2N
 + 

1
log3N

 + ......+ 
1

log1967N
 

 = logN2 
 + logN 3 + ....+ logN1967 

 = logN(2×3×.....×1967)

 = logN1967! = logNN =1 

 66.(c)  Let x = 7 7 7....to  ∞ 

 

 or, x2  = 7 7 7 7....to  ∞ or x2 = 7x

 or, x(x–7) = 0 So, x = 7 ( x ≠ 0).

  Thus, log49 7 7 7....to  ∞

 

 =  log497 = 
1

log749  = 
1

2log77
 = 

1
2  

 67.(b)   a2–xb5 x = ax+3b3x or, 
ax+3

a2–x  = b5x

b3x
 

 

 or, a2x+1  = b2x or a = 
b
a

x








2
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 So ,  loga = log  
b
a

x








2

 or, loga = 2x log b
a








 or, x log  b
a






   = 

1
2  loga or, x log 

b
a






  = log a

 68.(b)  Since a,b,c are in G.P., b2  = ac

 ∴ logxb
2 = logxac  or, 2 logxb = logxa + logxc

  or, logxa
  +  logxc  = 

2
logbx

  69. (c)  Now, 

  log32
 × log43× log54×......× log109 × log1110

 = log42 × log54 × ......× log109 log1110 = ......

 = log102 × log1110 = log112

 70.(c) 5logx  = 50 – x log5  or, 5logx  = 50 – 5logx 

  [ alogbc = clogba]

 or, 2.5logx  = 50, or clogx = 25 = 52

  So logx = 2 ∴ x = 102 = 100 [assuming the base to be 10].

 71.(c) log8[log2{log3(4
x + 17)}] = 

1
3

 or, log2{log3(4
x+ 17)} = 81/3 = 2 

 or, log3(4
x + 17) = 22  = 4 

 or,  4x + 17 = 34  = 81 or, 4x = 81 –17 –64 = 43.

  So, x = 3.

 72.(c)  log10(2
30) = 30×log10 2  = 30 ×0.30103 = 9.0309

  Note that log10109  = 9 and log101010 = 10.

  Thus log10109 < log102
30 < log101010

  i.e. 109 < 230 < 1010.

  Thus, the number of digits in 230 is 10.

 73.(c) 1= logab ab = log aba +  log abb = 4+ log abb .

  So, logabb = –3.

  Now, logab 
3 a
b

 
 
 = logab  3 a  – log ab  b

 

 = 
1
3  logaba – 

1
2  logabb = 

4
3  +

3
2  = 

17
6

 

 74.(d) log1000x
2  = log103x2 = 2log103x

  = 
2
3 log10x = 

2
3y

  75.(c) (log5k) (log35) (logk x) = k

  or, 
logk
log5

 ·
log5
log3 ·

logx
logk  = k or, log x = k log3

 

 ∴ x = 3k. 

  76.(b) log10 x +1 = 0 or log10
 x = –1 ∴ 10–1 = x

 or, x =  1
10

  77.(c) log5a. logax = 2 ⇒ log5x = 2 

 ⇒ x = 52 = 25.

 78.(d) Given, xlogx (x+3)2 = 16

  Now, from the definition of logarithm, we get 

  logx16 = logx(x+3)2 .......(1)

  Since x is base of logarithm, then x can not be 0, 1or negative. 
Now from (1) we get (x+3)2 = 16

 or, x2 + 6x + 9  = 16 or x2 + 6x –7  = 0

 or, (x–1)(x+7) = 0

 ∴ x = 1 or –7, but for these values of x the given equation can 
not be satisfied. Hence, there is no solution of the equation 
for any real value of x.

 79.(c)  log7log5( x x+ +5 ) = 0 log71

 ∴ log5( x x+ +5 ) = 1 = log55

 ∴ x x+ +5  = 5 ....(1)

  Since ( x x+ +5 )( x x+ −5 ) = x+5–x = 5 

  and x x+ +5   = 5 ∴ x x+ −5  = 1....(2)

  Adding (1) and (2) we get, 2 x + 5  = 6

 or, x + 5  = 3 ∴ x+5 = 9 [squaring both sides]

 or,  x = 4

   80.(b) log102 + 16log10 
16
15 + 12log10

25
24 + 7 log10

81
80

 

  = log102 + 16 [log1016 –log1015]

  + 12[log1025 – log1024] + 7[log1081–log1080] 

 = log102 + 16[4log102 – log105 – log103]

  +12[2log105 – 3log102 – log103]

  +7[4log103 – 4log102 – log105]

 = log102 +64log102 – 16log105 – 16log103

  +24log105 – 36 log102 – 12log103 

  + 28log103 – 28log102 – 7log105 

 = log102 + log105 = log10(2×5) = log1010 = 1

 81.(d) (log58) (log824) (log24x) = log8512

 or, (log58) (log24x × log824) = log8512

 or, log58 × log8x = 3 log88
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 or, log5x = 3[∴log88 = 1] or, x = 53  = 125.

  82.(b) x = loga(bc)

 or, x +1 = loga(bc) +1 = loga(bc) + logaa

 or, x +1  = loga(abc)

	 ∴	
1

x+1 	=	 1
loga(abc)

	= logabca.

 

  Similarly, 1
y+1

 = logabcb and 
1

z+1  = logabcc

 

 ∴	
1

x+1 	+	
1

y+1 	+	
1

z+1
	= logabca + = logabcb + = logabcc 

  

 = logabcabc = 1

 ∴  
1

x+1 	+	
1

y+1 	= l –		
1

z+1
	

 

 or, 
x+y+2

(x+1)(y+1)
 =  	

z
z+1 	o r,  

(x+1)(y+1)
x+y+2

=  
z+1

z  
 

 or, 
xy+x +y+1

x+y+2
 = 1 + 

1
z  or, 

xy+x +y+1
x+y+2

 –1 = 
1
z

 or,  
xy –1
x+y+2

 = 
1
z  or, z(xy–1) = x+y+2 

 

 or, xyz  = x + y + z +2.

 83.(d)  
1

logx10
 +2  = 

2
log0.510

 

 or, log10x + 2  = 2log100.5 

 or, log10 x + 2 = log10
5

10

2






  = log10

25
100








 

 or, log10x + 2  = log10 
25

100






  – 2 = log10 

25
100






 –2 log1010

 

 or, log10x = log10
25

100






  – log10100

 

 = log10
25

10000






  = log10

1
400








 

 ∴ x = 
1

400  = 0.025

 

 84.(b) Since, log32 log3(2
x – 5), log3 2 7

2
x −






  are in A.P.

	

	 ∴ 2log3(2
x – 5) = log32 + log3 2 7

2
x −








 

 or, log3 (2
x – 5)2   = log3(2.2x –7)

 ∴ (2x – 5)2   = 2.2x  – 7

 or, (a–5)2 = 2a –7, where a  = 2x

 or, a2 –12a + 32 = 0 or, (a –4 ) (a–8) = 0 

 ∴ a = 4 or, a = 8.

  When a = 4, 2x = 4 = 22 ∴ x = 2

  when a = 8, 2x = 8 = 23 ∴ x = 3 

  Since for x = 2, log3(2
x –5) is imaginary ∴ x = 3.

 85.(d) Given a2 + b2 = 23ab or,

  a2 + b2 + 2ab = 25ab

 or, (a+b)2  = 25ab or, a b+





5

2
 = ab.

  

  Taking logarithm of both sides we get

  log
a b+





5

2

 = log(ab)

 

 or,  2log
a b+





5

 = 
1
2

(loga +logb)

  

  86.(d) Since, logx
1
3  = 

1
3  , ∴ x

1
3  =  

1
3  or, x =  

1
33

 

 ∴ The value of x is  
1
27

. 

 

 87.(a) log2log2log4 256 + 2 log 2 2

  = log2log2log44
4 = 2 log 2  ( 2 )2

  = log2
  log24 log44  + 2.2 log 2  2

  = log2log2 2
2 .1  + 4.1 = log22  + 4 = 5.

  88.(b) 

  log 1 32 243 1 2 3
1
5

1
5

1
5

1
5 5 5

1
5

1
5

+ +











= + +















log ( ) ( )  
 

 

 =  log (1+2+3) = log6 = 
1
5log = 65 =  

1
5

 log(1×2×3)5]

 =  
1
5 log [15.25.35] =  

1
5 (log15+ log25 + log35)
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 =   
1
5 (log1 + log32 + log243) 

 89.(a) loga(ab) × logb(ab)

 = (logaa + logab) × (logba + logbb)

 =  (1+ logab) × (logba + 1)

 = 1 + logab  logba + logab = logba

 = 1 + logab + logba+1

 = (logaa + logab) + (logba+ logbb)

 = loga(ab) + logb(ab)

  90.(c) 

  log825 = log1025 × log810 = 
log1025 
log108  = 

log105
2 

log102
3 

 

  
2log105 
3log102   = 

2 10
2

3 2

10

10

log

log









= 
2 10 2

3 2
10 10

10

(log log )
log

−

 

 = 
2(1–log105) 

3log102  [ log1010 = 1]

 

 = 
2(1–0.301) 

3× 0.301 
 = 

2×0.699 
0.903  = 

1.398 
903

  - 1.548

  91. (c) \ logab = 10 ∴ a10  = b ......(1)

  Again,  log6a(32b) = 5  

 \  (6a)5 = 32b .......(2)

 \ From (1) and (2) we get, (6a)5 = 32b = 32a10

  or, 65a5 = 32a10 or, a10 
a5

 = 
65 
32

 = 
25 .35 

25

 or, a5 = 35 or a = 3.

  92.(d) log10x + log10
  (x –15) = 2

 or, log10[x (x–15)] = 2

 or, x(x –15) = 102 or x2 – 15x –100 = 0

 or, x2 – 20x – 5x –100 = 0 or, (x –20) (x+5) = 0

 ∴ x = 20 or, –5, ∴ x = 20 [ x ≠ –5]

  93. (c) log10(n+1)– log10n < log10
 1.01 

 or, log10 
n+1 

n
  < log 10 

101 
100

 \ 
n+1 

n
 < 

101 
100

 

 or,  1 + 
1 
n

 < 1 + 
1 

100
 or, 

1 
n

 < 
1 

100
 or, n > 100, ∴ required minimum value of n is 101.

 94.(b) 3 + log10x = 2log10y

 or, 3log1010 =+ log10x= log10y
2  [ log10 10 = 1]

 or, log10103 + log10x = log10y
2

 or, log10(103.x)  =  log10y
2 or, 103x = y2.

 or, x = 
y2 

1000 

 95.(a) log2 log2 log216 = log2 log2 log22
4

   = log2 log24 log22 = log3log22
2

  = log22 log22  = 1.1 = 1

 96.(c) log1045 =  log10 (5×9) = log105 + log109

  = log10 
10 
2  +  log103

2 = log1010 – log102 + 2log103

  = 1–0.30103 + 2 × 0.47712

  = 0.69897 + 0.95424 = 1.65321

 97.(a) We have

  log8 125 = log85
3 = 3 log85 = 3 

1
log58

 

 = 3. 1 
log52

3
 = 3.

1 
3log52  = log25

 

 \	 log210 – log8125 = log210 – log25

 = log2 
10
5

 = log22 = 1.

 98.(b) log2x + log4x + log16x = 
21
4

 

 or, 
1 

logx2
 + 

1 
logx4

  + 
1 

logx2  = 
21
4

  [ log2x × logx2 = 1]

 or, 
1 

logx2
 + 

1 
2logx2

  + 
1 

4logx2
 = 

21
4

 

 or, 
1
a

 + 
1
2a

 + 
1
4a

 = 
21
4

 [assuming logx 2 = a]

  

 or, 
7
4a

 = 
21
4

 or, 3a =1 or a = 
1
3

 or, logx2 = 
1
3
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 or, x1/3
  = 2 or x = 8.

  99. (b) Since a,b,c are three consecutive positive integers, hence, 
either a= b = 1and c= b +1. or a = b +1 and c = b –1; 
clearly, in any case.

  1+ac = 1+(b–1) (b+1) = 1+b2 –1 = b2

 ∴ log(1+ac) = logb2 = 2logb

 100.(b) We have, logabc + 1 = logabc + logaa

 ∴ 
1 

logabc + 1
 = 

1 

logaabc  
= logabc a

 

  Similarly, 1 

logbca + 1
 = logabc b and 

1 

logcab + 1
 = logabc c.

 

 ∴ logabca+  logabc b + logabc c = logabc abc = 1.

  101.(b)  x >1, log10 x > 0 ∴ 2log10x – logx0.1

 = 2log10x – logx10–2

 = 2log10x – 2logx10 = 2 a
a

+







1

 

  [let log10x = a>0]

 = 2 a
a

+








 +













1 2
2

 

 

 = 2 (One square number +2} ≤ 4.

 ∴ The smallest value = 4.

  102.(c) log10(n+1) – log10n < log101.01

 or, log10
n

n
+








1  < log10
  101

100






  or, 

n+1 

n
 < 

101

100
 

 or, 1 + 
1
n

 < 1 + 
1

100
 or,  

1
n

 <  
1

100
 or, n > 100

 ∴ the smallest integral value of n is 101.

  103.(a) log0.3(x–1) < log(0.3)
2
 (x–1)

 or, log0.3(x–1) < 
1
2

 log0.3  (x–1)

  

  [ logy
xn

 =  
m
n

  logyx]

 or, 1
2

 log0.3 (x–1) < 0 or log0.3(x–1) < 0

 or, log0.3 (x–1) < log0.31 

	 ∴	 x –1 > 1[ base 0.3 <1]

 ∴ x > 2 ∴ The range of x is (2,∞)

104.(b) x = 
1

log2π
 + 

1
log6π

 = logπ2 + logπ6

 = logπ12 > logππ
2 = x > 2logππ 

 or, x > 2 [ π2 = (3.142 ≤ 12)]

105.(b) The given expression 

 = 1
27

1
27

13
2 9

2
5

5







 × 






 −











log
log 

 

 = 1
27

1
27

1
4 513 9 5

×










×log log

 

 = 1
27

1
27

1
4 9 13

×










− log

 

 = 	 3
3
2

−
×3

3
2

1
4 3 2 13· log

	 = 3 3 3 3 13
3
2

3
8

1
2 313 3

2 3 3 16− −
× = ×

. log log /( )

  [ logynxm = m
n

 (logyx)] = 3–
3
2  × (13)

3
16

106. (a) 1
3

 + 1
32

 + 
1
33  + .....∞. Here a = 

1
3

,r = 1
3

 

 ∴ S = 
a

1– r
 = 

1
3

1 1
3

−
 = 

1
3

 ×
3
2

 = 
1
2

 

 

 ∴ The given expression = (0.16)log2.5
1
2








 

   = 4
10

4
10

4 10
2 10

4

1
2

2
1 2 1






 = 
















−
−log log ( )

( / )

  = 4
10

4
10

2 2







log ( )
[logynxn = 

m
n

 logyx] 

  = 4
10

4
10

4







log ( )
 = 4 

107.(a) The given expression

 = logn2  + logn3+ .....+ logn 2002

 = logn1  + logn2+ .....+ logn 3+.....+ logn2002
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  [ logn 1 = 0]

 =  logn1.2.3 ....2002 = logn
 (2002)!

 = lognn = 1[ n  = 2002!] 

  108.(b) 4log2(logx) = logx – (logx)2 + 1

 or, 22log2(logx) = logx – (logx)2 + 1

 or, (logx)2 = logx –(logx)2 +1

 or, 2(logx) –logx –1 = 0

 or, (logx –1) (2logx +1) = 0

 ∴ logx –1 = 0 [ 2logx + 1≠ 0]

 ∴ logcx = 1 ∴ x = e

 109.(c) log5 5 125
1
x +













 = log56 + 1+ 
1
2x

 

 or, 5
1
x  + 125 = 5log56+1+

1
2x

 

 or,  5
1
x  + 125 = 5log56. 51.5

1
2x

 

 or,  5
1
x  + 125 = 6.5.

1
52x








 or, 1
52x








2 – 30.5
1
2x

 +  125  = 0

 

 or, (a 2  –30a + 125) = 0 [Let a = 5
1
2x]

 or,  (a–5)  (a = 25) = 0

  Either, a – 5 = 0 or a = 5 or 5 
1
2x

 = 51

 or,   
1
2x = 1 or, x =  

1
2

 or, a – 25 = 0 or a = 25 or 5 
1
2x

 = 52

 or, 1
2x

 = 2 or x = 
1
4

. 

 

  110.(a) α = log1218 = 
log18
log12

 =   
log32.2
log22.3

  

  =  
2log3 + log2
2log2+log3

 =  
2y+x
2x+y

  [Let x = log2, y = log 3]

 β = log24 54 = 
log54
log24

 = 
log33.2
log23.2

 =  
3log3 + log2
3log2+log3

 =  
3y+x
3x+y

 ∴ α.β + 5(α–β) = 1

111.(c) log4(log4(log4(log4(log4x))) = 0 = log41

 i.e. log4(log4log4x) = 1 = log44

 i.e. log4(log4x) = 4 = log44
4 ⇒ log4n

  = 44

 i.e. x = 4256 = 2512

112.(a) 7–log70.125  =  (0.125)–1 =   1000
125

 = 8

 ∴ log2 (7
–log70.125) = log28 = log22

3= 3

113.(c) log2 2 8
1
x +













 = log26 +  
1
2x 

 = log26 + log2 2
1
x













 = log2 6 2
1

2. x












  

  i.e. 2
1
x  + 8 = 6.2

1
2x . Let 2

1
2x  = y

  Thus y2 – 6y + 8 = 0 i,e (y –4) (y–2) = 0

 i.e. y = 4,2. If y = 4 i.e. 2

1
2x  = 22 then 

   
1
2x

 = 2 i.e.  x =  
1
4

. If y = 2 i.e.  2

1
2x  = 21.

  then  1
2x

 = 1 i.e., x  = 
1
2

 

 

  114.(a) As 11> 1and 5>11

  So, 0 < log11 5 < 1. Now 0 < 3
7

 < 1

  So, loglog115
3
7






  > loglog115(1) = 0

  

  115.(b) x(log105–1) = x(log105–log1010)

  x(log10)
1
2






  = log10

1
2








x

 

  Hence 
1

2x  + x –1
 = 

1
2x

 ⇒ 2x  + x –1 = 2x  ⇒ x =1 

 116.(d) 5logex  = 50 – xloge5.

  Hence the given problem becomes 

  2.5logex = 50 i.e., 5 logex = 52 
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  i.e., logex = 2 ⇒ x = e2

117.(b) Put log5x = a ....(1) then the given equation becomes 
(logx125+1) log

log
x

2 5

2








  =1 

 

  i.e. 1
4

 (3 logx 5 +1) (log5x)2 = 1

 

  i.e.  1
4

 3 1 2

a
a+








 =1 ⇒  a = –4.1

  

  Putting the values in equation number (1) we get,

  x = 5,  1
625

 

  118.(a) (3)1/2 (–4 + log 5 x ) = 3–1

 i.e. 1
2

(–4 + log 5 x ) = –1

 

 i.e.  –4 + 
logx

log 5
 = –2

 

 i.e. logx = 2 log 5  i.e.,x = 5 

 119.(d) x2 +y2 = z2

 or,  x2  = z2 = y2 .....(1)

  Now, 1
logz–yx

 + 1
logz+yx

 

 = logx(z–y) + logx(z+y)

 = logx (z
2 – y2) = logxx

2 by (1)

 = 2logx x = 2 or, x = 
1
2

  

 120.(c) Here 25 = 32 > 31 ≥ a ⇒ log22
5 < log2a

 ⇒ 5 log22  > log2a ⇒  5 > log2a ⇒ 1
5

 < loga2

  Again 24 = 16 < 17 ≤ a [  17 ≤ a ≤ 31]

 ⇒ log22
4 < log2a ⇒ 4 < log2a ⇒ 

1
4  > loga 2.

  121.(b) 2log 2 (x–1) > x +5 

 ⇒ ( 2 ) 2log2(x–1) > x + 5

 ⇒ (x–1)2 > x +5 ⇒ x2 – 3x – 4 > 0

 ⇒ (x–4) (x+1) > 0

 ⇒ x > 4 or x < –1; But for log 2 (x–1) to be defined, x –1 > 
0 i.e. x > 1

 ∴ x > 4  ⇒ x Î (4,∞).

 122.(d) As the given terms are in A.P.

 ⇒	 2log5(2
a –3) = log52 + log5

17
2

2 1+





−a

 

 ⇒	 log5(2
a –3)2 = log52

 = log5(17+2a)
17
2

2 1+







−a

  ⇒ (2a – 3)2 = 17 + 2a

  Put 2a = t ;  ⇒  (t–3)2 = 17 +t

 ⇒ t2  – 6t + 9 –17 –t = 0 ⇒  t2 –7t – 8  = 0 

 ⇒  (t–8)(t+1) = 0 ⇒ t = 8 or t = –1

 ⇒ 2a  = 8 or –1 ⇒ a = 3, as 24 ≠ –1

 123.(a) Put 2log
x
2(3x–2)  = u3logx2(3x–2)   = v then the given equation 

becomes 

  3u2– 5uv + 2v2 = 0

  Either u = v  or u = 2v
3

  But u = v  does not satisfies the condition ⇒ u ≠ v

  When u = 2
3

v

  2logx2(3x –2) = 2
3

3logx2(3x –2)

 or, 3
2

3
2

2 3 2






 =









−log ( )x x

 

 or, 1 = logx2(3x –2) or x2 = 3x –2

 or, (x–2)(x–1) = 0 ⇒ x = 1,2

 124.(c) If x = 1, both sides equal 0. So x = 1 is one root of the 
equation. If x ≠ 1 divide both sides by log2 xlog4 x log6x 
we have 

  1 =  
1

log6x
 +  

1
log4x

 +  
1

log2x
 = logx6 + logx4 + logx2  = logx48 hence x = 48

125.(c) (logmx) (lognx)  = logmn

 ⇒ logx
logm

 . 
logx
logn

 = 
logn
logm

 

 i.e. (logx)2  = (logn)2 ⇒ logx = ± logn
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 i.e., x = n, 1
n

  126.(a) x = p+q logey ⇒ ex–p = yq

  i.e. yq = 
1
ep  .ex ⇒ yq varies directly as ex. 

 127.(b) Solution of log2(x+3) = 2–x is given by the point of 
intersections of y = x + 3and y = 22–x  [  x+3 = 22–x].So, 
there can not be more one solution.

y = 22–x

b =
 x+

3
Y

X

3

3 O

 128.(a) Since by inspection it is evident that 1 and 3 satisfy the 
given equation so option (a) must have to correct. 

 

129.(a) Here log81 x = 
1 1 4

2
81± − log p

  For exactly one solution, we must have 

  1–4 log81p = 0 i.e. log81 p
4 = 1, i.e. p4 = 81

  So, p ± 3 are the only real solutions but in this case p must 
be positive. 

 130.(d) 6x2 + 23x + 21

 = 6x2 + 14x + 9x + 21

 = 3x(2x + 3) + 7(2x + 3)

 = (2x +3) (3x+7)

 = 4x2 + 12x +  9 

 = 4x2 + 6x + 6x + 9

 = 2x (2x +3) + 3(2x +3)

 = (2x+3) (2x+3)

 = (2x +3)2

  Then, Given expression 

 ⇒ log(2x+3) (2x + 3) (3x + 7) + log(2x+3)2(3x +7) = 4 

 ⇒ 1+ log(2x+3)(3x+7) + 
1
2

 log(2x + 3)(3x + 7) = 4

 ⇒  
3
2

 log(2x + 3)(3x + 7) = 3

 ⇒ log(2x+3) (3x+7) = 2

 ⇒  3x+7 = (2x + 3)2 . 

 ⇒  6x2 + 12x  + 9 –3x –7 = 0

 ⇒ 6x2 + 9x + 2  = 0

  Which is not satisfying x = –2, –4 or 3/2.

 131.(b) Given expression  = 1.log 22(32) = log32

  = 
2
2

 log23. 1
log23

 = 1

  132.(c)  Given expression 

  = log327 = log33
3 = 3log33 = 3 

 133.(c) log2 2 512 = log23/2(29)

  = {9/(3/2)} log2 2  = 6 

 134.(c) A  = log2log2log44
4 + 2log2 1/22

  = log2log2
 4 +2/ 1

2






  log22

  = log2log22
2 + 4 = log22 + 4 = 5

 135.(d) Given expression = 5 1
2

1 32
5

33
5

34
+ − +






log log  

 

 = 5[1+2.{3/(–1)} log5
 3  + 2(4/3) log53] 

 = 5[log55 + log53–6 +log538/3
 ] = 5 log5.3

8/3
36

  = 53 9 81/

136. (c) The function will be real if log0.5 x ≥ 0.

  i.e. if 0  < x ≤  1  base  = 0.5 <1 ⇒ x Î (0,1)] 

 137.(c) Given expression 

   = 7(4 log2  – log3 –log5)

  + 5(2log5 –log3 – 3 log2)

  + 3(4 log 3 – 4 log 2 – log 5) = log 2

 138.(c) Given expression 

 = logN2 + logN3 + ....+ logNm 

 = logN(2,3....m) = logNm! = logm!m! = 1 

139. (a) Given expression = log(logaba+ logabb)

  = log(logabab) = log1 = 0 
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complete solution  to 

 140.(b) log418 = 
1
2

 log2(3
2. 2)

  =  
1
2

 (2log23 + log2
2) 

  = log2 3 + 
1
2

, which is irrational.

141.(a) 1
log3π

 +  1
log4π

 >x 

 ⇒ logπ3 + logπ4  >x ⇒ logπ12 >x

  Now, π2 < 12 < π3 ∴ 12 > π2 

 ∴ logπ12 > logππ
2

 i.e. logπ12 > 2∴  x will be 2.

 142.(d) ab – log45. log56 = log46 = 
1
2

 log26

	 ∴	 ab –	
1
2

(1 +log23) ⇒ 2ab –1 = log23

 ∴ log32
  = 

1
2ab –1

143.(b) Given equation is equivalent to

  log4[(x
2 + x)/(x+1)] = 2 

 i.e. (x2 + x) /(x+1) = 1 or x2 – 15x – 16 = 0

 or, (x–16) (x+1) = 0 or x = 16,–1. But at x = –1, log(x+1) is 
undefined, so required answer x = 16.

 144.(b) The given expression

 ⇒ logxa + logxc  = 2logxb
 ⇒ logxac = logxb

2

 ⇒  b2 = ac ⇒ a,b,c are in G.P.

145.(b)  logab – log|b| = log 
ab
b| |









  = log|a|

146.(c) b = 2 log175  = 
2

log517
  

  And a = 
1

log53
 = 

2
log59

 

  Since log517 > log59 ∴ a>b 

147.(d) logax is defined in real domain if x > 0.

  a>0, ≠ 1 ∴ 1
log(b–c)a

 + 1
log(b+c)a

 is defined for 

  b–c>0,b+c>0, b–c≠1, b+c≠ 1

	 ∴ b>|c|  and b ≠ |c| + 1. Also for a = 1 we get denominator = 
0. So a > 0, ≠ 1 ∴ If b > |c|, ≠ |c| + 1and a > 0 ≠ 1 then

   1
log(b–c)a

 + 1
log(b+c)a

 

 

 = loga(b–c) + loga(b+c)

 = loga (b
2– c2) = logaa

2  = 2

148.(b) The given equation is equivalent to 

  9x – 2x . 2  = 2x . 8  – 1
3

 9x

 

 ⇒ 4
3

.9x = 3 2  2x ⇒ 
9
2








x

  = 
9 2

4
 = 9

 8
 

 ⇒ x = log(9/2) 
9
8











149.(b) The given equation is meaningful if 

  x2 + 6x + 8 > 0, ≠ 1; 2x2 + 2x + 3> 0, ≠ 1

  and x2 – 2x >0  ....(1)

  From the given equation we have 

  log(2x2 +2x + 3)(x
2 – 2x) = 1

  i.e. x2 – 2x = 2x2 + 2x + 3

  i.e. x2 + 4x + 3  = 0 or x = –3, –1

  But x = –3 gives x2 +6x + 8 < 0 so it can not be a solution.

 150.(c) y = 21/logx
4 = 2log2

2
x

     = 2 2
1
2 2 2

1
2

1
2 2log logx x
x x y= = ⇒ =    
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 1.(c)  A = {3,6,9,12,15,18....} ; B = {5,10,15....}
  ∴A ∩B = {15,30,45....}. Since x is a multiple of 3 and 5 both 

if it is  a multiple of H.C.R. of 3 and 5 i.e. of 15 
 2.(c) A – B = A ∩ B ′(It is a formula).
 3.(d) [The correct question is to find out the value of (A –B)(B–A). 

From the venn-diagram it is clear that the value of   {

A–B B–A
  

  (A–B)  (B–A) = (A  B) – (A∩B).
4. (a) A ∩ (A  B) = A (It is a absorping law).
5. (c) A = {a,b,d}, B = {c,d,f,m} and 
  c = {a, l,m,o} ∴ AB = {a,b,c,d,f,m}
  ∴ (AB)∩C = {a,m}
 6.(d) Given A = {1,2,3}, B = {2,4,5} and C = {1,5,6} . ∴ A–B = 

A∩B′  = {1,3}.
  [as u = {1,2,3,4,5,6}, so B′  = {1,3,6}
 7.(c) (A′)  = A(It is a formula).
 8.(c) A–B′ = A (B′) = A∩B ≠ A – B
  [as A–B = A ∩ B′]. Hence option (c) is false. 
 9.(c) The number of subsets of  a set having n elements is 2n.
10.(d) A set is a well defined collection of objects. [Defination of 

set].
11.(c) (A ∩B) ′ = A′B′  or, (AB)′ = A′∩ B′
  or,   A′∩ B′ = A′ B′ ⇒ A = B
12.(c) R–N = R  N ′ = Z
  It is clearly visibe by Venn-diagram as follows :

N

Z

R

 13.(c) X∩(Y∩X ′) = X ∩ (Y′∩X ′)
  = (X ∩ X′) ∩ Y′ = φ ∩ Y′ = φ 
14. (c) (x,y)  (A×B) ∩ (B×A) 
  ⇒ (x,y)  A × B ; (x,y)  (B× A)
  ⇒ (x  A, y  B) and (X  B,Y  A) 
  ⇒ x,y  A∩B. Now, A∩B = {2.3}
 ∴ Number of elements in (A × B) ∩ (B×A) is 2 × 2 = 4.

 15.(d)  There exist atleast one element 0 in x so that 0 + 2 = 2 holds. 
So the set containing one element is not φ set. Hence (a) is 
incorrect. Also, if A and B be two sets, then they can be related 
not only by A Í B or B Í A but also A ∩ B = φ can be happen. 
So, (b) is not true. Also option (c) is not well defined as there 
is no mention of type of men.So(c) also incorrect. From the 
above three conclusion, we have (d) is the correct answer.

16. (b) Given A = {1,2,3}, B = {3,4}, C = {4,5,6}
  ∴ B∩C  = {4}
  ∴A(B∩C) = {1,2,3},  {4} = {1,2,3,4}
 17.(b) A = {3,4,5,6......} ; B = {2,3,4,5.......} 
 ∴  A ∩ B = {3,4,5} ⇒ {x:x [3,5]}.
18.(a) A×(BC) = (A×B)(A×C)
  [It is a formula].
 19.(a) (AB) – C = (AB)∩C′ 
  = (A∩C′)  (B∩C′) [using distributive law]
  = (A–C)  (B–C)
20.(b) 2m  = 2n + 56 which is satisfied when m = 6, n = 3.
21.(c) (x,y)  R ⇔ (y,x)  R–1

 ∴ R–1 = {(3,1),(5,1),(1,2)}
22.(b) R = {(2,1), (4,2) (6,3).........}
   So, R–1 = {(1,2),(2,4), (3,6)}
23.(d) R = {(a,b); a,bN, a–b = 3}
   =  {(n,n+3), (n+3,n); n N} 
   = {(1,4), (4,1), (2,5), (5,2) .....}
24.(c) R is not reflexive since (0,0) Ï R, since 0 does not divide 0. 

R is not symmetric, since 2 divides 4 but 4 does not divides 2.  
R is transitive since a|b,b| c ⇒ b = an, c = bm, n

  m  z ⇒ c = a (nm) (nmz) ⇒
a
c  ∴ R is neither reflective, nor 

symmetric but only transitive. ∴ R is not equivalence relation.
25. (d)  f = {(x,u), (y,v), (z,v)} is the given mapping from A = {x,y,z}

to B {u,v,w}.Since f(v) = f (z) = v, f is many one and range.
  f = {u,v} ≠ B so it is into.
26. (b) f : x → f(x). It is clear by the definition.
27.(d)   f (N) = Q gof : N → R is defined and (gof)(x) = g 

1
2

2 1x −( )







 = x  = 
1
2  + 2 = x + 

3
2   

  

  Though (gof) 
3
2









  =  3

2  +  3
2  = 3 seems to be true, but it is not 

so as   

  3
2  Ï N,  the domain of gof . 

in association with :  
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 28.(b)  – 2  ≤ cosx + sinx ≤ 2

 ⇒ 0 ≤ cosx + sinx + 2  ≤ 2 2

 ∴ Range f = [0.2 2 ]
29.(b) Total number of mapping from A to B is 2n of which the 2 

mapping f(m) = b ∀| b ≤ m ≤ n are not surjective i.e. not onto. 
Thus the number of surjective mapping is 2n   – 2. 

30.(c) Since 0 (A) = 3, 0(B)= 4, the number of injections (one-one 
mapping) given by 4P3 = 4.3.2 = 24.

31.(d)  It is not mapping as f(0) = 1
0 Ï R. Hence no questions of it 

to be one-one or onto.

32. (b) f(x) = 1 – cos sin2 2

3
x x− +





















π  + 
1
2

2
3 3

cos cosx +







 +











π π

 

 = 1 – cos 2
3

x +









π
 cos π

3  + 
1
2









  cos 2

3
x +









π
 + 1

4
 

 =  5
4  ∴ (gof) (x) = R 

5
4









  = 1; for all x.

33.(b) ho (fog) (x2 –1)

 = h x2
2

1 1+( ){ } −












 – h(x2) = x2

  
  Since x2 ≥ 0 ⇒ h(x2) = x2

34.(a) Total number of functions from E to F is 24 = 16. Out of these only 
two functions f(x) = 1and f(x) = 2, ∀x  E are into functions. Hence 
total number of onto functions = 16–2= 14. 

35.(d) A = {2,4,x}, X = {4,5}. 5Ï A as x is in A as an set element. It does 
not mean that every element of X is also an element of A.  (a) is not 
true.

  Since 5 Ï A, {5} Í/  A. ∴ (b) is not true. 5X but 5ÏA, so X Í/  A ∴ 
(c) is not true. Finally, x  A is obviously true. ∴ only (d) is correct.

36. (c) On the set A = {1,2,3}, R = {(1,2)} is not identity, not reflective not 
symmetric since (1,2)  R. But (2.1) ÏR. Also the only pair in R is 
(1,2) and no pair is in R starting with 2, R is trivially transitive.

37.(d) On the set N of natural numbers.
  R = {(x,y); x,y  N, 2x + y = 41} since 
  (1,1) Ï R as 2.1+ 1 = 3 ≠ 41. So R it not reflexive (1,39)  R but 

(39,1) Ï R so R is not symmetric. (20,1), (1,39)  R but (20,39) Ï R 
so R is not transitive. 

 38.(a) Given that in the set of real numbers.

  R', xRy if x–y + 2  is irrational. 

  Reflexive : x–x + 2  = 2 (irrational), ∀x  R' 
  So, R is reflexive.

  Symmetric : 2 R1 as 2 –1 + 2   = 2 2  –1
  

  which is irrational. But (1, 2 ) Ï R as 

  1– 2  + 2  = 1is not irrational.

 ∴ 2  R1 but 1 R/ 2  .So, R is not symmetric. 

  Transitive : 1R2, 2R 2 but 1 R/ 2 . So R is not transitive. 
39.(b) Since x2 + 1 = 0 ⇒ x = ± i.
40.(b) Let A be the set of people who like cricket and B the set of people 

who like tennis. Then and B the set of people who like tennis. Then 
n n(AB) = 65, n(A) = 40, n (A∩B) = 10

  n(AB) = n(A) + n(B) – n(AB)
  65= 40 +n (B) – 10, n (B) = 65 – 40 + 10 = 35

 

A

30 10 25

B

U

  Number of people who like only tennis.
 = n(B) –n (A∩B) = 35 – 10 = 25.
 ∴ Number of people who like tennis only and not cricket = 25.
 41.(c) Here n(HE) = 1000,n(H) = 750.
  n(E) = 400 
  using n(HE) = n (H)+ n(E) – n (H ∩ E)
  1000 = 750 + 400 – n (H ∩ E)
  ⇒ n(H∩E) = 1150 – 1000 = 150
  Number of people who can speak 
  Hindi only = n(H∩E') 

600 150 250

U

 =  n(H) – n (H∩E) = 750 –150 = 600. 
42.(a) AB = {1,2,3,4}  {2,4,6,8,10}
 = {1,2,3,4,6,8,10} ; (AB) = U – (AB)
 = {1,2,3,4,5,6,7,8,9,10} – {1,2,3,4,6,8,10} 
 = {5,7,9}
  Again, A∩B = {1,2,3,4}∩ {2,4,6,8,10}= {2,4}
 ∴ (A∩B) = {1,2,3,4,5,6,7,8,9,10} – {2,4}
 = {1,3,5,6,7,8,9,10}
43.(b) We have,
  A–B = {1,2,3,4} – {2,3,5,6} = {1,4}
  and A–C = {1,2,3,4} – {3,4,6,7} = {1,2}
  B∩C = {2,3,5,6} ∩ {3,4,6,7} = {3,6}
 ∴ A – (B∩C) = {1,2,3,4} – {3,6} = {1,2,4}
  Also, B∩C = {2,3,5,6}  {3,4,6,7} = {2,3,4,5,6,7}
 ∴ A – (BC) = {1,2,3,4} – {2,3,4,5,6,7} = {1}
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 44.(c) X ∩(XY)' = X∩(X'∩Y')
  [ By De-Morgan's law : (AB)' = (A'∩B')]
 = (X∩X')∩Y' = φ ∩ Y' = φ.
45. (c) We have A' in X = The set of elements in X which are not in A = 

{0,1}, {0}  A' in X  is false because {0} is not an element of A' in 
X. φ  A' in X is false, because φ is not an element of A'  in X{0} 
⊂ A' in X is correct, because the only element of {0} namely 0 also 
belongs to A in X, 0 ⊂ A' in X is false, because 0  is not a set.

46.(b)  We have, (AB)∩B') = A
   ((A  B)∩B')A' = AA' = N
47. (c)  We have, X ∩ (YX)' = X∩(Y'' ∩ X') ∩ Y'
  = (X ∩ X')∩Y' = φ ∩Y' = φ.
48. (c) Since x  A ∩ B ⇔ x  A and x  B ⇔  x is a multiple of 3 and x 

is a multiple of 5 ⇔ x is a multiple of 15. Hence A∩B = {x}x is a 
multiple of 15} = {15,30,45.......}.

49.(d) We have A' = R – A = {x : x  R and x Ï A}
  = {x : (x  R and x ≥ 2)  or (x  R and x ≤ 0)}

  =  {x : x  R and x ≥ 2}  {x : x  R and x ≤ 0}
   Similarly, B' = {x:x  R  and x ≤ 1} 
   {x : x  R and x > 3}
  ∴ AB = {x : x  R and 0 < x ≤ 3}.
  A ∩ B {x : x R and 1 < x < 2}
  A–B = {x : x  R and 0 < x ≤ 1}.
50.(d) We havem 3x2 – 12x = 0 ⇒ 3x (x–4) = 0 
 ⇒  x = 0,4. Now, if x  N, then the solution set is {4}. Also, if x  N,  

then the solution set is {4}. Also, x  I, then the solution set is {0,4}. 
Further, since there is no root of the form a + ib, where a,b are real 
and b ≠ 0, if x  S = {a+ib; b ≠ 0, a,b  R} then the solution set is φ.

51.(a)  We have,
   A× B = {(1,3),(1,4), (2,3),(2,4),(3,3) (3,4)} and 
   B×C = {(3,4), (3,5), (3,6),(4,4), (4,5), (4,6)}
  ∴ (A × B) ∩ (B × C) = {(3,4)}
52.(a) Clearly the number of elements in A  B will be minimum when 

A⊂B. Hence the minimum number of elements in A B is the same 
as the number of elements in B, that is 6.

53.(d) We have 3N = {3x:x  N} = {3,6,9,12......} and 7N = {7x : x  N} = 
{7.14.21,28,35,42...}. Hence 3N ∩ 7N = {21,42,63...}

  =  {21x : x  N} = 21N
54.(b) R is not reflexive since no line can be perpendicular to itself. R is 

symmetric since if a line α is perpendicular to another line β, then 
β  is also perpendicular to  α. R is not transitive since if a line α is  
perpendicular to another line β and β is perpendicualr to a line γ, then 
α  is parallel to γ so that α is not perpendicular to γ.

55.(b) f is injective, that is, one-one since 
  n,m  N, n ≠ m ⇒ 2n + 3 ≠ 2m + 3
 ⇒ f (n) ≠ f(m). f is not surjective, that is f is not onot since for example 

1 cannot be the image of any natural number.
56.(d) R is reflexive since for any integer a we have a–a = 0 and 0 is divisibe 

by n. Hence, aRa∀a I. R is symmetric, let aRb. Then by definition 
of R,a–b = nk  where k  I. Hence b–a   = (–k) n  where –k  I and so 
bRa. Thus we have shown aRb ⇒ bRa. R is transitive let aRb  and 
bRc. Then by definition of R, we have a–b= k1n and  b–c = k2n, where  
k1, k2  I. It then follows that a–c = (a–b) + (b–c)

 = k1n + k2n = (k1 + k2) n where k1 + k2  I.

57.(b) R is not reflexive since |a–a| = 0 and so |a–a| ≠ 0. Thus a R/ a for  any 
real number a,R is symmetric since if |a–b| > 0, then 

  |b–a| = |a–b| > 0. Thus, aRb ⇒ bRa. R is not transitive. For example, 
consider the numbers 3,7,3. Then we have 3R7  since |3–7| = 4 > 0  
and 7R3 since |7–3| = 4 > 0  but 3 R/ 3 since |3–3| = 0 so that |3–3| >/ 
0. 

58.(a) Here relation R is reflexive since 1+a,a > 0 ∀ real numbers a. It is 
symmetric since 1+ ab > 0 ⇒ 1+ba > 0. However R is not transitive. 

Consider three real numbers 2, – 
1
6  and –2. We have 1+ 2× −











1
6

 = 

  
2
3  > 0 and  1+ −











1
6

(–2) =
4
3  > 0. Hence 2R  −











1
6

 and  −










1
6 

  R (–2). But 2 R/ – 3 since 1+ 2(–2) = –3 >/ 0.
59.(c) R is not reflexive, if –a is any negative real number , then |–a| > –a  

so that –aR/ – a. R  is not symmetric consider the real numbers a = 
–2 and b = 3. Then aRb since |–2| < 3. But bR/a since |3| > –2. R is 
transitive. Let a,b,c  be three real numbers such that |a| ≤ b and |b| ≤ 
c. But |a| ≤ b ⇒ b ≥ 0 and so |b| ≤ c ⇒ b ≤ c. It follows |a| ≤ c. Thus 
aRb and bRc ⇒ aRc.

60. (d) 'I' is reflexive since every natural number is a factor of itself, that is 
n
n  

for n  N. 'l ' is transitive, if n is a factor of m and m is a factor of p, 
then n is surely a factor of p. Thus, 'n/m' and 'm/p' ⇒ 'n/p'. However, 
'l 'is not symmetric for example, 2 is factor of 4 but 4 is not a factor 
of 2.

61.(b) We have, A = {x:x R, –1< x < 1} and B = {x:x  R, x – ≤ –1 or,  
x –1≥ 1}

 = {x:x  R, x ≤ 0 or, x ≥ 2} ∴ AB  = R – D
  where D = {x:x  R, I ≤ x < 2}.
62.(b)  Since R and R'  are not disjoint, there is atleast one ordered pair, 

say, (a,b) in R∩R'. But (a,b)  R' ⇒ (a,b)  R and (a,b)  R'.Since 
R and R' are symmetric relations, we get (b,a)  R and (b,a)  R' 
and consequently (b,a)  R ∩ R'. Similarly, if any other ordered pair 
(c,d) R ∩ R' ,then we must also have (d,c)  R∩R' . Hence  R∩R' 
is symmetric. 

63.(a) R is reflexive since |a–a| = 0 < 
1
2   for all aR. R is symmetric since 

|a–b| <  
1
2   ⇒ |b–a| < 

1
2 . R is not transitive we take three numbers 

  
3
4  , 

1
3  , 

1
8  , then 

3
−

4
1
3

   = 
5
12  < 

1
2    and 

1
3

1
8

−   and 

   
5
24  < 

1
2  . But 

3
4

1
8

−   = 
5
8   > 

1
2  .

64.(c) Since y = c2 = 1 + x + 
x2

2! + 
x3

3! +.......
 ∴ ex > x∀x R so that the two curves given by y = cx  and y = x do not 

intersect in any point. Hence, there is no common point, so that A ∩ 
B = φ 

 65.(c) A ∩ B = φ [  y = 
1
x  , y = –x meet when  – x = 

1
x  ⇒ x2 = –1 which 

does not given any real value of x].
66.(d)  Not a well defined collection. [  intelligency is not defined for 

students in a class]
67.(a) Number of non- empty subsets of {1,2,3,4} = 24 –1 = 15 
68.(b) As A is has p elements and B has q elements so A × B has pq elements.
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69.(d) A (A∩B) = A [ A∩B Í A]
70.(a) We have x2 = 16 ⇒ x = ± 4
  Also, 2x = 6 ⇒ x = 3. There is no value of x which satisfies 

both the above equations. Thus the set A contains no element.  
∴ A = φ. 

71.(a) R × (P '  Q') = R × [(Pc )c ∩ (Qc)c]
  = R × (P∩Q) = (R × P) ∩ (R×Q).
72.(c) Clearly, A = φ = {}.
 73.(b) B C = {a,b,c,d,e}.
  A ∩ (B ∩ C) = {a,b,c} ∩ {a,b,c,d.e}
 =  {a,b,c} = A
74.(c) B∩ C' = {4}. ∴ A(B∩C) = {1,2,3,4}
75.(b) The relation 'less than' is only transitive because 
  x < y, y < z ⇒ x < z, x,y,z  N
 ∴ xRy, yRz ⇒ xRz 
76.(d) Since A Í / B, there exist x  A such that x Ï B. Then x B' ∴ A∩ B' 

≠ φ.
77.(d) Given that S = {1,2,3,4,5} and A = S × S. A relation R on A is defined 

as follows : 
  "(a,b) R (c,d)" if and only if ad = cb.
 (i)  R is reflexive, since ab = ba ⇒ ba = ab. 
   therefore, (a,b)R(b,a) ∀ a,b,  S.
 (ii)  R is symmetric, since (a,b)R (c,d) ⇒ ad = cb
  ⇒ cd = da ⇒ (c,d)R (a,b) ∀ a,b  S
 (iii) R is transitive since (a,b)R(c,d) and (c,d) R (c,f) ⇒ ad = cb and cf = 

cd .
 ⇒ adcf = cbed ⇒ cd(af) = cd(bc)
 ⇒ af = cd ⇒ (a,b)R(e,f) ∀ a, b,c,d,e,f  S.
78.(b) ( A– B)  (B–A) – (AB) – (A∩ B)

A B

B B–A
A∩BA

79.(b) n (M) = 55,n (P) = 67,n (M  P) = 100
  Now, n (M  P) = n(M) + n(P) – (M ∩ P) 
 ⇒ 100 = 55 + 67 – n (M∩P)
 ⇒ n(M∩P) = 122 – 100 = 22
80.(a) Since the factors of 32 are 1,2,4,8,16,32 and the factors of 19 are 1 

and 19. We see that 1 is the only common factor of 32 and 19, whence 
Y = {1}. So,|Y| = 1(i.e Y is singleton set)

81.(c) The singleton subsets of X are {0}, {1}, {2}; the subsets, each having 
two elements are {0,1},{0,2} and {1,2} ; also X, φ are always subsets 
of X. Thus all the subsets of X are given by φ,{0}, {1}, {0,1}, {0,2} 
,{1,2} and {0,1,2}. Clearly all these subsets excepting the last one, 
i.e. the set X itself, are proper. So there are 7 proper subsets of X.

82.(c) By definition, A ∩ B  = {x:xA∀xB}
  According to question, A {a,b,d} and B= {b,d,e} ∴ A∩B = {b,d}
  By definition, A  B  = {x:xA∀xB}
 ∴ A  B = {a,b,d}  {b,d,e} = {a,b,d,e}
  So, (AB)' = U – (AB) 

 = {x:x U ∀xÏ (AB)}or, (AB)'  = {c}
83.(b) Given S = {a,b,c,d,e,f}, A = {a,c,d,f} and B∩C = {a,b,f}.
  Now, (A  B)∩(AC) = A(B∩C)
     (By distributive law)
  = {x;x  A ∀ x   (B∩C)} = {a,b,c,d,f}
84.(a) Clearly, A × B = {(1,2), (1,3)(1,4) (2,2), (2,3).
     (2,4),(3,2),(3,3),(3,4)}.
   S × T  = {(1,2), (1,4), (1,5), (3,2), (3,4), (3,5), (4,2), (4,4), (4,5)}
 ∴ (A× B) ∩ (S×T) = {(1,2), (1,4),(3,2),(3,4)}
85.(b) According to the question, x is relatively prime v. So, we get (3,2)  

R , (3,7)  R(3,10)  R.
  (4,7)  R,(5,2)  R (5,6)  R(5,7)  R and (6,7)  R. ∴ The relation R 

from A to B as a ordered pair is R = {(3,2), (3,7),(3,10),(4,7),(5,2),(5,6), 
(5,7), (6,7)} and the inverse function of R from B to A is R–1. 

  i.e. R–1 = {(2,3),(7,3),(10,3),(7,4),(2,5), (6,5),(7,5),(7,6)}
86.(c) Clearly R  is a reflexive relation on Δ as any triangle is congruent to 

itself i.e. for all Δ1  Δ,Δ1≅ Δ1. Again R is a symmetric relation on Δ 
as for all Δ1, Δ2  Δ; we have, Δ1 ≅ Δ2 ⇒ Δ2 ≅  Δ1 also R is a transitive 
relation on Δ as for all

   Δ1, Δ2, Δ3  Δ ; we have Δ1 ≅ Δ2 and Δ2 ≅ Δ3 ⇒ Δ1 ≅ Δ3.
  Hence R being a reflexive, symmetric and transitive relation, it is a 

equivalence relation on Δ.
87.(d) Let a,b  N then a will be a factor of b for an unique m N. So that 

b = ma. 
 ∴ (a,b)  R ⇒ b = am where a,b,m  N.
  For reflexive relation : since 1  N, for any a  N. We have, a,1 = a 

i.e. for all a  n, (a,a)  N
  For symmetric relation : Clearly, 2 N, 6 N and 2 is a factor of 6 

but 6 is not a factor of 2.
 ∴ for all (a,b)  N, (a,b)  R ⇒/ (b,a)  R
 ∴ R is not a symmetric relation on N. 
  Fo r  transitive relation : for all a,b,c  N  we get, (a,b)  R and (b,c) 

R ⇒  b = am  and c = bn(where m,n  N) ⇒ c = bn and b = am ⇒ 
c = nma [  b = am] ⇒ c = pa, (where mn  = p  N) ⇒ (a,c)  R. So 
R is a transitive relation on N.   

88.(a) For all x  A ; f: A → B mapping is defined by f(x) = x – 3. So, f(0) 
= –3, f(1) = –2, f(2) = –1 and f(3) = 0 . It is clear that for mapping A, 
for all the distincts element of A have a distinct images in B. Hence, 
f : A → B is a one-one mapping.

A

0

1

2
3

–3

–2

–1
0

B

f

89.(d) By the definition f –1 (16) indicates the set of all elements in the 
domains of z whose images is 16 in the co-domain of z. It is clear 
that f(4) = 42 = 16 and f (–4) = –42 = 16 [  f (x) = x2]

 ∴ By the definition of f mapping the elements 4, (–4) in the domain of z 
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have a same image 16 in the co-domain set of z. ∴ f –1 (16) - {4,–4}. 
Clearly, f(x) = –4 i.e. x2 = –4 ⇒ –4 has no pre-image in z ∴ f –1 (–4) 
= φ . 

90.(a) Given f(x) =  
x
3  ; So, f(3) =  

1
3  ,3 = 1,

  

  f (6) =  
1
3 . 6 = 2, f(9) =  

1
3 . 9 = 3 and 

  

  f(12) =  
1
3 .12 = 4 

  f : A → B mapping can be written as a set of ordered pair as follows  : 
f = {(3,1),(6,2), (9,3),(12,4)}. Clearly f is one-one and onto mapping.

 ∴ f–1  exist and the set of f–1 : B → A mapping given by
  f –1 = {(1,3),(2,6),(3,9), (4,12)}.
91.(a) (A∩B')  (B∩B') = A  φ = A. Since A and B are disjoint.
 92.(a) If x ⊂ y, then XY = Y and X ∩ Y = X. If Y⊂ X, then X Y = X and X 

∩X = X.
93.(c) {φ.{φ},{{φ}},A}
94.(b) A – (A–B) = A – (A ∩ B')
 = A∩ (A∩B') = A∩ (A' B)
 = (A ∩ A')  (A∩B) = φ  (A∩B) = A∩B
95.(b) Y{1,2} = {1,2,3,5,9} ⇒ The smallest set that Y could be is (3,5,9}.
96.(b) (BC) = {2,4,6,8,5}
∴ {1,2,3} ∩ {2,4,6,8,3,5} = {2,3}
97.(a) A ∩ (BC) = {2,3,4,8,10} ∩ {3,4,5,6,10,12,14}
  =  {3,4,10}.
98.(b) {1,2,3,4}
 99.(b)  Only (b) will give x = ± i, rest all give real values of x.
 100.(c) X ∩ (X'∩Y') = (X ∩ X') ∩ Y'  = φ ∩ Y '  = φ.
101.(b) y = ex , y = e–x meet where ex  = e–x

  or, e2x = 1, ∴ x = 0 and hence y = 1. These curves meet at (0,1) so 
that A ∩ B ≠ φ.

102.(c) A–B = {3}, A ∩ B = {2,5}
  ∴ (A–B) × (A ∩ B) = {(3,2),(3,5)}
103.(d) A ∩B = {4}, (AB) = {2,3,4,5}
  ∴ (A∩B) × (A  B) = {(4,2), (4,3),(4,4), (4,5)}
104.(b) (AB) = {1,2,3,8}
   (A ∩ B) = {3} ∴ (A ∩ B) × (A∩B)
  = {(1,3), (2,3), (3,3) (8,3)}
 105.(c) Common elements will be 
   {(2,2),(3,3), (2,3),(3,2)}
106.(d) A × (BC) = {a,b,c} × {a,c,d,e,f }
   The above set will consist of 15 ordered pairs and not 3.
 107.(c) The number of element of a set A × B =  3×5 = 15.
 108.(a) Putting n = 1,2,3,.......; X = {0,9,54,243......}
   Y = {0,9,18,27,36,45,54}. Clearly X ⊂ Y.
109.(a) A × B will have mn ordered pairs. Each subset of A×B will be 

relation. The number of subsets of a set consisting of mn elements 
will be 2mn.

110.(b) OA = OA, OB = OB
 ⇒ OB = OA , OA = OB, OB = OC ⇒ OA = OC

  Hence R,S,T i.e. equivalence relation.
111.(c) R :A  B under given condition a>b is given by R = {(1,3),(1,5), 

(2,3), (2,5) (3,5), (4,5)}.
  R–1 =  {(3,1),(5,1), (3,2), (5,2) (5,3), (5,4)}.
  RoR–1 : For composing RoR–1 we will pick up an element of R–1 first 

and then of R.
  (3,1)  R–1 (1,3)  R ⇒ (3,3)  RoR–1

 ∴ RoR–1 = {(3,3), (3,5), (5,3), (5,5)} only.
112.(c) Is not reflexive as every element is not related to itself. Is not 

symmetric as (1,2)  R but (2,1) Ï R. It is transitive as (1,2)  R (2,2) 
 R 

 ⇒ (1,2) o (2,2) = (1,2)  R.
113.(d) For function every element of domain must have a unique image 

in co-domain.....(A). Let us redefine each function as a set of ordered 
pairs and see if they satisfy the above condition (A) of a function.

  f1= {(1,2),(2,3),(3,4)}; (4,5) cannot be an ordered pair as 5 does not 
belong to co-domain. Thus the element 4 of domain does not have 
an image.

  f2 = 
( , ) ( , ) ( , ) ( , ) ( , )
( , ) ( , ) ( , ) ( , ) ( , )
1 4 2 3 2 4 3 2 3 3
3 4 4 1 4 2 4 3 4 4









 . The uniqueness is 

  violated as the elements have not one but many images.
  f3

  = {(2,1),(3,2),(3,1),(4,1),(4,2),(4,3)}
  Not a function as in f2 uniqueness is violated. 
  f4 = {(1,4), (2,3), (3,2), (4,1)} i.e.
  f4 = {(x,y) ; x + y = 5}. It is a function as each element has a unique 

image.
114.(b) The function gof : R → R  is defined by 
   (gof) (x) = g (f(x)) = g (2x + 1) = (2x +1)2 – 2 = 4x2 + 4x –1.
 115.(d) f(x) = 2x – 3, g(x) = x3 + 5 are bijections and hence f –1 and g  –1 both 

exist.

  y = 2x– 3 ⇒ x = 
y+3

2  . ∴ f –1 (y) =  
y+3

2
 ∴ f –1 (x) =  

x + 3
2 ......(1)

  

  y = x3 + 5   ∴ x = (y – 5) 
1
3  = g–1 (y)

 ∴ g –1 (x) = (x– 5) 
1
3  ......(2)

 ∴ (fog)–1 x = (g–1 of –1)x 

 = g–1 [f–1(x)] = g–1
x +









3
2

.....by (1)

 = 
x x+

−








 −

−









3
2

5
7

2

1
3

1
3

116.(a) y = 

3x + 2
5x – 3  ⇒ x = 

3y + 2
5y – 3  = f –1(y)

 

  ∴ f –1 (x) =  

3x + 2
5x – 3  = f(x)

 117.(b) g(x) =  3x + x3

1+3x2  = y (say)....(1)

 ∴ f[g(x)] = f(y) = log 
1
1
+

−











y
y

 = log
1
1

3+

−











x
x

, on putting for y from 
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  (1) = 3 log 
1
1
+

−











x
x

  = 3f(x). 

118.(c) A has 3 elements and B has 4 elements for injective mapping 1st 
element of A can go to any of 4 of B. 2nd to 3 of B and 3rd to 2 of B 
∴ 4.3.2 = 24. In short 4P3. 

119.(b) f : A → B where A has n elements and B has 2 elements. Each element 
of A can go to 2 elements of B. Hence there will be 2.2.2.....n. times 
= 2n mappings. But if each element of A either goes to b only of B or 
goes to b only of B then in these two cases the mapping will not be 
surjective. Hence the number of subjective mappings are 2n – 2.

120.(b) Each element can go to itself and the rest as well. Thus it can have  
10 images. Similarly we can argue for other elements. Hence the total 
number of distinct functions from A to A is 1010.

121.(c) n(A) = 63, n(B) = 76
   Now, n(A B) = n (A) + n(B) – n (A∩B)
 ⇒ n(AB) = 63 + 76 –n (A ∩B).
 ⇒ n(AB) + n (A∩B) = 139
 ⇒ n(A∩B) = 139 –n (AB)
  But, n(A B) ≤ 100, so that –n(AB) ≥ –100
 ⇒ 139–n(AB) ≥ 139 –100
 ⇒ 139–n(AB) ≥ 39 ⇒ n(A∩B) ≥ 39
  Now, A∩B Í A and A∩B Í B
 ⇒ n(A∩B) ≤ n(A) and n (A∩B) ≤ n(B)
 ⇒ n(A∩B) ≤ 63 and n(A∩B) ≤ 76
 ⇒ n (A∩B) ≤ 63. From (i) and (ii), we have 39, 39 ≤ n (A∩B) ≤ 63 ⇒ 

39 ≤ x ≤ 63.

122.(b) A' ((AB)∩B') = A' A [Since, (AB)∩B' = A, by absorption law] 
= N 

123,(c) A ∩ B = φ because there is no such value of x which implies y =  
1
x  and y = – x simultaneously. 

124.(c) X∩(YX)' = X∩(Y'∩X') = X ∩ φ = φ.
125.(c) A = {3,6,9,12,15,18,21,.......30,45,.....}
   B = {5,10,15,20,25,30,35,40,45........}
  ∴ A∩B = {15,30,45....}
126.(b) Given A = {1,2,3}, B = {3,4},C = {4,5,6}
 ∴ B ∩ C = {4}
 ∴ A  (B∩C) = {1,2,3}  {4] = {1,2,3,4}
127.(d) A and the complement of B are non-disjoint [by definition].
128. (d) Given, A = {2,4} and B = {3,4,5}
 ∴ A ∩ B = {4}, A ∩ B = {2,3,4,5} 
 ∴ (A∩B) × {AB} = {(4,2),(4,3),(4,4), (4,5)}
129.(b) Given, A = {1,2,3} and B = {3,8}
 ∴ A  B = {1,2,3,8} and A ∩B = {3}
 ⇒ (AB) × (A∩B) = {(1,3),(2,3),(3,3),(8,3)}
 130.(a) X×Y ⊂ A×B  as X ⊂ A  and Y ⊂ B [by rule].
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 1.(b)  (a2 + b2 + c2 ) p2 – 2(ab + bc + cd) p (b2 + c3 +d2) ≤ 0
 ⇒ (a2p2 –2 abp + b2) + (b2p2 – 2bcp + c2)
 + (c2p2 – 2cdp + d2) ≤ 0 
 ⇒ (ap –b)2 + (bp–c)2 + (cp –d)2 ≤ 0....(1)
  Since a,b,c,d,p ÎR, (ap–b)2 ≥ 0, (bp–c)2 ≥ 0 and  

(cp –d)2 ≥ 0. Therefore, (1) will be satisfied only if ap–b 
= 0, bp – c = 0 and cp–d = 0

 ⇒   
b
a

 = 
c
b

 = 
d
c

 = p ⇒ a,b,c,d  are in G.P.
 
 2.(b)  We have,

   k =  
x 2 – x + 1 
x 2 + x + 1   ⇒ kx2 + kx = x 2 – x +1 

 ⇒  (k –1)x2 + (k +1)x +k –1 = 0
  As x is real, the discriminant
  D = (k+1)2 – 4(k–1)2 ≥ 0 ⇒ (3k –1) (–k +3) ≥ 0 

 ⇒ k −







1
3

 (k –3) ≤ 0 ⇒ 
1
3

 ≤ k ≤ 3.

 3.(a) We have, α + β = –p, αβ = 1, γ +δ = –q,γδ = 1
  Now, (α–γ) (β–γ)(α+δ) (β+δ)
 
 = [αβ – (α+β)γ+γ2][αβ + (α+β)δ+δ2]
 = [γ2 +pγ+ 1][δ2 –pδ +1]. As γ,δ are roots of the equation x2 

+ qx + 1 = 0, γ2 + 1=  –qγ  and δ2 + 1 = –qδ. Therefore,
  (α–γ)(β – γ) (α +δ) (β +δ) = (–qγ +pγ)  (–qδ –pδ) 
 = (q2 – p2) γδ = q2 –p2

  [γδ = 1]
 4.(c) We have,
  x = 2 + x  ⇒ x2 = 2 +x ⇒ x 2 – x – 2 = 0
 

 ⇒ x = 
1 1 8

2
± +

  = 
1±3

2
 = 2, –1. As x > 0, we get x = 2. 

 5.(c)  Since α,β,γ,δ, are in G.P., we have

  
α
β

 = 
β
γ  = 

γ
δ

. Applying componendo and dividendo. we 
  
  get 

  
α–β
α+β

 = 
γ–δ
γ+δ

 ⇒ 
(α+β)2 –4αβ

(α+β)2  = 
(γ+δ)2 – 4γδ

(γ+δ)2
 

 ⇒ 
αβ

(α+β)2  = 
γδ

(γ+δ)2

 ⇒ 
c/a

4b 2 /a2  = 
r/p

4q 2 /p2 ⇒ 
ac
b2   = 

pr
q2

 

 6.(a) sinθ + cos θ = –m/l. sinθcosθ = n/l

  Squaring the first , we have 1 + 
2n
l

 ⇒ 
m2

l2 ∴ l2 –m2 + 2ln = 0.  

 7.(b) x2 + 2 
b
a

x + 4
c
a

 = 0
 
 or, x2 –2 (α +β)x +4αβ = 0
 ⇒ (x–2α) (x–2β) = 0
 ∴ Roots are 2α, 2β.

 8.(b)  
α
β

 = 
γ
δ

. Apply componendo and dividendo,  
 

  
α+β
α–β  = 

γ+δ
γ–δ  ∴ 

b2

b2 – 4ac  = 
B2

B2–4AC

 ∴ 
D1

D2
 = 

b2

B2

 9.(a) x +y +z  = (β –γ) (α–δ) 
  + (γ–α) (β–δ) + (α–β)(γ–δ) = 0
 ∴ x3 + y3 + z3  = 3xyz 

 10.(b) α3 + β2 = p2 –3p + 5 p −







3
2

2

 + 5–
9
4

 

 or, α2 + β2  = p −







3
2

2

 + 
11
4  ≥ 

11
4

  It will be least when p – 
3
2  = 0 or p = 

3
2 .

 11.(d) Sum > a +a, ∆ ≥ 0 and if f(x) = (x–α) (x–β) 
  f (a) = (a–α) (a–β) = positive 
 ⇒ a2 + a + a  > 0 ⇒ a (a+2) = positive 
 ∴ a < –2 or, a > 0 .....(1)
  Again roots will be real. ∴ ∆ ≥ 0 , or 1–4a ≥ 0

 ∴ a  < 
1
4

 .......(2)
 

  Also, S = –1 > 2a ⇒ a < – 1
2

......(3)
  
  Hence a < –2 satisfies all the three conditions.
 12.(a) Since Σa (b–c) = 0. Hence 1 is root of the given equation. 

It has two equal roots so that p = 1.1. = 
c(a–b)
a(b–c)

 or, 
b(a+c) = 2ac.

  Divide by abc, ∴ 2
b

  =  
1
a

 + 
1
c
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 13. (b) 
x2 –bx
ax–c

 = 
m–1
m+1

 ⇒ (m+1)x2 –bx (m+1) = ax (m–1) –c (m–1)
 ⇒ (m+1)x2 –x [b(m+1) + a(m–1)] + c (m–1) = 0
 ⇒ (m+1)x2 –x [m(b+a)+ (b–a)] + c(m–1) = 0
  According to the question, co-efficient of x = 0.

 ∴ m(b+a) +(b–a) = 0 ⇒ m = 
a–b
a+b

 14.(b) α1

β1

 = 
α2

β2
 ⇒ 

α1

α2
 = 

β1

β2
  = 

α1+β1

α2+ β2
 = 

α β
α β

1 1

2 2 

  
α β
α β

1 1

2 2

2
+
+









  =  

α1β1

α2β2
⇒  

b1
2+a2

2

b2
2+ a1

2  =  
c1

a1
.a2

c2

 ⇒ 
b
b

c
c

a
a

1

2

2
1

2

1

2









 =


















  ∴ They are in G.P.

 
 15.(b) Here ax2  + bx+ c = 0 whose roots are α and α".

 ∴ α +αn = – 
b
a

,α.αn = 
c
a

 ⇒ αn+1 =  
c
a

 
 

 ⇒ α = 
c
a

n







+
1

1

  c
a

c
a

n
n
n






 + 








+ +
1

1 1  = – 
b
a

 ⇒  a.a–1(n+1).c1/(n+1) + a.a–n/(n+1). c –n/(n+1) = –b

 ⇒ (anc) 
1

n +1  + (acn) 
1

n +1  = –b.
 16.(b) Let α be a common root, then α2 + aα +b = 0 and α2 + bα 

+ a = 0

  
α2

a2–b2 = 
α

b–a
 = 

1
b–a

 ⇒ α2 = 
(a–b)(a+b)

b – a
, and 

 

  α = 
b–a
b–a

 = 1⇒ 
(a–b)(a+b)

b – a
 =1

 ⇒ a + b = –1
 17.(b) sin2 ϕ = cosθ .sin θ.
 ∴ cos2ϕ = 1–sin 2θ = (cosθ– sinθ)2

  D = 4 cot2ϕ –4 = 4. 
cos2ϕ
sin2ϕ

 = 4 cos sin
sin
θ θ

φ
−









2

 > 0.
  
  because cosθ  = sin θ  ⇒ three numbers are equal which is 

special case.
 18.(c) Let α, β be the roots of ax2– bx–c  = 0 and let α',β' be the 

roots of a'x2 – b'x–c' = 0 such that |α–β| = |α'–β'|.
 i.e.,  (α+β)2 –4αβ = (α'+β') 2  – 4α'β'

 ⇒ 
b2+4ac

 a2  = 
b'2+4a'c'

 a'2 

  Hence, the expression 
b2+4ac

 a2   does not vary in value.
 19.(b) The given equation is x2– px –(p+c) = 0.
 ∴ α + β = p, αβ = – (p+c)
  (α+1) (β+1) =  αβ +(α+β) +1
 = –p–c+p+1 = 1 –c ......(1)

 ∴ α2 + 2α+1
α2 + 2α+c

 + 
β2 + 2β+1
β2 + 2β+c 

 = 
(α1 +1)2

(α+1)2  –(α+1) (β+1)
 + 

(β+1)2

(β +1)2 – (α+1) (β+1)

 = 
α +1
α–β  + 

β +1
β–α

 = 
(α +1)– (β +1) 

α–β 
 = 1

 20.(c) Let the roots be mα , nα . ∴ mα + nα = – 
b
 a 

 ⇒  α = – 
b

a(m+n)
 and 

 

  mα.nα = 
c
a

⇒ mn b
a m n( )+








2

 = 
c
a

  mnb2 = ac(m+n)2.
 21.(d) ∆ = 9 –8a = positive as a is negative
 ∴ α,β are real.

  Now, 
α2

β
 + 

β2

α
 = 

α3 + β3

αβ
 = 

(α + β)3 –3αβ(α+β)
αβ

 = – 
27
2a2  + 

9
a

  which is clearly negative as a is negative. 
  Hence it cannot be greater than any positive number.
 
 22.(b) (x–2)3 = 22  + 2 + 3.2(x–2)
 or, x3 – 6x2 + 12x–8 = 6 +6x –12
 ∴ x3 –6x2 +6x = 2
 23.(a) The two equations can be written as 
  x2(6k +2) +rx +(3k–1) = 0......(1) and 
  x2 (12k + 4) + px + (6k –2) = 0 ....(2)
  Equation (2) can be written as 

  x2(6k +2) + 
p
2

x +(3k–1) = 0 .....(3)

  Comparing (1) and (3), we get r = 
p
2

 ⇒ 2r –p = 0
 24.(a) We have |x|2 – 3|x| +2  = 0 ⇒ (|x| –1) (|x| –2) = 0
 ⇒ |x| = 1.2 ⇒ x ± 1, ±2.
 25.(b) The equation is 
  x2 + x(a+b–2c) + ab –ac – bc = 0
  Let its roots be α,β,

  Then α + β = 0(given) ⇒ c = 
a+b

c
....(1)

  Now, αβ = ab –ac –bc = ab –c (a +b)

 = – 
1
2

(a2 + b2) [using (1)] 
 26.(a) Roots are of opposite sign if 
 (a) roots  are real and distinct
 (b) product is negative 
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 So,  D = 4(a2 + 1)2 – 12(a2 – 3a +2) > 0 and product of roots = 
a2–3a+2

 3
  < 0.

 ⇒  a2 –3a +2  = (a –1) (a–2) < 0, ∴ 1 < a  < 2.
  Clearly for these values of a,D>0.
  Hence 1 < a < 2.

 27.(d) Let x −1  = t, then x = t2 + 1,t ≥ 0. 
  The given equation reduces to

  t t t t2 24 4 9 6+ − + + −  = 1 
 ⇒ |t–2| + |t–3| = 1, ∴ 2 ≤ t ≤ 3⇒ 4 ≤ t2 ≤ 9.
 ⇒ 4 ≤ x –1 ≤ 9 ⇒ 5 ≤ x ≤ 10.
 ∴ Solution of the original equation is x Î [5,10]
 28.(a) The discriminant of the given equation is 
  D = 4[(nCr)

2 – nCr–1 
nCr+1] = 4 (a–b), where 

  a = (nCr)
2 .b = nCr–1, 

nCr+1
 

  Now, 
a
b   = 

 nCr
 . nCr

nCr–1
 nCr+1

 =   n!
r!(n–r)!

.  n!
r!(n–r)!

. (r–1)! (n–r+1)! 
n!

 

  

(r+1)! (n–r–1)! 
n!

 = r+1 
r

. n–r+1 
n–r

 = 1 1 1 1
+






 +

−






r n r

 > 1
  
 ∴ a > b ⇒D > 0 ⇒ roots of given equation are real and 

distinct.

 29.(a) Let 
12x

4x2 + 9  = y. Now 4yx2 –12x + 9y = 0 
 
  As x is real, D = 144 – 4.4y, 9y ≥ 0 ⇒ 1 – y2 ≥ 0

 ⇒ y2 ≤ 1 ∴ |y| ≤ 1. Hence 
12

4 92
x

x +
 ≤ 1.

 
 30.(d) We have ax2 + c = 0( since b = 0).

 ⇒ x2 = 
c 
a i2 ⇒ x = ± 

c 
ai

 ∴ roots are equal in magnitude but opposite in sign.
 31.(d) Since α is a root of the equation
  a2x2 + bx + c = 0
 ∴ a 2 α2 + bα +c = 0 ....(1)
  Since β is a root of the equation a2x2 – bx – c = 0
 ∴ a2β2 –bβ –c = 0 ....(2)
  Now, let f(x) = a2x2 + 2bx + 2c.
 ∴ f(α)  = a2α2 + 2(bα+c) = a2 α2 +2(–a2 α2)
   [From (1)]
  =  a2 α2 < 0. 
  f(β) = a2β2 + 2(bβ+c)  = a2β2 +2(a2β2)[from (2)]
 = 3a2β2 > 0
  Since f(a) and f(β) are of opposite sign and γ is a root of 

the equation f(x) = 0 . 
 ∴ γ must lies between α and β. Thus, a < γ  < β .
 32.(a) For k to lie between α and β, we must have,
  α < k < β or β < k < α.
  In either case this implies
  (k–α)(k–β)  < 0  ⇒ k2 – (α + β)k +αβ <0 

 ⇒ k2 – −






b
a

k + 
c 
a < 0 ⇒ 

1 
a (ak2 + bk + c) < 0

 
  Now, multiplying by a2 > 0 , we get 
  a (ak2 + bk +c) < 0 ⇒ a2k2 + abk +ac < 0.
 33.(c) Since the equation 2x2 – 2  px +p = 0  has equal roots.
 ∴ discriminant = ( 2  p)2 – 4(2) (p) = 0
 or, 2p2 – 8p  = 0 or p2 – 4p = 0
 or, p(p–4) = 0 ∴ p = 0,4 
 34.(a) Let x–a < 0, |x–a| = – (x–a)
 ∴  Equation becomes x2 + 2a (x–a) – 3a2 = 0
 or, x2 + 2ax – 5a2 = 0 ∴  x = –(1+ 6 )a (–1+ 6 )a
  As x <a ≤ 0 ∴ x = (–1 + 6 )a lies  in the range.  
 ∴ x = (–1+  6 ) a.
  Let |x–a| = x – a, x –a ≥ 0.
  Equation becomes x2 –2a(x–a) – 3a2 = 0
 or, x2 – 2ax –a2 = 0  ∴ x = (1+ 2 )a, (1– 2 )a. 
  As x ≤ 0 and a ≤ 0 ∴ x = (1– 2 )a lies in the range.
 35.(b) |α–β|≤2m. Squaring,
  4(a2 –b) ≤ 4m2 ⇒ a2 – m2 ≤ b ∴ b ≥  a2 –m2+

  Also, ∆ > 0 ∴ a2 –b > 0 or b < a2.
 ∴ bÎ/ [a2 – m2.a2].
 36.(a) Let F(x) = ∫(3ax2 + 2bx+ c) dx = ax3 + bx2 + cx.
 ∴ F(0) =0, F(1) = a+b+c = 0 by given condition.
  Since both F(0) = 0 and F(1) = 0, there will exist some 

value of x between 0 and 1 for which F'(x) = 3ax2  + 2bx + 
c.

 37.(a) L.H.S. ≥ 2 , R.H.S. = log1025 < log10102 = 2. R.H.S is 
always less than 2. Hence there is no solution.

 38.(b) Condition for common root is 
  (c–a)2 = (a–b)(b–c)
 or, a2 + b2 + c2 –ab –bc – ca = 0
 or, 1

2
[(a–b)2+(b–c)2 + (c–a)2 ] = 0

 
 ∴ each isn zero, ∴ a = b = c.
 39.(b) a,b,c, are in A.P.
 ⇒ a–b= b –c = –D, c–a = 2D.
  The 1st equation becomes –D(x2 –2x +1) = 0
 or, (x–1) 2 = 0 ∴ x = 1.1. Hence 1 is also a root of 2nd 

equation 2(c+a)x2 + (b+c)x = 0
 ∴ 2(c + a) = –(b+c) = 0....(1)
  Again, a,b,c being in A.P.
  (c–a) = 2D = –2(b–c) .........(2).
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  Mutliplying (1) and (2), 2(c2 –a2) = 2(b2– c2)
 ⇒ 2c2  = a2 + b2 ⇒ a2, c2, b2 are in A.P.
 40.(c) Since each pair has common root, let the roots be α,β for 

1; β,γ for 11 and γ.α for III.
 ∴ α + β = – a, αβ = bc , β + γ = –b, βγ = ca.
  γ + α = –c, γα = ab . Adding, we get 

  2(α + β + γ) = – (a+b+c)∴ Σα = –
1
2

Σa.
 
 41.(a) If α be the common root, then αβ = ca and  αγ = ab. The 

condition for common root gives a+b+c = 0 and the 
common root is α = a.

 ∴ αβ = ca ⇒ β = c ; αγ = ab ⇒ γ = b.
 ∴ S = b+c = –a, P = bc. ∴ x2–Sx +P = 0  gives the equation 

as x2 + ax + bc = 0.
 42.(d) Let α be a common root of the two given equations. Then 

α2 –3 hα + 35  = 0 and α2 – hα –21 = 0. Subtracting, we 
obtain, 

  –  2hα +56 = 0 or α = 
28
h

 
  As α is the root of x2 – hx–21 = 0 we get,

  
28 282

h
h

h






 − 






  –21 = 0.

 
 or, (28)2 /h2  = 49 ⇒ h2 = (28/7)2 = 42 or h = ±4.
  As h > 0, we get h = 4.
 43.(a)  As the coefficients are in reverse order the roots of ax2 + 

bx + c = 0 are α,β while the roots of  cx2 + bx + a = 0  are 
1
α  , 

1
β  .One negative root is common ⇒ (i) α = 

1
α  <0 ; so 

α = 
 
  –1.

 or, (ii) α = 
1
β  < 0 ⇒ αβ = 1 ⇒  

c
a  = 1⇒ c = a

  
  (impossible)
 ∴ a–b+c = 0  [ α = –1 is a 

root]. 
 44.(d) Here, b2 –24a ≤ 0. Let 3a + b = λ
  Then b2 – 8(λ –b) ≤ 0 or b2 + 8b – 8λ ≤ 0.
  Since b is real, therefore, 64 +32λ ≥ 0. ∴ λ ≥ –2.
 45.(a) From the given equations , we find that q and r are roots 

of the equation a (p+x)2 + 2bpx + c = 0
 ⇒ ax2 + 2x (a+b) p +ap2 + c = 0

  Now, the product of the roots  = 
ap2 +c

a  

 ⇒ qr  = 
ap2 +c

a  = p2 + 
c
a

 46.(b) The equations ax2 + 2bx +c  = 0 and bx2 – 2 acx  +b = 0 
have real roots. 

  Therefore, b2 ≥ ac  and b2 ≤ ac ⇒ b2 = ac
 47.(c) Solving the given equation, we get

  x = 
3
5  or, x = – 

4
5

. But –1 < x < 0.
  

  Therefore, x = – 
4
5

 ⇒ cos α = – 
4
5

⇒ sin α = 
3
5

.
  
  Hence, sin 2α =2sinα cosα = – 24

25
 48.(d) 

4
4x2 + 4x + 9  is greatest when 4x2 + 4x + 9 is least. 

  
  We have 4x2 + 4x + 9 = (2x +1)2  + 8 ≥ 8  for all x. So the 

minimum value fo 4x2 + 4x + 9 is 8.

  Hence, the greatest value of 
4

4x2 + 4x + 9  is 
4
8

 =
1
2

  
.

 49.(d) Since ax2 + bx +c  = 0 is satisfied by every value of x, it is 
an identity. Hence a = b = c = 0. 

 50.(a) Let y = 
x2 + 34x –71

x2 +2x –7 . Then 
  
  x2 (y–1) +2x (y–17) – 7y + 71 = 0
  As x is real, therefore,
  4(y–17)2 – 4(y–1) (71–7y) ≥ 0.
 ⇒ y2 –34y + 289 – 71y + 7y2 + 71 –7y ≥ 0.
 ⇒ 8y2 – 112y + 360 ≥ 0⇒ y2  –14y +45 ≥ 0.
 ⇒ y < 5 or y > 9. Hence a = 5, b = 9.
 51.(a) Let α,β be the roots of the equation

  ax2 + bx + c = 0.Then α+β = – 
b
a , αβ =  

c
a .

 

  Now, α = β = 0 ⇒ – 
b
a  = 0 and  

c
a   = 0

   
  ⇒ b = 0, c = 0. 
 52.(b) Since p and q are roots of the equation 
  x2 + px +q =0.
  therefore, p2 + p2 +q = 0 and q2 + pq + q = 0
 ⇒ 2p2 +q = 0 and q(q+p+1) = 0 
 ⇒ 2p2 +q = 0 and q = 0  or q = –p –1.
  Now, q = 0 and 2p2 + q = 0 ⇒ p = 0.
  q = –p –1 and 2p2 +q = 0 ⇒2p2 –p –1  = 0

 ⇒ p = 1 or  p = –  
1
2

  Hence, p = 0, or  p = 1 or p = – 1
2

.
 53.(d) Let α,β be the roots of the equation. Then α + β  = 5 and 

αβ = –6. 
  So, the equation is x2 –5x –6  = 0 whose roots are 6 and 

–1.

 54.(c) We have, α + β = – 7
2

 and αβ = 
c
2 .

 ∴ |α2 + β2| = 7
4

 ⇒ α2–β2 = ±  7
4
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 ⇒  (α + β) (α – β) = ±  7
4

⇒ – 7
2

49
4

2− c  = ±  7
4 

 ⇒ 49 8− c  = 

±

 1 ⇒ 49 – 8c = 1 ⇒ c = 6.
 55.(c)  We have, (x–a +b)2 + (x–b+c)2  = 0
 ⇒  x –a+b = 0  and x –b +c = 0
 ⇒ x = a – b and x = b – c 
 ⇒ a –b = b –c ⇒ 2b = a + c ⇒ a,b,c are in A.P.
 56.(b) If  both roots are common

  
6k +2
12k +4

 = 
r
p  = 

3k +1
6k +2   = 

1
2 . ∴  

r
p  =  

1
2 ⇒ 2r –p = 0.

 57.(c) If we put x = 1in the equartion 
  (q–r) + (r–p) + (p–q) = 0 ∴ 1 is the root of the equation. 

If second root is α, then product of roots 

  α = α.1=  
p–q
q–r  ∴ Roots are 

p–q
q–r ,1.

 58.(c) D = cos2 p – 4(cosp –1) sinp ≥ 0......(1)
  since cos2 p ≥ 0  and cosp –1 ≤ 0 for all p ∴ D ≥ 0
  if and only if sinp ≤ 0.  ∴ p ≥ 0 ⇒ p  (0,π).

 59.(a) Let α,β be the roots ∴α+β = – n
l

 and αβ = n
l

.
 
  Now, α

β
 = p

q
.

 

  

p
q

q
p

n
l
n
l

n
l

+ = + =
+

=

−

= −
α
β

β
α

α β
αβ

 ⇒ 
p
q

q
p

n
l

+ +  = 0

 60.(a) Let p = a –3d, q = a –d, r = a +d, s = a+ 3d
  As p > q < r <s  , we have d > 0. We are given p+q = 2, pq 

=A and r + s = 18, rs = B.
  Now, 2  = p +q = 2a –4d
  and 18 = r + s = 2a + 4d. Solving, we obtain,
  a = 5, d = 2. ∴ p = –1,q =3,r = 7, s =11.
  Thus A = pq = –3 and B = rs = 77.
 61.(c) Since α,β are the roots of the given equation.
  ∴ α + β = 1 + n2 and αβ =   1

2
 (1+n2 + n4)

  ∴ α2 + β2 = (α+β)2 –2αβ
  = (1+n2) – (1+n2 + n4) = n2 
 62.(d)  ax2 + bx + c = 0.....(1)
  Let α,β be the roots of the equation (1)

 ∴ α + β = – 
b
a ,αβ = 

c
a

 
  Now,b3 + a2c  + ac2 = 3abc.

 ∴ b
a

c
a

c
a

b
a
c
a







 + + 






 =

3 2

3, , ,  a ≠ 0.
 
 ∴ –{(α + β)}3 + αβ+α2β2 = –3αβ(α+β)
 or, –{α3 + β3  + 3αβ(α+β)} + αβ + α2β2

 =  – 3αβ(α+β) or, – α3 – β3 + αβ + α2β2 = 0
 or, α(α2 –β) – β2 (α2–β) = 0
 or, (α2 – β) (α–β2) = 0 
  Therefore, one root of the given equation is the square of 

the other.
  63.(b) As α,β are the roots of px2+qx +r = 0

 ∴ α+β = – 
q
p  and αβ =  

r
p

  
  Now, we get, pα + pβ = –q
 ∴ pα + q = –pβ and pβ +q = –pα.

 ∴ the given expression = 
1

(pα +q)3 +  
1

(pβ +q)3
 

 =  
1

(–pβ)3  + 
1

(–pα)3  = – 
1
p3

1 1
3 3β α
+











 = – 
1
p3

α β
α β

3 3

3 3

+







  =  

1
p3(αβ)3 [(α+β)3 – 3αβ(α+β)

 = – 
1

3
3

3
3

3

p r
p

q r
p

q
p









−





 − −























 

 = 
1 3 3
3

3

3

3

3r
q pqr
p

q pqr
rp

×
− +

=
−
( )

 64.(c)  As α,β are roots of 
  x2 + px – r = 0 ∴ α + β = – p and αβ = –r.
  And γ +δ are the roots of x2 + px + r  = 0 

 ∴ γ + δ = –p and γδ = r
 ∴ we have, α+β = γ +δ
 or, (α+β) (α–β) = (γ+δ) (α–β), α–β ≠ 0
 or, α2 – β2 = α(γ+δ)–β (γ+δ)
 or, α2 – α (γ+δ) + γδ = β2 – β (γ+δ) + γδ
 or, (α–γ) (α–δ) = (β – γ) (β – δ).
 65.(b)  Since, c and d are the roots of the equation
  (x–a) (x–b) – k = 0
 ∴ (x–a) (x–b) – k = (x–c) (x–d)
 ∴ (x–c) (x–d) + k (x–a)(x–b)
 ⇒ a,b  are the roots of the equation.
  (x–c) (x–d) +k = 0.
 66.(b) The given equation is 1

x+p
 +  1

x+q
 =  1

r 
 ⇒ x2 + (p+q–2r)x + (pq–pr–qr) = 0
  Here α = –β (given). ∴ α + β = 0
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 ∴ p +q –2r = 0 or, p+q = 2r.
 67.(b)  (x–a) (x–b) +(x–b) (x–c) + (x–c) (x–a) = 0
 ∴ 3x2 –2 (a+b+c)x + (ab+bc+ca) = 0   

Now, the roots of the above equation are equal if and only 
if its discriminant is equal to zero.

 i.e. if 4(a+b+c)2 –12(ab+bc+ca) = 0
 ⇒ a2 + b2  + c2–ab –bc–ca  = 0
 ∴ 2a2 + 2b2 + 2c2 – 2ab – 2bc –2ca = 0
 or, (a–b)2 + (b–c)2 + (c–a)2 = 0.
  As the sum of the three squares is zero, each must 

separately be zero.
 ∴ (a–b)2 = 0 ⇒ a = b.(b–c)2 = 0 ⇒ b = c 
  and  (c–a)2 = 0 ⇒ c = a   ∴ a = b = c
 68.(d) Let α and β be the roots of x2 –ax +b = 0
 ∴ α+β = a and αβ = b. Now, |α–β| < c
 ⇒ (α–β)2  < c2

 ⇒ (α+β)2 –4αβ <c2 ⇒ a2 –4b <c2

 ⇒  1
4

(a2 –c2) < b ........(1)
 
  Also, since the roots of the equation are real, we have, a2 

–4b ≥ 0
 ∴ b ≤  1

4
 a2 ........(2)

  
  Hence from (1) and (2),  1

4
(a2 –c2)  < b ≤  1

4
 a2.

 69.(c) Let y = 4 (a–x) (x–a+ a b2 2+ )

 ∴ y  = –4 (x–a) (x–a+ a b2 2+ ) 

 or, y  = –4t (t + a b2 2+ ),x–a = t, say.

 or, y  = –4t2 – 4t a b2 2+

 or, 4t2 + 4t  a b2 2+  + y  = 0
  It is the quadratic equation in t and as x is real, therefore, t 

is also real. For real t,
  16(a2 + b2) – 4.4.y ≥ 0
 ⇒ a2 + b2 ≥ y ⇒ y ≤ a2 + b2.

 70.(c) Let y = 
x

x2 –5x +9
⇒ yx2 – (5y +1) x +9y = 0

  
  Since x is real, we have (5y + 1)2 –4y.9y ≥ 0
 ⇒ 11y2 – 10y –1 ≤ 0
 ⇒ (11y+1) (y–1) ≤ 0 ⇒ – 1

11
 ≤ y ≤ 1

 ∴ the required range of values is −





1
11

1,

 71.(c) Let z = 
1

x+1  + 
1

2x+1 – 
1

(x+1)(2x +1)

 ∴ z = 
3x+1

(x+1)(2x+1)
 
 or, 2x2z + 3x (z–1) +(z–1) = 0.
  Since, x is real, we have 9(z–1)2 – 8z (z–1) ≥ 0.

 or, (z–1) (z–9) ≥ 0 ⇒ z ≤ 1 or, z ≥ 9.
 ∴ z canot lies between 1 and 9.
 72.(c) Given (a4 + b4) x2 + 4abcdx + (c4 + d4) = 0
 ∴ Discriminant, 
  D = –4 {(c2a2 –b2 d2)2  +  (c2b2 –a2 d2)2} ≤ 0 
  as a,b,c,d  are real. Now, the roots of a quadratic equation 

will be real if D ≥ 0.
  As here D ≤ 0, the roots will be real if D = 0, i.e. when the 

roots are equal.
 73.(c) The discriminant 
  = (–4)2 – 4(3)(5) = 16 – 60 = –44 < 0.
  So, the roots must be two imaginary quantities. 
  Hence, the equation has no real root.
 74.(a)  Let α be a common root of the equations
  3x2 + 4mx + 2 = 0 and 2x2 + 3x –2 = 0 
  So, 3α2 + 4mα +2 = 0  and 2α2 + 3α –2 = 0

  Thus, 
10

9 8

2

−






m

  = – 
8m+6
9–8m

 

 or,  
100

9–8m  = –(8m+6)
 
 or, 32m2 –12m –77 = 0. Solving, we get 

  m =  
7
4 , – 

11
8

 75.(b)  Since one root of the equation qx2 + px + q = 0 is 
imaginary, its discriminant is negative. So, p2 –4q2 < 0. 
Now, discriminant of the equation x2 –4qx + p2 = 0 is 

  (–4q)2 – 4p2 = 16q2 – 4p2 = 4(4q2 – p2) > 0 ( p2 –4q2 < 
0).

  This shows that the roots of x2 –4qx+ p2 = 0 are real and 
unequal.

 76.(b) For the roots of (b–c)x2 + (c–a)x + (a–b) = 0 to be equal, 
the discriminant must be zero.

  So, (c–a)2 – 4(b–c) (a–b) = 0
 or, c2 +a2 –2ca – 4ab + 4ca –4bc + 4b2 = 0
 or, (c2+ a2 +2ca) – 4b (a+c) + 4b2 = 0
 or, (c+a)2 –4b (a+c) + 4b2 = 0
 or, (c+a –2b)2 = 0 or c+a  = 2b
  Hence a,b,c are in A.P.
 77.(b) We have p+q  = –p ,pq = q
  As pq = q, we get q(p–1) = 0
 ⇒ q = 0 or p = 1
  If q = 0, we get p = 0
  If p = 1,  we get p+q = –p ⇒ q = –2.
  Thus, p =1 or p = 0.
 78.(c) Let the other roots be β. Then α+β =1. So, β = 1–α. Since 

α is a root of x2 –x –1 = 0.
  α2 – α –1 = 0.
  Now, β = 1–α = (α2 –α) –α [α2 –α = 1]
 = α2 –2α = α (α–2) = α(α2 –1–2)[α2 –1 = α]
 = α(α2 – 3) = α3 – 3α.
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79.(d)  Let the roots of the equation ax2 + bx + c = 0 be 3α and 

4α. Sum of the roots = 3α+4α = – 
b
a

 or, 7α = – 
b
a , or, α = – 

b
7a ....(1)

 
  and product of the roots 

 = 3α.4α =  
c
a  or 12α2 =  

c
a  or, α2 =  

c
12a ....(2)

 ∴  From (1) and (2), we get, α2 = −







b
a7

2

 =  
c

12a

 or,  
b2

49a =  
c

12a [ a ≠ 0] or, 12b2 = 49ac
  

   
b2

49a =  
c

12
 
 80.(b) Let the ratio of the roots be k and the roots of the equation 

x2 –2px + q2 = 0 be α and kα and the roots of the equation 
x2–2rx + s2 = 0 be β and kβ.

 ∴ α + kα = 2p ....(1), α.kα = q2 ......(2)
  β + kβ = 2r .......(3) and β.kβ = s2 ........(4)

  Now, from (1) we get, α (1+k) = 2p or α =  
2p

1+k   

 ∴ from (2) we get k. 2
1

2p
k+







  = q2

 or,  
4k

(1+k)2p2 = q2 ......(5)

  Similarly, from (3) and (4) we get,

  
4k

(1+k)2r2 = s2 .........(6)
  

  (5) ÷ (6) gives, 
p2

r2 =  
q2

s2  or, p2s2 = q2 r2

 81.(b) Let one common root of x2 + px + q = 0 and 
  x2 + qx + p = 0 be α.
 ∴ α2 + pα +q = 0 ...(1) and α2 + qα + p = 0....(2)
  Subtracting (2) from (1), we get 
  pα – qα + q – p = 0
 or, (p–q)α – (p–q) = 0 or, (p–q)(α–1) = 0
 ∴ either p–q = 0⇒ p = q or α –1= 0 ⇒ α =1
  Now, putting α =1 in (1) we get, 12 +p.1 +q = 0
 or, p+q +1= 0
 82.(b) Let y  = (x+2) (3–x) or, y = 6 +x–x2

  or, x2 – x + y – 6 = 0  x is real.
 ∴ discriminant = (–1)2 –4.1(y–6) ≥ 0

 or, 1– 4y + 24 ≥ 0 or, 4y ≤ 25 or y ≤ 6 
1
4

 ∴ y < 7 or (x+2) (3–x) < 7

 or, 3 – x <  
7

x+2 .

 83.(a) From the given equation, we get 

   
2x +m

x2 + mx  = 
6 +m

9 + 3m

 or, (6+m)(x2 + mx) = (9 +3m) (2x +m) 
 or, (6+m)x2 +(m2 –18)x – (9 +3m)m = 0.....(1)
  Now, the roots of the given equation, i.e. of equation (1) 

would be equal in magnitude and opposite in sign, if the 
coefficient of x in (1) is zero, i.e. m2 – 18 = 0 or, m = ±3

2   
  84. (c)  We have, for any real value of x,
  3 –20x –25x2 – (25x2 + 20 x –3)
 = –{(5x +2)2 – 7} = 7 – (5x +2)2 ≤ 7.
  Hence, the greatest value of the given expression is 7, and 

then 5x + 2  = 0 i.e. x = – 
2
5 .

 85.(c) Here, 3x2 – 5x + 7 = 3 x x2 5
3

7
3

− +







 = 3 x x−





 + −












= −






 +













5
6

7
3

25
36

3 5
6

59
36

2 2

 

 = 3 5
6

2

x −





  +  

59
12  ≥ 

59
12 . Hence, the least value of the 

  given expression is 
59
12 ; and then x – 

5
6 = 0

 or, x = 
5
6.

 86.(a) Let f(x)  = (a–b)x2 + (b–c)x + (c –a) and g(x) = c(a–b)x2 + 
a(b–c)x + b (c–a).

  Clearly, f(1) = 0 and g(1) = 0. Hence x =1 is the common 
root of the equation f(x) = 0 and g(x) = 0.

 87.(a) According to the given condition,
  ax2 + bx + c = (a+k)x2 + (b+k) x + (c+k)
  k is a constant ≠ 0 ⇒ k (x2 + x +1) = 0
 ∴ x2 + x +1 ⇒ x = ω or x = ω2, 
  where ω is a complex cube root of unity. In either cases we 

have x3 = 1.
 88.(a) Let n and n+1 be the two consecutive integers which are 

roots of the equation x2 –px + q = 0.
  Then n+(n+1) = 2n + 1= p ......(1)
  and n (n+1) = q .....(2).
  Now, p2 –4q = (2n+1)2 – 4n(n+1)
 ∴ p2 = 4q + 1
89.(a)  Let α,β be the roots of the equation 
  x2 –cx + d = 0  and α,α be the roots of the equation x2 – ax 

+b = 0
  Then we have, α + β  = c αβ = d .....(1)
  and 2α = a, α2 = b ...(2) 
 ∴ 2(b+d) –ac = 2α2 + 2αβ – 2α(α +β) = 0
 ∴ 2(b+d) –ac [Using (1) and (2)]
 90.(d) If y be the required expression then 
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  (y–1) (y–2) ≥ 0, since y can not lie between 1 and 2. 
 ∴ (y–1) (y–2) = y2 – 3y + 2≥ 0.
  We must now find an equation in x, having 

  y2 – 3y + 2 i.e. y2 – 4.1.  
1
4  (3y –2) as its discriminant. 

Comparing this with b2 – 4ac we see that one such equation 
is x2 + yx +  

1
4  (3y –2) = 0.

  

  Hence, y = 
2–4x2

4x + 3  and this is an expression which never 
 
  lies between 1 and 2.

 91.(c) Let y = 
x2 –x
1 – px . Then x2 –x +pxy –y = 0

 
 or, x2 + x(py–1) –y = 0  x is real, 
 ∴ (py–1)2 + 4y ≥ 0
  Now, the coefficient of y2,  which is p2 , is clearly positive. 

Hence, the discriminant of the expression p2y2 + y(4–2p) + 
1 i.e.

  4(p–2)2 – 4p2 = 16 (1–p) ≤ 0
  ( ax2 + bx + c ≥ 0 if a > 0 and b2  – 4ac ≤ 0)
 ∴ 1–p ≤ 0 ⇒ p ≥ 1.
 92.(a) Here the discriminant 
 = {–(a+b+c)}2 – 4a(b+c)
 = {a+(b+c)}2 – 4a(b+c) = {a – (b+c)}2

 = (a–b–c)2, which is a perfect square, and besides this, the 
co-efficients of x2 and x are rational. Hence the roots of the 
given equation are rational.

 93.(c) Let the roots of ax2 + bx +c = 0 be α and β.

 ∴ α + β = –
b
a  , αβ = 

c
a .According to the problem, 

  

  α + β = 
1
α2 + 

1
β2 or, α + β  = α2 + β2

α2β2
 
 or, α2β2 = (α+β) = α2 + β2

 or, (αβ)2 (α+β)  = (α+β)2 –2αβ

 or,  
c2

a2 −






b
a

 =  
b2

a2 – 2 
c
a  ,or, –  

bc2

a3   = 
b2 –2ac

a2
 
 or, –bc2 = ab2 –2a2c
 or, bc2 + ab2 = 2ca2 ∴ bc2,  ca2, ab2 are in A.P.
 94.(d)  α is one of the roots of the equation 
  x2 + 5x + 1 = 0 ∴ α2 + 5α + 1= 0. Again, if the other root of 

the equation x2 + 5x + 1  = 0 is  
1
α

, then 

   
1
α2  +  

5
α

 + 1 = 0. The left side 
  

 =  
1
α2  +  

5
α

 + 1 =  
1
α2 (1+5α + α2) = 0

  
  as α2 + 5α + 1= 0
 95.(a)  If the roots of the given equation are equal, then its 

discriminant is zero.

 ∴ the discriminant of the given equation
  {b(c–a)}2  – 4a(b–c).c(a–b) = 0
 or, b2 (c–a)2 – 4ac (ab –ac–b2 + bc) = 0
 or,  b2 (c–a)2 + 4b2ac – 4ac(ab+bc) + 4a2c2 = 0
 or, b2 {(c–a)2 + 4ac} – 4abc (a+c) + 4a2c2 = 0
 or, b2 (a+c)2 – 2b (a+c) .2ac + (2ac)2 = 0
 or, {b(a+c)–2ac}2 = 0 or, b(a+c) – 2ac = 0

 or, b(a+c) = 2ac or,  
a+c
ac

 = 
2
b

[dividing both sides by abc] or,  
1
a

  +  
1
c  =  

2
b

.

 96.(c)  Given equation : 9x2 –kx + 16  = 0 .......(1)
  The roots of the equation (1) will be equal if the discriminant 

of the equation is zero.
 ∴ (–k)2 – 4.9.16  = 0 or, k2 = 576
 ∴ k = ± 576  = ±24.
 97.(a)  Given equation : px2 + qx + r = 0 .......(1)
 ∴ the discriminant of the equation (1)
 = q2 – 4pr = (–p – r)2 – 4pr ( p+q+r = 0)
 =  (p + r)2 – 4pr = (p–r)2 . Since, p,q,r  rational, (p–q)2 ≥ 0 and 

a perfect square.
 ∴ the roots of the given equation will be rational.
 98.(c) Given equation : qx2 + px  + q = 0 .......(1)
  If the roots of the equation (1) be imaginary, then the 

discriminant of the equation will be < 0.
 ∴ p2  – 4q2 < 0 
 or, (p–2q) (p+2q) < 0 ...........(2)
  Since p,q > 0 then from the relation (2), we get 
   p–2q < 0 [ p+2q > 0] i.e. p < 2q
  Therefore, if the roots of the given equation be imaginary, 

then 0 < p < 2q, where p,q > 0 
 99.(a)  Given expression 

 = 2x2 – 3x + 5 = 2 x x2 3
2

5
2

− +







 = 2 2 3
4

3
4

5
2

9
12

2 3
4

31
16

2
2 2

x x x− + 





 + −












= −






 +



. .








 ∴ when x = 
3
4 , the value of the given expression will be 

minimum and the value is 2, 31
16

 =  31
8

.
 100.(c) β2 – α2 = sec2 θ –tan2θ = 1

  (β +α)2 (β – α)2 =  1or, 
b2

a2
b
a

c
a

2

2
4

−








  =1 

 
 or, b2 (b2 – 4ac) = a4 ⇒ a4 – b4 + 4b2ac = 0.
101.(c) α +β = 6, αβ = 6 

 ∴ α – β = ( ) ( )α β αβ+ −



 =

2 4 12

102.(b) Let α and 1/α be the roots ∴ product of roots 
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 = α(1/α) = 1 = k /5 ⇒ k = 5 
103.(a)  One root of equation x2 + px  + 12 = 0 is 4 
  ∴ 16 + 4p + 12 = 0 ⇒ p = –7. If equation x2 + px + q = 0 

has equal roots, then 
  p2– 4q = 0 ⇒ q = p2 /4 = 49/4. 

 104.(b) α + β = – b
a

 , αβ = c
a  

  (1+ α + α2) (1+β)2  = 1+ (α + β) + (α2 + β2)
  +αβ + αβ (α + β) + α2β2

  =  1 +  (α + β) + (α + β)2 – αβ + αβ (α + β)+(αβ)2

 = 1– b
a

 + 
b2

a2 –  c
a

 + 
c
a

b
a







 −





  +  c

2

a2
 

 = 
a b c ab bc ca

a

2 2 2

2

+ − − − −( )

 = 
( ) ( ) ( )

( )

a b b c c a

a

− + − + −





2 2 2

22
 which is +ve 

105.(c) α–β = (α+β)2 – 4αβ = 
( )b ac
a

2

2
4−

 ....(1)
  
  Also [(α–k) – (β–k)]2 = {(α–k)2 + (β–k)2}

  – 4(α–k) (β–k) = −







B
A

2

 –4
C
A









 

  = 
B AC

A

2

2

4−( )
 ....(2) ∴ From (1) and (2)

 
b ac

a

B AC

A

2

2

2

2

4 4−( )
=

−( )
 ∴ 

B2– 4AC
b2 – 4ac   = 

A
a









2

106. (a) Here,
α–1
α + 

α
α–1  = – 

b
a

 and 
α+1
α–1  = 

c
a

 

 ∴  α = 
(c+a)
(c–a)

 and 
2α2 –1
α(α–1) = – 

b
a

  Substituting α, we get (a+b+c)2 = b2 – 4ac
107.(b) α+β = a, αβ = b
 ∴ α4 + α3β + α2β2 + αβ3 + β4

 = (α+β) (α3+β 3) + α2β2

 = (α+β)2 [(α+β)2– 3αβ] +(αβ)2

 = a2 (a2 – 3b) +b2 = a4 – 3a2b + b2

108.(c) α + β = –p, αβ = q
 ∴ (ωα + ω2β) (ω2α + ωβ)
 = α2 + β2 + (ω2 + ω)αβ = α2 + β2 – αβ
  (ω3 = 1,1 + ω + ω2 = 0)
 = (α + β)2 – 3αβ = p2 – 3q
109.(c) α,β are roots of the equation
  (x–a) (x–b) = c or x2 –(a+b)x +(ab–c) = 0

 ∴ α+β = a+b, αβ = ab –c. Now, the equation (x–α)  
(x – β) +c = 0 becomes 

  x2 – (α+β)x + αβ +c = 0 
 or, x2 – (a+b)x +ab  = 0
 or, (x–a)(x–b) = 0 ∴ x = a,b
110.(c) If α,α2 are the roots, then α + α2 = 1....(1)
  α,α2 = α3 =  –k or α  =  –k1/3

 ∴ from(1), –k1/3 + k2/3 = 1 cubing 
  –k + k2 –3k 1/3. k 2/3 (–k1/3+ k2/3 ) =1 
 or, –k +k2 – 3k.1 = 1 or k2 – 4k –1 = 0

 ∴ k = 
1
2

4 16 4 2 5± +



 = ±( )

111.(d) 8,2 are the roots of x2 + ax + β  = 0
 ∴ 8 + 2 = 10 = –a,8.2 = 16 = β i.e. a = –10.
  β = 16, ∴ 3,3 are the roots of x2 + αx + b = 0
 ∴ 3 + 3 = 6 = –α ,3.3 = b i.e. α = –6, b = 9
  Now, x2 +ax + b = 0 becomes x2 – 10x + 9 = 0
 or,  (x–1) (x–9) = 0 ∴ x = 1,9
112.(c) If α is the common root, then
  α2 + bα + c  = 0 and α2 + cα + b  = 0. Subtracting,  

(b–c)α + c –b = 0 ∴ α = 1
 ∴ 1 + b.1+c = 0 i.e. b+c+1 = 0
 113.(c) Let α, α2 be the roots of 3x2 +px + 3 = 0
  Then α + α2 = –p/3 and α, α2 = 1
  As α3 =1 we get α = 1, ω or ω2.
  If α =1, then p = –3 (α + α2) = – 6 < 0.
  Not possible as p > 0 . Thus, α ≠ 1.
  We take α = ω and α2 = ω2

  so that –p
3

= ω + ω2 = –1 ⇒  p = 3 
114. (b) Since, root are of opposite sign, product of roots is 

negative ∴ 
p(p–1)

3  < 0 or 0 < p < 1
  The required set is  (0,1). 
 115.(d) Given x2 +x +1 = 0

 ∴ x = 
1
2

[ –1± i 3 ] =  
1
2

( –1–i 3 ).  
1
2

( –1± i 3 )

 = ω.ω2 ∴ Let α = ω and β = ω2

  Now, α19 + β7 = ω19 +(ω2)7

 = (ω3)6 . ω + (ω3)4 . ω2 = ω + ω2 = –1and α19 . β7 = ω19. 
(ω2)7 = ω33 = (ω3)11 = 1

  Hence the equation whose roots are α19 , β7 is 
  x2 – (–1)x + 1= 0 i.e. x2 + x + 1= 0
 116.(c) One root is –1 + i ∴ the other root will be –1–i 
 ∴ the equation is 
  x2 – (–1 + i –1 –i) x + (–1 +i) (–1–i) = 0
 or, x2 + 2x + 2 = 0
117.(d) Roots are 3 + 4i  and 3 –4i
 ∴ Sum =  3+4i + 3 –4i = –p and product 
 = (3+4i) (3–4i) = q ∴ p = –6,q = 25

118.(d) α+β = – b
a

, αβ = 
c
a
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  The equation whose roots are 1
α

 and 1
β

 is 

  x x2 1 1 1 1 0− +








 + 















 =α β α β

 
 or,  αβx2 –(α+β)x +1 = 0  or, cx2 + bx +a = 0
119. (a) The equation can be written as x2 –2x +1  = 0 
  x ≠ 1or (x–1)2 = 0 which is not satisfied 
  x ≠ 1. Hence the equation  has no root.
120. (a) Roots α,β lies in the interval (0,1) (α≠β)
  so (i) ∆ > 0 (ii) f(0) > 0 , f(1) > 0
  (iii) 0 <  α + β  < 2 ∴ Here α + β  = 3  2 for every k. 

Hence no such k exist.
121.(c) If α,β are the roots then α + β  = – p, αβ = 8.
  Now, (α–β) = 2 ⇒ (α–β)2 = 4
 ⇒ (α+β)2 – 4αβ = 4 ⇒ p2 – 32 = 4 ⇒ p = ± 6
122. (c) If α,β are the roots then 
  αβ = (–2) (–15) = 30
  and α + β = –13 ⇒ α,β  = –3, –10
123.(d) Let the correct equation be ax2 + bx +c  = 0 and the 

correct roots α and β. Taking c wrong the roots are 3 and 2 
∴ α + β =  3 + 2 = 5 ....(1)

  Also, a =1 and c = –6 ∴ αβ =
c
a  = –6  ....(2)

  Solving (1) and (2) the correct roots are 6 and –1.
124.(b)  2 and 3 are the roots of f(n) = 0
 ∴ f(2) = 4m +n – 10 = 0 ....(1) and 
  f(3) = 9m + n + 15  = 0. Solving we get 
  m = –5,n = 30
125.(d) When x < 0, |x| = –x ∴ equation is 
  x2 –5x +4 = 0 ⇒ x = 1,4 which are not in the domain, ∴ 

no  solution in this case. When x ≥ 0, 
  |x| = x ∴ equation is x2 + 5x  + 4 = 0 
 ⇒ x = –1, –4 which are also not in the domain.
  ∴ given equation has no solution.
 126.(a) When x < 0 , |x| = –x, ∴ equation is 
  x2 + 3x + 2 = 0 ⇒ x = –1, –2 which are the solutions when 

x ≤ 0, |x|  = x  ∴ equation
  x2 –3x + 2 = 0 ⇒ x = 1, 2 which are also the solutions. 

Hence the total no. of solutions is 4.
127.(c) When x < 0, |x| = –x ∴ equation is 
  x2 – x –6  = 0 ∴ x = –2,3  x < 0 ∴ n = 2 is the solution. 

Hence n  = 2, –2 are the solutions and their sum is zero.
128.(a) Let α be a common root of x2 – 11x + a = 0 and x2–14x  + 

2a = 0.
  Then α2 –11α + a = 0 and α2 –14α +2a = 0 
  Subtracting, we get 3α –a = 0 ⇒ α = a/3.

 ∴ a a a
3

11
3

0
2







 − 






 + =   

 ⇒ a2 – 33a + 9a = 0
 ⇒ a2 –24a = 0 ⇒ a(a–24) = 0

 ⇒ a = 0 or a = 24
129.(d) Since quadratic equation ax2 + bx + c = 0 has three 

distinct roots, it must be an identity so
  a = b = c = 0
130.(a) x2 – 3x + 3 = (x–3/2)2 + 3/4

 ∴ Smallest value = 
3
4 , which lie in (–3,3/2)

131.(a) Un = αn  + βn and α,β are the roots of the equation x2 – px 
+ q = 0 then α + β  = p, αβ  = q. Then p.Un–qUn–1

  = (α+β) 
(αn + βn) – (αβ) (αn–1 + βn–1).

 =  αn+1 + αβn + βαn + βn+1 – αn β – αβn 
 = αn+1 + βn+1 = Un+1
132.(a) α + β  = 1, αβ = p; γ + δ = 4, γδ = q 
  α,β,γ,δ are in G.P. Let r be its common ratio 
 ∴ 1  = α + = α (1+γ) ....(1) and 
  4  = γ +δ = αr2 (1+ r) ....(2).Solving (1) and (2), r = ±2 

when r = 2, α = 1/3.
 ∴ p = αβ = α2 r = –2 and q = γδ = α 2r5 = –32.
133.(d) From the figure it is clear that the function f(x) = ax2 +bx 

+ c is maximum between (x1, 0) and (x,0). Therefore, d2y
dx2  

< 0 ⇒ a  < 0 
  Again, (x1,x2) > 0 ⇒ x1 +  x2  > 0 ⇒ sum of the roots > 0 

⇒ – b
a

 > 0 ⇒ b
a

 < 0
  ⇒ a  and b are of opposite sign.
 134.(a) For integer values of m, roots of the equation mx2 + (2m 

–1) x +(m–2) = 0 are rational if ∆ = 4m2+ 4m + 1–4m2 + 
8m = 4m +1 

 = square of an integer ( m Î z) 
  Since 4m + 1 is an odd  integer, 4m + 1 must be square of 

an odd integer.
  Let 4m + 1  = (2k +1)2 = 4k2 + 4k +1 
  i.e. m = k(k +1) 
135.(c) Let α, α2 be the roots ∴ α + α2 = –p/3 and α.α2 = 3/3 =1 ∴α3 

= 1⇒ α = ω.ω2  α ≠ 1
  when α = ω, p = –3(α–α2) = –3(ω+ω2) = 3
  when α = ω2, p = –3(α+α2) = –3(ω2 + ω)  = 3

136.(b) Here, 
3 2

2 3 2
8 6

14
−
−

=
−i

i
i

, then the other root is 
8 6

14
− i

. 
  So the regard equation is 

  x2 –  8
7

 x + 
5
14

  = 0 i.e. 14x2 – 16x + 5 = 0
137.(b) Here  the roots are 3i and –i

 138.(a) Here 
1

aα+b
 + 

1
aβ+b  = 

α
aα2+bα  + 

β
aβ2+bβ

 = 
α
–c+ β

–c
 = 

–1
–c

−






b
a

139.(b) Here p and q are roots of 3x2 –5x – 2 = 0

 ⇒ p+q = 
5
3 , pq = – 

2
3

∴ the required equation is x2 – (p2 + q2) 
x + p2 q2 = 0

 ⇒ x2 – {(p+q)2–2pq}x +p2q2 = 0



35chapter - 4 theOrY OF QUaDratIc eQUatION

JMMC RESEARCH  FOUNDATION PUBLICATION

a collection of  Problems in Mathematics, classes -Xi & Xii [Volume  -I] 
B.Biswas &  s.Biswas

in association with :  

coMPleTe soluTion  To 

 ⇒ x2 – 
25
9

4
3

+





 x + 

4
9  = 0 ⇒ 9x2 – 37x + 4 = 0

140.(d) Here α + β = –p , αβ = q

  Now, x = 
α
β ⇒ x +1 = 

–p
β ...(i)

  Also, 1
x
 + 1= 

α+β
α  = 

–p
α  .....(ii)

  

  From (i) and (ii), (x+1)2

x
 = 

p2

αβ  = 
p2

q

 ⇒ q (x2 + 2x +1) = p2x
 ⇒ qx2 – (p2 – 2q)x  + q = 0

141. (c) Here α +β = – b
a

,αβ = 
c
a

 and 
α
β

 = 
4
5

  Now, b2

ac
= −





 =

+
= + +

b
a

a
c

2 2
2. ( )α β

αβ
α
β

β
α

  = 
4
5

 + 
5
4  + 2 = 

(4+5)2

20  = 
81
20

142. (d) Here, α + β = – 
b
2

, αβ = 
c
a

  Now, a2c + ac2 + b3 = 3abc

 ⇒ 
c
a  + 

c
a

b
a







 + 








2 3

 = 3
b
a .

c
a

 ⇒ αβ + α2β2  – (α+β)3 = –3αβ(α+β)
 ⇒ (α+β)3 = – 3α β(α+β)  – αβ – α2 β2 = 0
 ⇒ α3 + β3 – αβ – α2β2 = 0 ⇒ (α2 –β) (α–β2) = 0
  i.e. one root is the square of the other.
143.(a) Here α+ β = – p, αβ = q
  Now, p3 – q (3p –1) +q2 = 0
 ⇒ (α+β)3 = – 3αβ(α+β) + αβ + α2 β2 = 0
 ⇒ –α3 – β3 + αβ + a2 β2 = 0
 ⇒ (α2 – β) (α–β)2 = 0  i.e. α2 = β or β2 = α
144.(a) According to question 
  α + β = p, αβ = q, |α–β| = 2
  Now, (α – β)2 = (α+β)2 – 4αβ

 ⇒ 4 = p2 – 4q ⇒ 
p2

4   = 1 + q
145.(d) Let, αβ and γ,δ be the roots of 
  x2 – px +q = 0 and x2 – qx + p = 0, then 
  α+β = p = γδ, γ + δ  = q = αβ
  Now, (α–β)2 = (γ–δ)2  ⇒ p2 – 4q = q2 – 4p
 ⇒ (p–q)(p+q+4) = 0 ⇒ p + q + 4 = 0 [ p ≠ q] 
146.(c) According to the condition of common root,
  (35–21)2 = (–35k –63k) (–3k +k)
 ⇒ k2 = 16 ⇒ k = ± 4
147.(a) Let the roots be α, 2α

  then 3α = 
1–3a

a2 – 5a + 3 ; 2α2 = 
2

a2 – 5a + 3
 
  and ⇒ 9a2 – 45a + 27 = 9a2 –6a + 1

 ⇒ 39a = 26 ⇒ a = 
2
3

148.(d)  x2 + 1
x2  = x

x
−








1 2

 + 2 ≥ 0 and 
  

  0 < cos2 x
2

 ≤ 1 , 0  <  sin2 x ≤ 1, we have, 

  
0

2
< ≤





x π 2 cos2 x
2

sin2 x ≤ 2 
  

  So the only possibility is that cos2  x
2

 sin2 x =1 

  which has no solution in 0 < x ≤ π
2

149. (b) According to question,
  α = β2 = α2 , α3 = β3 = 1, α + β + 1= 0
 ⇒ α2000 = (α3)666 . α2 = α2 and β2000 = β2

  So the required equation is 
  x2 – (α2  + β2)x + α2 β2 = 0 
 ⇒ x2 {(α+β)2 – 2αβ}x + (αβ)2 = 0
 ⇒ x2 + x +1  = 0
150.(b) According to question, 16 +4p + 12 = 0
 ⇒ p = –7. Now, the roots of the 2nd equation are equal ⇒ p2 – 

4q = 0 ⇒ q = 
p2

4  = 
4q
4
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1. (c) Tn = Sn – Sn–1 = 3[n2 – (n–1)2] = 6n – 3

  Tn = 159 = 6n – 3 ⇒ n = 27

    2.(b) Sn = 4n ( n – 1) ∴ Sn–1 =  4(n–1) (n–2)

 ∴ Tn = Sn – Sn–1 = 4(n – 1).2 = 8 (n–1) 

 ∴  Tl
i

n
2

1=
∑  = 82 [02 + 12 + 22 + ......+(n–1)2]

 

  =  
64(n–1)n(2n–1)

6
 = 

32
3

n(n–1)(2n–1)

 

 3.(b) e–c = T5 – T3 = 2d = 2(T4 – T3) = 2(d–c)

 4.(c) 2b = a +c ⇒ –t2 = t3 + t + 6

 or, t3 + t2 + t + 6 = 0, or (t+2)(t2 –t + 3) = 0

 ∴ t = –2. The other factor does not give real values of t. Hence 
for t = –2 the given numbers are –10, –2, 6 which is an A.P. 
for d = 8. The next two numbers are 14, 22.

 5. (a) 2b = a +c and 2tan–1 b = tan–1 a + tan–1c 

 or, 
2h

1–b2   = 
a+c
1–ac

 ⇒ b2 = ac by (1)

 

 i.e. a,b,c are in G.P.

  Also, ⇒  4b2 = 4ac or, (a+c)2 – 4ac = 0 by (1)

 ⇒ (a–c)2  = 0 ∴ a = c = b by (1)

 6. (b) y–x, 2(y–a), (y–z) are in H.P.

 ⇒ 
1

y –x
, 

1
2(y–a) , 

1
y–z

 are in A.P.

 

 ⇒ 
1

2(y–a)
 – 

1
y –x

 = 
1

y –z
– 

1
2(y–a)

  

 

 ⇒ 
2a–y–x

y–x
 = 

y+z–2a
y–z

 

 ⇒ 
(x–a) + (y–a)
(x–a) – (y–a)

 = 
(y–a) + (z–a)
(y–a) – (z–a)

 ⇒ 
x–a
 y–a  = 

y–a
 z–a

[Applying componendo and dividendo]

 

 ⇒ x –a, y –a, z – a are in G.P. 

 7.(c) S2n  = Sn′ ∴ 2n 
2

[2.2 + (2n–1)3]

  

  =  
n 
2

[2.57 + (n–1)2] ∴6n +1 = n + 56 ⇒ 5n = 55

 

  or, n = 11

 8.(c) Let the two numbers be p and q 

 ∴ G1   = p2/3
 q

1/3 , G2
 
  = p1/3

 . q
2/3

 

 ∴ 
G1

2 
G2

 + 
G2

2 
G1

 = 
p4/3. q2/3 
p1/3. q2/3 +

p2/3. q4/3 
p2/3. q1/3

 

 =  p + q  = 2. p+q
2

 = 2A

 9.(a) Sm
Sn

 = 
m2

n2  ∴ 
Sm
m2  = 

Sm
m2  = 

Sn
n2  = k (say)

 

  Now, Tm
Tn

  = 
Sm 

 
 – Sm–1

Sn 
 
 – Sn–1

 = 
k m m
k n n

m
n

[ ( ) ]
[ ( ) ]

2 2

2 2
1
1

2 1
2 1

− −
− −

=
−
−

 10.(c) Sm
Sn

= 
m2

n2  ⇒ = 
2a +(m–1)d
2a + (n–1)d

 = = 
m
n

  

  By Cross multiplication, we get d = 2a

 11.(a) Odd numbers between 1 and 1000 are 3,5,7,9,11,13 .....993, 
995, 997, 999. Those odd  numbers which are divisible by 
3,9,15,21,.....993,999.

  They form an A.P. of which a = 3, d = 6, l = 999

 ∴ n = 167 ∴ S =  
n
2

[a+1] = 83667

 12.(c) Sp = 
p
2

(a+1) = q ...(1)

  

  Sp =  
q
2

(a+l) = 1º ....(2) Subtracting (1) and (2)

 ∴  
1
2

(a+1)(p–q) = q–p  or,1
2

 (a+l) = –1

  

  Sp+q = 
(p+q)

2
(a+l) = – (p+q)

 

 13. (b) Solving the given relations for a and d we get 

  a = p,d =2p. Hence Sp = 
p
2

 [2a + (p–1)d]
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  = 
p
2

[2p +(p–1)2p] = p3

 

 14. (d) Using the property that in an A.P. the sum of terms equidistant 
from the beginning and end is constant and equal to the sum 
of first and last terms.

  We get a5 + a20 = a1 + a24.  

  a10 + a15 = a1 + a24. Hence the given relations reduce to  
3(a1 + a24) = 225.

  giving a1 + a24 = 75. Hence, S24 = 
n
2

(a+l)

  = 
24
2  (a1 + a24) = 12×75 = 900.

 15. (c) Here a and d are same for all the terms being in same A.P. 
and N is equal to n, 2n,3n for S1, S2 and S3 respectively.

  3(S2 – S1)
   = 3 2

2
2 2 1

2
2 1n a n d n a n d






 + − − 






 + −









{ ( ) } { ( )}

 

 =   
3n
2

[(4a –2a) +(4a –2–n+1)d]

 

 =  
3n
2

[2a +(3n –1)d] = S3 i.e. sum of 3n terms.

 

 16.(a) Sp  = 
p
2

 [2A + (P –1)d] = 0

 ∴ 2a
P

 = 2A + (p–1)d......(1)

 

  
2b
q

 = 2A + (q–1)d....(2); 2c
r

 = 2A + (r–1)d..... (3)

 

  Multiply (1),(2) and (3) by q–r, r–p  and p–q respectively 
and add ∴ Σ a

p
(q–r) = 0

 

 17.(c) ar (1+r3) = 216 and 
ar3

ar5 = 
1
4

 

 ⇒ r2 = 4 ⇒ r = 2,–2 when r =2 then 2a (9) = 216 .

 ∴ a = 12 when r = –2 then –2a (1–8) = 216 

 ∴ a = 
216
16

 = 
27
2

 which is not an integer.

 

 18.(b) r = 
T2

T1
  = 

xn

x –4  = xn+4

  T8= ar7 = x–4 , x7n +28 = x52

 ∴ 7n + 24 = 52 ⇒ n = 4

 19.(a) TP= ArP–1 = x

  Log x = log A + (p–1)log R

  Similarly write log y, log z. Mutliply by q–r,r–p and p–q and 
add using sigma we get, (q–r) log x + (r–p) log y + (p–q) 
logz = 0.

  Three numbers in G.P. are 
a
r

, a, ar then
a
r

, 2a,ar are in A.P. 
as given 

 ∴ 2(2a) = a r
r

+







1 or, r2 –4r + 1 = 0

 

 or, r = 2 ± 3  or r = 2 + 3  as r >  1 for an increasing G.P.

 

 20. (a) Let a and b be two numbers respectively. Sum of nA.M’s = 
n × single A.M.

 ⇒ A1 + A2 = 2 × 
( )a b+





2

 = a + b.

  Product of n.G.M’s = (single G.M)"

 ⇒ G1. G2 = ab( )2  = ab

  Now, 1
a

, 
1

H1
, 

1
H2

 , 
1
b

  are in A.P. 
 

  Now,  
1

H1
  +  

1
H2

 = 1
a

 + 
1
b

  = 
a+b
ab

 

 ⇒ H1H2

H1+ H2

 = 
G1G2

A1+ A2
 

 ⇒ G1G2

H1H2

× H1+H2

A1+ A2

 =1.

 21.(d) The  series can be re-written as 

  S = +





 + −






 + −






1 1

3
1 1

3
1 1

32 3
+ n terms 

 

 =  n – 
1
3

1 1
3

1 1
3

− 



















−

n

 

  Sum  of G.P. S  = n – 1 1
3

− 



















n

 22. (d) S = 1 2
3

1 4
9

1 9
27

−





 + −






 + −






 + ........

  

  n = 
2
3

2
3

2
3

2 3

+ 





 + 






 +













....n terms
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  = n –  
2
3

 
1 2

3

1 2
3

− 



















−

n

. Sum of a G.P. = n–
2(3n–2n)

3n  

 23.(b) 66......66 = 6 +6.101 + 6.102 +6.10n–1{n digits

  It is a G.P. n terms

  S1 = 6.
10n – 1
10–1

 = 
2
3

(10n–1) ; S2
  = 

8
9 (10n – 1)

  

  S1
2 +  S2 = 

4
9

(10n
 – 1)2 + 

8
9

(10n – 1)

        

        =  
4
9

(10n –1) (10n –1 + 2) =  
4
9

[102n – 1]

 24.(d) x log a = y logb = z logc = k(say)

  Also, y2 = xz ∴
k2

(logb)2  = 
k2

loga.logc
  

  or, 
loga
logb

 = 
loga
logb  or, logba = logcb

 

 25.(b) Since a,b,c,d  are in G.P. of common ratio 
say r ∴ a = a,b = ar, c= ar2, d = ar3. Then 

a b
a r

b c
a r r

3 3 1

3 3
3 3 1

3 3 3
1

1
1
1

+( ) =
+

+ =
+

− −

( )
, ( )

( )

 

 

 

 

  ( )
( )

c d
a r r

3 3
3 6 3

1
1

+ =
+

  They clearly form a G.P. of common ratio 
1
r3

.

 26.(a) Given b –a = c = b and (c–b)2 = a(b–a)

 or, (b–a)2   = a (b–a) cancel b – a ≠ 0.

 ∴ b–a = a  or, b = 2a and c = 2b –a by (1)

 or, c = 4a –a =3a ∴ a,2a,3a or 1 : 2 : 3

 27.(c) Here 1
1–x

 – 
1

1 1+
=

−x
x
x

 and 1
1

1
1 1−

=
−

=
−x x
x
x

.

  Hence the terms are in A.P.

 28.(b) pth term = a+(p–1)d = q;

  qth term = a + (q–1)d = p.

  Solving d = –1,a–p+q–1

 ∴  rth term = a +(r–1)d = p+q–r

 29.(a) Sum of all two digit odd numbers 

 = 11 + 13 + 15 +.......+99 = 
1
2

.45 (11 +99) = 2475

  The given series is A.P. a = 
1
2 , d = 

1
3

–
1
2

 = 
1
6

  

  Sq = 
1
2

, 9 2 1
2

9 1 1
6

3
2

. ( )+ − −















 = −

 

 30.(d) Numbers divisible by 6 between 100 and 500 Sn = 
102+108+114 +......+ 498. If there are n terms in Sn then 498 
= 102 +(n–1)6 ⇒n = 67.

 ∴ Sn = 
1
2

 (67) (102+498) =20100

 31.(c) a = a,d = b–a, tn  = a + (n–1)d = c

 ⇒ n = 
(b+c–2a)

b–a
 

    32.(a) 7  = 

1
2

6 1 2

1
2

10 10 4 3

n n[ ( ) ]

( . )

+ −

+
or, n2 + 2n – 1295 = 0

 

  or,(n–35)(n+37) = 0 ∴ n = 35

  33.(c) Let a be the first and l be the last term of an A.P. with common 
difference d. ∴rth term from beginning and rth term from 
the end

  = [a+(r–1)d] + [1+(r–1)d] = a+l = Sum of first and last 
terms.

 34.(b) If a1, a1+d1, and a2 ,a2 + d...., are two A.P.

  

  then 

1
2

2 1

1
2

2 1

7 1
4 27

1 1

2 2

n a n d

n a n d

n
n

[ ( ) ]

. [ ( ) ]

+ −

+ −
=

+
+

 

 ⇒ 
2 1
2 2

2 4 1 7

2 31
2

1 4

1 1

2 2

a n d
a n d

n

n

+ −
+ −

=
+ −







 + −

( )
( )

. ( ).

. ( )

 ∴ a1

4
 = 

d1

7
 = 

a2
31
2

 = 
d2

4
 = λ(say) ∴ ratio of 11th terms = 

 

  

  
a1+ 10d1

a2+ 10d2
 = 

( . )

.

4 10 7
31
2

10 4

+

+







λ

λ
 = 

2.74
111  = 

4
3  

 35.(b) 1
q+r

. 1
r+p

. 1
p+q

 are in A.P.

 ⇒ 1
r+p

. 1
q+r

. 
1

p+q
– 

1
r+p
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 ⇒ q2 – p2 = r2 –q2 ⇒ p2,q2,r2 are in A.P.

 36. (d) Here (2x +2)2  = x(3x +3)

 ⇒ x2 + 5x +4 = 0 ⇒ x = –4 ∴ x = –1 is inadmissible for which 
t2  

  = 0 ∴ G.P. is –4, –6, –9,......∴ t4 = (–4) 3
2

3






   = –13.5

 

 37.(b) tn  = 3 1
3

1










−n

 = 
1

243
⇒ 3

(3–n)
2  = 3–5

 

 ⇒  
1
2

(n–3) = 5 ⇒ n = 13, 
S3

S6
 = 

a(1–r3)
1–r · 

1–r
a(1–r6)

 
 
 = 

1
1+r3  = 

125
152

⇒ r = 
3
5

 
  38.(c) Here b = 

1
2 (a+c) and (c–b)2  = a(b–a)

 ⇒ c a c a a c a− +







= + −







1
2

1
2

2

( ) ( )

 
 	 a ≠ c, c = 3a and so b = 2a
 
 ∴ 

a
1  = 

b
2

 = 
c
3  i.e. a:b:c  = 1 : 2 :3 

 
  39.(b) Let x = 3.423 = 0.4232323...
 ∴ 10n = 4.232323 ... and 1000x = 423.2323... 
 
 ∴ 990x = 419 or, x = 

419
990

 
 40.(d)  2b = a+c ...(1) and b2 = ac ....(2)
  from (2) and (1)
  
  1

2

2

( )a c+





 = ac ⇒ (a+c)2 – 4ac = 0

 ⇒ (a–c)2 = 0 ⇒ a = c∴ from (1),2b = 2a
  Hence, a = b= c
 41. (c) Since α,β,γ form an increasing G.P. 
 ∴ β = αr, γ = αr2, δ = αr3 , r>1
  Now, α + β = 3 ⇒ α(1+r) = 12....(2) From(1)
  and (2), r = 2, α = 1∴ a = αβ = α2r = 2
  and b = γδ = α2r5 = 32

 42(a). 
a b cx y z

1 1 1

= =
 = k(say)

 

 ⇒ a = kx, b= ky , c = kz

  Now, a,b,c in G.P. ⇒ b2 = ac⇒ k2y  =  kx+z

 ⇒ 2y = x+z ⇒ x,y,z are in A.P.

 43.(c) 
1

log62
 – 

1
log32

 = log26  – log23

  

 = log2 
6
3






  = log22  =1

  
1

log122
– 

1
log62

 = log212 – log26
 
 = log2 

12
6







  log 2 2  = 1

 
 ∴  

1
log62

– 
1

log32
=  

1
log122

– 
1

log62

 ⇒ log32, log62, log123 are in H.P.
 44.(b) S = 1 +3  +6 + 10 +15 +.....+Tn

   

  
−

= + + + −0 1 2 3( ..... )to n terms Tn

 
 ∴ Tn

 
 = 

1
2

n(n+1) = 
1
2

 (n2+n) ∴  Sn = ΣTn

 = 
1
2 {Σn2 + Σn} = 

1
2  

1
6

1 2 1 1
2

1n n n n n( )( ) ( )+ + + +







 

 = 
1
12

n(n+1) {2n + 1+3} = 
1
6

n (n+1) (n+2)

 45.(b) S = 2 +7 + 14 +23 +.....+ t99

  S = 2 + 7 + 14 +.....+ t98 + t99

   
Subtracting, 

  0 = [2+5+7+9+.....+99 terms] – t99

  t99 = 2+[5+7+9+....+ 98 terms]
  

  = 2  + 
1
2

(98) [2×5 +97 ×2] = 9998

 

 46.(c) Σn = 
1
5

Σn2 or, 
1
2

n(n+1) = 
1
6

·
1
6 n (n+1)(2n+1)
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 or, 
1
30n (n+1) (14–2n) = 3 ∴ n  = 7 

 47.(b) From the given relation, we have 

  (a2 p2  – 2abp + b2) + (....) +(....) ≤ 0

 or, (ap –b)2 + (bp – c)2 + (cp–d)2 ≤ 0 ....(1)

  a,b,c,d are all real ∴  (1) is possible only if ap – b = 0, bp 
–c = 0 cp –d = 0

 ⇒ 
b
a

 = 
c
b  = 

d
c  = P ⇒ a,b,c,d are in G.P.

 48.(b) tn = n(n+1) = n2 +n 

  Sn  = Σtn = Σn2 + Σn

  = 
1
6

n(n+1) (2n+1) + 
1
2

n (n +1)

  

  =  
1
6

n(n+1) (2n+1+ 3) =  
1
3

n(n +1)(n+2).

 49.(c) We see that T1 = a – 
1
p

 , T2 = a – 
2
p

  T3 = a – 
3
p

, ......∴ n th term Tn = a–
n
p

 

 50.(a) It is an A.P. whose first term = a = 2 5   and d = –  5  
∴ 8th term = 2√2 + (8–1) (– 5 ) = –5 5 .

 51.(a) It is an A.P. whose a = 3, d = 5. Let nth term = 498 then a 
+ (n–1)d = 498

 ⇒ 3 +(n–1) 5 = 498 ⇒ n =  
500
5  = 100

 52. (c) 
a b
a b

a bn n

n n

+ ++
+

=
+1 1

2
 .It suggests that 2 must occur in 

denominator it is possible when an = 1, bn = 1 ⇒ n = 0

 53. (a) S40 = 
40
2 [2×2 + (40 –1) ×4] – 20 [4 + 156] = 3200.

  54.(a) Let Sn = 513 ⇒ 
n
2

 [2×54+(n–1) (–3)] = 513.

 ⇒ n[108 +3 –3n] = 1026 ⇒ 3n 2 + 111n – 1026 = 0

 ⇒ 3n2
  – 111n + 1026 = 0 ⇒ n2 – 37n + 342 = 0

 ⇒ (n  – 18)(n – 19) = 0 ⇒ n = 18,19 

  Since T19 = 54 + (19 –1) (–3)  = 0

 55.(b) T3 = a + 2d = 18, T7
 
 = a + 6d = 30

 ⇒ 4d = 12 ⇒ d = 3 and a = 12

  S17  =  
17
2

[24 + 16 ×3] = 
17
2

[24 + 48]

  = 17 × 36 = 612

 56.(a) n A.M.’s between a and b are 

  A1 = a + 
b–a
n+1, A2 = a + 

2(b–a)
n+1

 

 ∴ An =  a + 
n(b–a)

n+1
 ∴ A1 + A2 +......+ An = na + 

n(b–a)
n+1  (1+2+....+n)

 = na + 
(b–a)
n+1

· 
n
2

(n+1)

 

 = 
2na+bn –an

2  = 
n(a+b)

2
 57.(d) The number a–r,a,a +r  are in A.P. 

  a – r + a +a + r = 33 ⇒ a = 11

  a(a2 – r2) = 792 ⇒ 112 – r2
  
 = 

792
11   = 72

 ⇒ r2 = 121 –72 = 49 ⇒ r = 7.

  Numbers are 4,11,18.

 58. (b) If a,b,c are in G.P. then b2 = ac

 ⇒ b2(a–c) = ac(a–c) ⇒ b2a–b2c  = a2c – ac2 

 ⇒ b2a + ac2 = a2c + b2c

 ⇒ a(b2+ c2) = c(a2 + b2)

 59. (a) 8 + 88 + 888 +.... 
8
9

[9+99+999+....]

 

  = 
8
9 [(10–1) + (102 –1) + (103–1) + .....+ (10n –1)]

  

  = 
8
9 [(10 +102 + .....+ 10n –n] =  

8
9  

10(10n–1)
10–1  – 

8n
9

  

  = 
80
9

(10n  –1) – 
8n
9

 

 60.(c) T4 = αγ3 = a, T7 
  = αγ6 = b.

  T10 = αγ9 = c ∴  αγ3 = a, αγ6
  = b. αγ9

  = c

  b2  = (αγ6)2 = αγ3· αγ9  = ac

 61.(c) S = 
1
2

 + 
3
4

 + 
7
8

 + 
15
16

 +.....+ 
2n –1

2n

 

  
1
2 S =  

1
4

 + 
3
8

 + 
7
16+.....+ 

2n –1
2n+1

 

  1 1
2

1
2

1
2

1
2

1
2

1 2 1
2 1−






 = + + + + −




−

−
+S n

n

n....( )
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 ⇒ 
1
2

S = n·
1
2

 – 
2n –1
2n+1 ⇒ S = n – 

2n –1
2n

 
 = n–1 + 2–n

 62.(d) a,b,c are inA.P. ⇒ a
bc

, b
bc

 , c
bc

are in A.P.

 

 ⇒ 
a
bc

, 
1
c

,
1
b

 are in A.P.

 

 ⇒ 
a
bc

, 
1
c

,
2
b

 are not in A.P. Evidently the terms are not in 

  

  G.P. and H.P.

 63.(c) The nth term of the given A.P. is 

  Tn  = n(2n+1)2 ⇒ Tn = 4n3 + 4n2 + n

 ⇒ ΣTn= Σn3 + 4 Σn2 + Σn

  

  = 4 n n n n n n n( ) ( )( ) ( )+





 +

+ +
+

+1
2

4 1 2 1
6

1
2

2
 on putiing 

 

  n = 20 the sum of given series  = 188090.

 

 64.(b) Tn  = 
Σn3

1+ 3+5+....+ (2n–1)
  = 

Σn3

n2

  

   

       =  
1
4  

n2 (n+1)2

n2  = 
1
4  (n2 + 2n +1)

  Sn  = 
1
4 [Σn2 + 2Σn + Σ1]

  

   = 
1
4  

n(n+1) (2n+1)
6  + 

1
2  

n(n+1) 
2  + 

1
4 n

 

    putting n = 16, S16 = 446.

 65.(c) The first odd integer between 100 and 700 is 101 and the 
last is 699. So, S = 101 + 103 + ......+ 699.

  Let tn  = 699. Then 101 + (n–1)2  = 699

 or, (n–1) 2 = 598 or n –2 = 299 

 

 or, n = 301 So, S = 
301
2

(101 + 699)

  

  = 
301
2

 × 800 = 301× 400 = 120400

 66.(c) S = 1 +3 +7 +15 + 31 + ......+ Tn–1 + Tn

  S = 1 + 3 + 7 + 15  + ......+ Tn–1 + Tn

  On subtracting

  0 = 1 + 2 + 4+ 8 + 16 + ......upto n –Tn

 ⇒ Tn = 
1(2n–1)

2–1
 = 2n –1

  Sn
  = ΣTn

  = Σ2n – Σ1 = (2+22 + .....+2n)–n

 = 
2(2n –1)

2–1
 –n = 2n+1 –2 –n

 67.(b) 2b = a + c ⇒ 32b  = 3a+c ⇒ (3b)2 = 3a.cc

 ⇒ 3a, 3b, 3c  are in G.P.

 68. (a) S = 1+2x + 3x2 +......+ nxn–1

  xS = x + 2x2 +.....+ (n–1) xn–1 + nxn

  −
− = + + + − −−( ) ....1 1 2 1x S x x x nxn n

 

  

  S = 
( )
( )

( ) ( )
( )

1
1 1

1 1
12 2

−
−

−
−

=
− − −

−
x
x

nx
x

x nx x
x

n n n n

  

  = 
1 1

1

1

2
− + +

−

+( )
( )

n x nx
x

n n

 69. (a) First term of the G.P. =a. Let the common ratio be r ( ≠ 0). 
Then arn–1  = b. Let P be the product of the first n terms.

  Then P = a.ar.ar2 ....arn–1

  =  an (r.r2 ....rn–1) = anr1+2+....+(n–1)

 = an · r  = 
(n –1) (n–1+1)

2  = an·r 
n(n –1)

2
 

 = ( · ) ( · ) ( )a r a ar abn
n

n
n n

2 1 2 1 2 2− −= =
  

  So, P2   = (ab)n

 70.(c) Let the three terms in A.P. be a–b,a,a+b. So, a–b+a+a+b 
= 18 or 3a = 18. So a= 6. By the problem a–b+2,a 
+4,a+b+11 are in G.P. i.e. 8–b, 10,b + 17 are in G.P.

  So, (8–b) (b+17) = 102 or b2 +9b – 36 = 0 
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 or, (b+12) (b–3) = 0 ∴ b = –12,3

  So, the numbers are either (18,6,–6) (3,6,9)

  71.(a) Tn 
  =  

1+2+3+....+n
n

= 
n(n +1)

 2.n
  = 

n +1
 2

 

 72.(c) 2(x+8) = 2x +3x +1 ⇒2x + 16 = 5x +1 

  ⇒ 15 = 3x ⇒ x = 5 

 73.(b) Let the numbers in A.P. are 

  a–3d, a–d,a+d, a+3d.

  Now, a–3d+a+3d = 8 ⇒ a = 4 

  (a–d) (a+d) = 15 ⇒ (a2 – d2) =15

 ⇒ 16 – d2 = 15

 ⇒ d2 = 16 –15 =1 ⇒ d ± 1. If d ± 1, the greatest number is 7.

 74. (d) a,b,c are in A.P. ⇒ 2b = a+c

 or, b–a = c–b. Again a2, b2,c2 are in H.P.

 ⇒ 
1
b2 

 –
1
a2 

  = 
1
c2  – 

1
b2 

 ⇒ 
a2 – b2

a2b2 
 = 

b2 – c2

b2c2 

 ⇒ (a–b)[c2(a+b)–a2(b+c)] = 0

    [ (b–c) = (a–b)

 ⇒ a= b  or, c2a + c2b– a2b –a2c   = 0

 ⇒ c2a+ c2b – a2b – a2c = 0

 ⇒ ac (c–a) = b(a2 – c2)

 ⇒ ac –b(c+a) ⇒ –ac = b.2b

 ⇒ b2 = (–a/2)c

 ∴ –a/2, b,c are in G.P.

 75.(b) (b)  2b = a + c,b2 = ad

  Now, (a–b)2 = a2 + b2 – 2ab  = a(a–2b) +b2

  =  a[a–(a+c)] +ad = –ac +ad = a(d–c)

 ⇒ a,a–b,d–c are in G.P.

 76.(a) The given series = Σn (2n+1) (3n+2) 

 = Σ(2n2 +n)(3n + 2) = Σ(6n3 + 7n2 + 2n)

 = 6Σn3 + 7Σn3 + 2Σn

 = 6 1
2

7 1
6

1 2 1 2 1
2

2n n n n n n n( ) . ( )( ) . ( )+





 + + + +

+

 = 
n(n+1)(9n2 +23n +13)

6
  77.(c) Let the sides of a right angled triangle be a–d,a,a+d then 

a+d is hypotenuse.

  (a+d)2 = a2 +(a–d)2 = a2 ⇒ 4ad = a2

 ⇒ (a+d)2  – (a–d)2 = a2 ⇒ 4ad = a2

 ⇒ 4d = a, sides are a –d, a, a+d = 3d,4d,5d. The ratio in the 
sides is 3 : 4 : 5.

 78.(a) a,b,c are in A.P. ⇒ 
a

abc 
, 

b
abc 

, 
c

abc 
 are in A.P. ⇒ 

1
bc 

,  
1
ca 

, 
1
ab 

are in A.P.

 79.(b) Since ( 2  + 1) ( 2 –1) = 2 –1 = 1

 ∴ ( 2  + 1) ,1, ( 2  – 1) are in G.P.

 80.(d) Let a,b,c,d be four numbers where a,b,c are in G.P. and 
b,c,d, are in A.P.

 ∴ c = b + 6, d = b +12

  But, b2 = ac ⇒ b2 = a(b+6)

  and a = b + 12 ⇒ a – b = 12

 ∴ b2 = (b +12)(b+6) = b2 + 18b +72

 ⇒ 18b = –72 ⇒ b = –4 ∴ a = –4 + 12  = 8

 81.(b) According to the question 

  (a+ar+ar2 +.....)·(a2+a2r2+a2r4 +.....) are two G.P.’s and  
a

1–r 
 = 3, 

a2

1–r2 
  = 3 

 ∴  a = 3 (1–r).a2 = 3 (1–r2) = 3 (1+r) (1–r)

 ∴ a2 = a(1+r) ⇒ a = (1+r) ∴ 1+r = 3 –3r

 ⇒ 4r = 3 –1 ⇒ r = 
1
2  

 82. (b) If nth term is odd then nth term is n2 and (n–1) is even and 
the sum of first (n–1) term is =  

1
2

(n–1)(n–1+1)2 = 
1
2

(n–1)
n2 when n is odd the sum of the series is 

   
1
2

(n–1)n2 + n2 = n2 n −
+





1
2

1 = 
n2

2
(n+1) 

 83. (c) S = 2+4+7+11+ ....+Tn–1 + Tn

  S =     2+4+7+.......+Tn–2 + Tn –1
 +Tn

  –                                                          

  0 = 2 +[2+3+4+.......–(n–1) terms] –Tn
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 ⇒ Tn 
 = 2 + 

n–1
2

[4+(n–2).1]

  2+ 
(n–1)

2
(n+2) = 

1
4

 [4+n2 + n –2]

 =  
1
2

[n2 + n +2] 

 84. (d) log32, log3(2
x –5), log3(2

x –7/2) are in A.P. ⇒ 2. (2x –5), 
(2x –

7
2

) are in G.P.

 ⇒ (2x –5)2 = 2(2x – 7
2

)

 ⇒ 22x– 10.2x + 25 = 2.2x –7

 ⇒ 2x– 12.2x + 32 = 0 ⇒ (2x – 4) (2x – 8) = 0

 ⇒ 2x– 4 = 22 ⇒ x = 2.2x  = 8  = 23⇒ x = 3

 85. (d) If a,b,c are in A.P. then 2b = a+c

  
(a–c)2

b2–ac 
= 

(a+c)2– 4ac
b2–ac 

 = 
4b2 – 4ac

b2–ac 
 = 4 

 

 86.(c) 300 = 
n
2

(10 +50) ⇒ n = 10

 87. (c) Let a and b be the numbers,

  
a+b

2 
= ab  +2 

  

  and 
a
b

 = 
4
1

 ⇒ 4b+b
2 

= 4b b.  + 2 and a = 4b 

  

  
5b
2

  = 2b + 2 ⇒  5b –4b = 4 ⇒ b = 4, a = 16

 88.(b) A.M.  = 
1+2+3+...+n

n
  = 

n
2

 
n(n+1)

n
 = 

n+1
2

 89.(b) S = 3.6 +4.7+5.8+....

  S = 1.4 + 2.5 + 3.6 + 5.8 +....+ n (n+3) – 14

  S = Σn(n+3)–14 = Σn2 + Σ3n –14

     =  
n(n+1)(2n+1)

6
+ 

3
2

n (n+1) –14

     =   
1
6 [2n3 +12n2 + 10n – 84]

 90.(a) Here, A1
  +A2 = 

2(a+b)
2

 , G1G2 
 = ( ab )2

 ∴ 
A1+ A2

G1G2
 = 

a+b
ab

 91. (a) The sum of n A.M.’s between a and b is A1 + A2 + ....+ An
 

 = n (A.M. of a and b) = 
n(a+b)

2
 92. (c) The product of n G.M’s between a and b is G1G2

 ......Gn
  = 

(G.M.  a  and b)n  =  ( ab )n  = (ab)n/2

  93.(a) Let a,ar,ar2 ....arn–1 be a G.P. then a(1–rn)
1–r

 =255 and arn–1 = 

128, r = 2

 ⇒ 
a

1–r
– 

arn

1–r
 = 255,arn = 128×2 

 

 ⇒ 
a

1–2
 – 

256
1–2

 = 255⇒ –a +256 = 255 ⇒ a = 1

 94.(b) According to the question,

  T9 = a + 8d = 35, T19 = a + 18d = 75

 ∴ d  = 4, a = 2, T20 = 3 + 19 ×4 = 79

 95.(b) Here a +ar  = 1,ar = 2a ∴3a = 1 ⇒ a = 
1
3  

 96.(a) a–d+a+a+d = 33⇒ a =11

  a(a2 – d2) = 792, 112 –a2 = 
792
11  = 72

 ⇒ d2 = 121 –72 = 49 ⇒ d = 7

  Numbers are 4,11,18

 97.(b) According to the question 

  
a(r6 –1)

r–1  = 
9a(r3 –1)

r–1 ⇒ r6 –1 = 9r3 –9

 ⇒ r6 – 9r3 + 8  = 0 ⇒ (r3 –1) (r3 – 8) = 0

 ⇒ r3 –1, r3  = 8 ⇒ r =1, r = 2

  Since when r = 1, the condition is not satisfies 

 ∴ r = 2.

 98.(a) According to the question 

  
10
2

[2a + 9d] = 
4.5
2

[2a + 4d]

 = 10a + 45d  = 20a + 40d ⇒ 5d –10a

 ⇒ 
a
d

 = 
1
2

 99.(d) According to the question ar2 = (a+ar)

 ⇒ r2 – r –1 = 0 ⇒ r2 – r + 
1
4

 = 1 + 
1
4

 ⇒ r r−





 = ⇒ − = ±

1
2

5
4

1
2

5
2

2

 

 ⇒ r r=
±

=
+

≠
−1 5

2
5 1
2

1 5
2

.  

 100.(b)  22 + 42 + 62 + ....upto n terms 
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   = 22 (12+ +22 + 32+ ...upto n  terms)

  = 22 
n(n+1)(2n+1)

6  = 
2n
3

(n+1)(2n+3)

 101.(a)  Let a
r

,a,ar be the three numbers in G.P.
a
r

,a,ar = 1728 ⇒ 

a3 = 1728 ⇒ a = 12 

 ∴ The middle term is 12.

 102.(b)  S15 = 
15
2

[2a + 14d] = 390 

 ⇒ a + 7d = 
390
15

 = 26,

  Middle term = T8 = a +7d = 26

 103.(b) Let the odd numbers between 60 and 360 be n. Here the 
first term a = 61, the common difference d = 2, the nth  
term  = 359. Then 359 = 61 +(n–1) × 2 or n = 150.

  Here the number of odd numbers between 60 and 360 is 
150.

  104.(b) Here the first term a = 20, the common difference d = –4 
and the nth  term = – 176. Then –176 = 20 +(n–1)(–4) or, 
n = 50. Hecne the middle terms are 25th and 26th

  25th term  = 20 + 24 ×(–4) = –76

  26th  term = 20 + 25 × (–4) = –80

 105. (a) We have a = 20,d = – 
2
 3

 and Sn 
 = 300 

 ∴ n
2

 2 20 1 2
3

300. ( )+ − −















 =n

 

 ⇒ n2 – 61n + 900 = 0 ⇒ (n–25) (n–36) = 0

 ∴ n = 25 or 36

  106.(a)  We have Tn = 
3+n

4
 . We get the series  1, 5

4
 , 3

2
...., ∴ 

a = Ld = 
1
4

 ∴ S105 = 
105
2

 2 1 104 1
4

. ( )+





 

  = 
105

2






 × 28 = 1470.

 107.(b) Since in an A.P. the sum of terms equidistant from the 
beginning and end is constant and equal to the sum of first 
and last term.

 ∴ We have a5
  + a20

  = a1
  + a24

 

  a10
  + a15

  =  a1
  + a24

  Hence the given relation gives 

  3(a1+ a24
 ) = 225 ⇒ a1

  + a24
  = 75

 ∴ S24 = 
24
2







 (a1 

 + a24) = 12×75 = 900

 108.(c) Let the four numbers in A.P. be 

  α – 3β, α –β , α +β , α+3β . Given 

  α – 3β + α – β + α + β + α +3β = 50 ⇒ 4α = 50

 ∴ α = 
25
2

 and α +3β = 4(α –3β) or, 3α = 15β

 ∴ β = 
α
5

 = 
25

5×2
 = 

5
2

. Hence the four numbers are 
5,10,15,20.

109.(b) Let ‘a’ be the first terms and ‘d’ the common difference of 
the given A.P. Middle term i.e. 6th term  = a + (6–1) d = 
a+5d = 30 (Given).

  Now, S11 = 
11
2

[2a + (11 –1) d] = 
11
2

 (2a + 10d)

  = 11(a + 5d) = 330 = 11 × 30

 110.(b)  We have an = Sn – Sn–1 and 

    an–1  = Sn–1 
 – Sn–2 

 ∴ d = an – an–1

      = (Sn – Sn–1) – (Sn–1 – Sn–2)

     =  Sn – 2Sn–1 + Sn–2

111.(c) Here a1
 = a and a2  = b  

 ∴ common difference d = a2 –a1 – a1 = b – a

  Let n be the number of terms in the series 

 ∴ an = 20 = a + (n–1)d or (n–1)d = a

 or, (n–1)(b–a) = a  ∴ n–1 = 
a

b–a  

 or, n = 
a

b–a
 +1 = 

a+b–a
b–a

 = 
b

b–a
 

 ∴ Sum = 
n
2

(a1 + an) = 
b

2(b–a)
(a+2a) = 

3ab
2(b–a)

 

112.(a) Let the odd number of terms of an arithmetic series be 

a,a+d,a+2d, a+3d.

  a +4d,......a+(n–1)d.

  Then S1  = 
n
2

{2a + (n–1) d}

  S2  = a + (a+2d) + (a + 4d) + ..... to n+1
2

 terms

  = 
n×1

2×2 2 1
2

1 2a n d+
+

−





×











45chapter - 5 progression

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

complete solution  to 

  =  
n+1

4
 {2a + (n –1)d} ∴ 

S1

S2
 = 

2n
n+1

  113.(c)  Let the four members in A.P. be 

  a –3d, a–d,a+d,a+3d . Sum = 4a = 20

 ∴ a = 5

  Sum of their squares = 4a2 + 20d2  = 120

 ∴ 20d2 = 120 – 4 × 25 = 20 ∴ d2 = 1

 or, d = ±1. Hence the numbers are 2,4,6,8.

 114.(a)  Let the  three numbers in A.P. be a–d,a and a+d . Given 
(a–d) +a+(a+d) =12

 ⇒ 3a = 12 ∴a = 4 

  Also (a–d) 3 +a3 + (a+d)3 = 288

 ⇒ 3a2 + 6ad2  = 288

 ⇒ 24d2 = 288 – 3 × 64 = 96

 ∴ d2 = 4 or, d = ±2

  Hence the numbers are 2,4,6.

 

 115.(c) We have 
Skx
Sx

 = 

kx a kx d

x a x d

2
2 1

2
2 1

[ ( ) ]

[ ( ) ]

+ −

+ −  

  = 
k[(2a –d) + kxd]

(2a –d) + xd
 

  

  For  
Skx
Sx

 to be independent of x, 2a – d = 0 or 2a = d 

 

 116.(c) Sn  –2Sn–1 + Sn–2

   = (Sn–Sn–1) – (Sn–1–Sn–2) = tn – tn–1 = d

 117.(b)  Let A1, A2, A3,..... A11 be n A.M.S. between 28 and 10....28, 
A1, A2, ..... A11, 10 are in A.P.

  Also the number of terms =13

  10 = a13 =  a1  + 12d = 28 +12d 

 ∴ d  = 
10 – 28

12
 = 

18
12  = –

3
2

   Total number of terms = 

13 (odd).  ∴ Middle term = 
13 1

2
+






  th = 7th = a7.

 = a1 + 6d  = 28 + 6 −







3
2

 = 28 –9 = 19

  Hence middle term of A.P = 19

 118.(b)  Let a be the first term and r the common ratio of G.P. Then 
a5 = p ⇒ ar10 = S.

 ⇒ ar7 = q, a11 = r ⇒ ar10 = S

 ∴ q2 = (ar7)2 = a2r14

  Also PS = ar4 × ar10 = a2r14. Hence q2 = PS.

 119.(a)  Let a be the first term and r the common ratio of G.P. We 
have

  a3 = (a1)
2 ⇒ ar2 = a2 ⇒ r2 = a ......(i)

  Also a2 = 8 ⇒ ar = 8 ...(2). Multiplying (1) and (2) we get 
ar3  = 8a ⇒ r3

  = 8 ∴r = (8)1/3
  = 2

 ∴ From (1),a  = (2)2 = 4[ a = r2]

  Hence a6 = ar5
  = 4(2)5

 = 4× 32 = 128

 120.(b)  a,b,c are in A.P.

 ⇒ b–a = c–b⇒ kb–a = kc–b

 ⇒   
kb

ka  = 
kc

kb  ⇒ ka, kb, kc are in G.P.

 121.(a) Let A be the first term and R the common ratio of G.P. Then 
ap = ARp–1, aq = ARq–1 and ar  = ARr–1 



 ap ,aq,ar in the G.P.

 ⇒ (aq)
2 = ap × ar 

 
 = (ARq–1)2  = ARp–1 × ARr–1

 ⇒ A2R2q–2 
  = A2Rp+r–2

 ⇒ 2q–2 = p+r–2⇒ 2q = p+r ⇒ p,q,r in A.P.

 122.(b)    
1

x+y
, 

1
2y

, 
1

y+z
 are in A.P.

  

 ∴  
1
2y

 – 
1

x+y
  = 

1
y+z

– 
1
2y

 

 ⇒ 
x+y–2y
2y(x+y) 

 = 
2y–y–z
2y(y+z) 

⇒ 
x–y
x+y 

= 
y–z
y+z 

 ⇒ (x–y) (y+z) = (x+y)(y–z)

 ⇒ xy +xz – y2– yz  = xy –xz + y2 –yz

 ⇒ 2xz = 2y2 or, y2 = xz ⇒ 
y
x

 = 
z
y

 ⇒ x,y,z are in G.P.

 123.(c)  a,b,c are in G.P.

 ∴ 
b
a  = 

c
b

 ⇒ b2 = ac ....(1)

  Now a2 b2 c2 1 1 1
3 3 3a b c
+ +








 

 = 
b2c2

a
 + 

a2c2

b
 + 

a2b2

c
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 = 
ac.c2

a  + 
b

b

2 2( )
+  

a2.ac
c

 = a3 + b3 + c3

  124.(a) xq–r
 . x

r–p.zp–q

  [Since p,q,r are in A.P.

 ∴ q – p = r – q ⇒ q – r = p –q]

 = xp–q, zp–q, yr–p = (xz)p–q· yr–p

 = (y2)p–q, yr–p 

  [Since x,y,z are in G.P. ∴ y2 = xz]  

 
 =  y2p–2q+r–p = yp+r –2q 

 = y–(2q–p –r)

 
 =  y–0  = 1.

  125.(c)  Let a be the first term and r the common ratio of G.P. 
Given,a1+ a2 + a3 = 21

 ⇒ a + ar + ar2
  = 21⇒ a(1+r+r2) = 21 ...(1)

  Again a4 + a5 + a6  = 168 (Given)

 ⇒ ar3 + ar4 + ar5 = 168

 ⇒ ar3(1+r+r2) = 168 ...(2); (2) ÷ (1) we get 

  r3  = 8 ∴ r = 3 8  = 2 ∴ From (1)

  a (1+2+4) = 21 ∴ a + 21 ÷ 7 = 3 

  126.(a) We have (1+ x) + (1+x +x2) + (1+x +x2 +x3) + ....upto n terms 

  = 
1–x2

1–x
 + 

1–x3

1–x
 + 

1–x4

1–x
 + ....to n terms 

  

         =  
1

1–x
[(1+1+1+...n terms) – (x2 + x3 + x4 + .....to n terms )]

 

 = 
1

1–x
n

x x

x

n

−
−( )
−















2 1

1

  127.(a)  Let the three numbers be a,ar,ar2. 

  Given a+ar+ar2 = 63...(1) and 

  a.ar = 
3
4

 .ar2  or, a = 
3
4

r ...(2). Putting in (1), 3
4

r 

  + 
3
4

r.r + 
3
4

r.r2 = 63 or r3 + r2 + r – 84 = 0

 or, (r–4) (r2 +5r +21) = 0

 ∴ r = 4, 
− ± −5 25 84

2
∴ Real value of r is 4.

  Putting this value in(2), a = 
3
4 × 4 = 3 

 ∴ The three numbers are 3, 3×4, 3×42

  i.e. 3,12,48.

128.(b) If r be the common ratio of the given G.P. then b = arn–1,  

p = a×ar×.....×arn–1

 ⇒ p = an ·r 1+2 +3 +.... + (n–1) = an.r
n n( )−1

2

 ∴ p2 = a2n . rn(n–1) = (a.arn–1)n = (ab)n.

 129.(d) According to the question the series is 1+a+ca+a(ca) 

+c(aca) + ... to 2n terms i.e. 1+a+ca+ca2 + c2a2 + to 2n 
terms 

 ∴ Sum = (1+ca+c2a2 +......to n terms) + 

  (a + ca2 +c2a3 + ...n terms)

 = 
1 1

1

1

1

1 1

1

− ( ){ }
−

+
− ( ){ }
−

=
+( ) −( )

−

ca

ca

a ca

ca

a c a

ca

n n n n

 

130.(c) We have 
1
2

 + 
3
4

 + 
7
8

 + 
15
16

 + .. to n terms 

 = 1 1
2

1 1
4

1 1
8

1 1
16

−





 + −






 + −






 + −






 +  ... to n terms 

  n – (
1
2

 + 
1
4  + 

1
8  + 

1
16)+n terms)

 

 = n – 
1
 2

 
1 1

2

1 1
2

−







−

n
 = n–1+ 

1
2n  = n–1+2–n

 131.(b) We have x = ar3, y = ar9, z = ar15

 ⇒ y
x

   = r6 and 
z
y

 = r6 ⇒ 
y
x

 = 
z
y

 ⇒ x,y,z  are in G.P.

 132.(a)  a,b,c are in A.P. ∴ 2b = a+c, x is the G.M. between a 

and b ∴ x2 = ab. y is the G.M. between b and c ∴ y2 = bc

  Now, x2 + y2 = ab+bc = b(a+c) 

 = b(2b) = 2b2 ∴ b2  = 
x2 + y2

2

 ∴ b2 is the A.M. between x2 and y2. 

 133.(a)  a,b,c are in A.P. ∴ 2b = a+c ....(1)
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  a2,b2c2 are in H.P. ∴ b2 = 
2 2 2

2 2
a c
a c+( )

  Now from(1), 4b2 = a2 + c2 +2ac 

 ⇒ b2  = 
a2 + c2+2ac

4 .....(2)

 ∴ 
a2 + c2+2ac

4
 = 

2a2 c2

a2 + c2

 ⇒ 0 = (a–c)2 {(a+c)2+2ac}

 ⇒ a–c = 0 ⇒ a = c and hence from (1) we get b = a ∴ 

a=b=c.

 134. (d)  a
1–ab

, a
1+ab

 are in H.P.

  

 ∴  1–ab
a

 , 1+ab
a

 will be in A.P.

 

 ∴ Arithmatic mean =  A = 

1 1

2

−
+

+ab
a

ab
a  = 

1
a

 ∴ Harmonic mean = a

 135.(a) 2
H

 = 
1
P

 + 
1
Q

 ⇒ 
H
P

  + 
H
Q   = 2



Chapter - 6
Complex  numbers Complex  numbers 

48

 1.(a) (b+ia)5 = i5(a–ib)5 = i(α–iβ) = β + iα
 2. (a)  For n = 4m.
  in + i–n =   i

4m +  i–4m  = ( i4)m + (i4)–m = 2 
  For n = 4m +1, in + i–n

  = i4m+1 +i–(4m+1)

 = (i4)m.i + 
1

(i4)m.i
 = i + i–1  = i –i = 0

  
  For n = 4m +2 . im + i–n = i4m+2 + i–(4m + 2) 
 = (i4)m .i2 + (i4) –m.i–2 = –1 +(–1) = –2
  For n = 4m +3. in + i–n = i4m+3 + i–(4m + 3) 

 = (i4)m .i3 + (i4) –m.i–3 = –i = 
1
i

 = –i +i = 0
 
 3. (b) Given expression = (1+i).(1+i)2 + {(1–i)2}3
  = (1+i).2i + (–2i)3 = 2i –2 +8i = 2(–1+5i)

 4.(c) If z = x+iy, ( )x y+ +1 2 2   = x+ 2 and 0 = y + 2

 i.e. y = –2 ∴ ( )x + +1 42  = x +2
 ⇒ (x+1)2 + 4 = (x+2)2

 ⇒ x2 + 2x + 1 + 4  = x2 + 4x + 4 ⇒ 2x = 1⇒ x = 
1
2

 

 ∴ is  
1
2

(1–4i) 
 
 5.(a) (1+i)(x+iy) = (1–i) (x –iy) 
  (x –y) +i(x+y) = (x–y) –i(x+y)
 ∴ x + y  = 0 ∴ z = x –ix = x (1–i)
 6.(a) z = (cosθ + i sin θ)2 = cos2θ +isin2θ
  where π

2
 < 2θ < π 

 ∴ z is a  complex number in the second quadrant.
  So, π

2
 < argz < π

 
 7.(b) tan –1 y

x–1
 = tan–1 y+3

x
  

 
 ∴ xy = (x–1)(y+3) ⇒ 3(x–1) = y ⇒ 

x–1
y

 = 
1
3

 
 
 8.(b) Given expression 

  = 
ω(2+3ω+ω2)

2+3ω+ω2  + 
ω(3+ω+2ω2)

3+ω+2ω2
 
  = ω +ω = 2ω
 9.(a) Since, α and β are non real complex roots of x3 –1 = 0. ∴ 

let,α = ω and β = ω2.  
 ∴ given expression = (1+2α+β)3 – (3+ 3α +5β)3 
 = (1+2ω+ω2)3 – (3+3ω+5ω2)3

  = {(1+ω+ω2)+ω}3 – {3(1+ω +ω2)+2ω2}3  = 
  (ω)3 –(2ω2)3 = 1 – 8 = –7

 10.(c) 4 +5 − +








 − +











1
2

3
2

3 1
2

3
2

334 365

i i  
 
  = 4 + 5[ω]334 + 3[ω2] 365

  = 4 + 5.ω + 3(ω2)2 = 4 + 5ω+3ω = 4 +8ω = 

  4 1 2 1
2

3
2

4 1 1 3 4 3+ − +





















= − +( ) =. i i i

 

 11.(b) z = 
i i

i
i i

i
i i

i

3

4 1 3 4

2 2 3

2 2 3
2 2 3

2 1 3

4

3

2
+( )

−
=

+( )
− −

=
− +
− −( )

. ( )
( ) 

  

  = 3  +i

+ 3 i
 = 

( 3  +i)(i– 3 i)
1+3

 – 2 3  –2i
4

 = 
3  

2

 ∴ amp = – tan–1 
1

3 
  12.(b) |α +β|2 = (α+β) α β+( )  = (α+β) α β+( )
 
 = αα + ββ + αβ + αβ = |α2| + |β2| + αβ +αβ
  |α–β|2  = (α–β) (α–β) = αα + ββ – αβ –αβ
 = |α2| + |β2| – αβ – βα

 ∴ |α2| + |β2| – 1
2

 (|α+β|2 +|α–β|2)
 
 13.(d)  lm (z1z2) = 1 ⇒ bp –aq = 1
  ω1ω2 = (a+ip)(b–iq) = (ab+pq) +i(bp–aq)
 ∴ lm(ω1ω2 ) = 1.

 14.(b) (α +βω+γω2 +δω2)
(β +αω+γω +δω)

 = 
ω(α +βω+γω2 +δω2)
(βω +αω3+γω2 +δω2)

 
  ω = [ω3 =1]
 15.(b) ∴ 1+ω + ω2 = 0 ∴ 1 + ω = –ω2 
  (1+ω)7 = –ω 14 = – ω2 = A +Bω
 ⇒ –ω2  = A + (–1–ω2) B⇒ A–B = 0 and B= 1
 ∴ A = B = 1
 16.(c) (x–1)3 – 8 = 0

 ⇒ x −







1
2

3
 = 1 ⇒ 

x–1
2

 = (1) 1/3 = 1, ω,ω2

 

 ⇒ x –1 = 2, 2ω2 ⇒ x = 3, 1+ 2ω, 1+ 2ω2

 17.(a) 8iz3 + 12z2 – 18z + 27i = 0
 ⇒ (2z –3i) (4z2 +9i) = 0  4z2 + 9i ≠ 0.

 ∴ 2z–3i = 0 ⇒ z = 3i/2  ∴ |z| = 
3
2

 
 18.(d) x3 – 3x2 + 3x + 7 = 0

 or, (x–1)3 + 8 = 0 ⇒ 
x −
−









1
2

3

 = 1 
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 ⇒ x–1
–2

 = (1)1/3 = 1, ω,ω2 
 
 ∴ x = –1, 1–2ω, 1 – 2ω2

 ∴ 
α –1
β–1

 + 
β –1
γ–1

 + 
γ –1
α–1 

 = 
–2

–2ω
 + 

–2ω
–2ω2 + 

–2ω2

–2  = ω2 + ω2 + ω2 = 3ω2.
 
 19.(d) Let α = a +ib and β = a–ib

  Let a,b > 0.Since |α| = |β| ∴ 
α +β
α–β

 = 
2a
2ib

 = 
ia
 b or, if α = a –ib and β = –a –ib

  then α+β
α–β

 = 
–2ib
2a

 = – ib
a

  
 
 20.(b) 2(1+ω) (1+ω2) + 3(2ω +1)(2ω2 +1) +4(3ω+1)

(3ω2+1)+.....+(n–1) (nω+1) (nω2 + 1)
  nth term = Tn = (n+1)(nω+1) (nω2 + 1)
 = (n+1)(n2–n +1) = n3 + 1

 ∴ Sn = ΣTn = Σn3+ Σ1= 
n n( )+







1
2

2

 +n
 
 21.(c) ∴ |z1–1| < 1, |z2–2| < 2, |z3–3| < 3
  ∴ |z1+z2+ z3| = |(z1–1) (z2–2) +(z3–3) + 6|
  ≤ |z1–1| + |z2–2| + |z3–3| + 6 < 1 + 2 + 3 + 6
 ∴ |z1+z2+ z3| < 12.

 22.(c)  z = 
3
2

1 3
2

+
=

−









i i i
   = –iω

 
  (ω is cube root of unity)
 ∴ (z101 + i103) 105  = (–i101ω101+ i103)105

  =  (–iω2 + i3)105 = (–i)105 (1+ω2)105

 = (–i)105(–ω)105 = i105.ω105 = i.ω0 = i
 = –i3ω3 = z3

 23.(a)  arg(–z) – arg(z) = –{arg(z) –arg(–z)} = –(–π) = π
24.(a)   ω1994 + ω1995 =  ω1994 (1+ω) = ω1994 (–ω2)
  = –ω1996 = –ω
25.(c)  The cube roots of –1, are –1, –ω and –ω2. So required 

product = –ω3 = –1.
26. (c)  Let z = 0 +bi , where b > 0. Then z lies on y -axis and so 

arg(z) = 
π
2

. 
  

27.(d)  Let z = 
1 3
1 3
−
+

i
i

 =  
–ω
–ω2 = 

1
ω

 = ω2

 ∴ arg(z) = arg(ω2) =  
4π
3

.
28.(c)  x iy+  = ±(a+ib)

 ⇒ x + iy = a2 –b2 + 2iab ⇒ x = a2 –b2.y = 2ab 

 ∴ x iy a b iab b a iab+ = − − − = − −( )2 2 2 22 2

 = b ia−( )2  = ± (b–ia)
 29.(c) ( 3 +i)10 = a +ib  ⇒ i10(1–i 3 )10 = a + ib

 ⇒ –(–2ω)10 = a + ib [ω = – 1
2

 + i
3

2
]

 
 ⇒ –210  ω10 = a + ib  ⇒ –210 ω = a + ib

 ⇒ 210 
−

+










1
2

3
2

i   = a + ib
 

 ⇒ 2 9  – 29 3  i = a +ib ⇒ a = 29  and b = –29 3 . 

30. (b)  We have z = (–iω)5 + (iω2)5 = –iω5 + iω10. 
 = – iω2 +iω = –i (ω2 – ω)  = i2 3   = – 3  

31. (c)  Since complex roots always occur in pairs, therefore, if 2 

+ i 3   is a root, then 2 –i 3   is also a root. Thus, sum of 
the roots  –a ⇒ 4  = –a ⇒ a = –4 .  Product of the roots = 
b⇒b = 7.

32.(c)  We have |z+4| ≤ 3. Now,  
  |z+1| = |z+4– 3| ≤ |z+4| + |–3| ⇒ |z+1|≤3+3  = 6 
  [∴|z+4|≤3]
33.(b)  We have, |z1| =  |z2| = |z3| = 1. Therefore, the origin is the 

circumcentre of the triangle with circumradius 1.

  Also, z1+ z2 + z3 = 0 ⇒ 
z1+ z2 + z3

3
 = 0

 ⇒ centroid coincides with the origin. Hence, the circumcentre  
and centroid coincides. Consequently the triangle is 
equilateral.

34.(d)  We have 
a+bω + cω2

c+aω +bω2  + 
a+bω + cω2

b+cω +aω2
 

 = 
ω2(a+bω + cω2)
(cω2+aω3 +bω4 + 

ω(a+bω + cω2)
(bω1+cω2 +aω3

 
 = ω2 + ω = –1
35.(c)  Let P,A,B represent complex numbers z, 1 + i0 – 1 +i0 

respectively.
  Then, |z–1| + |z+1| ≤ 4 ⇒PA +PB ≤ 4. 
 ⇒ P moves in such a way that the sum of its distances from 

two fixed points is always less than or equal to 4.
 ⇒ Locus of P is the interior and boundary of the ellipse having 

foci at(1,0) and (–1,0).

36.(c)  (1+i)n

(1+i)n–2
 = (1+i)n(1+i)n–2

(1–i)n–2 (1+i)n–2
 = 

(1+i)2n–2

(1–i2)n–2
 
 

 = 
[(1+i)2]n–1

2n–2  =  
(2i)n–1

2n–2  = 2in–1

 

 37.(d) We have, 
1 3

2
1 3

2
−







 +

− −









i i
n n
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  = ωn + (ω2)n = ω6k + ω 12k = (ω3)2k + (ω3)4k

  = 1+ 1 = 2.
38.(a)  Let z = x +iy
  Then Re(z2) = 0 ⇒ Re(x2 – y2 + 2ixy) = 0
 ⇒ x2 – y2 = 0 ⇒ y = ± x .....(1) and  
  |z| = 2 ⇒ x2 +y2 = 4......(2)
  Solving (1) and (2), we get x = ± 2  .
  Thus, the solutions are ( 2 , 2 ), (– 2 , 2 ), ( 2

,– 2 ), (– 2 ,  – 2 ).

39.(b)  We have, z = 1 +i 3  ⇒ arg(z) = tan–1 
3

1








  = 

π
3 

  Now, z = 1 +i 3  ⇒ z = 1 –i  3
 ⇒ arg(z) = –arg (z) = – 

π
3

.
  

  Thus, |arg(z)| + |arg(z)| = 
π
3

 + 
π
3

 = 
2π
3

.
40.(c)  Since m,n,p,q are consecutive integers, therefore n=m+1, p 

= m+2, q =m+3.
 ⇒ im + in +ip +iq =  im +im+1 +im+2 +im+3

   =  im (1+ i +i2 +i3) =  im (1+i – 1 – i) = 0

41.(c)  Let z =  
1+i 3

3  +1
 = 

1

3  +1
 +i 

3

3  +1

  Let tanα = 
lm( )
Re( )

z
z

 = 3  .Then α =  
π
3

.
 
  Since z lies in first quadrant, therefore 

  arg(z) = α = 
π
3

 .
42.(d)   We have, in +  in+1 + in+2  + in+3

   =   in (1+i +i2 + i3)  = tn (1+i –1–i) = 0

43.(d)   We have, 1–i
1+i

 = 
(1–i)2

(1+i) (1–i)
 = 

1–2i + i2

1–i2
 = –i

 

 ⇒ 
1
1

2−
+









i
i

 = i2 = –1.
 
44.(c)   We have (1+i)2n = (1–i)2n

  1
1

1 1
1 1

2 2 2
+
−







 = ⇒

+
− −











i
i

i
i i

n n
( )

( )( )
 = 1

 
 ⇒ i2n = 1 ⇒ 2n is a multiple of 4.
 ⇒ the smallest positive value of n is 2.

45.(b)  Let z = 
1+2i
1–i

 

  Then, z = 
1 2
1

1
1

+
−









+
+









i
i

i
i  = 

–1+3i
1+1

 = –
1
2

 +  
3i
2

  

  Since Re(z) < 0 and lm(z) > 0, therefore z lies in second 
quadrant.

46.(a)  We have, |z – (z –1)|≤|z| + |z–1| ⇒ 1≤ |z| + |z–1|.
  Hence,  the minimum value of |z| + |z–1| is 1.
47.(d)  We have,(1–ω+ω2)6 + (1–ω2 + ω)6 
 =  (–2ω)6 + (–2ω2)6 = 26 +26 = 27 = 128.
48. (b) Let z = x +iy such that Re(z) = 0.
  Then, z = iy ⇒ z2 = –y2  ⇒ lm (z2) = 0
49.(a)  We have,
  α1α2α3 = (z1+ z2) (ωz1+ ω2z2) (ω

2z1+ ωz2)
 = (z1+ z2) (z

2
1+ z2

2– z1z2) =  z3
1+ z3

2

50. (a) We have ω = _–1+i 3
2

 and ω2 =  _–1–i 3
2

 
 

 ∴ ω2

ω
 = 

_1+i 3

–1+i 3
 and ω

ω2
 =  

_–1–i 3

–1+i 3

  So, 
1 3
1 3

1 3
1 3

6 6 2 6

2
+
−









 +

−
+









 =









 + 








i
i

i
i

ω
ω

ω
ω

66

 

  = ω6 + 1
ω6

 = 2 .
 

51.(a)  1 1 1 1 2 1 2 1
2 2+






 +





 + +






 +





ω ω ω ω

 + 3 1 3 1 1 1
2 2+






 +





 + + +






 +





ω ω ω ω

.... n n
 

 = 1 1 1 1 2 2 2 1
2 3

2
2 3+ + +






 + + + +






ω ω ω ω ω ω 

 + 3 3 3 1 12
2 3

2
2 3+ + +






 + + + + +






ω ω ω ω ω ω

.... n n n

 

  = 1 1 1 2 2 1 12
2

2+
+

+





 + +

+
+








ω
ω

ω
ω

.

 + 3 3 1 1 1 12
2

2
2+

+
+






 + + +

+
+






. .... .ω

ω
ω
ω

n n
 

 = 1 1 2 2 1
2

2
2

2

2− +








 + + − +











ω
ω

ω
ω

.... .
 

 + 3 3 1 12
2

2
2

2

2− +








 + + − +









. .... .ω

ω
ω
ω

n n

  [ 1 + ω +ω2 = 0]
 = (12 + 22 + 32 + ....+n2 ) – (1+2+3+.....+n) +n

 = 
n(n+1)(2n+1)

6
 – 

n(n+1)
2

 +n
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 = 
n(n+1)

6
[2n +1 –3] +n = 

n(n+1)2.(n–1)
6

 +n

 = 
n(n2–1+3)

3
 = 

n(n2+2)
3

52.(a)  We have, − +










1
2

3
2

1000

i  = ω1000 = (ω3) 333.ω1

   = ω = – 
1
2

 +i  3

2
.∴ a =  – 

1
2

, b =  3

2
53.  If we take z = 

1
2

 + i
3

2
 and w  =  

–1
2

 + i
3

2
 

  then |z| = |w|, arg z + arg w = π 
 (d) must be the correct answer since – w = z.
54. (a)  3i3 – 2ai2 + (1–a) i +5 is real 
 ⇒ –3i  + 2a + (1–a) i +5 is real 
 ⇒ (5+2a) +i (1–a–3) is real 
 ⇒ –a –2  = 0 ⇒ a = –2,

 55.(a)  ik
k=
∑

0

100
 = x +iy ⇒ 

1
1

101−
−











i
i

 = x +iy
 

 ⇒ 
1
1
−
−









i
i

 = x +iy ⇒ x +iy =1 +i0  ⇒ x =1, y = 0.
 
 56.(d) i2 + i4 + i6+ ...(2n +1)
  terms = –1 + 1–1+....(2n +1) terms = –1.

 57.(a) 
i5 + i6 +i7 +i8 +i9 

1+i
 = 

i  – 1– i +1 +i 
1+i

 

 = 
i

1+i
 = 

i(1–i)
2

 = 
1
2

 (i – i2) =  
1
2

 (1 + i)

58.(c)  (1–i)n = 2n ⇒ |1–i|n = 2n ⇒ 2n/2  = 2n ⇒ n  = 0.
 
59.(a)   a+ib =  1–ix

1+ix
 ⇒ a –ib =  1+ix

1–ix

 ∴ (a+ib) (a–ib) =  1–ix
1+ix

 . 1+ix
1–ix

 ⇒ a2 + b2 =   1+x2

1+x2
 = 1

60.(b)   We have, i
i

i i
i i

19
25 2

16 3
24

21 1
+ 

















= +





.
. 

 

 = ( ).
( )

( ) .
( ) .

i i
i i

i
i

4 3
4 6

2
4 3

6

2
1 1 1

1
+









 = +











 

 =  i i
i

2
2

. + 1





 = (–i – i)2 = (–2i)2 = 4i2 = –4 

 

61.(c)   (1–i)n 1 1
−






i

n
 = (1–i)n 

i
i

n−







1
 = [(1–i)2 ] n −








1
i

n

 
  

 =  (1+i2 –2i)n i
i

n2









 =  (1–1–2i)n (in)
  
 = (–2i)n (i)n = (–2i)n ={(–2) ×(–1)}n = 2n.

62.(d)  –i 
j=
∑

1

10
cos 2

11
jπ






  + i sin 2

11
jπ








 
 
 =   –i (–1) = i.
63.(c)  Since 1+i

1–i
 = i and  1–i

1+i
  = –i

 ∴ 1
1

1
1

3 3+
−







 −

−
+









i
i

i
i

 = x +iy
 
 ⇒ i3 – (–i)3  = x+ iy ⇒ –i + i3 = x +iy
 ⇒ –i–i = x +iy ⇒ x +iy = 0 –2i
  Hence (x,y) = (0,–2).

64.(a)  We have, 
z i
z i

x i y
x i y

−
+

= ⇒
+ −
+ +

1
1
1

( )
( )

 = 1
 
 

 ⇒ 
x i y

x i y

+ −

+ +

( )

( )

1

1

2

2  = 1⇒ x2 + (y–1)2 = x2 + (y+1)2

 
 ⇒ 4y  = 0 ⇒ y = 0, which is x-axis.
 
65. (b) Let α = ω and β = ω2 

  Now, α3 + β3 + α–2 β–2 = ω3 + ω6 +  
1

ω2.  
1

ω4

 = ω3 + (ω3)2 + 
1

(ω3)2

 = 1 + (1)2 + 
1

(1)2  = 3 [ ω3 =1] 

66.(c) We have, 
  (1–ω +ω2) (1–ω2 +ω4) (1–ω4 +ω8) (1–ω8 +ω16)
 = (1–ω2 +ω) (1–ω2 +ω) (1–ω + ω2) (1–ω2 +ω)
  [ ω4 = ω3 . ω = ω8 (ω3)2 .ω2 = ω2, 
  ω16 = (ω3)5 . ω  = ω and ω3 = 1]
 = (ω – ω) (–ω2 – ω2)(–ω –ω) (–ω2 – ω2)
 = (–2ω) (–2ω2) (–2ω)(–2ω2) = 16ω6 = 16
 67.(a) We have, 4(cos75º +i sin 75º

0.4(cos30º +i sin 30º

 = 10(cos75º +i sin 75º) + (cos30º – isin30º)
cos230º–i2 sin230º 

 = 
10[cos(75º – 30º) + i sin(75º – 30º)]

cos230º+ sin230º
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 = 10[cos45º +i sin45º] = 10
2

(1+i)
68. We have, 3 a ib+   = x + iy
 ∴ a+ib = (x + iy)3 = (x3 –3xy2) +i (3x2 y –y3) 

 ∴ a = x3– 3xy2 and b –3x2y–y3. ∴ a
x

 = x2 – 3y2

  and 
b
y

 = 3x2 –y2

 ∴ a
x
b
y

+  = x2 = 3y2 + 3x2 – y2 = 4(x2 – y2)
 
69.(c)   We have, (3 + 3ω +5ω2) – (2+6ω +2ω2)3

 = (3+3ω + 3ω2 +2ω2) 6 – (2+2ω+2ω2 + 4ω)3

 = {3(1+ω+ω2)+2ω2} – {2(1+ω+ω2)+4ω}3

 = (2ω2)6 –(4ω)3 [ 1+ ω + ω2 = 0]
 = 64ω12 –64ω3 = 64 –64 = 0
70. (b)  We have,
  (1+ω+ω2) (1–ω2+ω4) (1–ω4+ω8) (1– ω8+ω16).....to 2n 

factors.
 = (1–ω+ω2) (1–ω2+ω) (1–ω+ω2) (1–ω2+ω).....to 2n factors 

[ ω4 = ω, ω8 =  ω2 , ω16 = ω etc].
 = (–2ω)(–2ω2) (–2ω) (–2ω2) .......to 2n factors 
 = (22 ω3) (22 ω3)..... to n factors = (22)n = 22n

  [ (–2ω)(–2ω2) = 22ω3 = 22]
 71.(c) We have,
  z2 + z = (cos α +i sinα)2 + (cosα –i sinα)
 = (cos2α – sin2α +i2sin α cosα + cosα –i sin α)
 = (cos2α + cosα) + i(sin2α – sinα)
 ∴ arg(z2 + z ) = tan–1

sin2α–sinα
cos2α + cosα  

  

 =  tan–1
2 3

2 2
2 3

2 2
2 2

1
cos .sin

cos .cos
tan tan

α α

α α
α α

= 





 =

−
 

 72. (c) Let x = − − − − − ∞1 1 1 ....to

  Then, x = − −1 x or, x2 = –1 –x
 or, x2 + x +1 = 0

 ∴ x = 
− ± −

=
− ± −

=
− ±1 1 4 1 1

2 1
1 3

2
1 3

2
. .

.
i

 = ω or ω2.
73.(c)  We have, α = ω and β = ω2

  Then, xyz = (a +b)(aω +bω2) (aω2  + bω)
 = (a2 ω +abω2 + abω  + b2ω2) (aω2 + bω)
 = a3 + b3 + a2b (1+ω+ω2) + ab2 (1+ω+ω2)
 = a3 + b3 [ 1+ ω + ω2 = 0]
74.(a)  We have,

  
3
2

3
2

1 3
2

2+
=

+
= −

−









i i i
i

i i
 = –iω

  

  and 
i i i

i
i i−

=
−

=
− −









3
2

3
2

1 3
2

2

 = –iω2

  

  Hence, 3
2

3
2

6 6
+







 +

−









i i

 
 = (–iω)6 + (–iω2)6  = i6(ω6 + ω12) = –1(1+1) = –2.
75.(b)  As (a–b)2 ≥ 0, a2 +b2 ≥ 2ab .....(1)
  But |z| = a b2 2+  , so from (1),  |z|2 ≥ 2ab 
 ∴  |z|2 + a2 + b2 ≥ a2 + b2 + 2ab
 or,  |z|2 +  |z|2 ≥ (a+b)2  ∴2 |z|2 ≥ (a+b)2

 ∴ 2 |z| ≥ a+b as |z| is positive 

 ∴  |z| ≥ 
1
2

(a+b).

76.(d)  We have,  |z–4| <  |z–2|
 ⇒  |z–4|2  <  |z–2|2 ⇒ |x + iy –4|2 < |x+iy – 2|2
  [putting z = x + iy]
 ⇒ (x–4)2 + y2 < (x–2)2 + y2

 ⇒ x2– 8x + 16 + y2 < x2 –4x + 4+ y2

 ⇒ –4x < –12 ⇒ x > 3 ⇒ Re(z) >3
77.(a)     1 = 1 – z +z we have
  1 = |1–z +z| ≤ |1–z| + |z| = |z –1| + |z|
  Thus, |z| + |z–1| ≥ 1 and so the minimum value of |z| +|z–1| 

is 1.

78.(b)  ∑
10

n= 1
in = i + i2 +  i3 +  i4 +  i5 +  i6 +  i7 +  i8 +  i9 +  i10

  

  = i –1 –i +1 + i –1– i +1 + i –1 = i –1  

79.(c)  We have, f(ω) = ω3p + ω3q+1 +ω3r+2 
  = ω3p + ω3q.ω +ω3r.ω2

  =  (ω3)p + (ω3)q.ω +(ω3)r.ω2

  = 1 + ω + ω2 = 0 [ ω3 = 1] 
80.(d)   We have 2  =  |z–4| <  |z–2|

 ⇒  |z| – z
z

−
4

 ≥  |z| –  4
z

 ⇒  |z| – 4
z

≤ 2 ⇒  |z|2 –2 |z| – 4 ≤ 0

 or, ( |z| –1)2 – 5 ≤ 0 ⇒ ( |z| –1)2 ≤ 5
 or,  |z| –1 ≤ 5 ⇒  |z| ≤ 5 + 1
  Hence the greatest value of  |z| is 5 + 1.

81.(d)  
1 3
1 3

1 3
4

2 2 3
4

1
2

3
2

2−
+

=
−

=
− −

= − −
i
i

i i( )
i

 

 ∴ arg − −










1
2

3
2

i  = –(π– tan–1 3 ) = –
2π
3

82. (c)   We have, (1+i)2n  = (1–i)2n

  ⇒ 
1
1

2+
−








i
i

n

 = 1 ⇒ ( )1
2

2 2
+









i
n

 = 1 
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  ⇒  
( )1 1 2

2

2− +







i n

 =1  ⇒ (i)2n = 1
 
  ⇒ n = 2 is the smallest positive integer.

 83.(c)  Let 
z–1
z+1

 = iy, where y is real
  

  
z+1
z–1  = 

1
iy  ⇒ 

2z
2  = 

1+iy
1–iy  [by componendo and 

  
  dividendo]
 

 ⇒ z = 
1+iy
1–iy  ⇒  |z|  = 

1

1

2

2

+

+

y

y
 = 1

 
 84.(c) Given, iz3 + z2 –z + i = 0 ⇒ iz2(z–i) – (z–i) = 0
 

 ⇒ (z–1)(iz2 –1) = 0 ⇒ z = i or, z2 = 
1
i

 = –i
  Now, z = –i ⇒ |z|  = |i|  = 1 and 
  z2 = –i ⇒ |z2| = |–i| ⇒ |z2 | = 1 ⇒ |z|  =1
  Thus, in both cases |z|  = 1.
 85.(c) We have, |z+1| = |z+4–3| = |(z+4) + (–3)|
  ≤  |z+4| + |–3| = |z+4| + 3 ≤ 3 + 3  = 6
  Hence the greatest value of |z+1|  is 6.

86.(b)  Since – 
1
2

 + 
3

2
i = ω,

 

 ∴ − +










1
2

3
2

1000

i  = ω 1000  = ω999, ω = ω

87.(b)  Since b > 0, bi  represents a point on the positive side of 
the imaginary axis on which the argument of every point 
is 

π
2

 .

88.(c) We have, S(n) = in  + i–n = in + 
1
in = 

i2n +1
in  

 

 = 
(–1)n+1

in , n = 1,2,34......
 ∴  values of S(n) are 0, –2, 2, 0, –2, 2.....
 ∴ Total number of distinct values of S(n) is 3.
89.(d) We have, (1+ω)3 – (1+ω2)3 = (–ω2)3 – (–ω)3.
 = –ω6 + ω3  = 0

 90. (c) We have, i + 3   = 
–1+ 3 i

2
. 

2
i  = 2ω

i
 

 

  and  i – 3   = 
–1+ – 3 i

2 . 
2
i  = 2ω2

i

 ∴ (i + 3 )100 + (i – 3 )100 + 2100

  

 = 
2 2100 2 100
ω ω
i i







 +









  + 2100 

 

 = 
2100

i100  (ω100 + ω200) + 2100 
  
 = 2100 (ω +ω2) + 2100 = –2100 + 2100 = 0
 91.(b) If z = –a –ib, a > 0, b > 0 , then   z = –a + ib
  i.e. second quadrant.
 92.(a) Let z = x+ iy 

  Then, z+2i
z+4

 = 
x+iy +2i
x+iy +4  = 

x+i(y +2)
(x+4)+iy

 = 
[x+i(y +2)][x+4)–iy]

(x+4)2+ y2
 

 = 
(x2 +4x +y2 +2y)+i(2x +4y +8)

(x+4)2+ y2

  Since Re 
z i
z
+
+









2
4   = 0 ⇒ x2 + y2 + 4x + 2y = 0, 

  
  which represents a circle with centre (–2,–1).
 93.(d) Let z = x +iy

  Then z i
z
+
+

2
2

 = 
x+iy+2i
x+iy+2

 = 
x+(y+2)i
(x +2)+iy

 = 
[x+(y +2)i](x+2)–iy]

(x+2)2+ y2

 = 
[x+y2 +2x +2y]+i [2x +2y +4]

(x+2)2+y2

  Since Im 
z i
z
+
+









2
2  = 0 ⇒ x + y +2 = 0 which represents a 

straight line.
 94.(c) Let z1 = x1 

 +  iy1 and z2 = x2 + iy2
  Since Re(z1 + z2) = 0 ⇒ x1 + x2 = 0  or, x2 = –x1

  Also lm (z1 z2) = 0 ⇒ x1 y2 +  x2 y1  = 0
 ⇒ x1y2 – x1y1 = 0 ⇒ y2 = y1

 ∴ z1 =  x1 + iy1 = –x2 + iy2 = –(x2 –iy2)  = –z2

95.(b) We have, Im (z2) = 4 ⇒ Im[(x2 –y2) + 2ixy] = 4 
  [putting z = x + iy]
 ⇒ 2xy  = 4 or xy = 2, which is a rectangular hyperbola.

96.(c) We know that ω = – 
1
2

 + 
3

2
i 

 

  Thus , 4+ 5 − −








 + − +











1
2

3
2

3 1
2

3
2

334 365
i i

  = 4+5(ω2)334 + 3ω365

  = 4+5ω668 + 3ω365 = 4 +5ω666 , ω2 + 3ω363 .ω2.
  = 4+5ω2 + 3ω2 = 4 + 8ω2

  = 4+4ω+4ω2 + 4ω2 – 4ω

  = 4 − = + −










1
2

3
2

1
2

3
2

i i
  = –4 3 i
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 97. (a) We have, 
1

1+2ω
 + 

1
2 + ω

– 
1

1+ω  

 = 
1

1+2ω  + 
1 +ω –2 –ω
(2 +ω)(1+ω) = 

1
1+2ω  – 

  

1 
(2 +ω)(1+ω)

 

 = 
2 +ω +2ω + ω2 –1–2ω

(1 +2ω)(2+ω)(1+ω)  = 
 1+ω + ω2 

(1 +2ω)(2+ω)(1+ω)  = 
  

  
0

(1 +2ω)(2+ω)(1+ω)
 = 0

 98.(d) Putting z = x +iy  in z2 + |z|2 = 0, we get (x +iy)2  + x2 + y2 
= 0 ⇒ 2x2 + 2ixy = 0 ⇒ x2 = 0 and xy = 0 ⇒ x = 0 and y 
may have any value ⇒ z = iy for all y ÎR,  is a solution.

 99.(a) We have, i2 + i4 + i6 + .......to (2n+1) terms = –1 + 1 –1 + 
..... to (2n +1) terms = –1

  ( number of terms is odd)
 100.(b) Let z1 = x1 + iy1 ∴ z1  = x1 – iy1

  Now, z2=  z1   ⇒ z1 + z2  = z1 +  z1

 ⇒ x1 + iy1 + x1 – iy1 = 2x1 which is real.
  Hence result holds if z2= z1 .
 101.(a) Let y1 =  y2 = y 

  Since x1< x2⇒ x1< x x1 2

2
+  < x2

 ⇒ x y x x y x y1
2 2 1 2

2
2

2
2 2

2
+ <

+





 + < +

 ⇒ |z1| < |z3| < |z2|.
 102.(a) Put 1  = rcos α and 1 = r sin α

 ∴ r = 2  and tanα = 1 ∴ α = 
π
4

 ∴ Principal value  = 
π
4 103.(c)  z1 ,  z2 ,  z3  are in A.P.

  

  ∴ z1 +  z3 = 2z2 or z2 = 
z1+ z3

2

  ∴ z2 is the midpoint of the join of z1 and z3. Hence they lie 
on a straight line.

 104.(c) Take α = ω,  β = ω2 
 ∴ αβ + α5  + β5  = ω.ω2 + ω5 + ω10

 = ω3 + ω2 .ω3 + ω9  .ω = 1+ ω2 + ω = 0
  [Since ω9   =1 and ω3 = 1]
 105.(d) By the given condition, 
  |z–1| < |z–i| ⇒ |x–1+iy| < |x+i(y–1)|
 ⇒ (x–1)2 + y2  < x2 + (y–1)2

 ⇒ –2x < –2y ⇒ x > y ⇒ x–y > 0.
 106.(a) We have, 
  ω10 + ω23 = ω9.ω + ω21 .ω2 = ω + ω2 = –1

 ∴ sin ( )ω ω π
π10 23

4
+ −



 

 = sin − −





π

π
4

= –sin π
π

+





4

 = – −





sin π

4
 = sin 

π
4

 =
1
2 

107.(a) a +ib = 
1 2

5
3 1

2
3 4

2
+

+
−








+i i i( ) ( )
 (2+4i)

 

  = 
17–11i

10
. –1+2i

2
 = 

1
4

 + 
9
4

i ⇒ a = 
1
4, b =  

9
4

 108.(a) We have, zz  = + 2(z + z) + c = 0
 ⇒ (x+iy) (x–iy) + 2 (x+iy+x –iy) +c  = 0
 ⇒ x2 + y2 + 4x +c = 0, which represents a circle.
 109.(d) We have,
  |z –2| > |z–4| ⇒ | x–2+iy|2 > |(x–4) +iy|2

 ⇒ (x–2)2 + y2 > (x–4)2 + y2 ⇒ 4x > 12 ⇒ x > 3
 110.(b) If α is an imaginary cube root of unity, then 
  α3 = 1, 1+α +α2 = 0
 ∴ α3n+1 + α3n+3 + α3n+5

 = α3n [α1 + α3 + α5] =  (α3)n [α + 1+ α3 .α2]
 = (1)n [1+α+α2] ( α3 = 1) = 1+ α + α2 = 0.
 111.(c) The given equation is z + 2  |z+1| + i = 0
  x + iy + 2  |x + iy+1| +i  = 0 [putting, z = x +iy]
 or, x +i(y+1) + 2  |x+1+iy| = 0

 or, x x y+ +( ) +





2 1 2 2.  + i(y+1) = 0

  It is possible when, x +  2 . x y+( ) +1 2 2  = 0
  and y +1 = 0 ∴ y = –1

  Now, x +  2 . x +( ) + −( )1 12 2  = 0 
 or, x 2 = 2(x2 + 2x + 2) or x2 + 4x +4 = 0
 ∴ x = –2 and z = x + iy = –2 +i(–1) = –2 –i 

 112.(c) Let z = x + iy and 
z2

z –1
 = k

 
 ∴ (x +iy)2  = k(x+iy–1)
  (x2 – y2) + i2xy = k (x –1) + i.ky
 ∴ Equating real  and imaginary parts,
  x2 –y2 = k (x–1).....(1) 2xy = k,y
 or, (2x–k)y = 0 ⇒ either, y = 0 or k = 2x
 i.e either y = 0 or x2–y2 = 2x (x–1)
 i.e. either y = 0 or, (x–1) 2  + y2 = (1)2

 ∴ z lies either on real axis or on a circle.

113.(a)  Given that, |z1| = |z2| = |z3| = 
1 1 1

1 2 3z z z
+ +  =1 

 
 or,  |z1|

2 = |z2|
2 = |z3|

2 = 1
 or,  z1. z1= z2. z2  = z3. z3= 1



55chapter - 6 complex numbers

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

coMPlete solutIon  to 

 or, z1
 =  

1
z1

 , z2
  = 

1
z2

 , z3 =  
1
z3

 
  

 ∴ 
1 1 1

1 2 3z z z
+ +  = | z1

 + z2 
 + z3

 | =1 
 

 or, z z z1 2 3+ +  =1 or |z1+ z2
 + z3 |

  = 1 
 
114.(c) Given value x = ω2 – ω –3 or x +3  = ω2 – ω 
 or, (x+3)2 = (ω2 – ω)2

 or, x2 + 6x + 9 = ω4 + ω2 – 2ω2.ω
 = ω1 – ω2– 2 = –1 –2 = –3 or x2 + 6x + 12 = 0
  Now, x4 + 6x3 + 10x2 – 12x –19 
 = (x2 + 6x + 12) (x2 – 2) + 5 = 0. (x2 – 2) + 5  = 5 

 115.(b)  z
z

−
6

 ≥ |z| – 
6
z

 ∴ 2 ≥ |z| – 
6
z 

 or, |z| – 
6
|z| ≤ 2 or, |z|2 – 2 |z| ≤ 6 

 
 or, |z|2 – 2|z| + 1≤ 7or (|z| –1)2 ≤ 7
 or, |z| – 1≤ 7  or |z| ≤  7  + 1
 ∴ The greatest value of |z| is ( 7  + 1) 
116.(a) The given equation is, –z3  + 2z2 + 2z + 1= 0
 or, z3 + 1 + 2z (z+1) = 0
 or, (z+1) (z2 – z +1) + 2z (z+1) = 0
 or, (z+1) (z2 + z +1) = 0 ⇒ Either z +1 = 0

 or, z = 
–1± 3 i

2 ∴ z = –1, ω,ω2

  
  Again, z1985  + z100 + 1 = 0 putting z = –1, 
  we get, (–1)1985 + (–1)100  + 1+1 +1 = 1 ≠ 0
  putting z = ω  we get, (ω)1985 + ω100 +1
 = (ω3)661.ω2 + (ω3)33 .ω +1
  =  ω2 + ω +1 = 0  Again, putting z = ω2 we get 
  (ω2) 1985 + (ω2) 100 + 1 = 0 ∴ The common roots are ω and 

ω2 .

 117.(b) log 3  
| | | |

| |
z z

z

2 1
2
− +
+









  < 2

  

  or, 
| | | |

| |
z z

z

2 1
2
− +
+

 < ( 3 )2

  

B A

(–x1,–y1) (x1,–y1)

(x1,y1)
(z1)

(–x
1
,–y

1
)

C D

x' x

y

y'
 or, |z2| – |z| + 1< 6 +3|z| or,  |z|2 – 4|z| – 5 < 0 

 or, (|z|–5) (|z|+1) < 0 ∴ |z| –5 < 0 where 
  |z| < 5, |z| + 1> 0 , |z| > –1. But, |z| > 0
 ∴ The locus of the point z is |z| <5.
 118.(b) Given expression 
  

 = 
i10(i582 + i580 + i578 +i576 +i574 )

i582 + i580 + i578 +i576 +i574 
 –1

 
 = i10 – 1= i2 – 1  = – 2

 119.(c) sin {(ω10 + ω23)π – 
π
4

}
  

 = sin ω ω π
π

π
π

+( ) −






= − −








2

4 4
sin

 

 = sin
π
4

  = 
1

2  
 

 120.(a) z = 
(2.eπ/6)4n+1

(2.e–iπ/3)4n  = 
24n+1 ei(4n+1)π/6

24ne–i4nπ/3  

 = 2ei (12n +1)π/6 = 2.e2nπi. eπi/6

 =  2.eπi/6   e2nπi = 1 ∴ arg z = π/6

 121.(a) ω +ω 
1
2

3
8

9
12

+ + +





......

 =  ω + ω

1
2

1 3
4







 −






 = ω + ω2 = –1

 122.(d) Given i2 = –1

  i  = 
1
2(2i) =  

1
2[1–1+2i] =  

1
212 +(i)2 + 2.1.i] 

 

 =  
1
2(i + 1)2 ⇒ i  = ±  

1

2
(1+i)

  

  also, –i =  
1
2(– 2i)  =   

1
2[1– 1 – 2i]  

=  
1
2[12 + (i)2 – 2.1.i]  

  

  =  
1
2[1– i)2 ⇒ −i   = ±

1

2
(1–i)

 
 ⇒ i,–i  has exactly two square roots.
 123.(d) p+iq > r + it  is possible if onlt they are real numbers ⇒ q 

= 0, t = 0
 124.(d) None of the inequality occurs as order relation (i.e. greater 

or less) is not defined in complex numbers.
 125.(a) argz + arg z  (z ≠ 0)
 = arg (z) + (–arg (z))  [ arg ( z ) = – arg (z)] = 0
 126.(c) (z+a) ( z+a); let z = x +iy 
 = [(x+a)+iy] [x–iy + a]
 =  [(x+a)+iy] [(x+a) – iy]
 = (x+a)2 +y2

 = |z+a|2 
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 127.(d) Let z1 = sin x + i cos 2x 
  z2  = cosx – i sin 2x
  Given, z1

  =  z 2 
 ⇒ sin x + i cos 2x = cosx + i sin2x
 ⇒ sinx = cosx ....(i)
  and cos2x = sin2x .....(ii)
  None of the values of 'x' satisfies both (i) and (ii) at a time.

 128.(b) Given (1+i)x–2i 
3+i

 + 
(2–3i)y+i 

3–i
 = i

 

 ⇒ 
x+ i(x–2) 

3+i.1
 + 

2y+ i(1–3y) 
3+i(–1)

 = i
 

[Note : 
a1+ ib1

a1+ ib1
 = 

a a b b
a b

1 2 1 2

2
2

2
2

+
+









  +i 

a b a b
a b
2 1 1 2

2
2

2
2

−
+









 ]

 ⇒ 
[3x+(x–2)] 

10  + i 
[3(x–2) –x] 

10  
 

 + [6y –(1–3y)] 
10

 +i 
[3(1–3y) + 2y] 

10  =1
 
 ⇒ 4x + 9y –3  = 0  and 2x – 7y – 3 = 10.
  By observation, x = 3, y = –1.
 129.(a) Given arg(z) < 0 ; ∴ arg(–z) – arg (z)

 = arg
−







z
z

 = arg (–1)  ( (–1) Î (–ve)x – axis).
 = π.
 130.(c) Given for two complex numbers α,β,|β| = i. Let, β = i.

  then, 
β α
αβ
−

 = 
i

i
−
−
α
α1  let α = x + iy

 

 = 
i x iy
i x iy
− +
− +

( )
( )1   = 

i x iy
ix y

− −
− +1

 = 
− + +
+ −

=
− + +
+ −

x i y
y ix

x i y
y ix

( )
( )

( )
( )

1
1

1
1 

 = 
x y

y x

2 2

2 2
1

1
+ +

+ +
( )

( )
 =1 

 131.(d) (x–iy)1/3 = a +ib
 
 ⇒ (x+iy) = (a + ib)3  (Cubing on both sides)
 ⇒ x + iy  = a3 + (ib)3 + 3a2(ib) + 3a(ib)2

  = (a3 – 3ab2) + i(3a2 b –b3)
 ⇒ x = a3 – 3ab2 ; y = 3a2b–b3

 ⇒ 
x
a

 = a2 – 3b2 ; y
b

  = 3a2 – b2

   

  Then, 
x
a

 + 
y
b

 = (a2 – 3b2) + (3a2 – b2)
 
 = 4(a2 –b2)

 132.(b) Let, α = ω ; β = ω2

  x = a+b 
  y = aω +bω2

 

  

z= aω2 + bω
x+y+z = (a+b) (1+ω+ω2)

 ⇒ x +y +z = 0
  Now, xyz, (a+b)(aω+bω2) (aω2 + bω)ω2

 = (a+b)(a+bω) (aω+b)ω2

 = (a+b)(a2ω + ab + abω2  +b2ω).ω2

 = (a+b)(a2ω – abω + b2ω) ω2  ( 1+ω2 = –ω)
 = (a+b)(a2 – ab + b2)ω3

  =  a3 + b3

 133.(b) Given 
3

2 + cos θ +i sin θ
  = x + iy

 ⇒ 
3 + i.0

(2 + cos θ) + i sin θ
 = x + iy

 

 ⇒ 
[3(2+cosθ) + 0]

(2 + cos θ)2 + sin2 θ  + i 
[0–3sinθ]

(2 + cos θ)2 + sin2 θ
 = x +iy

 

 ⇒ x = 
3(2+cosθ) 

(2 + cos θ)2 + sin2 θ
; y = 

–3sin θ
(2 + cos θ)2 + sin2 θ  = 

 

 =  
–3sinθ

5+4cosθ

 ⇒ x = 
6+3cosθ
5+4cosθ

  

  x–1 = 
6+3 cosθ –5 –4 cos θ

5+4 cosθ
 = 

(1–cosθ)
5+4cosθ

  x– 3 = 
6+3 cosθ –15 –12 cos θ

5+4 cosθ
 = 

9(1+ cosθ)
5 + 4cosθ

 ⇒ (x–1) (x–3) = 
–(3 sin θ)2

(5+4cosθ)2  ≡ y2.
 134.(b) (a+ib) (c+id) (e +if) (g+ih) = A +iB
  Taking mod on both sides 
 ⇒ |a+ib||c+id||e+if||g+ih| = |A+iB|
 

 ⇒ a b c d e f g h2 2 2 2 2 2 2 2+ + + +. . .  =  A B2 2+

  Squaring both sides 
 ⇒ (a2 + b2) (c2 + d2) (e2 + f 2) (g2  + h2) =  (A2 + B2)
 135.(c)  |z–1| = |z+i| (let z  = x +iy)
 ⇒ (x –1)2 + y2 = x2 + (1+y)2

 ⇒ –2x +1 = 1 + 2y  ⇒ x +y = 0,
  a straight line passing through (0,0).

 136.(a) 
z i
z i
−
+

5
5

 = 1⇒ 
x i y
x i y
+ −
+ +

( )
( )

5
5

 = 1
 
 ⇒ x2 + (y–5)2 = x2 + (5+y)2

 ⇒ –10y = 10y ⇒ y = 0 ⇒ x –axis .
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 137.(a) Let, z be any given complex number
  |z–(z–1) |≤ |z| + |z–1| ⇒1 ≤ |z| + |z–1|
  [ |z1– z2 |≤ |z1| + |z2|]
 ⇒ |z| + |z–1| ≥ 1⇒ min (|z| + |z–1|) = 1.
138.(c) z3 + 2z2 + 2z + 1= 0 ; z149 +z100 + 1 = 0
  Clearly, '1' and '–1' can not be the common root as they 

are not satisfying both,
  now, ω3 + 2ω2 + 2ω + 1= 2+ 2 (ω2 + ω)
 = 2 +2 (–1) = 0
  and ω149 +  ω100 + 1 = ω2 + ω + 1 = 0
 ⇒ ω is a common root.
  Thus according to the given options, ω, ω2 can be the only 

common root.
 139.(b) (1+x +x2) = a0  + a1x + a2x

2  + ......+ a2nx
2n

  Putting, x = 1, ω, ω2

  3n  = a0 + a1 + a2 +.....+ a2n 

  0   = a0 + a1ω + a2ω
2
 +.....+ a2n (ω)2n

  0   = a0 + a1ω
2 + a2ω +.....  

3 3 0 3
n a a= + +( .....)

 ⇒ a0 + a3 + ........ = 3n–1

140.(a) |z| – z = 1+2i; let z = x + iy
 

 ⇒ x y2 2+  –(x+iy) = 1 + 2i
 

 ⇒ x y2 2+  – x = 1;  –y =2 ⇒ y = –2 
 

 ⇒ x2 4+  = 1 + x
 
 ⇒ x2 + 4 = 1 +x2 + 2x

 ⇒ 2x = 3 ⇒ x = 
3
2  ∴z =  

3
2  – i.2.
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 1.(b) For n = 1, 4n – 3n – 1 = 4 – 3 – 1 = 0
  For n = 2, 4n – 3n – 1 = 16 – 6 – 1 = 9
  By induction, 4n – 3n – 1 is divisible by 9.

 2.(b) For n =1, 49n + 16n – 1 = 49 + 16 – 1 = 64 which is divisible 
by 64.

 3.(a) The product of two consecutive numbers is always even.
 
 4.(a) np – n is divisible by p for any natural number greater than 

1. It is Fermet's theorem.

 5.(a) It can be proved with the help of mathematical induction 

that n a n n
2
> ( ) ≤ . 

 ∴ 200
2

200 200 100< ( )⇒ ( ) >a a  and a(100) ≤ 100

 6.(b) 599 = (5)(52)49 = 5(25)49 = 5(26 – 1)49

  = 5 × (26) × (Positive terms) –5, so when it is divided by 13 
it gives the remainder – 5 or (13 – 5) i.e., 8

 7.(a) For n = 1, R.H.S = 2 3
3

2.
= = L.H.S

  Let the statement be true for n = m. For n = m + 1.

  L.H.S = 
m m m

m m
+( ) +( ) + +( ) +( )1 2

3
1 2

  = (m + 1)(m + 2) m m m m
3

1
1 2 3

3
+






 =

+( ) +( ) +( )

  So the statement is true for n = m + 1. Hence by mathematical 
induction, it is true for all n ≥ 1

 8.(d) Now for n = 1,an = 1 and bn = 1 i.e., a1 = b1 
  Now for n = 2, applying A.M > G.M.

 ⇒	 	 1 2
2

1 2 1 2 2 2
2 2

p p
p p p p p+

> ⇒ +( ) > ( ). !
 
  Now applying induction it can be shown that for

  
n n

n
n

p p p
p p p≥

+ + +
>2 1 2 1 2, .... . ....

 
 ⇒	  (1p + 2p +....np)n > (n!)p.nn

 ⇒	   an > bn for n ≥ n0(= 2)

 9.(a) Let p(n) be the statement : if H.C.F. (a, b) =1
  then H.C.F. (an, bn) = 1. Clearly P(1) is true.
  Let it be true for m i.e., H.C.F. (am, bm) = 1
  1.am+1 + 1.bm+1 = a.am + b.bm,a, b are integers 
 ⇒	  H.C.F (am+1, bm+1) = H.C.F(am, bm) = 1
  So, p(n) is true for all n ∈ N.

 10.(c) If p(n) = 32n+1 + 2n+2, then p(1) = 35 is divisible 
  by 5, 7 and 35.
  Now, p(n + 1) = 3 2n+3 + 2n+3 = 9.32n+1 + 2.2n+2

 =  7.32n+1 + 2.(32n+1 + 2n+2) = 7.32n+1 + 2p(n)
  So the only possibility is if P(n) is divisible by 7 then 
  P(n + 1) is divisible by 7.

`11.(b) Here, S(1) = 1 ≠ 3 + 12 ⇒ P(1) is not true.
  Let P(n) be true.
  Now, S(n + 1) = S(n) + 2n + 1 = 3 + n2 + 2n + 1
  = 3 + (n + 1)2 ⇒ P(n + 1) holds.

 12.(b) P(n) = 2n > n ⇒ P(k) = 2k > k 
 ⇒	  2.2k > 2k ⇒ 2.2k > 2k > k + 1 as k ≥ 2

 13.(c) P(n) = n3 + n, P(1) = 2, P(2) = 2 3 + 2 = 10
  P(3) = 33 + 3 = 27 + 3 = 30
  P(4) = 43 + 4 = 64 + 4 = 68
  Now out of 2, 10, 30, 68 only 30 is divisible by 3.
 ∴	  Only P(3) is true.

 14.(a) P(n) = n! > 2n, P(1) = 1! > 2' (false)
  P(3) = 3! > 23 or 6 > 8 (false) P(4) = 4! > 24

 or,  24 > 16 true. Hence in equality hold good if n ≥ 4.

 15.(b) Let P(n) : n3 – n, P(1) = 1 – 1 = 0,
  P(2) = 8 – 2 = 6; P(3) = 27 – 3 = 24
  Which is divisible by 6

 16.(d) r
r

n
−( )

=
∑ 1

0
= –1 + 0 + 1 + 2 +....+ n – 1

 

  = 
n n+( ) −( )1 2

2

 17.(a) Let P(n) : n n n5 3

5 3
7
15

+ +  P(1) = 
1
5

1
3

7
15

1+ + =

  P(2) = 
32
5

8
3

14
5

+ +  = 10. Hence P(n) is an integer for all n.
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 18.(b) For n = 1, 1 < 2' = 2, P(1) is true
  n = 2, 2 < 22 = 4, P(2) is true,
  n = 3, 3 < 23, P(3) is true.

 19.(d) Since P(1) = 2, therefore P(n) = n(n + 1) + 2 is not true 
  for n = 1. ∴ Principle of Induction is not applicable. So, 

nothing can be said about the truth of the statement 
  P(n) = n(n + 1) + 2.

 20.(c) For n = 1, the given expression is zero and hence the 
statement is true for n = 1. Suppose the statement is true for 
some m.

 ∴  (xm–1 – mam–1) + (m – 1)am = (x – a)2 Q
 ∴  (xm – (m + 1)am) + mam+1

 =  x((x – a )2 Q + mxam–1) – (m – 1)xam 

 –  (m + 1)amx + mam+1

 =  (x – a)2xQ + mam–1(x 2 – 2ax + a2)
 =  (x – a)2 [xQ + mam–1]  ∴ By induction the statement is true 

for each n.

 21.(c) P(1) : 1 × 1 = (1 + 1)! –1 is true. Let P(m) be true 
 ⇒		 1	× 1! + 2 ×2! + 3 × 3! +....+ m × m!
 =  (m + 1)! – 1⇒1 × 1! + 2 ×2! + 3 × 3! +....+ m × m!
    

+ (m + 1) × (m + 1)!
 =  (m + 1)! –1 + (m + 1)(m + 1)!
 =  (m + 1)!(m + 2) – 1 = (m + 2)! – 1
 ⇒  P(m + 1) is also true.  ∴ P(n) is true for each n.

 22.(d) Since P(1) : 12 + 1 = 2 is not an odd integer, so P(1) is not 
true. ∴ Principle of Induction is not applicable. In fact, 

  P(n) = n(n + 1) being the product of two consecutive integers 
is always even. 

 23.(a) Consider a2 – b2 = (a + b)(a – b) is prime (given)
 ∴	  a2 – b2 is either divisible by 1 or the number itself.
 ∴	  a – b = 1 and a2 – b2 = a + b
 ∴  a 2 – b2 =  a + b( a + b ≠ 1 as a, b ∈ N)

 24.(d) Given P(n) = n n n5 3

5 3
7
15

+ + . Let n = 1

 ∴	  P(1) = 
1
5

1
3

7
15

15
15

+ + = (a natural number true)

  n = 2  ∴ P(2) = 32
5

8
3

14
15

150
15

10+ + = = (a natural number)

 ∴  P(n) is true for n = 2. Similarly by induction we stay that
  P(n) is a natural number ∀n ∈ N

 25.(a) As P(n) = (n + 1) + (n + 2) + (n + 3)
  P(n) = 3n + 3 + 3; P(n) = 3(n + 2); P(1) = 3(3) = 9
  which is divisible by 9. ∴ least value of n is 1.

 26.(a) Putting n = 1 in 72n + 23n–3.3n–1 ; then,
  72×1 + 23×1–3.31–1 = 72 + 20.30 = 49 + 1 = 50 ....(i)
  Also, putting n = 2 we get
  72×2 + 23×2.32–1 = 2401 + 24 = 2425.......(ii)
  from (i) and (ii) it is always divisible by 25.

 29.(a) P(n) : (n + 1).2n + 1 > 2n+1, then clearly P(1) is
  true. Let P(m) (for some m ≥ 1) be true.
  Now, (m + 2).2m+1 + 1 > 2.2 m+1 + 1 > 2m+2

 ⇒  P(m + 1) is also true. Thus P(n) is true for all n ≥ 1

 30.(b) Here sinθ  + sin3θ +....+sin(2m – 1)θ

 = 1
2

cosecθ[2sin2θ + 2sin3θ.sinθ +...+2sin(2n – 1)θsinθ]
 

 = 1
2

cosecθ
1 2 2 4

2 2 2
− + − + +

−( ) −










cos cos cos ...
cos cos

θ θ θ

θ θn n

 = 1
2

cosecθ[1 – cos2nθ] = sin2 nθ.cosecθ

 31.(c) P(1) is not true.
  For n = 2,P(2) : (1 + x)2 > 1 + 2x is true if x ≠ 0.
  Let P(k) : (1 + x)k > 1 + kx be true
 ∴	  (1 + x)k+1 = (1 + x)(1 + x)k > (1 + x)(1 + Kx)
 =  1 + (k + 1)x + Kx2 > 1 + (k + 1)x  ( kx2 > 0)
  So, (c) is correct answer.

 32.(c) P(1) is not true
  For n = 2, P(2) : (1 + x)2 > 1 + 2x is true if x ≠ 0
  Let P(k) : (1 + x)k > 1 + kx be true
 ∴	  (1 + x)k+1 = (1 + x)(1 + x)k > (1 + x)(1 + Kx)
 =  1 + (k + 1)x + Kx2 > 1 + (k + 1)x  ( kx2  > 0)
 
 33.(b) Product of r consecutive integers is divisible by r!

  



r r n r
r

n n r
n r

n r
n r

+( ) +( ) +( ) = +( )

=
+

=

1 2 1 2
1 2

...
!

. .... ...
. ... . !

!
! !

nn r
rC

+ =

















An integer

34.(d)  Let n – 1,n,n + 1 be three consecutive natural numbers.
  Then P(n) = (n – 1)3 + n3 + (n + 1)3

 =  3n3 + 6n. Now, P(1) = 3 + 6 = 9,
  P(2) = 24 + 12 = 36, which are divisible by 9.
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 35.(a) Tn = n.(2n + 1)2 = n(4n2 + 4n + 1)
 =  4n3 + 4n2 + n∑Tn = 4∑n3 + 4∑n2 + ∑n

 =  4
1

2
4 1 2 1

6
1

2

2n n n n n n n+( )










+

+( ) +( ) + +( )

 36.(d) Let f (n) = 72n – 48n – 1
  f (1) = 49 – 49 = 0, f (2) = 2304 which is divisible 
  by 2304 only.

 37.(c)  We do not know about the truthness of P(1) as P(1) is not 
given. So we can not say about the truthness of the statement.

 38.(c) Tn = (1 + 3 + 5 +......+(2n – 1)) = 
n
2

(1 + 2n – 1) = n2

  ∑Tn = ∑ n2 = 
n n n+( ) +( )1 2 1

6

 39.(c) For n = 1, L.H.S. of P(1) = 1
  R.H.S of P(1) = 2 – 1 = 1
  L.H.S = R.H.S.
 ∴  1 cannot be < 1  ∴ P(1) is not true. As L.H.S of 

  P(1) = 1 < 1 (false). Again n = 2

  L.H.S. of P(2) = 1
1
4

5
4

+ =

  R.H.S. of P(2) = 2 1
2

3
2

6
4

− = =  
 ∴	  L.H.S. P(2) < R.H.S. of P(2) ∴ P(2) is true
 
 40.(c) P(K) : 2 + 4 + 6 +...+2K = K(k + 1) + 2 the 
  statement P(m + 1) will be true if P(m) is true.

 41.(a) Here clearly P(1) is true.
  Let P(m), for some m ∈	N, be true.
  Then P(m + 1) = (1 + 1! + 2.2! +...+m.m!) + (m + 1).(m + 

1)!
 =  (m + 1)! –1 + (m + 1).(m + 1)!
 =  (m + 1)!{1 + (m + 1)} – 1 = (m + 2)!– 1
  i.e., P(m) is true ⇒ P(m + 1) is true. Hence P(n) is true for 

all n ∈	N.
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1.(b)  The general term is

  Tr + 1 = 10
10

23
3

2
C x

xr

r r




















−

 =  10
5 2 2

5 3 21
3

3
2

C xr

r r
r
















−
−.

  For term independent of x, 5 3
2

0 10
3

− = ⇒ =
r r ,

  which is not a positive integer.
  Hence there is no term independent of x.

2.(a) (n + 1) th term from the end = [3n – (n + 1) + 2] th term from the  
 beginning

 =  T C x
xn

n
n

n n
n

2 1
3

2
3 2

2
2 1

+
−= ( ) −








 =  
3

2
2 1 1 3

2
22

2
n
n n

x
x

n
n n

xn n n
n

n n( )
( )

−( ) = ( )
( )

−!
!. !

. . .
!

!. !
. .

3.(b)  We have, T C x
xr r

r r
= 






 −






−

− −( ) −
10

1

10 1

2

1

3
2

 =  10
1

11
1 13 31

3
2C xr

r
r r

−

−
− −






 −( )

	 	 For	coefficient	of	x4, 13 – 3r = 4 ⇒ r = 3

4.(c)  When 1 2
10

y
y+









 is expanded, the powers of y go on increasing  

 as the terms proceed.

  Hence it is expanded in ascending powers of y. So, y
y

2
10

1
+









 ,

  when expanded, will be in desending powers of y.

  Hence t7 = 10
6

2 4
6

1C y
y( ) 









 =  
10 9 8 7
4 3 2 1

2102 2× × ×
× × ×

=y y

5.(c)  we have, (2 + 3x)9 = 29 1 3
2

9
+








x

 =  2 1 9
4

3
2

9
9

+





 =





 x

 \	  m = 
x n
x
+( )
+

= ( ) +( )
( ) +

=
1

1
9 4 9 1

9 4 1
90
13

 =  612
13

≠ integer
 

  The greatest term in the expansion is T[m] + 1 = T6 + 1 = T7

  Hence the greatest term = 29.T7

 =  29.T6 + 1 = 29. 9C6(9/4)6 = 29. 9C3(9/4)6

 =  2 9 8 7
1 2 3

3
2

7 3
2

9
12

12

13
. . .

. .
. =

×

6.(d)  The given expression = x
x

x
x

n n
+



















= +







1 12 2

  The number of terms = 2n + 1, which is odd.
  The middle term = t tn n2 1 1

2
1+( )+ +=

 =  2 2 1 1 2n
n

n
n

C x
x

n
n n

− 





 = ( ).

!
!. !

7.(c)  We have, t4 = n n n n nC px
x

C p x3
3

3

3
3 61( ) 






 =− − −.

  This is independent of x, provided n – 6 = 0 or, n = 6
 \  The value of the term independent of x = 6C3p3 = 20p3

8.(b ) We have, Tr – 1= nCr – 2.x
r – 2

  
 \		 Coefficient	is	nCr – 2

  and T C xr
n

r
r

2 3 2 2
2 2

+ +
+= .      \ coefficient	is	 n rC2 2+

  Given n
r

n
rC C r r n2 2 2 2 2 2 2 15+ += ⇒ −( ) + +( ) = =

  [ nCp= nCq ⇒ p + q = n]
 or,  3r = 15    \ r = 5.

9.(d)	 	 Coefficient	of	xr in (1 – x)2n – 1 = 2n – 1Cr(–1)r

 \  ar = 2n – 1Cr(–1)r , \ ar – 1 = 2n – 1Cr – 1(–1)r – 1 and
  a2n – r = 2n – 1C2n – r.(–1)2n – r

  = 2n – 1C(2n – 1)–(2n – r).(–1)2n.(–1)–r     [ nCr = nCn–r] 
 =  2n – 1Cr – 1(–1)2r.(–1)–r   [ (–1)2r = 1 = (–1)2n]
 =  2n – 1Cr – 1(–1)2r – r = 2n – 1Cr – 1(–1)r

 \  a2n – r = –2n–1Cr – 1(–1)r – 1 = –ar – 1
 \  a2n – r + ar – 1 = 0

10.(c)  We have, tr = tr + 1 or, nCr – 1xr – 1 = nCrx
r

 or,  n
r n r

n
r n r

x!
! !

!
! !−( ) − +( )

=
−( )1 1

 or,  r = (n – r + 1)x  or, r(1 + x) = (n + 1)x

 or,  n
x r x
x

=
+( ) −1

  Here n is a positive integer. 

 \  1+( ) −x r x
x

is a positive integer.

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  



62chapter - 8 BINOMIaL theOreM

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.BIswas &  s.BIswas

JMMC RESEARCH  FOUNDATION PUBLICATION

cOMpLETE sOLuTION  TO 

in association with :  

11.(c)  We have, 7103 = 7(49) 51 = 7(50 – 1)51

 =  7(5051  – 51C15050 + 51C25049 –......–1)
 =  7(5051 – 51C15050 + 51C25049–.......) –7 + 18 – 18
 =  7(50 51 – 51C15050 + 51C25049 –......) –25 + 18
 =  k + 18 (say)
   k is divisible by 25, \ remainder is 18

12.(a)  
The coefficient of tr + 1

The coefficient of tr
 = 

2

2
1

n
r

n
r

C
C −

 =  
2

2
1 2 1

2
2 1n

r n r
r n r

n
n r
r

( )
−( )

−( ) − +( )
( )

=
− +!

! !
.

! !
!

	 	 The	coefficient	of	tr + 1 ≥	the	coefficient	of	tr, provided 

  2 1n r
r
− +  ≥ or, 2n + 1 ≥ 2r

 or,  r n r n≤
+

≤ +
2 1

2
1
2

or,

	 	 Hence	the	greatest	coefficient	=	the	coefficient	of	

  (n + 1)th term = 2
2

2n
nC

n
n

= ( )
( )

!
!

13.(c)  We have, (x + a)n

 =  xn + nC1xn–1a + nC2xn–2a2 + nC3xn–3a3 + ..........
 =  (xn + nC2xn–2a2 + ...........)
 +  (nC1xn–1a + nC3xn–3a3 + .........) = P + Q
 \  (x – a)n = P – Q, as the terms are alternatively positive and   

negative.
 \  4PQ = (P + Q)2 – (P – Q)2

 =  (x + a)2n – (x – a)2n

14.(a)  We have, T2 = 2nC1.x, T3 = 2nC2.x2

  T4 = 2nC3.x3 
	 	 The	coefficient	are	given	to	be	in	A.P.
 \  2. 2nC2 = 2nC1 + 2nC3 

 ⇒  2. 2 2 1
1 2

2
1

2 2 1 2 2
1 2 3

n n n n n n−( ) = +
−( ) −( )

. . .
 

 ⇒  2n2 – 9n + 7 = 0
15.(c)  We have, (1 + x)14 = 14C0 + 14C1x + 14C2x2 + 
  ........+ 14C14x14........(1)
  and (x + 1)15 = 15C0x15 + 15C1x14 + 15C2x13 
  + 15C3x12 + ......+ 15C15 ........(2)
	 	 Multiplying	(1)	and	(2)	and	equating	the	coefficient	of	x14 we get,
  14C0. 15C1 + 14C1. 15C2 + 14C2. 15C3 + ........ + 14C14. 15C15
	 =	 	the	coefficient	of	x14 in (1 + x)29 = 29C14 

16.(b)  We have 
T
Tr

Cr
C

n r
r

r

r

+

−
= =

− +1

1

1

 ⇒	  r
Cr
C

n r
r

.
−
= − +

1
1

	 	 Put	r = 1, 2, 3, ...............n and add
  C

C
C
C

C
C

n C
C
n

n

1

0

2

1

3

2 1
2 3+ + + +

−
.....

 

 =  n + (n – 1) + (n – 2) + ...... + 1 = 
n n +( )1

2

17.(b)  Let (7x – 8y)149 = a0x149 + a1x148y + a2x147y2 + ......+ a149y149

	 	 Putting	x = y = 1, we get
  a0 + a1 + a2 +....+ a149 = (7 – 8)149 = –1
 ⇒		 Sum	of	the	coefficients	=	–1
18.(b)  We have,

  1
1 1

1
3 3

1
5 5

1
1 1! ! ! !

......
!. !n n n n−( )

+
−( )

+
−( )

+ +
−( )

  =
−( )

+
−( )

+
−( )

+ +
−( )











1
1 1 3 3 5 5 1 1n

n
n

n
n

n
n

n
n

!
! !

!
!

!
!

...... !
!. !

  = + + + +( ) =−
−1 1 21 3 5 1
1

n
C C C C

n
n n n n

n
n

!
.....

!

19.(c)  T C x
xr

n
r

n r
r

+
−= −





1

2 2
2

1

  Since it is independent of x.

 \	  x2n – r – 2r = x0 ⇒ r = 
2
3
n n⇒ is a multiple of 3.

20.(b)  (1 + x)50 = 50

0

50
C xr

r

r=
∑

 \		 Sum	of	the	coefficients	of	odd	powers	of	x
 =  50C1 + 50C3 + 50C49 

 =  
1
2

1
2

2 250
0

50
1

50
50

50 49C C C+ + +( ) = ( ) =....

21.(c)  We have, 79 + 97 = (1 + 8)7 – (1 – 8)9

 =  (1 + 7C1.81 + 7C2.82 + ........+ 7C7.87)
   – (1 – 9C1.81 + 9C1.82 – ..... – 9C9.89) 
 =  16 × 8 + 64[( 7C2 + .... + 7C7.85 ) – 
      – ( 9C2 – ..... – 9C9.87 )] = 64 (an integer)
  Hence 79 + 97 is divisible by 64.

22.(c)  We have, (1 + 2x + x2)n = a xr
r

r

n

=
∑

0

2

 ⇒	  (1 + x)2n = a xr
r

r

n

=
∑

0

2

⇒ 2

0

2
n
r
r

r

n
C x

=
∑ = a xr

r

r

n

=
∑

0

2

 ⇒  ar = 2nCr

23.(b)  We have, Tr + 1 = nCra
n–r(–b)r

  So t5 + t6 = 0 gives
  nC4an–4(–b)4 + nC5an–5(–b)5 = 0

 ⇒	  
n n n n

a bn−( ) −( ) −( ) −1 2 3
24

4 4.

 –  
n n n n

a bn−( ) −( ) −( ) =−1 2 3
120

05 5.
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 ⇒	  
n n n n

a bn−( ) −( ) −( ) =−1 2 3
120

05 5.an–5b4[5a –(n – 4)b] = 0

 ⇒	  5a = (n – 4)b  \ a
b

n
=

− 4
5

24.(b)  n n+( ) +( ) =1 2
2

45  or, n2 + 3n – 88 = 0 \ n = 8

25.(b)  1 1 1 1 1 2+( ) +





 = +( )x
x x

xn
n

n
n .	Coefficient	of	

1
x

 in this will be
 
	 	 coefficient	of	xn–1 in (1 + x)2n which will occur in Tn and is 

  

2
1

2
1 1

n
nC

n
n n− = ( )
−( ) +( )

!
! !

26.(d)  T3r and Tr + 2 in (1 + x)2n have	equal	coefficients.

 \	  2
3 1

2
1

n
r

n
rC C− +=      \ (3r – 1) + (r + 1) = 2n

 \  n = 2r

27.(c)  (1 + x)11(1 + x2)11

 =  (1 + 11C1x + 11C2x2 + 11C3x3 + 11C4x4 + ......)
  (1 + 11C1x2 + 11C2(x2)2 + .......)
	 	 coefficients	of	x4 is 11C2.1 + 11C2.11C2

 + 11C4 = 990

28.(c)	 	 Sum	of	the	coefficients	is	obtained	by	putting
  x = 1     \ p2 – 2p + 1 = 0  \ p = 1

29.(d)	 	 Putting	x = y = 1	the	sum	of	the	coefficient	is	
  2n = 4096 = 163 = (24)3   \ n = 12

  If nCr = 12Cr will be greatest when r = 
n
2

6=  as n is even. Hence 
12C6 = 924

30.(b)  171995 + 111995 – 71995

 =  (7 + 10)1995 + (1 + 10)1995 – 71995

 =  [71995 + 1995C171994.10 1 + 1995C271993.102 
   + ..... + 1995C1995.101995]

  + [1995C0 + 1995C1101 + 1995C2102

        + .... + 1995C1995101995] – 71995

 =  [1995C171994.101 +.....+ 101995]
   + [1995C1101 +.....+ 1995C199510 1995] + 1
 =  a multiple of 10 + 1.
  Thus the unit's place digit is 1.

31.(b)  We have, r c nn
r

r

n
n. .

=

−∑ =
1

12   and 

 −( ) =−

=
∑ 1 01

1

r

r

n
n
rr C. .	Adding	these	two,	we	get	

  2(1.C1 + 3.C3 + 5.C5 + 7.C7 + ......) = n.2n–1

 ⇒  1.C1 + 3.C3 + 5.C5 + ...... = n.2n–2.

32.(a)  For n > 1, we have
  (1 + x)n  = n n n n n

n
nC C x C x C x C x0 1 2

2
3

3+ + + + +....
 ⇒	  (1 + x)n = 1 + nx + (nC2x2 + nC3x3 +.....+ nCnxn)
 ⇒	  (1 + x)n – 1 – nx
 =  x2(nC2 + nC2x + nC4x2 +......+ nCnxn-2)
  Clearly, R.H.S is divisible by x2 and x. So, L.H.S is also divisible
  also divisible by x as well as x2.
33.(d)  The number of ways of selecting r balls from each bag is equal
  to nCr × nCr

  So, required number of ways = n
r
n

r
r

n
C C×

=
∑

1

 =  (nC1)2 + (nC2)2 + ....... + (nCn)2

 =  (nC0)2 + (nC1)2 + (nC2)2 + .... + (nCn)2 – (nCn)2

 =  2nCn – 1 C C C Cn
n

n0
2

1
2 2 2+ + + =



.......

34.(c)	 	 Sum	of	the	coefficients	in	the	expansion	of	
  (1 + 2x)n = 6561 ⇒ (1 + 2x)n = 6561, when x = 1.
 ⇒ 3n = 6561 ⇒ 3n  = 38 ⇒ n = 8
	 	 We	have	to	find	greatest	coefficients.	This	means	that	we	have
  to determine the greatest term for x = 1.

  ∴ =
−

× ⇒ =
−( )×+ +T

T
r
r

x T
T

r
r

r

r

r

r

1 19 2
9 2

[ x = 1]

  Now, T
T

r r rr

r

+ > ⇒ − > ⇒ <1 1 18 2 6

  Thus 6th and 7th terms are greatest and are equal in magnitude.
  Now, T6 = 8C5(1)8–5(2)5 [ x = 1]
 ⇒	  T6 = 8C5 × 25 = 1792.

35.(d)  We have, (1 + x + x2 + x3  +.......)2 = [(1 – x)–1]2

 =  (1 – x)–2.	Since	coefficient	of	xn in (1  – x)–r is 
  n + r – 1Cr–1.	So,	coefficient	of	x

n in (1 – x)–2  is 
  n + 2 – 1C2–1 = n + 1C1 = n +1.

36.(a)  Suppose x7occurs in (r + 1)th term in the expansion

  of ax
bx

2
111

+







  Then T C ax
bxr r

r r

+
−

= ( ) 





1

11 2 11 1

 =  11Cra
11–rb–rx22–3r  \ 22 – 3r = 7 ⇒ r = 5

	 	 Thus	the	coefficient	of	x7 in (ax2 + b–1x–1)11 = 11C5a6b–5

  Let x –7 occurs in (s + 1)th term in the expansion of 

  ax
bx

+







1
2

11
. Thus

  
T C ax

bxs s
s

s

+
−= ( ) −





1

11 11
2

1

 =  11Csa
11–sb–s(–1)sx11–3s.   \ 11 – 3s = – 7 ⇒ s = 6
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 ⇒		 coefficient	of	x–7 in (ax – b–1x–2)11

 =  11C6a5b–6. Thus, 11C6a5b–6 = 11C5a6b–5 ⇒ ab = 1

37.(b)  We have,  2nCr = 2nCr+2 ⇒ r + r + 2 = 2n ⇒ n = r + 1

38.(a)  Suppose (s + 1)th term contains x2n. Then, 

  
T C x

x
C xs

n
s
n s

s
n

s
n s

+
− − − − − −= 






 =1

3 3
2

3 3 31

 \	  n – 3 – 3x = 2r ⇒ s = 
n r− −3 2

3

 ⇒  s = 
n r s n r−

− ⇒ + =
−2

3
1 1 2

3

 ⇒  n  – 2r = 3(s + 1) ⇒ (n – 2r) is a positive integral 
  multiple of 3.

41.(a)  We have, 1
1 3

1
2

1
1

1
3−( ) −( )

=
−

−
−







x x x x

  

= −( ) − −( )




= −( ) − −




















− − −
−1

2
1 3 1

2
1 1

3
1

3
1 1 1

1
x x x x

	 	 So,	coefficient	of	xn = 
1
2

1 1
3

1
3

1
2

3 1

3

1

1−




=

−( )+

+. .n

n

n

42.(d)  We have, T C x
x

r r

r r

+

−
= ( ) 







1

6 5
6

3

3

  = =
− − −6 15 5

2
3
2 6 15 43 3C x C xr

r r r
r

r r.

  Now, 15 – 4r = 3 ⇒ r = 3.    \	coefficient	of	x 3

 =  6C3.33 = 540.

43.(c)	 	 Putting	x = 1 and x = –1 in the given expansion and 
  adding we get 2[1 + a2 + a4 + ............a12] = (–2)6

 ⇒  a2 + a4 + ............a12 = 31

44.(b)  The required sum
 =  19C0 + 19C1 + ........... + 19 C19 = 219

45.(b)  T C x
xr r

r r

+

−

= 





 −






1

9 2
93

2
1
3

  The power of x is 2(9 – r) – r = 0  \ r = 6.
 \  T7 = term independent of x

  
= 






 −





 = =9

6
2

3 6 3

3 6
3
2

1
3

9 8 7
1 2 3

3
2

1
3

7
18

C x
x

. . .
. .

. .

46.(b)  Expression = x
x

n
−








1 2

  Total – Term independent of x = (2n + 1) – 1 = 2n
  The middle term Tn + 1 will be independent of x.

47.(a) T C ax
x

n n
4 3

3
31 5

2
= ( ) 






 =−

 

n n n
a xn n−( ) −( ) =− −1 2

1 2 3
5
2

3 6

. .
  R.H.S. is constant i.e., independent of x.

 \	  n – 6 = 0 on n = 6 and hence 6 5 4
1 2 3

5
2

3. .
. .

a =  \ a3 = 
1
8

 or ,  a = 
1
2

48.(a)  E = (1 – x)5 (1 + x)4 (1 + x2)4

  = (1 – x)(1 – x2)4 (1 + x2)4 = (1 – x)(1 – x4)4

  = (1 – x)[1 – 4(x4) + 6(x4)2 – 4(x4)3 + (x4)4]
	 	 Coefficient	of	x13 is (–1)(–4) = 4.

49.(b)  x7.x8 will occur in T8 and T9.	Coefficients	of	T8 and 
  T9 are equal.

 \    nC7.2n – 7 1
3

2 1
3

7

8
8

8






 = 








−n nC

 \	  
n

n

n
r

n
r

C
C

C
C

n r
r

8

7 1
2 3 6 1 6= ⇒ =

− +
=

−
. ,or

  where r = 8.  \ n – 7 = 8 × 6  \ n = 55

50.(a)  T7 from end of (a + b)n is same as T7 from beginning 
  of (b + a)n 

  
T7 from beginning

T7' from end   of (a + b)n or, in 2 1
3

1 3
1 3+








n

 or,  
T7 of (a + b)n

T7' of (b + a)n  =
1
6

 \	  
n n

n n
C a b
C b a

6
6 6

6
6 6

1
6

. .

. .

−

− =

 or,  a
b

n

n
n−

−

− −= ( ) =
12

12
1 3 1 3 12 11

6
2 3 6or, .

 \	  n −
= −

12
3

1   \ n = 9

51.(d)  There will be 2n + 1 terms (odd) and hence the 

  middle term will be 2 1 1
2

n + + i.e., (n + 1)th

  
T C x

n
n n

xn
n

n
n n

+ = = ( )
1

2 2 !
! !

  
=

−( )( )1 2 3 4 2 1 2. . . ........
! !
n n

n n
xn

  
=

−( ) [ ]1 3 5 2 1 2 4 6 2. . ......... . . ..........
! !

n n
n n

xn
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=

−( ) 1 3 5 2 1 2. . .......... !
! !
n n

n n
x

n
n

  
=

−( )1 3 5 2 1
2

. . .........
!

.
n

n
xn n

52.(a)  General term = 
10 1 3 2 3!
! ! !p q r

x xp q r
( ) −( ) , where 

 
  p + q + r = 10.	Coefficient	of	x7 , q + 3r = 7
 ⇒	  r = 0, q = 7, p = 3 or, r = 1, q = 5, p = 5
 or,  r = 2, q = 1, p = 7.
 \	 	coefficient	of		x7

  

10
3 7 0

3 10
5 4 1

3 2 10
7 2 1

3 27 4 1 1 2!
! ! !

!
! ! !

!
! ! !

+ −( ) + −( )

 =  120.37 – 1260.34.2  + 360.3.22 = 23.38.5 – 23.36.5.7 + 25.33.5
 =  2 3.33.5(35 – 33.7 + 22) = 23.33.5.58 = 24.33.5.29.

53.(b)  (x + a)n = xn + C1xn–1a + C2xn–2a3 + C3xn–3a3.........
 = T0 + T1 + T2 + T3 + ......
 =  (T0 + T2 + T4 +........)  + (T1 + T3 + T5 +.....).........(1)
	 	 The	first	bracket	involves	even	powers	of	a and	2nd	bracket
  involves odd powers of a. Also
  i2 = –1,i4 = 1,i3 = –1,i5 = i.
  Replacing a by ai and –ai respectively in (1), we get, 
  (x + ai)n = (T0 – T2 + T4.......)
   + i(T1 – T3 + T5.......)........(2) and 
  (x – ai)n = (T0 – T2 + T4.......)
   – i(T1 – T3 + T5.......)........(3)
  Multiplying (2) and (3), we get
  (x 2 + a2)n = (T0 – T2 + T4.......)2 + (T1 – T3 + T5.......)2

54.(a)	 	 Put x = 1, –1 successively in the given equation and add.

55.(a)  The numerator is of the form
  a3 + b3 + 3ab(a + b) = (a + b)3

 \  Nr = (18 + 7)3 = 253

 \  Dr = 36 + 6C135.21 + 6C234.22 
  + 6C333.23 + 6C432.24 + 6C53.25 + 6C626

  This is clearly the expansion of (3 + 2)6 = 56 = (25)3

 \  N
D

r

r =
( )
( )

=
25
25

1
3

3

56.(c)  The	given	sequence	is	a	G.P.	of	10	terms	whose	

  common ratio is (1 + x). \ S = (1 + x)21
x

x

+( )




−

+ −

1 1

1 1

10

 \	  S
x

x x= +( ) − +( )





1 1 131 21

 \  The	coefficient	of	x6 in S is	coefficient	of	x7 in the 
  numerator = 31C7 – 21C7

57.(c)  (1 + x)2n + 2 will have 2n + 3 terms and middle term 

  will be 2 3 1
2

2n n+ +
= +( ) th.

 \  Tn + 2 = 2n + 2Cn + 1xn + 1.
  a = 2n + 2Cn + 1	=	Coefficient	.......(1).
  (1 + x)2n + 1 will have (2n + 2) terms and there will be 
  two middle terms i.e. Tn + 1 and Tn + 2	whose	coefficients
  are 2n + 1Cn = b, 2n + 1Cn+1 = c ..........(2)
  Clearly b + c = 2n + 1Cn + 2n + 1Cn+1
 =  2n + 2Cn+1 = a
 \	  b + c = a ⇒ a = b + c

58.(c)	 	 Let	the	coefficients	of	Tr, Tr+1, Tr + 2, Tr + 3 be
  a1, a2, a3, a4 respectively in the expansion of (1 + x)n

 \ a
a

T
T

n r
r

a
a

n
r

r

r

2

1

1 2

1

1 1 1
= =

− +
∴ + =

++

 Similarly, 1 1
1

1 1
2

3

2

4

3
+ =

+
+

+ =
+
+

a
a

n
r

a
a

n
r

,

  

1
1

1
2 1

1
3 12 3x x x+

+
+( )

+
+( )

+ .......

 or,  a
a a

a
a a n

r r1

1 2

3

3 4

1
1

2
+

+
+

=
+

+ +( )

 or,  
a

a a
a

a a
a

a a
1

1 2

3

3 4

2

2 3

2
+

+
+

=
+

59.(c)  (3 + 2x)74 = 374 1 2
3

74
+








x

  

T
T

n r
r

xr

r

+ =
− + 








1 1 2
3

	 	 Coefficient	=	
n r
r

− +
=

1 2
3

1. , by given condition.

 or,  2(74 – r + 1) = 3r  or, 150 = 5r   \ r = 30.
	 	 Hence	30th	and	31st	terms	will	have	their	coefficients	equal.

60.(c)  (3 + 2x)50 = 350 1 2
3

50
+








x

  T
T

n r
r

x r
r

r

r

+ =
− +

=
−1 1 2

3
51 2

15
. .  as  x = 

1
5

 \	  T
T

r rr

r

+ ≥ ⇒ − ≥1 1 102 2 15

 or,  102 ≥ 17r  or, r ≤ 6. Hence, 7th term is greatest.

61.(b)  23n = 8n = (1 + 7)n = 1 + nC1.7 + nC272 +.....
  (1 + 7)n – 7n – 1 = nC2.72 + nC373 +..... = 72 (integer).
  Hence divisible by 49.

62.(c)  Coefficient	of	 T
T

C
C

n r
r

r

r

n
r

n
r

+

−
= =

− +1

1

1 ..........(1)
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	 	 Putting r = 1,2,3,...........,n

  

C
C

n C
C

n C
C

n1

0

2

1

3

11
1

2
2

3
= =

−
=

−, , ...............

  Expression = 1
1

1 1
2

1 2
3

+





 +

−





 +

−







n n n n...  factors

  
=

+( ) +( ) +( ) =
+( )n n n

n
n

n

n1
1

1
2

1
3

1
. . ..............

!
factors

63.(b)  E = a C b rC a b nr
r

n

r
r

n
n n

= =

−∑ ∑+ = +
0 1

12 2. . .

  = 2n–1[2a + nb]

64.(b)  Here, the 4th term, t t C x
x4 3 1

6
3

6 3
2

3
2 1

= = ( ) −





+

−

 =  − = − = −− −6
3 3

2 1 6 5 4 3
3 2 3

8 1603 3
6

3 3!
! !

. . . !
. . !

x
x

x x

65.(c)  Let x –11 belong to the (r + 1)th term.

  Here t C x
x

C xr r
r r

r
r r

+
− −= ( ) −





 = −( )1

12 2 12
3

12 24 51 1

	 	 According to our assumption x24–5r = x  –11

 or,  24 – 5r = –11 or, 5r = 35  or, r = 7.
  So, x –11	belong	(7	+	1)	=	8th	term,	and	the	coefficient	

  of x –11 is 12C7(–1)7 = –12C7 = − = −
12
7 5

792!
! !

66.(c)  Let the (r + 1)th term be independent of x.

  Now, t C x
xr r

x
r

+
−= ( ) 





1

9 9
22 1

3
.

  = − − − −9 9 9 22 3C xr
r r r r

 
	 	 According to the assumption x9–3r = x0 or, 9 – 3r = 0 or, r = 3.
  So, the term independent of x is the 4th term.

  Now, the required term is t C4
9

3
6 32 3 1792

9
= =−.

67.(d)  Let x2 belongs to the (r + 1) th term in the 

  expansion of 2 12
20

x
x

−







  Now, t C x
xr r

r r

+
−

= ( ) −





1

20 2 20
2 1

 =  20 20 40 22 1C xr
r r r r− − − −( )

	 	 According to the assumption, x40 – 3r = x2

  or, 40 – 3r = 2 or, 3r = 38.

  Obviously, there cannot by any 38
3

1+





 th term in the 

  expansion. So, there is no term containing x2 in the expansion

  of 2 12
20

x
x

−





 .

68.(c)  Here, 
  (1 + x)15 = 1 + 15C1x + 15C2x2 + ....... 15Crx

r + ........x15.
  Now, tr – 1 = t(r – 2) + 1 = 15Cr – 2 x

r–2 and 
  t2r + 3 = t(2r + 2) + 1 = 15C2r+ 2 x

2r+2

	 	 According	to	the	given	condition,	15Cr – 2 = 15C2r+ 2
 \  either (r – 2) + (2r + 2) = 15 or, r – 2 = 2r + 2
  i.e., either 3r = 15 or, r = – 4, which is impossible, since the 
  term number cannot be negative. Hence, r = 5.
  So, the required value of r is 5.

69.(a)  Here, (99)4 = (100 – 1)4

 =  (100)4 – 4C1(100)3 + 4C2(100)2 – 4C3(100) + 1
 =  108 – 4.106 + 6.104 – 4.102 + 1
 =  (108 + 6.104 + 1) – 4(106 + 102)
 =  100060001 – 4(100100)
 =  100060001 – 4000400 = 96059601.

70.(b)  Let the (r + 1)th term in the expansion of 

 
3
2

1
3

2
9

x
x

+





 be independent of x.

  Now, (r + 1)th term = 9 2
93

2
1
3

C x
xr

r r
















−

.

  
= 
















−
−( )9

9
2 93

2
1
3

1C x
xr

r r
r

r. . .

 =  9
9

18 33
2

1
3

C xr

r r
r
















−
−.

  Clearly, the (r + 1)th term will be independent of x if
  18 – 3r = 0  or, r = 6.
 \	  (6 + 1)th i.e., 7th term is independent of x.
71.(a)  The (4r + 5)th term in the expansion of 
  (1 + x)10 = t4r + 5 = t(4t + 4) + 1 = 10C4t + 4.x4r + 4 and the 
  (2r + 1)th term = t2r + 1 = 10C2r .x

2r

  According	to	the	question	10C4r + 4 = 10C2r;
 \  4r + 4 + 2r = 10 or, 6r = 6 or, r = 1.

72.(a)  The number of terms in the expansion of 

 
x
y

y
x

−








 = + =

9

9 1 10 . which is even.

 \  There are two middle terms in the expansion, and 

  they are 9 1
2

1 9 1
2

1−
+








+
+






th and th terms

 i.e.,  (4 + 1)th and (5 + 1)th terms.
 \		 Required	first	middle	term

  
= =









 −






+

−

t C x
y

y
x4 1

9
4

9 4 4

 =  
9 8 7 6
4 3 2

1265

5

4

4
. . .
. .

. .x
y
y
x

x
y

=  and the second middle term
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 =  t C x
y

y
x

C x y
y x5 1

9
5

9 5 5
9

4

4 5

4 5+

−

=








 −






 = − .

 =  − = −
9 8 7 6
4 3 2

126. . .
. .

. y
x

y
x

73.(d)  Given expression = (1 – 2x3 + 3x5) 1 110
1+


 C

x

  
+ + + +10

2 2
10

3 3
10

4 4
10

5 5
1 1 1 1C
x

C
x

C
x

C
x

  
+ + + + + 




10
6 6

10
7 7

10
8 8

10
9 9 10

1 1 1 1 1C
x

C
x

C
x

C
x x

 \		 required	coeficient	of	x = –2.10C2 + 3.10C4

 =  − +2 10
2 8

3 10
4 6

. !
! !

. !
! !

 =  −
×

+
× × ×
× × ×

= − + =210 9
2

3 10 9 8 7
4 3 2 1

90 630 540.

74.  [Correct expression is x
x

n
+








1
2

2
]

  Let xm occurs in the (r + 1) th term in the expansion of  

  x
x

n
+








1
2

2
.

  Now, tr + 1= 2nCr.x
2n – r 

1
2x

r






 = 2nCr.x

2n – 3r

   xm is in (r + 1)th term, therefore 2n – 3r = m.

 or,  r = 
1
3

(2n – m).

 \		 required	coefficient	of	xm = 2nC 1
3

(2n – m)

75.(c)  Given  expression

   = − +( ) − +

1 2 1 1 12 4 6

1
6

2 2x x C
x

C
x.

   
− + − + 




6
3 3

6
4 4

6
5 5 6

1 1 1 1C
x

C
x

C
x x.

 \		 coefficient	of	x

 =  6C1 – 26.C3 = 6 – 2. 6
3 3

6 2 6 5 4
6

!
! !

. .
= −

 =  6 – 40 = – 34

76.(b)  Let 1
2x

or, x–2 occurs in (r + 1) th term in the 

  expansion of 2 13
2

6
x

x
−








  Now, t C x
xr r

r r

+
−

= ( ) −





1

6 3 6
22 1. .

 =  6Cr2
6 – r.(–1)r x3(6–r).

1
2x r =  (–1)r 6Cr . 2

6–r.x18–5r    


  x–2 in (r + 1)th term,
  therefore 18 – 5r = 2 or, 5r = 18 + 2 or, 5r = 20 or, r = 4.
 \	  x–2 in (r + 1)th i.e., 5th term.
 \	 	required	coefficient	of	x–2 

 =  (–1)4 6C426–4  = 
6

4 2
2 6 5

2
4 602!

! !
. .= =  

77.(a) 4 C3a3 = 32 ⇒ a3 = 8 \ a = 2

78.(c)  Tr + 1 = nCr(2x–1)n–r(x2)r = nCr 2
n–r x3r–n

  for independent of x, 3r – n = 0.  \ r = n/3
   r is integer, \ n = 18

79.(c)  Tr + 1 = 8Cr[(t
–1 – 1)x]8 – r[(t –1 + 1)–1x–1]r

 =  8Cr (t
–1 – 1)8 – r (t –1 + 1)–r.x8–2r .

  For independent of x, 8 – 2r = 0.  \ r = 4

 \	  T C t t t
t4 1

8
4

1 4 1 4 4
1 1 70 1

1+
− − −

= −( ) +( ) =
−
+









80.(d)  Two middle terms are nth and (n + 1)th
 \  Tn = 2n–1Cn–1xn–1, Tn + 1 = 2n–1Cnxn

  Sum	of	coefficients	=	2n–1Cn–1 + 2n–1Cn = 2nCn
 

81.(a)  n+2C2 = 36 ⇒ 
n n+( ) +( ) =2 1

2
36

 ⇒  (n + 2)(n + 1) = 72 = 9 × 8
 \  n + 1 = 8 ⇒ n = 7

82.(b)  (2n + 1)n – (2n – 1)n = 2 [nC1(2n)n–1 + positive integer]
 ⇒	  (2n + 1)n – (2n – 1)n > 2.n(2n)2n–1 > (2n)n

 ⇒  (2n + 1)n > (2n – 1)n + (2n)n

83.(b)  Sum = {C0 + (C0 + C1 + C2 +....+ Cn–1)}
  + {(C0 + C1) + (C0 + C1 +...........+ Cn–2)}

  + ............ n
2







 factors

 
 =  (C0 + C1 + C2 +....+ Cn) + (C0 + C1 + C2 +....+ Cn)

 + . ........... n
2







  factors = 

n
2







.2 n = n.2n–1

  ( C0 = Cn ,C1 = Cn–1 , C2 = Cn–2 ,.........etc )

84.(d)  Tr+1 = 124Cr(3
1/2)124–r(51/4)r

 =  124Cr3
(124–r)/2.5r/4

  For integer terms r = 0, 4, 8, 12,......,124.

85.(d)  
n
r

n
r

n
rr

n n
r

n
rr

nC
C C

C
C+

=
+=

−

+
+=

−

∑ ∑
10

1

1
10

1



68chapter - 8 BINOMIaL theOreM

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.BIswas &  s.BIswas

JMMC RESEARCH  FOUNDATION PUBLICATION

cOMpLETE sOLuTION  TO 

in association with :  

 =  
n
r

n
r

r

n

r

nC
n
r

C

r
n

n
n+

+








=
+
+







 =

+ + + +

=

−

=

−

∑ ∑1
1

1
1

1 2 3

0

1

0

1 ...
++( )1

 =  
n n

n
n+( )

+( )
=

1
2 1 2

86.(a)	 	 The	coefficient	of	xm in
  (1 + x)m + (1 + x)m+1 +......+(1 + x)n

 =  mCm + m+1Cm +.....+ nCm
 =  m+1Cm+1 + m+2Cm + nCm
 =  m+2Cm+1 +.....+ nCm = n+1Cm+1

87.(c)  (21/5 + 31/10)55. Total terms = 55 + 1 = 56
  Tr+1 = 55Cr 2

(55–r)/53r/10

  Here, r = 10, 20, 30, 40, 50.
  Numbers of rational terms = 6
 \  number of irrational terms = 56 – 6 = 50

88.(a)  The given expression can be expanded as
  (1 + 5C1x2 + 5C2x4 +.....) (1 + 4C1x + 4C2x2

  + 4C3x3 + 4C4x4 +.....)
	 	 So	that	the	coefficient	of	x5 is
  (5C1)(4C3) + (5C2)(4C1) = (5)(4) + (10)(4) = 60

89.(d)  The expression can be written as a b
a

m
m

1+



















  Hence it is valid only when b
a

b a< = <1

90.(c)  The given expression can be written as

  5 1 4
5

1 2

1
2−

−

+





x and it is valid only when

  

4
3

1 5
4

x x< ⇒ <

91.(b)  an–r+1(2x)r–1 ] r th term of (a + 2x)n is
  nCr–1(a)n–r+1(2x)r–1

 =  
n

n r r
a xn r r!

! !− +( ) −( ) ( )− + −

1 1
21 1

 =  
n n n r

r
a xn r r−( ) − +( )

−( ) ( )− + −1 2
1

21 1...
!

.

92.(c)  T1 = nC0 = 1.......(i) T2 = nC1ax = 6x.........(ii)
  T1 = nC2(ax)2 = 16x2 ..........(iii)

  From (ii), 
n
n

a na!
!−( )
= ⇒ =

1
6 6 ............(iv)

  From (iii), n n a
−( ) =

1
2

162 .............(v)

  only (c) satisfying equation (iv) and (v)

93.(c)  we have r C x yn
r
r n r

r

n
2

0

−

=
∑

 =  r r r C x y r r C x yn
r
r n r n

r
r n r

r

n

r

n
−( ) +  = −( )− −

==
∑∑ 1 1

00

 =  r r n
r
n
r

C x x y
r

n
n

r
r n r−( ) −

−
=

−
−

−
− −∑ 1 1

12

2
2

2
2 2.

   

+
=

−
−

−
− −∑r n

r
C x x y

r

n
n

r
r n r

1

1
1

1
1

 =  n(n – 1)x2 n
r

r n r

r

n
C x y−

−
− −( )− −( )

=

−

∑ 2
2

2 2 2

2

2

  

+ −
−

− −( )− −( )

=

−

∑nx C x yn
r

r n r

r

n
1

1
1 1 1

2

1

 =  n(n – 1)x2(x + y)n–2 + nx(x + y)n–1

 =  n(n – 1)x2 + nx( x + y = 1)
 =  nx(n – x + 1) = nx(nx + y), ( x + y = 1)

94.(b)  a
k kk

k

n

k

n

= =
∑ ∑= +( )1 1

1
1

 =  1 1
2

1
2

1
3

1 1
1

−





 + −






 + + −

+






...

n n

 =  1 1
1 1 11

2 2
−

+
=

+












=

+








=
∑n

n
n

a n
nk

k

n

95.(a) a bx
a

b
a
x

a
a b

a
x+( ) = +






 = +

−( ) 





 +











−
−

2
2

2

2
1 1 1 2

1!
...

  Equating it to 1
4

3 1− +x ....., we get a = 2, b = 12

96.(a)  a x
a

a x
a

x
a

x
a

+





 +

−





 = +






 + −








− − − −
1
2

1
2

1
2

1
21 1

 =  1 1
2

1
2

3
2

2 1

2
+ −












 +

−





 −





 





 +





 x
a

x
a.

....












 

 +  1 1
2

1
2

3
2

2 1

2
+ −





 −





 +

−





 −






−





 +


x
a

x
a.

....

















 =  2 3
4

2

2+ +
x
a

..., Here odd terms cancel each other.
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97.(b)  (x + 2)–4 = 2–4 1
2 16

1 2 5
2

4
2+





=
1

− + −





−x x x ...

 

98.(d)  1 1

1

1

1
2

1

2

2

2
+ −





=
+ −

×
+ +( )
+ +( )

−
x x

x x

x x

x x

 =  
1

1
1 1

2

2 2
2 2

1
2+ +

+ −
= + + = + +( )x x

x x
x x x x

 =  x x x
+ + + −






 +1 1

2
1
2

1
2 2

2
4

!
...

	 	 Obviously,	co-efficient	of	x is 1.

99.(a)  Let the given series be identical with the expansion

  of (1 + x)n i.e., with 1 + nx + 
n n

x x
−( ) + <

1
2

12

!
...,

  Then, nx
n n

x=
−( ) = =

1
4

1
2

1
4

3
8

3
32

2and . . Solving

  these two equations for n and x. We get x = – 1
2

 and n = – 1
2 \  Sum of the given series 

  
= +( ) = −






 = =
−

1 1 1
2

2 2

1
2

1
2x n

100.(a)		 We	know	that	n! terminates in 0 for n ≥ 5 and 34n terminator
  in 1, ( 34 = 81) \ 3180 = (34)45 

  terminates	in	1.	Also	33 = 27 terminates in 7
 \  3183 = 318033 terminates in 7 ∴ 183.1 + 3183 terminates in 7 i.e, the 

digit in the unit place = 7

101.(d) Middle term of (1 + x)2n  is

  Tn+1 = 2nCnxn = 
2 1 3 5 2 1

2
n
n n

x
n

n
xn n n( ) =

−( )!
! !

. . ....
!

102.(c)  (1 + x) n = nC0 + x nC1 + x2 nC2 +...+ xn nCn
  Put	x = 2 ⇒ 3n = nC0 + 2 nC1 + 22 nC2 + 
  23 nC3 +...+ 2n nC1

103.(b)  By hypothesis, 2n = 4096 = 212  ⇒ n = 12. Since n is even, 
	 	 hence	greatest	co-efficient	=	 n nC

2
 =  12C6 = 

12 11 10 9 8 7
1 2 3 4 5 6

924. . . . .
. . . . .

=

104.(c)  (3 + 2x)50  = 3 1 2
3

50
50

+







x

  

T
T

n r
r

xr

r

+ =
− +1 1 2

3
.

 =  
50 1 2

3
1
5

50 1
5

− +
= =





r
r

n x. . ,

 =  
2 51

15
−( )r
r

when x T
T
r

r
= ≥+1

5
11,

 or,  102 – 2r ≥ 15r or, r ≤ 6.
 \  Maximum value of r = 6. \ the 7th term is maximum

105.(a)		 The	given	series	is	a	geometric	series	where	first	

  term (x + 4)n, common ratio = 
x
x
+
+

3
4

 and number of terms
 
  (n + 1).	The	sum	of	first	(n + 1) terms of the given expansion

 =  x

x
x
x
x

x xn n n+( )
−

+
+









−
+
+

= +( ) − +( )+ +4
1 3

4

1 3
4

4 31 1

 \  the	required	co-efficient	of	xr

 =  n+1 Cr.4
n+1–r – n+1 Cr.3

n+1–r

 =  
n

r n r
n r n r+( )

+ −( )
−( )+ − + −1

1
4 31 1!

! !

106.(b)  Tr+1 in (3 + kx)9 = 9Cr3
9–r (kx)r = 9Cr3

9–rkrxr

 \		 Co-efficient	of	xr = 9Cr3
9–rkr

  Now	co-efficient	of	x2	=	co-efficient	of	x3

 \  9C239–2k2 = 9C339–3k3

 ⇒  36 × 37k2 = 84 × 36k3 ⇒ 36 = 28k ⇒ k = 
9
7

107.(b)  We have nC4an–4(–b)4 + nC5an–5(–b)5 = 0
 ⇒	  nC4a – nC5b = 0

 ⇒	  
a
b

C
C

n
n

n
n

nn

n= =
−( )

−( ) = −5

4 5 5
4 4 4

5
!

! !
.

! !
!

108.(b)  We have 2 1
6

+( ) = +I F .........(1)

  Let 2 1
6

−( ) =G .........(2)

  
0 2 1 1 0 2 1 1

6
< − < ⇒ < −( ) <

 ⇒	  0 < G < 1.(1) + (2) ⇒ I + (F + G)

 =   2 1 2 1
6 6

+( ) + −( )
 =  2 2 2 2 26

0
6 6

2
4 6

4
2 6

6
0

C C C C( ) + ( ) + ( ) + ( )





 =  2(8 + 60 + 30 + 1) = 198 ∈ N
 ⇒	  I + F + G ∈ N ⇒ F + G ∈ N ( I ∈ N)
 ⇒  F + G = 1( 0 ≤ F < 1,0 < G < 1 ⇒ 0 < F + G < 2 )
 \	  I + 1 = 198 or I = 198 – 1 = 197

109.(a)  The(p + 2) th term from the end = the 
  {(2n + 2) – (p + 2 – 1)} th term from the beginning
 =  the (2n – p + 1)th term from the beginning 

 =  2 1
2

2 1 2
21n

n p
n n p

n p
C x

x
+

−
+( )− −( )

−

−
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 =  (–1)p 2 1
2 1

2 2 1n
n p p

x p n+( )
−( ) +( )

− +!
! !

110.(d)  we have, (1 + x2)5 (1 + x)4

 =  (1 + 5C1x2 + 5C2x4 +...)
  × (1 + 4C1x + 4C2x2 + 4C3x3 + 4C4x4)
 =  (1 + 5x2 + 10x4 +.....)(1 + 4x + 6x2 + 4x3 + x4)
  The term giving x5 in the above product is
  (5x2)(4x3) + (10x4)(4x) = (20 + 40)x5 = 60x5

	 	 Hence,	the	co-efficient	is	60.

111.(c)  The number of terms in the expansion of (a + b + c + d)n is

 =  n+4–1 C4–1 = n+3C3 = 
n n n+( ) +( ) +( )1 2 3

6

112.(b)  The given series

 =  1
1
1

1
2

1 1 2
2

1
22 2

2
− 






 +

+( ) 





!

.
!

 –  
1 1 2 1 2 2

3
1
22

3. . .
!

+( ) +( ) 







 +  
1 1 2 1 2 2 1 3 2

4
1
22

4. . . . .
!

....
+( ) +( ) +( ) 






 −

 =  1 1
2

3
2

2
3

2
3

1
2

1
2

1
2

+





 = 






 = 






 =

− −

113.(b) 1 2
1

1
2

2
1

2
+

+






 +

+( )
+







 +n x

x
n n x

x!
....

 

 =  1 2
1

1 2
1

1
1

−
+







 =

+ −
+







 =

−
+









− − −x
x

x x
x

x
x

n n n

 =  
1
1
+
−








x
x

n

 

114.(a)  3 1 3 1
4 4

+( ) + −( )

 =  3 3 1 3 3
4 4

1
3 4

2
2 4

3( ) + ( ) ( ) + ( ) + ( )C C C

 +  4
4

4 4
1

3 4
2

2 4
3

4
43 3 1 3 3C C C C C+ ( ) − ( ) ( ) + ( ) − +

 =  2[9 + 6(3) + 1] = 56 = a rational number

115.(a)  (7C0 + 7C1) + (7C1 + 7C2)+...+ (7C6 + 7C7)
 =  8C1 + 8C2 +..........+ 8C7
 =  (8C0 + 8C1 + 8C2 +.......+8C7 + 8C8) – (8C0 + 8C8)
 = 28 – 1(1 + 1) = 28 – 2 

116.(a)  Given expansion = 1 2
1

1
1

1
1

−
+







 =

−
+







 =

+
−









−x
x

x
x

x
x

n n

117.(c)  Let 2 1
6

+( ) = n + f  where n ∈ N and

  0 < f < 1. \ 2 1
6

+( ) = n + f

 =  6
0

6 6
1

5 6
62 2C C C( ) + ( ) + +....

  Let 2 1
6

+( ) = f ' = 6
0

6 6
1

5
2 2C C( ) − ( ) + ....,0 < f ' < 1

 \  n + f + f ' = 2[6C0.23 + 6C2.22 + 6C4.2 + 6C6]

 =  196 \ 197 < n + f  < 198 ⇒ 197 < 2 1
6

+( ) < 198

 \  n < 2 1
6

+( ) ⇒ the greatest value of the natural 
  number n = 197

118.(d)  Given that 3 3 5
7

+( ) = P + F, 0 ≤ F < 1......(1)

  Let 3 3 5
7

−( ) = S, as 0 3 3 5 2
3 3 5

1< − =
+( ) <

  so 0 < s < 1.........(2)

 \	  (P + F) – S = 3 3 5
7

+( ) =– 3 3 5
7

−( ) =

 =  2 3 3 5 3 3 57
1

6 7
3

4 3C C( ) + ( ) +





. . ...
 =  even integer. Since P is an integer, F–S must be
  integer,  –1 < F – S < 1 so F – S = 0 i.e., F = S

 \  F.(P + F) = S(P + F) = 3 3 5
7

−( ) = 3 3 5
7

+( ) == 27

119.(d)  Let (1 + 2x – 3x2)1025 = a0 + a1x + a2x2 +....
	 	 Putting	x = 1 and x = –1, we get
  0 = a0 + a1 + a2 +.... and –41025 = a0 – a1 + a2 –....
	 	 Adding	2[a0 – a2 + a4 +....] = –4.41024 
  or p = –2.41024 = negative even integer
  and subtracting,we get
  2[a1 + a3 +....] = 41025 ⇒ q = 2.41024

 =  positive even integer.

120.(c)  The sum S
i m i

i

m
=









 −










=
∑ 10 20

1

is	the	co-efficient	of	
 

  xm is the product (1 + x)10 .(1 + x)20 i.e., S = co-efficient	of	xm in 
the expansion of (1 + x)30 = 30Cm 

  which is maximum when m =  
30
2

 = 15 

121.(b)  Each row is bounded by 1.

122.(b)		 Since	co-efficient	of	5th,	6th,	7th	terms	are	in	A.P.
 \  nC4 + nC6 = 2. nC5
 ⇒	  n

n
n

n
n

n
!
! !

!
! !

!
! !−

+
−

=
−4 4 6 6 2 5 5

 ⇒  6.5 + (n – 4)(n – 5) = 2(n – 4).6
 ⇒  30 + n2 – 9n + 60 = 12n – 48
 ⇒	  n2 – 21n + 98 = 0 ⇒ n = 7, 14

123.(c)		 Here	L.C.M	(2,	3)	=	6.	So	the	co-efficient	of	tr+1 is an 
  integer if r is multiple of 6, 0 ≤ r ≤ 300. If number of such
  terms is k, then 0 + (k – 1)6 = 300 or k = 51

124.(c)  The (r + 1)th term of the given expression is 
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  tr+1 = 12Cr sin12–rθ.cosrθx12–2r. If the term is independent of 
  x then 12 – 2r = 0 or, r = 6.
  So the term free from x is t7 = 12C6(sinθ.cosθ)

 =  
1
64

212
6

6. sinC θ( )
		|sinθ|	≤ 1	for	all	real	θ,	

  the greatest value of the term independent of x is 
1
64

212
6

6. sinC θ( ) 

125.(d) nC4 , 
nC5 , 

nC6	are	in	A.P.	⇒ nC4 + nC6 = 2 nC5

 ⇒	  
1
4 4

1
6 6

2 1
5 5n n n−( )

+
−( )

=
−( )! ! ! !

.
! !

 ⇒  6 × 5 + (n – 4)(n – 5) = 12(n – 4)
 ⇒	  n2 – 21n + 98 = 0 ⇒ n = 7,14

126.(a)		 The	co-efficient	of	xn in (1 + x)2n and (1 + x)2n–1  are 2nCn and 2n–1Cn 
respectively.

 So  
a
a

C
C

n
n

n
n

1

2

2

2 1
2
1

= =−

127.(d)		 According	to	question,	
  4C2α

2 = 6C3(–α)
3 ⇒	α2[6	+	20α]	=	0

 ⇒	 	α	=	 − ≠
3

10
10[ ]α

128.(c)  Here 10150 – 9950 = (100 + 1)50 – (100 – 1)50

 =  2[50C1.10049 + 50C3.10047 +...]
 =  2[50.10049 + 50C310047 +....]
 =  100 50 + 2.50C310047

 +..... > 10050

  So, 10150 > 10050 + 9950

129.(b)  Here 1
1

2
2− +

−( ) −








my
m m

y .......

   
1

1
2

2− +
−( ) +









ny
n n

y .......

 =  1 + (n – m) y + 
m n m n

y
−( ) − +( ) +

2
2

2
....

 =  1 + 10y + 10y2 + .....(given) ⇒ n – m = 10 and 

  

100
2

10 10
− +( ) = ⇒ − =
m n

n m
 

  and n + m = 80 ⇒ n = 45, m = 35

130.(d)  Here tr+1 = 4n–2Cr(ix)r, r = 0, 1, 2,...,4n – 2
  Since x > 0, so tr+1 is a negetive real number when r = 2,6,10
  etc. \ if k be the number of such terms then 
  2 + (k – 1)4 = 4n – 2[ 4n – 2	is	the	last	term	of	the	A.P]
 ⇒  k = n

131.(c)  (x + a)n = (t1 + t3 + t5 +.......) + (t2 + t4 + t6 +.......)
 \	  (x + a)n = P + Q......(A) and
  (x – a)n = (t1 + t3 + t5 +.......) – (t2 + t4 + t6 +.......)

  (x – a)n = P – Q......(B). Squaring and subtracting 
  (A) and (B) we get
  (x + a)2n – (x – a)2n = (P + Q)2 – (P – Q)2 = 4PQ

132.(b)  (1 – 3x + 6x2 – 10x3	+...∞)–n

 =  (1 + x–3)–n = (1 + x)3n

  Now	for	the	co-efficient	of	xn consider
  Tr+1 = 3nCr(x)r = Crx

r
 taking	r = n for	co-efficient	of	xn

 \		 Co-efficient	of	xn = 3 2
2

n
nC

n
n n

=
!

! !

133.(c ) 
3 5
1

3 5 12
2−

−( )
= −( ) −( )−x

x
x x

 =  (3 – 5x)(1 + 2x + 3x2 +...+50x49 + 51x50 +...)
 \		 Required	co-efficient
 =  3 × 51 – 5 × 50 = 153 – 250 = – 97

134.(a)  No. of the terms in the expansion (1 + x)4n are 4n + 1(odd),
  number of terms are odd, so there is only one middle term

  which is 4
2

1n
+






 th term i.e., (2n + 1)th term is the middle

  term.  

135.(b)  7 995 8 0 005 8 1 0 005
8

1
3

1
3

1
3

1
3. . .( ) = −( ) = ( ) −








 =  2 1 1
3

0 005
8

1
3

1
3

1

2
0 005

8

2
− × +







 −





 

























.
!

.

 =  2[1 – 0.000208] = 1.999584 = 1.9996

136.(d)  We have (x)12–r 1
2

0

x
x

r






 =

 ⇒ x12–3r = x0 ⇒ r = 4

  Hence the required term is 12C428 −





 =

1
2

7920
4

137.(a)  T
T

N r
r

xr

r

+ =
− +1 1.

  Here, N = 2n + 1 ⇒ 
T
T

n r
r

xr

r

+ =
+ −1 2 2 .

 \	  Tr+1	≥	Tr
 ⇒ 2n + 2 – r ≥ r

 ⇒  2n + 2	≥	2r ⇒ r ≤ n + 1 \ r = n

  Tr+1 = Tn+1 = 2n+1Cn+1 = 
2 1

1
n

n n
+( )

+( )
!

! !

138.(c)		 Putting	the	values	of	C0, C2, C4........, we get
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= +

−( ) + −( ) −( ) −( ) +1
1

3 2
1 2 3

5 4
n n n n n n

. ! . !
...

  

=
+

+( ) + +( ) −( ) +

+( ) −( ) −( ) −( )















1

1

1
1 1

3
1 1 2 3

5
n

n
n n n

n n n n n
!

!



 
	 	 Put	n + 1 = N

  

=
+

+( ) −( ) +

+
−( ) −( ) −( ) −( ) +


















1
1 2
3
1 2 3 4

5
N

N
N N N

N N N N N
!

!
...

  

1 2 2
1

11

N n
N nN

n
−{ } = +

= +{ }

139.(d)		 Sum	of	the	co-efficient	of	odd	powers	of	
  x = C1 + C3 + C5 +...= 2n–1

140.(b)  L.H.S = a[C0 – C1 + C2 – C3  +...(–1)n. Cn]
  + [C1 – 2C2 – 3C3  +...(–1)n–1n. Cn]
  = a.0 + 0 = 0

141.(c)	As	we	know	that

  n n n n n n n
nC C C C C C0 1

2
2
2

3
2

3
2 21 0− + − − + + −( ) =... .  (if n is 

  odd) and in the question n = 15(odd)

142.(a)  111...1 (91 times) = 1 + 10 + 102 +...1090

  =
−
−

=
( ) −

−
=

−10 1
10 1

10 1

10 1
1

9

91 7 13
13t , where t = 107

 

 
=

−





 + + + +( )t t t t1

9
112 11 ...

 
=

−
−









 + + + +( )10 1

10 1
1

7
2 12t t t...

 =  (1 + 10 + 102 +...+106)(1 + t + t2 +...+t12)
 \  111......1(91 times) is a composite number.

143.(c)  Comparing the given expression to

  1
1

2
12+ +

−( ) + + +( )nx
n n

x x n
!

..... ,i.e. , we get

  
nx

n n
x x n= −

−( ) = ⇒ = = −
1
8

1
2

3
128

1
4

1
2

2and
!

,

 Hence  1 1
8

1
8

3
16

1 1
4

2
5

1
2

− + − = +





 =
−

. ...

144.(b)  2 2 2 2 1
4 4 4

+( ) = ( ) +( )

  

=
+ ( ) + ( ) + ( )

+ ( )

















4
2 2 2

2

4
0

4
1

4
2

2 4
3

3

4
4

4

C C C C

C

  
= + + + +





4 1 4 2 4 3
2

2 4 3 2
1 2 3

2 2 4. . . .
. .

.

  
= + + + +



 = +



4 1 4 2 12 8 2 4 4 17 12 2

 =  4 12 17 4 34 136+ ≅( )  = [ ] =
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1.(b)  x is very large, 1
x

 is very small then

  

x x x
x x

2 2
2

1
2

2

1
216 9 1 16 1 9

+ − + = +





 − +






















 =  x
x x x x

x1 8 1 9
2

8 9
2

7 22 2+





 − +















= − =

2.(b)  
1 1

1 1

1
2

1 2
3

1
2

1

2 7
6

2 3
2

1
2

2
3

1
2

+( ) + +( )

+( ) + +( )
=

+ + +

+ + +
=

+

+

x x

x x

x x

x x

x

x

 

 =  
1 7

12

1 3
4

1 7
12

1 3
4

+







+







= +





 +







x

x
x x

 =  1 7
12

1 3
4

1 3
4

7
12

+





 −





 = − +

x x x x

 =  1 2
12

1
6

1 1
6

− = − ∴ = = −
x x a b,

3.(b)  7 995 8 0 005 2 1 0 005
8

1
3

1
3

1
3. . .( ) = −( ) = −








 =  2 1 5
8000

2 1 1
1600

1
3

1
3

−





 = −








 =  2 1 1
4800

2 4799
4800

1 9996−





 = =. .

4.(b)  (1 – 9x + 20x 2)–1 = (1 – 4x)–1(1 – 5x)–1

 =  [1 + (4x) + (4x)2 + (4x)3 +...+ (4x)n +...]
 ×  [1 + (5x) + (5x)2 + (5x)3 +...+ (5x)n +...]
	 	 coefficient	of	xn = 5n + 4.5n–1 + 42.5n–2 +...+ 4n

 =  5 1 4
5

4
5

4
5

2
n

n
+ 





 +







 + + 
































.....

 =  5
1 4

5

1 4
5

5 5 4 5
5

n

n

n n n
n. .

− 







−
= −( )

 =  5n+1 – 5.4n = 5n+1 – (4 + 1)4n = 5n+1 – 4n+1 – 4n

5.(a)  (a + b)(a – b) + 
1
2!

(a + b)(a – b)(a2 + b2)

 +  
1
3!

(a + b)(a – b)(a4 + a2b2 + b4) +.....

 =  a b
a b a b2 2

4 4 6 6

2 3
−( ) + −( )

+
−( )

+
! !

.......

 =  a
a a b b b2

4 6
2

4 6

2 3 2 3
+ + +









 − + + +









! !

........
! !

......

 =  e ea b2 2
−

6.(b)  S = − + − +
1

1 2
1

2 3
1

3 4
1

4 5. . . .
..........

 =  1 1
2

1
2

1
3

1
3

1
4

1
4

1
5

−





 − −






 + −






 − −






 + .......

 =  1 – 2 1
2

1
3

1
4

− + −







.....

 =  1 + 2{log2 – 1} = 2log2 – 1 = log(4/e)
 ∴  es = 4/e

7(a)  a n
n

n
nn n

=
−( )

=
−( ) +
−( )=

∞

=

∞

∑ ∑2
2 1

2 1 1
2 11 1! !

 =  
1

2 2
1

2 11 n n
e

n −( )
+

−( )








 =

=

∞

∑ ! !

  and b = 
1

2
1

2 11

1

n n
e

n ( )
−

+( )








 =

=

∞
−∑ ! !

 ∴	  ab = 1.

8.(b)  1 2 1
2

3 1
3

4 1
4

2 2+
−






 +

−





 +

−





 +

! ! !
.....x x x

 =  1 + 
x x x x x x
1 2 2 3 3 4

2 2 3 3

! ! ! ! ! !
......− + − + − +

 =  1
1 2 3

1
2 3 4

3 2 3 4
+ + + +









 − + + +










x x x
x

x x x
! ! !

.....
! ! !

......

 =  e
x
e x

e x x
x

x x
x

− − −( ) = −( ) + +1 1
1 1

9.(d)  log log log ...........
2 2 22 2 22 2 2− + −

 =  
1
2

1
3

1
4

22− + −





........ log

 =  − − + − +





 = − −( )1

2
1
3

1
4

2 1.... loge

in association with :  
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 =  1 – loge2

10.(c)  S = – loge 1 1
1 1

−
+







 = − +







n

n
nelog

 =  loge 1 1 1 1
2

1
32 2+






 = − + =
n n n n

T.........

 
11.(a)  Given expression = e.e–1 = 1

12.(b)  T n
n

n
n nn = +( )

=
+( )
+( )

−
+( )

2
2 1

2 1
2 1

1
2 1! ! !

 =  
1

2
1

2 1n n( )
−

+( )! !

  

T en∑ −





 + −

1





 + = −1

2
1
3

1
4 5

1

! ! ! !
.......

13.(c)  T n
n

n n
n nn =

+ + + +
+( )

=
+( )
+( )

=
−( )

1 2 3
1

1
2 1

1
2

1
1

.....
! ! !

  

T
n

en∑ ∑=
−( )

=
1
2

1
1

1
2!

14.(c)  T
n nn

n n
=

+ + + +
=

−
−

−1 2 2 2 2 1
2 1

12 1.......
! !

 ⇒	  T
n nn

n
= −

2 1
! !

 ∴	  T n
n n

e en∑ ∑ ∑= − = −
2 1 2

! !

15.(c)  T n
nn =

+ + + +1 2 32 2 2 2......
!

 =  
n n n

n
n n

n
+( ) +( ) = + +

−( )
1 2 1
6

2 3 1
6 1

2

. ! !

 =  

1
6

2 1 2 9 1 6

1

n n n

n

−( ) −( ) + −( ) + 

−( )!

 ∴	  
T

n n nn∑ ∑=
−( )

+
−( )

+
−( )

1
6

2
3

9
2

6
1! ! !

 =  
1
6

2 9 6 17
6

e e e e+ +[ ] =

16.(c)  Given expression = − −
−





log 1 a b
a

 =  − 



=log logb

a
a
b

17.(c)  T n
n

n n n
nn = +( )

=
+( ) − +( ) +

+( )
2

2
2 2 2 4

2! !

 =  
n

n n n+( )
−

+( )
+

+( )1
2

1
4

2! ! !

 =  
1 1

1
2

1
4

2n n n n! ! ! !
−

+( )
−

+( )
+

+( ) 

 ∴	  S T
n n nn= = −

+( )
+

+( )

∞ ∞ ∞ ∞

∑ ∑ ∑ ∑
1 1 1 1

1 3 1
1

4 4
2! ! !

 =  e e e e−( ) − −( ) + − + +















 = −1 3 2 4 1 1 1

2
2 5

18.(d)  T n
n

n n n
nn = +( )

=
+( ) − − +

+( )
2

1
1 1 1

1! !

 =  
n
n n n n n n! ! ! ! ! !
− +

−( )
=

−( )
− +

+( )
1 1

1
1

1
1 1

1

  

T
n n nn∑ ∑= −( )

− +
+( )













1
1

1 1
1! ! !

 =  e – (e – 1) + (e – 2) = e – 1

19.(a)  Given series = + + +




− + +





1
1 2

1
3 4

1
5 6

1
2 5

1
4 5. . .

........
. .

..........
 

 =  1 1
2

1
3

1
4

1
5

1
6

−





 + −






 + −






 +









......

  
− −





 + −






 +











1
2

1
3

1
4

1
5

.......

 =  log2 – [1 – log2] = 2log2 – 1 = loge 4 – logee

 =  loge e
4

20.(d)  T
n n

n
n n
nn =

+( ) = +( ).
. . ..... !

2
1 2 3

2

 
=

+
−( )

=
−
−( )

+
−( )

=
−( )

+
−( )

n
n

n
n n n n

2
1

1
1

3
1

1
2

3
1! ! ! ! !

 

T
n n

e e en∑ ∑ ∑=
−( )

+
−( )

= + =
1

2
3 1

1
3 4

! !

21.(a)  ex = (1 – x)(B0 + B1x +......+ Bnxn +.....)

 ⇒	  1
2 3

2 2
+ + + + + +x x x x

n

n

! !
......

!
.....

 =  (1 – x)(B0 + B1x +......+ Bnxn +....)
	 	 Comparing	the	coefficients	of	x n

  

1
1n

B Bn n!
= − −

22.(a)  Given expression 

  

= = = + + ( ) + + ( )











+e e e e bx
bx bx

n
a bx n bx a

n
1

2

2

!
....

!
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	 	 Coefficient	of	xn = 
e b
n

a n

!

23.(c)  Given expression = e elog 2 1 2 1 1− = − =
 

24.(b)  Given expression = 

e e

e e
e e

e e

+
−

−
=

+ −
−

−

−

−

−

1

1

1

1
2

1

2

2

 =  
e e

e
e
e

e
e

2

2

2

2
2 1

1
1
1

1
1

− +
−

=
−( )
−( ) =

−
+

 

25.(b)  Given expression = 

e e

e e
e
e

+

−
=

+
−

−

−

1

1

2

2
2

2

1
1

26.(a)  Given expression = e e xlog

27.(c)  Given expression =
+







 −

−









− −e e e eax ax ax ax

2 2

2 2

  = 
1
4

4 1. .e eax ax− =

28.(a)  Given expression = log log1 1 1 1
+






 − −






n n

 =  log / logn
n

n
n

n
n

+







−















 =

+
−









1 1 1
1

 =  log(n + 1) – log(n – 1)

29.(a) y = log(1 + x) ⇒ (1 + x) = e x

 ∴ 1 + x = 1 + y + 
y y y2 3 4

2 3 4! ! !
......+ + +

30.(a)  Given expression = x x x2 2 2 2 31
2

1
3

+ ( ) + ( )



! !

........

 –  y y y2 2 2 2 31
2

1
3

+ ( ) + ( )



! !

........

 =  e e e ex y x y2 2 2 2
1 1−( ) − −( ) = −

31.(a)  
e e
e

e
e

e
e

e e
x x

x

x

x

x

x
x x

5

3

5

3 3
2 2+

= + = + −

 =  2 1 2
2

2
4

2 2 4 4
+ + +













x x
! !

.......

32.(c)  Given expression = 
e e n ne en nlog log+

=
+− −

2 2

1

33.(a)  Given expression 

 =  − − + ( ) − ( ) +











= − +−0 5

0 5
2

0 5
3

1
2 3

0 5.
.
!

.
!

....... .e

34.(a)  logex + loge (1 + x) = 0 ⇒ loge x(x + 1) = 0
 ⇒  x2 + x = e0 = 1 ⇒ x2 + x – 1 = 0

35.(d) Given expression = −





 + −






 + −






 +1 1

2
1 1

3
1 1

4
2 3 4x x x ......

 =  (x2 + x3 + x4 +.......) – x x x2 3 4

2 3 4
+ + +









.......

 =  
x

x
x x

2

1
1

−
+ −( ) + log

 =  
x

x
x x x

x
x

2

1
1

1
1

−
+ + −( ) =

−
+ −( )log log

36.(a)  Given expression 

 =  2 1 1
2

2 1
2

1
2

2 1
3

1
22 5−( ) + −






 + −






 +. .....

 =  2 1
2

1
2

1
2

1
2

1
2

1
2

1
3

1
22 3 2 3+ + +




− − − −..... . . ........

 =  2

1
2

1 1
2

1 1
2

2 1
2

2 2
−

− − −















 = + = −log log log

37.(b)  ex = y y e
y y

x+ + =
+ +( )

−1 1

1
2

2
,

  

y y

y y

− +( )
− +( )

1

1

2

2

  
e y y y yx− = − − +( ) = + −1 12 2

 

  
e e y y e ex x

x x
− = ⇒ =

−−
−

2
2

38.(a)	 	 If	α,	β	are	the	roots	of	x2 – px + q = 0
 ∴		 α	+	β	=	p and q = αβ
 ∴  1 + px + qx2	=	1	+	(α	+	β)x + αβx2

 ∴	 	log(1 + px + qx2)
	 =		 log[1	+	(α	+	β)x + αβx2]
	 =	 	log[(1	+	αx)(1	+	βx)]	=	log(1	+	αx)	+	log(1	+	βx)

  
= − ( ) + ( ) − ( ) +α

α α α
x

x x x2 3 4

2 3 4
........
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+ − ( ) + ( ) − ( ) +β

β β β
x

x x x2 3 4

2 3 4
.......

	 =		 (α	+	β)x – 
α β α β2 2

2
3 3

3

2 3

+( )
+

+( )
x x .........

 =  loge
x
x xe
+






 = +








1 1 1log

39.(a)  
1

1
1

2 1
1

3 12 3x x x+
+

+( )
+

+( )
+ .......

 =  –log 1 1
1 1

−
+







 − +







x

x
x

log

 =  log 1 1
1 1

−
+







 − +







x

x
x

log

40.(c)  L.H.S = log(x + 1) – log(x – 1)

 =  log log .....x
x

x

x
x x x

+
−

=
+








−







= + + +





1
1

1 1

1 1
2 1 1

3
1

53 5 

41.(c)  y = loge(1 – x3) ⇒ ey = 1 – x3

 ⇒	  x3 = 1 – ey ⇒ x = (1 – ey)1/3

42.(d)  (1 – x)loge(1 – x) = (1 – x) − + + + +






















x x x x2 3 4

2 3 4
........

 =  (x – 1) x x x x
+ + + +











2 3 4

2 3 4
........

	 	 Coefficient	of	 x4 1
3

1
4

1
12

= − =

43.(c)  log(1 + 3x + 2x2)
 =  log(1 + x)(1 + 2x) = log(1 + x) + log(1 + 2x)

 =  x x x x
− + − +













2 3 4

2 3 4
........

 +  2
2
2

2
3

2
4

2 3 4

x
x x x

− ( ) + ( ) − ( ) +












......

 =  3 5
2

3 17
4

2 3 4x x x x− + − +





.......

44.(a)  L.H.S = 
1
2

1
1

1
3

1
2

1
3

1
52−






 + −






 + .......

 =  
1

1 2
1

2 3
1

3 4
1

4 5. . . .
........− + − +

 

 =  1 1
2

1
2

1
3

1
3

1
4

−





 − −






 + −






 + .......

 
 =  2log2 – 1

45.(b)  L.H.S = 
1 3
1 3

2 4
2 4

5 7
5 7

6 8
6 8

+
−

+
+

+
−

+
+

. . . .
.....

 =  1 1
3

1
2

1
4

1
5

1
7

1
6

1
8

+





 − +






 + +






 − +






 + ....

 =  1
1
2

1
3

1
4

1
5

1
6

1
7

1
8

2− + − + − + − + =...... loge

46.(b)  L.H.S. = 1 + 2
1
3

1
4

1
5

− + −





......

 =  2 2
2

2 1
3

1
4

1
5

−





 + − +






.....

 =  2 1 1
2

1
3

1
4

1
5

− + − +





..... = 2loge2 = loge4

47.(c)  b = loge(1 + a) ⇒ eb
 = 1 + a ⇒ a = – 1 + eb

 =  – 1 + 1
2 3 2 3

2 2 2 3
+ + + +









 = + + +b b b b b b

! !
....

! !
........

48.(c)  L.H.S. = e(1+x) – 1 = e.ex – 1

 =  e x x x
n

n
1 12+ + + + +











−.....

!
......

 ∴  Coefficient of x
e
n

n =
!

 

49.(a)  T
n n
n

n n
nn =

+( )
−( )

=
−( ) +( )

−( )
4

1
1 4

1! !

  + 
n
n

n
n

n
n n

+( )
−( )

=
+
−( )

+
−
−( )

+
−( )

4
1

4
2

1
1

5
1! ! ! !

 =  
n
n n n
−
−( )

+
−( )

+
−( )

2
2

7
2

5
1! ! !

 =  
1

3
7

2
5

1
13

n n n
e

−( )
+

−( )
+

−( )
=

! ! !

50.(a)  Given series = log log log .....3 3 32 3e e e− + −

 =  log log log ......3 3 3
1
2

1
3

e e e− + −

 =  log ........3 1 1
2

1
3

1
4

e − + − +





 =  log .log log
log

log3 32 2
3

2e e
e

e
= =
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51.(b)  91/3.91/9.91/27..........∞	=	 9 9
1
3

1
9

1
27

1 3
1 1 3

+ + + ∞
−=

.......
/

 =  9 9 3
1 3
2 3 1 2/ /= =

52.(a)  Since, r > 1, 1 1
1 1 1r

x a

r

ar
r

< ∴ =
−

=
−

  Similarly y = 
b

r

br
r1 1 1− −








=
+

 and 

  z c

r

cr
r

=
−

=
−1 1 1

2

2

2
...............(1)

 ∴	  xy = 
ar
r

br
r

abr
r−

×
+

=
−1 1 1

2

2 ..........(2)

  Dividing (2) by (1) we get

  

xy
z

abr
r

r
cr

ab
c

=
−

×
−

=
2

2

2

21
1

53.(a)  We have 3
4

5
4

3
4

5
4

3
4

5
42 3 4 5 6− + − + − + ...... sum

 =  
3
4

3
4

3
4

5
4

5
4

5
43 5 2 4 6+ + + ∞






 − + + + ∞






..... .......

 =  
3 4

1 1 4
5 4

1 1
4

2

2

2− ( )
−

− 







 

 =  
3
4

16
15

5
16

16
15

4
5

1
3

12 5
5 3

7
15

× − × = − =
−

=
. 

54.(b)  We have 21/4.41/8.81/16.161/32.......
 =  21/4.22/8.23/16.24/32.......
 =  21/4+2/8+3/16+4/32+...........

  Let S = 
1
4

2
8

3
16

4
32

+ + + + ...............(1)

 ∴	  1
2

1
8

2
16

3
32

S = + + + ......... (2)

  Subtracting (2) from (1) we get

  

1
2

1
4

1
8

1
16

1
32

S = + + + + .........

 =  
1 4

1 1 2
1
4

2
1

1
2−

= × =

 ∴  S = 1  ∴ the given expression = 21 = 2.

55.(c) The given series

  
= + + + ∞





 + + + + ∞








1
5

1
5

1
5

1
7

1
7

1
73 5 2 4 6.......... ........

 =  
1 5

1 1 25
1 7

1 1 49
5
24

1
48

11
48

2

−
+

−
= + =

56.(a)  . .123 123232323
 

= ............

 =  
1

10
23

1000
23

100000
+ + + ........

 =  
1

10
23 1

10
1

10
1

103 2 7+ + + + ∞





.......

 =  
1

10
23 1 10

1 1 10
1

10
23

990

3

2+
− ( ) = +.

 =  
99 23

990
122
990

61
495

+
= =

57.(d)  We have 1
4

1
8

1
16

1 4

1 1
2

1
2

2 1+ + + ∞ =
−

= = −.......

 ∴	  0 2 5
1
4

1
8

1
16. log .......( ) + + + ∞








 =  
1
5

5 5 5
5

2 1
5 5 5

21
1

1 2
2 2 2 2






 = ( ) = =

−

−
−

( )
log

/
log log log

 = 22 = 4

58.(a)  The given series

  
= + + + =

+
+

+
+

+
+

2
1

4
3

6
5

1 1
1

3 1
3

5 1
5! ! !

........
! ! !

.....

  
= + + + + + +1 1

1
3
3

1
3

5
5

1
5! ! ! ! !

......

  
= + + + + + + =1 1

1
1
2

1
3

1
4

1
5! ! ! ! !

...... e
 

59.(a)  We have 1 3
2

5
4

7
6

+ + + + ∞
! ! !

......

 =  1
2 1

2
4 1

4
6 1
6

+
+

+
+

+
+

+ ∞
! ! !

......

 =  1
2
2

1
2

4
4

1
4

6
6

1
6

+ +





 + +






 + +






 + ∞

! ! ! ! ! !
......

 =  1
1
1

1
2

1
3

1
4

1
5

1
6

+ + + + + + + ∞ =
! ! ! ! ! !

......... e

60.(a)  We have

  
e x x x x

n
x

n
2

2 3

1 2
1

2
2

2
3

2
= + + ( ) + ( ) + + ( ) +

! ! !
.....

!
........

 =  1
2
1

2
1

2
3

22 2 3 3
+ + + + + +
x x x x

n

n n

! ! !
......

!
.......
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 ∴		 The	coefficient	of	xn in the expasion of e
n

x
n

2 2
=

!

61.(c)  
1

1 1
1 1

1 1 1−( ) −( )
=

−( ) − −( )
−( ) −( ) −( )x ax
ax a x
a x ax

 =  
1

1
1

1 1− −
−

−




a x

a
ax

 =  
1

1
1 11 1

−
−( ) − −( )





− −

a
x a ax

 =  
1

1
1 11 1

−
−( ) − −( )





− −

a
x a ax[(1 + x + x2 + x3 +......) –a(1 + ax + a 2x2)]

   [ 0 < x < 1 and 0 < ax < 1]

 =  
1

1
1 11 1

−
−( ) − −( )





− −

a
x a ax(1 – a) + (1 – a2)x

 +  (1 – a3)x2 + (1 – a4)x3 +.........]
 =  1 +(1 + a)x + (1 + a + a2)x2 + (1 + a + a2 + a2)x3 +.......

62.(a)  Given series = 1 1
3

1
2

1
5

1
2

2 4
+ 






 + 






 + ....

 =  2 1
2

1
3

1
2

1
5

1
2

3 5
+ 






 + 






 +













......  

 =  2 1
3

1
5

1
2

3 5x x x x+ + +





=..... where

 =  2 1
2

1
1

1
1

1 1
2

1 1
2

3 2
1 2

. log log log log+
−

=
+
−

=
+

−
=

x
x

x
x 

 =  log3

63.(c)  The given series 3 2 1
4

1
2

1
4

1
3

1
4

2 3
log .....+ − 






 + 






 −

 =  log23 + x x x x− + −








 =





2 3

2 3
1
4

...... where

 = l og8 + log(1 + x) = log8 + log 1 1
4

+







 =  log8 + log 5
4

8 5
4

10= ×





 =log log

64.(a)  The given series

 =  log2 + 2
3 5

3 5
x x x
+ + +













......   where x = 1
5

 =  log2 + log 1
1

2
1 1

5
1 1

5

+
−

= +
+

−

















x
x

log log

 =  log2 + log 6
5

5
4

×







 =  log2 + log 3
2

2 3
2

3= ×





 =log log

65.(c)  The general term of the given series is 

  

T
n

S T
n nn

n

n n
n

n

n

=
−

⇒ = = −










=

∞

=

∞

∑ ∑2 1 2 1

1 1! ! !

 =  (e2 – 1) – (e – 1) = e2 – e = e(e – 1)

66.(b)  The general term of the given series is,

  
T a a a

n

a a

nn

n n

=
+ + + +

=
−( ) −( )−1 1 1 12 1.......

!

. /

!
	 	 (series	in	the	numerator	is	G.P.	with	first	term	as	1	and	common	

ratio a)

 =  
1

1
1

a
a
n n

n

−( )
−











! !

. Putting n = 1, 2, 3,.......and adding
 
  we get the given series

 =  
1

1 1 2 3
1
1

1
2

1
3

2 3

a
a a a

−( )
+ + +









 − + + +













! ! !
....

! ! !
....









 =  
1

1
1 1

1
1

a
e e e e

a
a

a

−( )
−( ) − −( )



 =

−
−

67.(a)  We have, 1 1
2 2

1
4 4n n n! ! ! ! !

......+
−( )

+
−( )

+ ∞

 =  
1 2

0 2 4

1

n
C C C

n
n n n

n

!
......

!
+ + ∞



 =

−

68.(d)  We have, 1 3 1 3
2

2− −
= − −( ) −x x

e
x x ex

x

 =  (1 – 3x – x2) 1
2 3 4

2 3 4
− + − + ∞









x x x x

! ! !
.......

	 	 Coefficient	of	x4 = 
1
4

1
2

1
2

1
24

1
2

1
2

1
24! !

+ − = + − =

69.(a)  S
y
a

y
a

ya=
+ −( ) 
+ −( ) 

= =
log
log

log
log

log
1 1
1 1

 
70.(d)  Given series 

 =  1 1
1

1
2

1
3

1
1

1
3

1
5

+ + + +





 + + + +






! ! !

......
! ! !

........

  = + −( ) = −( )− −e e e e e1
2

1
2

31 1

71.(c)  1
2 4

2 4

+ ( ) + ( ) +
log

!
log

!
.......e en n
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 =  
e e e en n n nlog log log log+

=
+− −

2 2

1

 =  
n n+ −1

2

72.(a)  We have e x x x xx = + + + + +1
2 3 4

2 3 4

! ! !
.......

  Putting x = 
1
2

 we get 

  
e = + + 






 + 






 + 






1 1

2
1
2

1
2

1
3

1
2

1
4

1
2

2 3 4

! ! !

  + 
1
5

1
2

1 0 5 0 12500 0 02083
5

!
.... . . .






 + = + + +

  + 0.00260 + 0.00026 = 1.64869 = 1.648
  (rounded off to three places of decimals)

73.(c)  We have 1
2 4 2

2 4 2 2

+ + +








 =

+









−x x e ex x

! !
......

 =  
1
4

22 2e ex x+ +( )−

 =  
1
4

1 2 2
2

2
3

2 2 3 3
+ + + +









x x x

! !
......

 +  1 2 2
2

2
3

2
2 2 2 3

− + − +








 +x x x

! !
.....

 =  
1
2

1 2
2

2
4

1
2 2 4 4

− + + +












x x
! !

....

 =  1 2
2

2
4

2
3

4
+ + +.

! !
......x x

74.(a)  The given series is, 

  
x y x y x y2 2 4 4 2 3 2 31

2
1
3

−( ) + −( ) + ( ) − ( ){ }+ ∞
! !

.......
  

  
= −( ) + −( ) + −( ) + ∞x y x y x y2 2 4 4 6 61

2
1
3! !

.......

 =  x x x2 4 61
2

1
3

+ + + ∞



! !

.......

 –  y y y2 4 61
2

1
3

+ + +



! !

.......

 =  e e e ex y x x2 2 2 2
1 1−( ) − −( ) = −

75.(a)  we have 1 1
2

2− −
= − −( ) −ax x

e
ax x ex

x

 =  1 12

0

− −( ) −( )
=

∞

∑ax x x
r

r
r

r !

 =  −( ) + −( ) −( )











− −( )





=

∞

=

∞

∑ ∑1 1 1
0

2

0

r
r r

r

r
r

r

x
r

ax x
r

x x
r! ! !





=

∞

∑
r 0

 =  −( ) + −( )











+ −( )+

+

=

∞
+

+

=

∞

=
∑ ∑1 1 11

1

0

1
2

0

r
r

r
r

r

r
r

rr

x
r

a x
r

x
r! ! !00

∞

∑

 ∴		 Cofficient	of	xr in 1 2− −









ax x
ex

 =  coff. of xr in −( )












=

∞

∑ 1
0

r
r

r

x
r!

 +  coff. of xr in a x
r

r
r

r

−( )












+
+

=

∞

∑ 1 1
1

0 !

 +  coff. of xr in −( )












+
+

=

∞

∑ 1 1
2

0

r
r

r

x
r!

 =  −( ) +
−( )
−( )

+
−( )
−( )

−

1 1 1
1

1
2

1
r

r r

r
a
r r! ! !

 [On replacing r by r – 1 and (r – 2) respectively in the second and third terms]

 =  −( ) +
−( ) +

−( ) −( )−

1 1 1 1 11
r

r r

r
ar

r
r r
r! ! !

 =  
−( ) + − −( ) 

1
1 1

r

r
ar r r

!

76.(c)  We have a
n

n
n n
n

n
n

n
nn = =

+( )
( )

= +
( )












∑

! ! ! !
1

2
1
2

2

 ∴	  a n
n

n
nn

n nn=

∞

=

∞

=

∞

∑ ∑∑= +










1

2

11

1
2 ! !

 ⇒	  a e e e
n

n=

∞

∑ = +{ } =
1

1
2

2 3
2

77.(d)  We have, e e
e

e e
x x

x
x x

7

3
4 2+

= + −

 =  
4 2

0 0

x
n

x
n

n

n

n

n

( ) +
−( )

=

∞

=

∞

∑ ∑! !

 ∴		 Coefficient	of	x n in

  

e e
e n n

x x

x

n n n7

3
4 1 2+







 = +

−( )
! !

 =  
4 2n n

n
+ −( )

!

 

78.(c)  x e x e= + + + + + = ∴ =− −1 2
1

2
2

2
3

2
4

2 2 4
2 1 2

! ! ! !
....
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79.(b)  We have S C
n

n
n n

n
n

n

n

n

= =
−( )

−

=

∞ −

=

∞

∑ ∑2

2

2

2

2

3 3
2 2!

!
! ! !

 =  
1
2

3
2

1
2

2

2

3
n

n n
e

−

=

∞

−( )
=∑ !

  ∴ 2S = e3

80.(b)  The n th term of the given series is

  
T

n
nn =
−( )

( )
1 3 5 7 2 1
1 2 3 4 5 2
. . . .........
. . . . .......

 =  
1 2 3 4 5 6 7 2 2 2 1 2

1 2 3 4 5 6 7 2
. . . . . . .......

. . . . . . .......
n n n

n
−( ) −( )( )

−−( )( )1 2n

  
×

−( )( )
=

1
2 4 6 2 2 2

1
2. . ...... !n n nn

 ∴	  T
n n

en
n

n

n

n

n=

∞

=

∞

=

∞

∑ ∑ ∑= ( ) = ( ) − = −
1 1 1

1 21 2 1 2
1 1

! !

81.(a)  We have

  
S n nn = + + +( ) − + + +( )





1
2

1 2 1 22 2 2 2..... .....

  
 ab a a∑ ∑ ∑= ( ) −


















1
2

2 2

 

 =  
1
2

1
2

1 2 1
6

2n n n n n+( )







 −

+( ) +( )











 =  
1
24

1 1 3 2
11

n n n n S
n
n

n

−( ) +( ) +( ) ∴
+( )=

∞

∑ !

 =  
1
24

1 1 3 2
11

n n n n
nn

−( ) +( ) +( )
+( )=

∞

∑ !

 =  
1
24

1 3 2

1

n n n
nn

−( ) +( )
=

∞

∑ !

 =  
1
24

3 23 2

1

n n n
nn

− −









=

∞

∑ !

 =  
1
24

3 2
3 2

111

n
n

n
n

n
nnnn ! ! !

− −










=

∞

=

∞

=

∞

∑∑∑
 

 =  
1
24

3 5 2 2 11
24

× − −[ ] =e e e e

82.(c) We have S
x
n

n

n

= ( )
( )=

∞

∑ log
!

2

0 2

 =  
e e x xx xlog log+







 =

+− −

2 2

1

83.(c)  We have y y y
+ + + ∞

3 5

3 5
.........

 =  2
3 5

3 5
x x x
+ + + ∞









......

 ⇒	 	
1
2

1
1

1
1

log log+
−









 =

+
−









y
y

x
x 

 ⇒	 	 log log1
1

1
1

1
1

1
1

2 2

2
+
−









 =

+
−







 ⇒

+
−

=
+( )
−( )

y
y

x
x

y
y

x
x	

	 ⇒	 	
2
2

1 1
1 1

1 2 1

4

2 2

2 2

2

y
x x
x x y

x

x
=

+( ) + −( )
+( ) − −( )

⇒ =
+( )

	

	 ⇒	 	 y x
x

x y x y=
+

⇒ = −
2

1
22

2

 

84.(a)  We have a b
a

a b
a

a b
a

−
+

−





 +

−





 + ∞

1
2

1
3

2 3
......

 =  − −
−






 −

−





 −

−





 − ∞













a b
a

a b
a

a b
a

1
2

1
3

2 3
......

 =  − −
−






 −( ) = − − −












log log ......e
a b
a

x x x x1 1
2 3

2 3


 =  − 





 =







log loge e

b
a

a
b

85.(b)  We have log(1 + 3x + 2x2)
 =  log(1 + x) + log(1 + 2x)

 =  −( ) + −( ) ( )− −

=

∞

=

∞

∑∑ 1 1
21 1

11

n
n

n
n

nn

x
n

x
n

 =  −( ) +








 = −( ) +









− −

=

∞

=

∞

∑∑ 1 1 2 1 1 21 1

11

n
n

n n
n

n

nn n n
x

n
x

	 	 So	coefficient	of	xn = −( ) +









−1 2 11n
n

n

86.(c) We have e
x x x x−( )− −( ) + −( ) − −( ) +1 1

2
1 1

3
1 1

4
12 3 4 .........

 = elog(1+x–1) = elogx = x

87.(b) log .......1
1

2
3 3 5

3 5 5+
−







 = + + + +











x
x

x x x x

 ⇒	 2 1
2 1

1
3 2 1

1
5 2 13 5x x x+

+
+( )

+
+( )

+












......

 =	 	 log log log
1 1

2 1
1 1

2 1

2 2
2

1+
+

−
+
















=

+





 =

+







x

x

x
x

x
x
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88.(a)  L.H.S. = log{(1 + x)1+x.(1 – x)1–x}
 =  log(1 + x)1+x + log(1 – x)1–x

 =  (1 + x)log(1 + x) + (1 – x)log(1 – x)
 =  {log(1 + x) + log(1 – x)} + x{log(1 + x) – log(1 – x)}

 =  − + + + ∞








2

2 4 6

2 4 6x x x .....

 +  2
3 5

3 5
x x x x

+ + + ∞








.....

 =  2
2 3 4 5 6

2
2 4 4 6 6

x x x x x x
−









 + −









 + −









 + ∞




.......









 =  2 1 1
2

1
3

1
4

1
5

1
6

2 4 6x x x−





 + −






 + −






 + ∞









.........

 =  2
1 2 3 4 5 6

2 4 6x x x
. . .

.....+ + + ∞












= R.H.S

89.(a)  We have 
x
x

x
x

x
x

−
+

+
−

+( )
+

−

+( )
+

1
1

1
2

1
1

1
3

1
1

2

2

3

3 .......

 =  
x

x
x

x
x

x+
+

+






 +

+






 +











1

1
2 1

1
3 1

2 3
......

  

−
+

+
+( )

+
+( )

+












1
1

1
2

1
1

1
3

1
12 3x x x

. . ......

 =  − −
+







 + −

+






log loge e

x
x x

1
1

1 1
1

 
 

 =  −
+







 + +







 =log log loge e ex

x
x

x1
1 1

90.(a)  We have 2{7–1 + 3–17–3 + 5–17–5 +......}

 =  2 1
7

1
3

1
7

1
5

1
73 5+ + +








. . .......

 =  log log loge e e

1 1
7

1 1
7

8
6

4
3

+

−
















= 






 =









91.(a)  A n
n n nn n

=
− +
−( )

=
−( )

+
−( )











=

∞

=

∞

∑ ∑2 1 1
2 1

1
2 2

1
2 11 1! ! ! 

 =  1 1
1

1
2

1
3

+ + + + =
! ! !

........ e
 
  Similarly B = e–1 as terms will be alternately + ve and –ve
 ∴  AB = e.e–1 = 1

92.(c)  t
n

n
n n
n

n
nn = =

+( ) = − +
−( )













∑
! ! !

1
2

1
2

1 2
1

  
t

n nn = −( )
+

−( )












1
2

1
2

2
1! !

 ∴	  t e e e
n∑ = +[ ] =1

2
2 3

2

93.(b ) Multiply above and below by 22 and put 22 = x 
  and 2 = y.

 ∴  L.H.S = 

x x x

y y y
1 2 3

2
1 1 3

2 3

2 3
! ! !

......

! ! !
......

+ + +

+ + + +

 =  
e
e

e
e

e
x

y
−

+ −( ) =
−
+

= −
1

2 1
1
1

1
4

2
2

94.(a)  T
n n
n

n n
nn =

+( )
−( )

=
+
−( )

3
1

3
1

2

! !

 =  
n n n

n n
n
n

−( ) −( ) + −
−( )

=
−( )

+
−( ) +
−( )

1 2 6 2
1

1
3

6 1 4
1! ! !

 =  
1

3
6

2
4

1
11

n n n
e

−( )
+

−( )
+

−( )
=

! ! !

95.(c)  T
n n n nn

n n n
=

+ + + +
=

−
= −

−1 2 2 2 2 1 2 12 1......
! ! ! !

 ∴	  Sn = (e2 – 1) – (e – 1) = (e2 – e)

96.(a)  x = + + + + +1 2
1

2
2

2
3

2
4

1 2 3 4

! ! ! !
.....

 ⇒	  x = e2  ∴ x–1 = e –2

97.(a)  We have ax bx c
e

ax bx c em
px

2
2+ +

= + +( ) −

  
= + +( )× − + − +




ax bx c px p x p x1

2 3

2 2 3 3

! !

  

p x p x p x
n

p x
n

n n n n4 4 5 5 2 3 2 2

4 5 3 2! !
....

! !
− + −

−( )
+

−( )
− − − −

  
−

−( )
+ −

+( )
+






− − + +p x
n

p x
n

p x
n

n n n n n n1 1 1 1

1 1! !
......

 ∴	 	Coefficient	of	xn = =
−( )

−
−( )

+
− −ap

n
bp
n

cp
n

n n n2 1

2 1! ! !

98.(a)  a x x
= + + +1

3 6

2 6

! !
.......
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b x x x c x x x
= + + + = + + +

4 2 2 5 8

4 7 2 5 8! !
......;

! ! !
........

  Now a3 + b3 + c3 – 3abc
 =  (a + b + c)(a + bω	+	cω2) (a + bω2 + cω)
  Now, a + b + c = ex

  Since	ω3n = 1	i.e.,	ω3	=	1,	ω6	=	1,	ω4	=	ω

 ∴	  a b c x x x
+ + = + + ( ) + ( )ω ω

ω ω ω2
2 3

1
1 2 3! ! !

  + ( ) + =
ω ωx

e x
4

4!
...... ............(2)

   a + bω2 + cω	=	 e xω2
...........(3)

  Multiplying (1),(2) and (3) we get
  (a + b + c)(a + bω	+	cω2)(a + bω	+	cω)

 =  e e
x x1 0

2

1
+ +( ) = =
ω ω

99.(d)  T
n n
n

n
n n nn =

+( ) − +
−( )

=
−( )

+
−( )

2 1 3
1

1
2

3
1! ! ! !

 ∴	  Sn = e + 3e = 4e

100.(b)  T

n n x

n
n
n

xn

n
n=

+ −( ) 
=

−( )

−
−2

2 1 1 2

1

1
1

. .

! !

 =  
n
n

x
n

x x
n

n n
n− +

−( )
=

−( )
+

−( )
− −

−1 1
1

1
2 1

1 1
1

! ! !

 =  x
x
n

x
n

n n
.

! !

− −

−( )
+

−( )
2 1

2 1

  
S x x x e e xx x
∞ = + + + +












+ = +( )0 1

1 2
1

2

! !
........

101.(b)  S e e e ex x x y= −( ) − −( ) = −
2 2 2 2

1 1

102.(b)  Putting different values of x > 0	in	options,	then	we	find
  option (b) is not true.

103.(c)  (a +bx)e–x

 =  a bx x x x x
n

n
n

+( ) − + − + + −( ) +











1

1 2 3
1

2 3

! ! !
... .

!
.....

	 	 The	co-efficient	of	xr = a
r

b
y

r r
=

−( ) +
−( )
−( )

−1 1
1

1

! !

 =  
−( ) −( )1 r

r
a br

!

104.(b)  We know that

  
e x x x xx = + + + + + ∞1

1 2 3 4

2 3 4

! ! ! !
...

  
e

ix xi x iix = + ( ) + ( ) + +1
1 2 3

2 3 3

! ! !
.....

 =  1
1 2 3 4 5 6

1
2 3 4 5 6

+ − − + + − + ∞( )ix x ix x ix x
! ! ! ! ! !

......

 and  e ix x i x i x i x i x iix− = − + − + − + +1
1 2 3 4 5 6

2 2 3 3 4 4 5 5 6 6

! ! ! ! ! !
..

 =  1
1 2 3 4 5 6

2
2 3 4 5 6

− − + + − − + ∞ ( )xi x ix x ix x
! ! ! ! ! !

..... ....

  Now from (1) and (2),  we have

  

e e x x xix ix+
= − + − +










−

2
1

2 4 6

2 4 6

! ! !
....

105.(a)  S e
e e

e= + ( ) + ( ) + +log
log

!
log

!
.... log3

3
2

3
3

3 3
2 3

  
+ ( ) + ( ) +

3 3
2

3 3
3

2 3log
!

log
!

...e e

 =  e ee elog log3 3 31 1−( ) + −( )
 =  (3 – 1) + (33 – 1) = 28

106.(d)  
m n
m n

m n
m n

m n
m n
m n
m n

e
−
+

+
−
+







 + =

+
−
+

−
−
+













1
3

1
2

1

1

3
..... log





 =  
1
2

2
2

1
2

log loge e
m
n

m
n

=

107.(a)  We have log log log10 101 1
n
n

n
n

ee−






 = −









 =  −
−






log .loge

n
n

e1
10

 =  log .log .10 1 1e
ne −






 	Therefore	co-efficient	of	

  
n

r
e
r

r

e

− =is 1 1
1010log

log

108.(d)  
2 2

3
2

53 5y y y
+ + + ∞......

 =  2 1 1
3

1 1
5

1
3 5

y y y
+









 +









 +













. .....  
 

 =  log log
1 1

1 1
1 2 1

1 2 1

2

2

+

−
=

+ −

− −( )
y

y

x
x 
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 =  log log2
2 2 1

2

2

2

2
x

x
x

x−
=

−

109.(a)  Given series = 3 2 1
4

1
2

1
4

1
3

1
4

2 3
log ...e + − 






 + 








 =  3 2 1 1
4

log loge + +







 =  log log loge e e8 5
4

10+ =

110.(b)  y x x x
= − + + +













4
8 12

2 3
.....

 =  −
( )

+
( )

+
















x x4 4 2

1 2
.........

 ⇒	  y = log(1 – x4)
 ⇒  ey = 1 – x4

 ⇒  x4 = 1 – ey

111.(c)  The given series can be written as 

  

1
2

1
3

1
4

log log log ...........p p pP P P− + −

 =  
1
2

1
3

1
4

1 2− + = − log

112.(c) T he given expression can be written as

  
2 2 2 2 2 22

1
4 3

1
9 4

1
16 5

1
25 6

1
36. ..........( ) ( ) ( ) ( ) ( )− − −

 =  2 2
1 1

2
1
3

1
4

1
5

1
6 2− + − + −
= log  

113.(c)		 Since	α,	β	are	the	roots	of	the	equation

  ax2 + bx + c  = 0, α β αβ+ = − =
b
a

c
a

,
 
  Now, the given series

  

= + − ( ) + ( ) − ∞












log ....e
a ax

ax ax2 3

2 3

  

+ − ( ) + ( ) − ∞












β
β β

x
x x2 3

2 3
3....

 =  log log loge
a

e eax x+ +( ) + +( )1 1 β
 =  loge[a(1 + ax)(1	+	βx)]
 =  loge[a(1	+	(α	+	β)x + αβx2)]

 =  log loge
a

e
b
a
x c
a
x ex bx a1 2 2− +






 = − +( )

114.(d)  Here P(x) = ex for all real x, Q(x) = log(1 + x)

  for –1 < x ≤ 1 and R x
x

( ) =
−
1

1
 for –1 < x < 1

  Since 1
1

1
+

= +( ) ( ) =∫ x
dx x d

dx
e ex xlog and

 
  so (a) and (b) are not true. Also (c) is not true.
  Since R(x) is not valid at x = –1. Hence (d) is true.

  [In fact, d
dx
e xx+ +( ){ }1 1log ]

 =  
e
x
e x d

dx
P x Q x

x
x

+
+

+
+ +( )⇒ +( ) ( ) 

1
1

1
1 1log .

 =  P x Q x R x+( ) ( ) + −( ) 1 .  for –1 < x < 1

115.(a)  Here 
e

e

e

e

nx

n

n nx

n

x

x

2

0

2

0

2

21

1
1

1
1

=

∞

−

=

∞

−

−

∑

∑ −( )
= −

+

 =  
1
1

1 15
1 15

1

15

2

2

0

0 0

+
−

=
+
−

=












−

−
e
e

e
x

x
xtan

tan tan
since

  So e–2x = tan150] = tan600 = 3

116.(b)  1 1
2

1 2
3

1 3
4

1 4
5

2 3 4 5−





 + −






 + −






 + −






 +x x x x

 =  (x + x2 + x3 + x4 +....)

   
− + + + + +








x x x x x2

3
4 5

2
1
3 4 5

...

 =  
x

x
x

1
1

−
+ −log

117.(d)  The given series 

 =  
1

1

1 1 1

1

2 3 2

4 3−

−( ) + −( ) + −( )
+ −( ) +

















a

a a b a b

a b ....

 =  
1

1
1 12 2 2

−
+ + +( ) − + + +( )



a

b b a ab a b..... .....

 =  
1

1
1

1 1− −
−

−




a b

a
ab

118.(b)  The given series 
1
2

1
2

1 1
2 1

1 1
2 1

log loge
xz xz

xz

+
+

+

−
+

















 

 =  
1
2

2 2
2

1
2

1log loge e
xz xz+

= +( )
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 =  
1
2

2 1loge n n +( ) +{ }

  [If x, y, z are n.n + 1, n + 2 respectively]
 =  loge(n + 1) = loge y

119.(d)  10x – 10loge(1 – x)

 =  e xx
e

elog log
10

10 1− −( )   

 =  1
2

10
2 3

10 2
10 2

2 3
+ +

( )
+ − − − −













x x x x x
e

elog
log

!
...

	 	 So	the	co-efficient	of	x10 is 
log

!
e
10 10

10
1

( )
+

120.(b)  x a

r

ar
r

r
r

x
a

=
−

=
− −

=
1 1 1 1

or,

  

y b

r

rb
r

r
r

y
b

=
+

=
+ +

=
1 1 1 1

or,

  

z c

r

r c
r

r r c
r r

=
−

=
−

=
+( ) −( )1 1 1 1 1

2

2

2
. .

 ∴	  z
c

r
r

r
r

z
c

y
b
x
a

=
+ −

=
1 1

. .or,

 or,  xy ab
c2

=

121.(b)  1 37 1 373737. . ....
 

= ∞
	 =		 1	+	0.37	+	0.0037	+	0.000037	+...∞

 =  1
37
10

37
10

37
102 4 6+

( )
+
( )

+
( )

+ ∞....

 =  1
37
10

1 1
10

1
102 2 4+

( )
+
( )

+
( )

+ ∞












....

 =  1 37
100

1

1 1
100

+
−

.

 =  1 37
100

100
99

1 37
99

136
99

+ = + =.

122.(c)  e x x x x x xx = + + + + + + + ∞1
2 3 4 5 6

2 3 4 5 6

! ! ! ! !
...

  
e x x x x x xx− = − + − + − + + ∞1

2 3 4 5 6

2 3 4 5 6

! ! ! ! !
...

 ∴	  e e x x xx x+ = + + + + ∞












− 2 1
2 4 6

2 4 6

! ! !
....

  putting x = 3, we get

  

e e3 3 2 4 6

2
1 3

2
3
4

3
6

+
= + + + + ∞

−

! ! !
....

123.(a)  We know that if n be positive number and  |x| < 1

  
1 1

1
2

2−( ) = + +
+( )−x nx

n n
xn

!
.

  
+

+( ) +( ) + ∞
n n n

x
1 2
3

3

!
. ....

  Putting n = 
3
2

1
2

and we getx = ,
 

  

1 1
2

1 3
2

1
2

3
2

3
2

1

2
1
2

3
2

3
2

1

3
2

2
−






 = + +

+





 







+
+








−

.
!

33
2

2

3
1
2

3+





 





 + ∞

!
. .....

 or,  2 1 3
4

35
4 8

3 5 7
4 8 12

3
2 = + + + + ∞

.
. .
. .

....
 

 or,  8 1 3
4

3 5
4 8

3 5 7
4 8 12

= + + + + ∞
.
.

. .
. .

....

124.(c)		 The	first	series,

 =  1
1 2 3

1
2 3

+
+( ) + +( ) +

+( ) + ∞











−

a bx a bx a bx
! ! !

.....
 
 =  ea+bx – 1 = ea.e bx – 1

 =  e bx bx bx bx
n

a
n

1
1 2 3

1
2 3

+ + ( ) + ( ) + + ( ) + ∞











−

! ! !
..

!
..

 ∴  The	co-efficient	of	xn = e b
n

a
n

.
!

125.(a)  We have, log
/

/
1

1

1 2

1 2
+( )
−( )

+( )

+( )
x

x

x

x

 =  
1
2

1 1 1
2

1 1−( ) +( ) − +( ) −( )x x x xlog log

 =  
1
2

1 1 1
2

1 1log log log log+( ) − −( )  − +( ) + −( ) x x x x x

 =  
1
2

2 1
3 5

1
2

2 1
2

1
4

3
5

2 4. .... . ...x x x x x x+ + +











− −( ) + +





 =  x x x x+ +





 + +






 + +






 +

1
3

1
2

1
5

1
4

1
7

1
6

2 5 7 .......
 

 =  x x x
+ + + +

5
2 3

9
4 5

13 7
6 7

3 5 7

. .
.
.

...

126.(a)  y x x x e xx
e
y= + + + + ⇒ =1

1 2 3

2 3

! ! !
.... log

 

127.(c)  T
n

nn =
+ + + + −( )1 3 5 2 1...

!
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 =  

n n

n
n

n n n
2

2 1 1 2 1 1
1

1
2

1
1

.

! ! ! !

+ −( ) 
=

− +
−( )

=
−( )

+
−( ) 

 ⇒	 	 S T e e en
n

= = + =
=

∞

∑
1

2

128.(c)		 S e e e e bx bxa bx a bx a= = = + + ( ) +












+ .
! !

....1
1 2

2

	 ∴	 	The co-efficient of x e b
r

r a
r

= .
!

129.(c)		 y x x x x e x= − + − + = − −
2 3 4

2 3 4
1

! ! !
....

	 ⇒		 e–x = 1 – y ⇒ – x = loge(1 – y)

 ⇒	  x
ye=

−
log 1

1

130.(b)		
e e
e

e e
x xx x

x
x x

5

3
2 2

2 4

2 1
2
2

2
4

+
= + = + ( ) + ( ) +













−

! !
...

	 ∴		 The co-efficient of x4
4

2 2
4

4
3

= =.
!

131.(c)  (1 + x + x2)e–x = (1 + x + x2)

   
× − + − +











1

1 2 3

2 3x x x
! ! !

....

 ∴  The co-efficient 

  
x2 1 1

2
1 1

1
1 1 1

2
1
2

= + −





 + = =.

!
.

!
.

!

132.(c)  e e
e

e e
x x

x
x x

7 3

5
2 2+

= + −

 We know,

  
e x x xx2

2 3

1 2
1

2
2

2
3

1= + + ( ) + ( ) + ∞ ( )
! ! !

..... ....

  
e x x x xx− = − + ( ) − ( ) + ( ) + ∞ ( )2

2 3 4

1 2
1

2
2

2
3

2
4

2
! ! ! !

..... ..

 Adding (1) and (2) we get,

  

e e
x xx x2 2

2 4

2 1
2
2

2
4

+ = + ( ) + ( ) + ∞












−

! !
....

 Hence the constant term is 2.

133.(b)  
e e e e e e+







 −

−







 = { } =

− −
−

1 2 1 2
1

2 2
1
4

4 1. .

134.(d)  1 1
3

1
5

1
7 2

1
+ + + + ∞ =

− −

! ! !
... e e

 
135.(b)  e2x – 2ex + 1

 =  1 2
1

2
2

2
3

2
4

2 3 4

+ + ( ) + ( ) + ( ) +
x x x x
! ! ! !

...

   
− + + + +











+2 1

1 2 3
1

2 3x x x
! ! !

.....

 ∴		 The	co-efficient	of	x4

 = 
2
4

2 1
4

2
4

2 1 7
12

4
3

!
.

! !
− = −( ) =

136.(d)  S n
n

= + + + + +
1
1

2
2

3
3

3 3 3 3

! ! !
...

!
...

  Here T n
n

n
n

n
n nn = =

−( )
=

−
−( )

+
−( )

3 2 2

1
1

1
1

1! ! ! !

 =  
n
n n
+
−( )

+
−( )

1
2

1
1! !

 =  
n

n n n−( )
+

−( )
+

−( )2
1

2
1

1! ! !
 

 =  
n
n n n n
−
−( )

+
−( )

+
−( )

+
−( )

2
2

2
2

1
1

1
1! ! ! ! 

 =  
1

3
3

2
1

2n n n−( )
+

−( )
+

−( )! ! !

 Hence sum

 =  
1

3
3 1

2
1

11 1 1n n nn n n−( )
+

−( )
+

−( )=

∞

=

∞

=

∞

∑ ∑ ∑! ! !

 =  e + 3e + e = 5e

137.(d)  S n
n

= + + + +
−( )

+
2
3

4
5

6
7

2
2 1! ! !

... ...

  Here T
n
n n nn =
+( ) −
+( )

=
( )

−
+( )

2 1 1
2 1

1
2

1
2 1! ! !

 ⇒	  S Tn
n

= = + + +





 − + + +








=

∞

∑
1

1
2

1
4

1
6

1
3

1
5

1
7! ! !

....
! ! !

....

 =  
e e e e e

e
+

−








 −

−
−









 = =

− −
−

1 1
1

2
1

2
1 1

138.(c ) 1 1
2

1
3

2 3
+

−
+

−





 +

−





 +

a b
a

a b
a

a b
a! !

...
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 =  1
1 2 3

2 3

+

−






+

−






+

−






+

a b
a

a b
a

a b
a

! ! !
...

 =  e e e e e

e

a b
a

b
a

b
a

b
a

−( ) − −
= = =

1 1.

139.(b ) 3 5
1

7
2

9
3

+ + + + ∞
! ! !

....

  
T

n
n

n
n nn =

+( )
−( )

=
−( )
−( )

+
−( )

2 1
1

2 1
1

3
1! ! !

  
=

−( )
+

−( )
2

2
3

1n n! !

  Now sum, S
n nn

n n

=
−( )

+
−( )=

∞

=

∞

∑ ∑2 1
2

3 1
11 1! !

 =  2e + 3e = 5e

140.(c)  
e
e

e e
x

x
x x

4

2
2 21−

= − −

 =  2 2
2
3

2
5

3 5

x
x x

+ ( ) + ( ) +










! !
...

 ∴		 The	co-efficient	of	x2 = 0

141.(a)  1
1 2 3

2 3

+
−( ) + −( ) +

−( ) + = −a bx a bx a bx
ea bx

! ! !
...

142.(c)  y x
x x

= − +
( )

+
( )

+
















3
3 2 3 3

2 3
....

 =  log(1 – x3) ⇒ ey = 1 – x3 ⇒ x = (1 – ey)1/3

143.(b)  
e

e
e e2 11

2 2
1 1

2
1
4

1
6

+
=

+
= + + + + ∞

−

! ! !
...

144.(c ) 1 1
2

1
4

1 1
3

1
5

+ + +





 + + +





! !

...
! !

...

  
=

+ −
=

−
=

−− − −e e e e e e e
e

1 1 2 2 4

22 2 4
1

4
.

145.(b ) S = + + +
1 2
1

2 3
2

3 4
3

2 2 2.
!

.
!

.
!

....

  Here T
n n
n

n n
nn =

+( ) = +( )
−( )

2 1 1
1

.
! !

 =  
n n n

n
−( ) −( ) + −

−( )
1 2 4 2

1 !

 =  
1

3
4 1 2

1n
n
n−( )

+
−( ) +
−( )! !

 =  
1

3
4

2
2

1n n n−( )
+

−( )
+

−( )! ! !

 ⇒  S = ∑Tn = e + 4e + 2e = 7e

146.(c)  S e e

n

= +








+








+





















= =
1
2

1

1
2
1

1
2
2

1
2 2

1
2

! !
...

 

147.(d)  The series is, 
2 1

2
1

3 1
2

2

+






+

+






+ ∞

! !
....

 =  
2
1

3
2

1 1
2

1
1

1
2

1
! !

...
!

....
! !

....
!

....+ + +
+

+ ∞






+ + + + ∞







n
n n 

 =  e e e e
+ −( ) + −( ) = −1 1

2
1 5

2
3
2

148.(c)  Expression of ee
x

 =  1
1 2 3 4

2 3 4
+ + + + + +
e e e e e

r

x x x x rx

! ! ! !
...

!
...

 =  1
1
1

1
1 2

2
+ + + + + +











! ! !

...
!

...x x x
r

r

   

+ + + ( ) + + ( ) +












1
2

1 2
1

2
2

22

! ! !
....

!
...x x x

r

r

	 	 Hence	the	co-efficient	of	xr

 =  
1 1

1
2
2

3
3

4
4r

r r r r

! ! ! ! !
....+ + + + +













149.(b)  Given that T
n nn

n
= −













1
2

3 1
! !

. Therefore sum of 

  the series, T
n nn

n

nnn

= −










=

∞

=

∞

=

∞

∑∑∑ 1
2

3 1

111 ! !

 =  
1
2

1 3
1

3
2

1 1
1

1
2

2
+ + +












− + + +

















! !

...
! !

...  

 

 =  
1
2

3e e−( )
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150.(b)  
e ex x+ −

2

151.(c)  1
2 4

2 4

+
( )

+
( )

+
log

!

log

!
...e

n
e
n

  

 =  
e e n ne

n
e
nlog log+
=

+− −

2 2

1

152.(d)  T
n

n
n n
nn = =
+( )

( )
∑

! !
1

2

 =  
1
2

1
1

1
2

1
1

2
1

n
n

n
n n

+( )
−( )












=

−
−( )

+
−( )











! ! ! 

 =  
1
2

1
2

2
1

2
2

3
2n n

e e e
−( )

+
−( )












=

+( ) =
! !

153.(b)  Given series = 1 2
2

2
3

3

2 2

− + ( ) − ( )log
log

!
log

!

 =  e e−








= =log
log

2
1
2 1

2

154.(b)  S = − + − + ∞
1

1 2
1

2 3
1

3 4
1

4 5. . . .
.....

 = 1 1
2

1
2

1
3

1
3

1
4

1
4

1
5

1
5

− − + + − − + + + ∞....

 =  1 2 1
2

1
3

1
4

1
5

+ − + − + + ∞





....

 =  1 2 1 1 22 2 2+ −



 = + −log loge e

 

 =  log log log loge e e
e

e
e se

e
4 4 4

4
4−









= − = ∴ =

155.(a)   ex = 1
2 3

2 3
+ + + +x x x

! !
....

  Putting x = 
1
2

 on both sides, we get

  
e e= = + +








+








+








+

1
2

2 3 4

1 1
2

1
2
2

1
2
3

1
2
4! ! !

....
 

 =  1
1
2

1
2 2

1
2 6

1
2 242 3 4+ + + + +

.
....  

 
 =  1 + 0.5 + 0.1250 + 0.0208 + 0.0026 = 1.648(Approx)

156.(c)  T n
n

n
nn = +( )

=
+ −
+( )1
1 1
1! !

 =  
n
n n n n
+
+( )

−
+( )

=
( )

−
+( )

1
1

1
1

1 1
1! ! ! !

 ∴	  T1 + T2 + T3 +....

 =  
1
1

1
2

1
2

1
3

1
3

1
4! ! ! ! ! !

....−





 + −






 + −






 +

 =  
1
1

1
2

1
3

1
2

1
3

1
4! ! !

.....
! ! !

....+ + +





 + + + +








 =  1 1
1

1
2

1
3

1 1 1 1
1

1
2

1
3

1 1+ + + + −





 − + + + + − −






! ! !

...
! ! !

...
 
 =  (e – 1) – (e – 2) = 1

157.(d)  Sum of series 1 2 1
2

1
3

1
4

1
5

+ + + + + +
! ! ! !

...

  
= + + +





 + + + +






1 1

2
1
4

2 1 1
3

1
5! !

...
! !

...

  
=

+
+

−
=

−− − −e e e e e e1 1 1

2
2

2
3

2
.

158.(d)  Let S = + + + +
2
1

6
2

12
3

20
4! ! ! !

.... and

  let S1 = 2 + 6 + 12 + 20 +....+Tn

 

 S1 = 2 + 6 + 12 + 20 +......+ Tn–1 + Tn

0 = 2 + 4 + 6 + 8 +.....upto n terms – Tn
Tn = 2 + 4 + 6 + 8 +..... upto n terms

 ⇒	  T
n nn = × + −( ) 2

2 2 1 2
 =  n(2 + n – 1) = n(n + 1)
 ∴  n th term of given series

  
T

n n
n

T
n n
n nn n=

+( ) =
+( )
−( )

1 1
1!

,
!

or

 or,  T
n nn = −( )

+
−( )

1
2

2
1! !

  Now, sum 
1

2
2 1

11 1n nn n−( )
+

−( )=

∞

=

∞

∑ ∑! !

 =  e + 2e = 3e

 159.(d) We know, e x x x xx = + + + + +1
2 3 4

2 3 4

! ! !
....

  Put x e= − ⇒ = − + − + − +−1 1 1 1
2

1
3

1
4

1
5

1

! ! ! !
...

 ⇒	  e− = − + − +1 1
2

1
3

1
4

1
5! ! ! !

...

 160.(c) The n th term of given series is 

  
T

n
nn =
−( )

( )
1 3 5 7 2 1

1 2 3 4 2
. . . ...

. . . ...
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T

n n n
n nn =

−( ) −( )( )
−( )( )

1 2 3 4 2 2 2 1 2
1 2 3 4 2 1 2

1
2 4 6

. . . ...
. . . ...

.
. . .... 2 2 2n n−( )( )

  

T
n

S
n

en n

n

n

= ( ) ∴ =








= −

=

∞

∑1
2

1
2 1

1

1
2

! !

 161.(a) Series = 1 + xlogea + 
x a x ae e

2
2

3
3

2 3!
log

!
log[ ] + [ ]

  = = =e e ax a a xe e
xlog log

 162.(b) 
1 2

2
2
3

2
4

1 1
2

2
3

2
4

2 4 6

2

+ + + + ∞

+ + + + ∞

! ! !
....

! ! !
....

 

 =  

1
2

2
1

2

2

2

3

1
2

2 2 2
2

2
3

2

2 2 2 2 3

2

2 3

! ! !
...

! !
....

+
( )

+
( )

+
















+ + + +












=
−

+
= −

e
e

e
2

2
2

2
1

1
1

 163.(b) e e e e
e

x x x
x

x−( ) +( ) = −( ) +









−1 1 1 1

 =  
e
e

e e x xx

x
x x

2 31 2
3

−
= − = + +












−

!
....

 ∴		 The	co-efficient	of	 x3 2 1
3

1
3

= =.
!

 164.(b) 1
2 3

2 2
− + − + ∞ = −x x x e x

! !
...

 165.(d) T x x x
nn

n
=

+ + + + −1 2 1....
!

 =  
1
1

1 1
1

1 1−
−

=
−

−







x
x n x n

x
n

n
n.

! ! !

  

T
x

x
n n x

e en
n

n

nn

x

=

∞

=

∞

=

∞

∑ ∑∑=
−

−











=

−
−( )

1 11

1
1

1 1
1! !

 166.(d) S = + + + ∞1 4
3

4
5

2 4

! !
....

  
= + + +












=

−









−1
4

4 4
3

4
5

1
4 2

3 5 4 4

! !
... e e

 167.(d) S n
n

= + + + + +
−( )

+ ∞1 2
1

3
2

4
3 1

2 2 2 2

! ! !
...

!
...

  Here T n
n

n n
n

n
nn = −( )

=
−( ) −( )

−( )
+

−( ) +
−( )

2

1
1 2

1
3 1 1

1! ! !
 

 =  
1

3
3

2
1

1n n n−( )
+

−( )
+

−( )! ! !

 ⇒	  S = ∑Tn= e + 3e + 3 = 5e

 168.(b) (1 – 2x + 3x2)e–x

 =  1 2 3 1
1 2 3

2
2 3

− +( ) − + − +











x x x x x

! ! !
...

 ∴	 	The	co-efficient	of	x5

 =  1
1
5

2 1
4

3 1
3

−





 + −( )






 + −






! ! !

 

 =  − − − = −
1

120
1

12
1
2

71
120

 169.(c) S n
n

= + + + + +
−( )

+
1
1

2
3

3
5

4
7 2 1! ! ! !

....
!

...

  Here T n
n

n
nn = −( )

=
−( ) +
−( )

1
2

2
2 1

1
2

2 1 1
2 1

.
! !

 ⇒	  S T e e e
n= =

+
+












=∑

−1
2 2

2
2

1

 170.(c) T
n n n

n n
S n

nn =
+( ) +( )

+( )
∴ =

+
( )











∑1 2 1

6 1
1
6

2 1
! !

  

1
6

2 1
1

1 1
6

2 1 1
6

3 1.
! !n n

e e e
−( )

+
( )












= + −[ ] = −[ ]∑

 171.(b) Sum = e e2 2
1 4 1 3log −


 


 = − =

 172.(b) 1
1 2 3

2 3

+ +
( )

+
( )

+ +
( )

+
log

!

log

!

log

!
...

log

!
...e

x e
x

e
x

e
x n

n

 =  e xe
xlog( ) =

173.(d)  3 3 3x xe e
x

= =log log

 =  1
3

1
3

2
3

3

2 2 3 3

+ + ( ) + ( ) +
x x xlog

!
log

!
log

!
...

 ∴		 The	co-efficient	of	x 3 = 
log

!
log3

3
3

6

3 3( ) = ( )

174.(a) S n
n n

= + + + +
+

+ ∞
2
1

1
3

3
2

1
9

4
3

1
27

1 1
3

. . . ... . ...
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  where T n
n n nn n n n n=
+

= +





 = +

1 1
3

1 1 1
3

1
3

1
3

. .
.

 ⇒	  S T
n
nn n= = +∑ ∑∑ 1

3
1
3.

 =  

1
3

1 1
3

1
2

1 1
3

2
3

−
+ −











= −

−















log loge e

 175.(d) S x x x= −





 + −






 + −






 +1 1

2
1 1

3
1 1

4
2 3 4 ...

    

+ −
+







 + ∞+1 1

1
1

n
xn ...

 =  x x x x x2 3 4
2 3

2 3
+ + +{ }− + +












... ...

 =  
x
x

x x
x

xe
x

e

2
1

1 1
1

−
− − −{ } = −

+ −( )−( )log log

 176.(a) S x
x

x
x

x
x=

+
+ +







+ +







+ ∞





















1
1

2
1

3

2 3

...

  

−
+

+ +







+ +







+ ∞





















x
x

x x
1

1
1

2

1
1

3

2 3

...

 

 =  − −
+







 − − −

+
















log loge e
x
x x

1
1

1 1
1

 =  −
+







 + +







 =log log loge e ex

x
x

x1
1 1

 177.(a) 
1
1

1
2

3
2

1
2

5
3

1
2

7
4

1
22 3 4. . . . ...+ + + +

 

 =  2 1
1

1
2

2 1
2

1
2

2 1
3

1
2

2 1
4

1
22 3 4−






 + −






 + −






 + −






 + .....

 =  2 1
2

1
2

1
2

1
2
1

1
2
2

1
2
32 3

2 3
+ + +







− + + +

















... ....
 

 =  
1

1 1
2

1 1
2

2 2

−
− − −















= −log loge e

 178.(a) log loge e
x
x

x
x

1
1

1
2

1
1

+
−

=
+
−

 =  
1
2

2
3 5 3 5

3 5 3 5
. ... ...x x x x x x

+ + +











= + + +

 179.(a) Given series is

  

1
1

2
2 1

1
3 12 3x x x+

+
+( )

+
+( )

+ ∞...

 =  − −
+







 = − +







log loge ex

x
x

1 1
1 1

 =  log loge e
x

x
+






 = +








1
1

1 1

 180.(c) log log loge e ex x x
x

+( ) − −( ) = +
−

1 1 1
1

 =  log .....e
x

x
x x x

1 1

1 1
2 1 1

3
1

53 5

+







−







= + + +







 181.(b) 
a b
a

a b
a

a b
a

−





 +

−





 +

−





 +

1
2

1
3

2 3
...

 =  − −
−






 = −







 =







log log loge e e

a b
a

b
a

a
b

1

 

 182.(a) 
a a a

b b b

−( ) − −( ) +
−( ) − ∞

−( ) − −( ) +
−( ) − ∞

1 1
2

1
3

1 1
2

1
3

2 3

2 3

...

...
 

 =  
log

log
log
log

log
e

e

e
a

e
b b

a
a

b

1 1

1 1

+ −( )
+ −( )

= =

 183.(c) loge{(1 + x)1+x(1 – x)1– x}
 =  (1 + x)loge(1 + x) + (1 – x)loge(1 – x)

 =  1
2 3 4

2 3 4
+( ) − + − +












x x x x x ...

 =  1
2 3 4

2 3 4
+( ) − + − +












x x x x x ...

   

  
+ −( ) − − − − −












1

2 3 4

2 3 4
x x x x x ..

 =  2
2 4 6

2
3 5

2 4 5
2

4 6
− − − −











+ + + +













x x x x x x...... .....

 =  2 1 1
2

1
3

1
4

1
5

1
6

2 4 6x x x−





 + −






 + −






 +









...

 

 =  2
1 2 3 4 5 6

2 4 6x x x
. . .

....+ + +












184.(a)  2 1 1 1 1log log loge e ex
x
x

x
x− +






 − −
















 =  2 1 1 1 1log log log log loge
x

e e
x

e e
x

x x
− +






 +








− −






 +









 =  − +





 + −
















log loge ex x
1 1 1 1
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 =  2 1
2

1
42 4x x

+ +







......

 ∴	 	The	co-efficient	of	 x− = =4 2 1
4

1
2

.

185.(b) 
1

2 3
1

4 5
1

6 7. . .
...+ + +

 

 =  
1
2

1
3

1
4

1
5

1
6

1
7

−





 + −






 + −






 + ∞....  

 

 =  1
2

2 2− = − = 





log log log loge e

e
e

e

186.(c) Given b = loge
a ba e1 1+( ) ⇒ + =

 ⇒	  1 1
1 2 2

2 2
+ = + + + ⇒ = + +a b b a b b

! !
...

!
...

187.(a)  We know that, log
. . .

...e 2 1
1 2

1
3 4

1
5 6

1= + + + ( )
  [when x = 1 in loge(1 + x)]

  Also, log
. . .

...e 2 1 1
2 3

1
4 5

1
6 7

= − 





 −







 −







 ( )ii

 
  [when x = –1 in loge(1 – x)]
  By adding (i) and (ii), we get

  
2 2 1 1

1 2
1

2 3
1

3 4
1

4 5
log

. . . .
.....e = + −






 + −






 +

 ⇒	 	 2 2 1 1
1 2

1
2 3

1
3 4

1
4 52log

. . . .
...− = − + − +

 ⇒		
1

1 2
1

2 3
1

3 4
1

4 5. . . .
....− + − +

 =  log log loge e ee
e

4 4
− = 








188.(a)  S = +








+








+





















1

1
2
2

1
2
4

2 4

...

  

+ +








+








+





















−2 1
2

1
2
3

1
2
5

1

3 5

...

 =  1
1
2

1 1
2

1 1
2

1 1
2

1 1
2

− +





 −





 +

+







−















log loge e












−1
 

 =  − + =
1
2

3
4

3 2 3log log loge e e

 189.(a) S = −





 + −








1
2

1
1

1
3

1
2

1
3

1
52

 =  
1

1 2
1

2 3
1

3 4
1

4 5
2 2 1

. . . .
.... log−






 + −






 + = −e

 190.(b) S = − + − +
4

1 3
6

2 4
12
5 7

14
6 8. . . .

...

 =  S = +
−

+
+

+
−

+
+

1 3
1 3

2 4
2 4

5 7
5 7

6 8
6 8. . . .

...
 = 

 =  
1
1

1
3

1
2

1
4

1
5

1
7

1
6

1
8

+





 − +






 − +






 − +








 =  1
1
2

1
3

1
4

1
5

1
6

2− + − + − + =.... loge

 191.(b) loge x – loge(x – 1)

 =  log loge e
x
x

x
−







 =

−















1

1

1 1

  
= − −






 = + + +log ...e x x x x

1 1 1 1
2

1
32 3

 192.(d) log ...e
4
5

1
4

1
2

1
4

1
3

1
4

2 3
+ − 






 + 






 +

 =  log log log loge e e e
4
5

1 1
4

4
5

5
4

0+ +





 = + =

 193.(c) S n n n= +








+








+

1

1

1

2

1

3
2 2

2

2

3

....

  = − −





 = −

log loge en
n
n

1 1
12

2

2

	194.(a)	 Given	equation	is,	 4
3 5

2
6 10

x x x
+ + +













...

 =  y y y2
4 6

2 3
+ + + ....

 ⇒	  4
2

1

1
1

2

2
2log loge e

x

x
y

+( )
−

= − −( )

 ⇒	  log log ;e e
x
x y

1
1

1
1

2

2

2

2
+
−









 =

−











 ⇒	  
1
1

1
1

2

2

2

2
+
−









 =

−











x
x y

	 	 On	simplification,	we	get	x2y = 2x – y

 195.(c) loga x	is	defined	for	all	positive	real	x ≠ 0
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 196.(b) The given series reduces to

  
log log log .... loge e e e

n
n

2 3
2

4
3 1

+ 





 +







 + +

−








 =  loge2 + loge3 – loge2 + loge4 – loge3
   + .... loge(n) – loge(n – 1) = logen

197.(a)  
1 1

2
1

3
1

42 3 4n n n n
− + − + ....

 =  
1

1

2

1

3

1

4

2 3 4

n
n n n−








+








−








+ ....

 =  log loge en
n
n

1 1 1
+






 =

+







198.(d)  Since log log log
y

m
y xn x

m
n

x x= =and 1

 ∴	  S = − + − +
1
2

1
3

1
4

1
5

.....

  Also loge(1 + x) = x x x x
− + − +

2 3 4

2 3 4
....

  Putting x = I.S = 1 – loge2

 199.(a) log3e – log9e + log273 – ....

 =  
1

3
1 1

2
1
3

2
3

23log
..... log

log
log

e

e

e
− + − ∞




= =

200.(a)  Obviously 0 5
0 5

2
0 5

3

2 3

.
. .

....− ( ) + ( ) −

 =  log . loge e1 0 5 3
2

+( ) = 







201.(b)  We have log log .loge
x

e
x

a
e1 1+( ) +( )=

 =  loga
e n

n

n

x
n

−( )












−

=

∞

∑ 1 1

1
.	Therefore	co-efficient	of	xn in loga

x1+( )  

  is −( ) −1 1n

a
e

n
log

202.(b)  We have log(1 + 3x + 2x2) = log(1 + x)(1 + 2x)

 =  −( ) + −( ) ( )− −

=

∞

=

∞

∑∑ 1 1
21 1

11

n
n

n
n

nn

x
n

x
n 

 =  −( ) +








 = −( ) +









−

=

∞
−

=

∞

∑ ∑1 1 2 1 1 21

1

1

1

n
n

n

n

n
n

n

nn n
x

n
x

	 	 So,	co-efficient	of	xn = −( ) +









−1 2 11n
n

n

 ⇒	  
−( ) +( )+1 2 11n n

n
  [ (–1)n = (–1)n+2]

203.(a)  log log log ... log! ! !n
x

x=
( ) ( ) ( )∑ = + + +

1

1999

1999
1

1999
2

1999
1999

 =  log log!
. . .....

!
!

1999
1 2 3 1999

1999
1999 1( )

( )
( )
( )= =

204.(d)  e
x x x− −( ) + −( ) −







1
2

1 1
3

12 3 ....

 =  e
x x x−( )− −( ) + −( ) −






+1 1

2
1 1

3
1 12 3 ....

 =  e e e e xex xlog log. .1 1+ −( ) = =

205.(b)  

1
2

1
4

1
6

1 1
3

1
5

1
7

! ! !

! ! !
....

+ +

+ + + + ∞

 =  
2 1

2
1
4

1
6

2 1 1
3

1
5

1
7

! ! !
...

! ! !
...

+ + + ∞





+ + + + ∞





 

 =  
e e

e e

e

e
e

+( ) −
−( ) =

+ −

−

−

−

1

1

2
1
2

2

1
 

 =  
e e

e
e
e

2

2
1 2

1
1
1

+ −
−

=
−
+

206.(b)  S n
n

= + + + + +
−

+ ∞
1
1

4
2

7
3

10
4

3 2
! ! ! !

...
!

...
 

  Here T
n n

S Tn n
n

=
−( )

− ⇒ =
=

∞

∑3
1

2

1! !

 =  3 1
1

2 1 3 2 1 2
11 n n

e e e
nn −( )

− = − −( ) = +
=

∞

=

∞

∑∑ ! !

207.(c) 1
1

1
2

1
3

2 3+
+

+( ) +
+( ) + ∞

x x x
! ! !

...

 =  e1+x – 1 = e.ex – 1

 =  − + + + + +











1 1

2 3

2 3
e x x x

! !
....

 ∴		 The	co-efficient	of	xn = e
n

.
!

1

208.(d)  1
2 4 2

2 4 2 2

+ + +








 =

+









−x x e ex x

! !
....

 =  
1
4

22 2e ex x+ +( )−

 

 =  
1
4

2 1
2
2

2
4

2
2 4

+ ( ) + ( ) +











+













x x
! !

...
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 ∴	 	The	co-efficient	of	xn (n even) = 
1
2

2 2 1n n

n n! !











=

−

209.(a)  1 5 2 6
1

3 7
2

4 8
3

. .
!

.
!

.
!

....+ + + +
 

  
T

n n
n

n n
n

n
nn =

+( )
−( )

=
−( ) +( )

−( )
+

+( )
−( )

4
1

1 4
1

4
1! ! !

 =  
n
n n n
+
−( )

+
−( )

+
−( )

4
2

1
2

5
1! ! ! 

 =  
1

3
7

2
5

1n n n−( )
+

−( )
+

−( )! ! !

  

S
n n nn n n

∞
=

∞

=

∞

=

∞

=
−( )

+
−( )

+
−( )∑ ∑ ∑1

3
7 1

2
5 1

11 1 1! ! !

  = e + 7e + 5e = 13e

210.(b)  
1
3

1
2 3

1
3 3

1
4 32 2 4+ + + + ∞

. . .
...

 =  
1
3

1
3
2

1
3
3

1
3
4

2 2 4







 +








+








+








+ ∞...

 

 =  − = − = = −
−
























log log log log loge e e e e

1 1
3

2
3

3
2 3 2
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 1.(a) (m+n) (m+n–1) = 90 ⇒ x(x–1) = 90
 ⇒ x2 –x – 90 = 0 ∴ (x–10)(x+9) = 0
 ∴ x = m +n = 10 (≠–9)
  Similarly, y = m–n = 6  ∴ m = 8, n = 2
 2.(b)  8 letters i.e. 3 consonants and 5 vowels. The consonants are to 

occupy 1st and last place and it can be done in 3P2 ways. We will 
now left with 5 vowels and 1 consonant i.e. 6 letters which can 
be arranged in 6! ways. Hence the number of words under given 
condition is 3P2 × 6!  = 6× 720 = 4320

 3.(c) Total– Together, (3S , 2C, 2 different) 

 = 
7!

3!2! = 
5!
2!  = 

5!
2!

42
6

1−





 = 360

 4.(a) Total – Together (3AS , 2NS , 1B)

 = 
6!

3!2! = 
5!2!
3!2!   = 60 – 20 = 40

 5.(a) ALLAHABAD = 4AS, 2LS, H, B,D  i.e. 9 letters. There are 4 
vowels, and all are alike i.e. 4AS .There are 4 even places i.e. 
2nd, 4th, 6th and 8th.

  These 4 even positions can be filled by 4 vowels in

  
4!
4!  = 1 way  (4 alike) 

 
  Now we are left with 5 places in which 5 letters out of which 2Ls  

are alike and rest different can be filled in 

5!
2!  = 5 × 4 × 3 = 60 

ways.
  Hence  the total number of words is 60 × 1 = 60
 6.(a) At least one repeated = Total with repetition – No repetition = 

105 – 10P5
  = 100000 – 30240 – 69760.

  [When repetition is allowed each of the five places can be filled 
in 10 ways. Hence by fundamental theorem, total no. of ways = 
105]

 7.(a) The three letters a × i × t × can be arranged in 3! = 6 ways.  If 
the word is to start with any of three letters a,i  or t then we have 
three places marked by × in which three alike s can be arranged 
in 

  
3!
3! = 1  way. Thus 6 × 1 = 6 ways.

  
  If they are to begin with s, then ×a×i ×t  and as above we have 

again 6 × 1 = 6 ways.
 ∴ Total = 6  +  6 = 12.
 8.(b) m1 = never together = Total – together
  = 7! – 6! 2! = 6! .5.
  m2 = begin with I and end with R = 5! 

 ∴ 
m1
m2

 = 
6!5
5!  = 6.5  = 30 

 9.(b) Each of the 10 places can be filled in 2 ways, i.e. by 1 or 2. 
Hence by fundamental theorem, 2 × 2 × 2....... 10 times = 210.

 10.(b) Each lamp can be either switched on or switched off  210 – 1 
= 1023 (–1 correspond to the case when all the ten lamps are 
switched off).

 11.(b)  Even numbers will have either 2 or 4 or 0 in unit place. 2 in unit 
place 5P2  – 4P1(0 in 1st place) = 16. Similarly 4 in unit place = 
16, and 0 in unit place is 5P2 = 20 ∴ 16 +16 +20 = 52

 12.(d)  It will be 4 digit number and as it to be odd the unit place can be 
filled in 5 ways by any of the 5 odd numbers. Out of remaining 8  
we have to arrange 3 in 8P3

 ways.
 ∴ (8×7×6) × 5  = 1680, by fundamental theorem.
 13.(c)  4 odd places (4 odd numbers 3,3,1,1),3 even places (3 even 

numbers 2,2,4)

 ∴  
4!

2!2!  × 
3!
2!  = 6 × 3  = 18

 14.(b) As  nC4 ,   nC5
  and  nC6 are in A.P.,

 ∴ 2(nC5)  =  nC4
  + nC6

 ⇒ 2  = 
nC4

nC5
 + 

nC6
nC5

 = 
n!

4!(n–4)!
5!(n–4)!

n!  +
n!

6!(n–6)!
5!(n–5)!

n!

 ⇒ 2  = 
5

n–4  + 
n–5
6   ⇒ n2 – 21n + 98 = 0 

 ⇒ n = 7,14.

 15. (a)  6 red roses can be arranged in garland in 
1
2  5! ways, i.e. 60 ways. 

There will be 6 gaps (not seven as in the case of line). In these 6 
gaps 4 red roses can be arranged in 6P4 = 360 ways. Hence by 
fundamental theorem required number is,  60 × 360 = 21600.

 16.(b)  Each ball can be put in 2 ways in two different boxes. Hence the 
six balls can be put in 2 × 2× 2 ×2 × 2× 2 = 26 ways. But this will 
include when all the balls are in Box A so that B is empty or put in 
B so that A is empty. Hence excluding these possibilities, we have 
26 – 2 = 64 –2 = 62 ways.

 17.(a)  The first stall can be filled in 3 ways. The second too can be filled 
in 3 ways as the number of each type of animals is not less than 
12. Hence there are three ways of fillings each stall. Then there 
will be 312 ways of loading the ship.

 18.(a)  There are 26 alphabets and 10 digits. We 26 alphabets and 10 digits. 
We have to arrange 3 alphabets first to be followed by 2 digits. 
Hence separate arrangements for alphabets and digits. 

  26P3× 10P2 = 26.2524 × 10.9 = 1404000.
 19.(c)  Keep the lady fixed in middle. The other four persons may be 

arranged in 4! = 24 ways in the four places 1,2,4 and 5. (3rd place 
reserved for the lady)

 20.(b) r.rPr = (r+1–1) × r! = (r+1)! – r!

  
r P r rr

r
rr

. {( )! !}= + −
==
∑∑ 1

1

10

1

10

 
 = (2! –1!) + (3!–2!)+ ....+ (11!–10!) = 11! –1
 21.(c)  The first place from the left can be filled in 9 ways. (any one 

except 0). The other eight places can be filled by the remaining 9 
digits in 9P8 ways.

 ∴ The number of 9-digit numbers  = 9 × 9P8.
 22.(a) × 1 × 1 ×  
  Crosses can be filled in 3P3 – 2P2 ways
  [ 0 cannot go in the first place from the left]. 
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  The remaining places can be filled in 3! ways.
 ∴ the required number of numbers = (3P3 – 2P2) × 3!
 23.(a) We can write S as follows 

  S = 
1
10  [10C1 + 10C3 + 10C5+ 10C7+ 10C9]

  

  = 
1

10!  (29).
 24.(b)  The number of numbers when repetition is allowed = 54 
  The number of numbers when digits cannot be repeated = 5P5.
 ∴  the required number of numbers  = 54 – 5! 
 25.(c) Total grade = 4 (A,B,C,D) ;  students = 3 
 ∴ The number of ways = 4P3
 26.(b) n books can be arranged in n! ways. If we take two books 

together that is, if two books are tied together to consider one, so 
the number of books = n –2 +1  = (n–1) which can be arranged 
in (n–1) ! ×2! ways.

 ∴ Required ways
 = n! –2(n–1)! = n(n–1)! – 2(n–1)! = (n–1)! (n–2)
 27.(c) In a number of 10 digits each place can be filled in 2 ways.
  So, number of ways of filling all places together 
  = 2.2.2 .......2 (10times) = 210.
 28.(a)  First ring can be put in 4 ways, 2nd ring can be put in 4 ways. 

Similarly, 3rd,4th,5th and 6th ring each can be put in 4 ways.
 ∴ number of total ways of putting ring
 = 4 × 4 × 4 × 4 × 4 × 4 = 46.
 29.(b) There are 2x's , 4y's and 3z's 
 ∴ Total letters = 9 

 ∴ total permutations =  
9!

2!4!3!
 30.(b)  First prize can be given in 3 ways. Similarly, 2nd, 3rd and 4th 

prizes each can be given in 3 ways.
 ∴ number of required ways of giving prizes 
 =  3 × 3 × 3 × 3 = 34.
 31.(b)  Every man can vote in three ways. Therefore required no. of 

ways = 3 × 3 × 3 × 3 × 3 × 3 × 3  = 37.

 32.(c) 
nP4
nP5

 = 
1
2 ⇒ 

n(n–1) (n–2) (n–3)
n(n–1) (n–2) (n–3) (n–4)  = 

1
2  

 ⇒ 
1

n–4  = 
1
2  ⇒ n – 4 = 2 ∴ n = 6

 33.(a) No. of ways to go to a town = 5 
  Total no. of ways in which villager can go to town and return 

back are =  5×5 = 25
 34.(c) In mATHEmATICS total letters  = 11 in which there are 2m's, 

2A's , 2T's, 1E, 1H, H, 1C, 1S.

 ∴ Total no. of words  =  
11!

2!2!2!  
 35.(b)  No. of ways of keeping 5 animals in 4 cages = 5P4 and 6 animals 

in 6 cages can be kept in 6P6 ways.
  Required no. of ways 

  = 5P4× 6P6 = 
5!
1!  × 6 ! = 120 × 720 = 86400.

 36.(a) No. of 3 digit numbers = 6P3 – 5P2 = 6.5.4 – 5.4 = 120 –20 = 
100.

 37.(c)  Every parcal can be registered in 5 ways. Required no. of ways = 
5 × 5 × 5 × 5 = 54 

 38.(c)  Let A,B,C be boxes in which 5 balls can be put in the following 
ways.

  Boxes  A B C
   2 2 1
   2 1 2
   1 2 2
   1 3 1
   3 1 1 
   1 1 3
 ∴ Required no. of ways of putting balls in the boxes.

 = 3 × 
5!

2!2!  + 3 × 
5!
3!  = 90 + 60 = 150.

 39.(a) A chair is reserved for the guest. On 8 chairs 5 persons are to be 
seated.

 ∴ Required no. of ways = 8P5 
   = 6720.

 40.(a) Using one flag out of six, no. of signals = 6P1. 
  Using 2 flags out of 6, no. of signals = 6P2 and so on.
 ∴ No. of required signals.
 = 6P1+6P2+ 6P3+ 6P4+ 6P5+6P6

 = 6  + 30 +120 + 360 + 720 + 720 = 1956.
 41.(b) Let the two boxes be B1 and B2. There are two choices for each 

of the n objects. So, the total number of ways is, 2 × 2 × 2×.....× 
2(n times) = 2n.

 42.(a) Each toy can be distributed in 5 ways. So, total number of ways 
= 5 × 5 × 5 × 5 × 5 × 5 × 5 × 5 = 58 

 43.(d) Required no. of possible outcomes = Total no. of possible 
outcomes – no. of possible outcomes in which 5 does not appear 
on any dice.

 = 63 – 53 = 216 –125 = 91.
44.(b)  Ten candidates can be ranked in 10! ways. In half of these ways 

A1 is above A2 and in another half A2 is above A1. So, required 

no. of ways is 
10!
2 .

45.(c)  We can arrange n  white and n black balls alternately in the 
following ways :

  (i) WBWB..... (ii) BWBW.....
  So, required no. of ways = n! × n! + n! × n! = 2(n!)2

46.(a)  r.n–1 Pr–1
 + n–1Pr = nPr ⇒ 6.11P5 + 11P6= 12P6

 ⇒  12Pr = 12P6[  6.11P5 + 11P6 = 12Pr given]
 ⇒ r = 6 
47.(a)  Let an arrangement of a nine digit number be x1 x2 x3 x4 x5 x6 x7 x8 

x9. Note that we require product of each of (x1, x2, x3 ,x4, x5) ; (x2 
x3 x4 x5 x6); ....; (x5 , x6, x7, x8, x9) is divisible by 7.  
  

  This is possible if the 5th digit is 7.
  Therefore, we can arrange the 9 digits in desired number of ways 

in 8! ways.
 48.(a) Considering four particular flowers as one flower, we have first 

five flowers which can be strung to form a garland in 4! ways. But 
4 particular flowers can be arranged in 4! ways. Thus, the required 
number is, 4! × 4!.

49.(c)  Considering AU as one letter, we have 4 letters L, AU, G, H which 
can be permutated in 4! ways but AU can be put together in 2! ways. 
Thus, the required number of arrangements is,4! × 2!  = 48.

50.(c)   Starting with the letter A and arranging the other four letters, there 
are 4! = 24 words. These are the first 24 words. Then starting with 

G, and arranging A, A, 1 and N in different ways, there are 
4!

2!1!1!
= 

24
2  = 12 words. Next, the 37th 

  word starts with I. There are 12 words starting with I. This accounts 
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upto the 48th word. The 49 th word is NAAGI. The 50th word is 
NAAIG.

51.(b)  Choose any two of the seven digits (in the seven digit  number). This 
may be done in 7C2 ways. Put 2 in these two digits. The remaining 
5 digits may be arranged using 1 and 3 in 25 ways. So, required no. 
of numbers = 7C2 × 25.

52.(a)  The number of ways of selecting any four numbers from 1 to 30 
is 30C4. Four consecutive numbers can be chosen in the following 
ways : (1,2,3,4) ; (2,3,4,5); ........(27,28,29,30).

  Thus, required no. of ways = 30C4 – 27 = 27378

53.(d)  We have : n = mC2 = 
m(m–1)

2   

 ∴ nC2 = 
n(n–1)

2 = 
m(m–1)

4  
m m( )−

−







1
2

1

 = 
1
8 m(m–1) (m2 – m –2) = 

1
8 m (m–1)(m–2) (m+1)

 

 = 3 1
24

1 1 2( ) ( )( )m m m m+ − −







  = 3 (m+1C4)

54.(c ) The number of ways of selecting 3 points out of 12 points is 12C3. 
The number of ways of selecting 3 points out of 7 points on the 
same straight line in 7C3.  Hence, the number  of triangles formed 
will be 12C3 – 7C3 – 7C3= 185.

55.(c)  Since each question can be dealt with in 3 ways, by selecting it or 
by selecting its alternative or by rejecting it. Thus, the total no, of 
ways of dealing with 10 given questions is 310 including a way in 
which we reject all the questions.

  Hence the number of all possible selections  = 310 –1 
56.(c)  At least one black ball can be drawn in the following ways.
 (i) one black and two other colour  balls.
 (ii) two black and one other colour balls, and 
 (iii) all the three black balls.
  Therefore the required number of ways is 
  3C1 × 6C2 × 3C2 × 6C1 + 3C3  = 64.
57.(c)  The required no. of words is 
  (3C1 × 4C2 × 2C2 × 4C1)3! = 96 

58.(d)  10Cx–1
 >  2.10Cx⇒ 

10!
(11–x)! (x–1)!  > 2. 

10!
(10–x)!x!

 ⇒ 
1

11–x  > 
2
x  ⇒ 3x > 22 ⇒ x  > 

22
3  ⇒ x ≥ 8

  
  Thus the smallest value of x satisfying the above inequality is 8.
59.(d)  Four letters can be selected in the following ways :
 (i) all different i.e. C,O,R,G.
 (ii) 2 like and 2 different i.e. 2O and any 2 from 1C, 1R and 1G.
 (iii) 3 like and 1 different i.e. 3O and 1 from R,G, and C.
  The no. of ways in (i) is, 4C4 = 1
  The no. of ways in (ii) is 3C2· 3C2 = 9
  The no. of ways in (iii) is,  3C3× 3C1 = 3
  So, the required no. of ways = 1 + 9 + 3 = 13.
 60.(c) Here we have, 1m, 41's 4S's and 2P's 
  So total no. of selections 
 = (1 +1) (4+1) (4+1)(2+1) – 1 = 149.
 61.(b) The total no. of two factors products = 200C2. The no. of numbers 

from 1 to 200 which are not multiples of 5 is 160.  Therefore the 

total no. of two factors products which are not multiple of 5 is 160C2.
  Hence, the required no. of factors.
 = 200C2– 160C2= 7180
62.(d)  The no. of ways in which he can answer three questions = 4 × 4 

× 4 = 64
  The number of ways in which he can answer all the three 

questions correctly = 1.
  So, the number of ways in which he fails to get all answers 

correct = 64 –1 = 63.

63.(a)  Six '+' signs can be arranged in a row in 
6!
6! =1 way. Now 

 
  we are left with seven places in which 4 minus signs can be 

arranged in 7C4
 × 

4!
4!  = 35 

64.(b)  Let there be n participants. Then, we have nC2
  = 45 ⇒ 

n(n–1)
2 = 

45 ⇒ n2–n –90 = 0 ⇒ n = 10
65.(c)  If there were no three points collinear, we should have 10C2 lines, 

but since 7 points are collinear we must substract 7C2 lines and 
add the one corresponding to the line of collinearity of the seven 
points.

  Thus, the required no. of straight lines = 10C2 –7C2 +1 = 25.
66.(c) We have, 75600 = 24 .33.52.7
  The total no. of ways of selecting some or all out of four 2's three 

3's, two 5's and one 7's is (4+1)(3+1) (2+1) (1+1) –1 = 119
  But this includes the given number itself. Therefore, the required 

no. of proper factors is 118.
 67.(d) A parallelogram is formed by choosing two striaght lines from 

the set of m parallel lines and two straight lines from the set of n 
parallel lines. Therefore, the required no. of ways is 

  mC2 . nC2 = 
mn(m–1)(n–1)

4   
68.(c)  Let there be n men participants. Then the number of games that the 

men play between themselves is 2. nC2 
 and the number of games 

that the men played with the women is 2.(2n).
 ∴ 2. nC2 

 – 2.2n  = 66 (by hypothesis)
 ⇒ n2 – 5n – 66 = 0 ⇒ n = 11
 ∴ Number of participants  = 11 men + 2women = 13
69.(c)  Each set is having (m+2) parallel lines and each parallelogram is 

formed by choosing two straight lines from the first set and two 
straight lines from the second set. Two straight lines from the first 
set can be chosen in m+2C2 ways and two straight lines from the 
second set can be chosen in m+2C2 ways. Hence, the total number 
of parallograms formed = 

  m+2C2 .m+2C2  = (m+2C2)2

70.(b)  A triangle is obtained by joining three non-collinear points, 
therefore, the total number of traingles is, 18C3 – 5C3  = 806.

71.(c)  The number of times he will go to the garden is same as the number 
of selecting 3 children from 8.

  So the required number = 8C3 = 56.
72.(d)  The required number of points is,
  8C2 × 1  + 4C2 × 2  + (8C2 × 4C1) × 2 
  = 28 + 12 + 32 × 2  = 104
73.(b)  Each question can be omitted or one of the two parts can be 

attempted i.e. it can be taken in 3 ways. So, 8 questions can be 
attempted in 38 –1  = 6560 ways.

74.(c)  The required number = 9C5 × 7C3 = 91
75.(d)  Number of groups having 4 boys and 1 girl 
  = (4C4) (gC1) = g 
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  and number of groups having 3 boys and 2 girls 
  = (4C3) (gC2)  = 2g (g–1)
  Thus,  the number of dolls distributed 
  = g(1) + (2) [2g(g–1)] = 4g2 – 3g
  We have given 4g2 – 3g = 85 ⇒ g = 5

76.(a)  47C4  + 52
3

1

5
−

=
∑ j

j
C

 =  47C4  + 51C3 + 50C3 + 49C3 + 48C3 + 47C3 
 = (47C4  + 47C3)  + 48C3 + 49C3 + 50C3 + 51C3 
 = 48C4  + 48C3  + 49C3 + 50C3 + 51C3 
 = 49C4 + 49C3 + 50C3 +  51C3 = 50C4 + 50C3 + 51C3 
 = 51C4 + 51C3  =  52C4 
77.(b)  We have, 15C8  +  15C9  –  15C6 – 15C7 
 = [(15C8 + 15C9) – (15C6 + 15C7)] 
 = 16C9 –  16C7 [ nCr + nCr+1 = n+1Cr+1]
 = 16C9– 16C9  [ nCr =  nCn–r] = 0
78.(c)  The total number of lines obtained by joining 8 vertices of octagon 

= 8C2 = 28 ways. Out of these 28 lines, 8 are sides and remaining 
diagonals.

  Hence the number of diagonals = 28 – 8 = 20
79.(a)  We can choode one denomination in 13C1 ways, then 3 cards of this 

denomination can be chosen in 4C3 ways and one remaining card 
can be chosen in 48C1

 ways. Thus, the total number of choices is 
(13C1) (4C3) (48C1)  =  13 × 4 × 48

  = 2496.
80.(c)  Required no. of ways
 = 4C1 ×  

8C5 + 4C2 × 8C4 + 4C3 × 8C3 + 4C4 × 8C2
 = 4 × 56 + 6  × 70 + 4 × 56  + 1 × 28
 = 224  + 420 + 224 + 28 = 896
81.(b)  As no two lines are parallel and no there are concurrent, only two 

lines can meet at one point and every two lines meet at a point.
 ∴ They will intersect in 20C2 points.

  20C2 =  
20!

18!(2!)  = 
20×19×18!

18!×2!  = 
20×19

2  = 190

82.(c)  Total no. of applicants  = 23
  No. of S.C. applicants = 7
  No. of non S.C. applicants = 23 –7 = 16
  Total posts of teachers = 5 
  We can select 2 teachers from 7 S.C. applicants and  3 other teachers 

from the other 16 applicants.
  The required no. of ways in which selection can be made = C (16,3) 

× C (7,2)

 = 
16!

3!(16–3!)  × 
7!

2!(7–2)!  = 
16!

3!13!  × 
7!

2!5!  
 

 = 
16×15×14

3×2×1 × 
7×6
2×1  = 11760 ways.

83.(b)  For each pair of stations, two different types of tickets are required. 
Now, the no. of selections of 2 stations from 15 stations = 15C2

 ∴ Required no. of types of tickets 

 = 2.15C2 = 2.
5!

2!13!  = 15 × 14 = 210

84.(c)  Let the no. of teams = n 
  Then the no. of matches = nC2 = 45 (given)

 ∴ 
n(n–1)

2  = 45 ∴ n2–n – 90 = 0
 
 ⇒ (n–10)(n+9) = 0 ∴ n = 10, – 9 (impossible).
  So the required no. of teams = 10
85.(b)  A triangle is formed for each selection of 2 points from one line 

and 1 point from the other line.
 ∴ The no. of triangles.
 = 10C2 × 10C1 + 10C1 × 10C2 

 = 
10×9

2  × 10 + 10 × 
10×9

2  = 900

86.(a)  Let the no. of papers be n,
 ∴ Total no. of ways to fail or pass
  nC0 + nC1 +nC2 +. ....... + nCn = 2n

  But there is only one way to pass, i.e. when he fails in none.
 ∴ Total no. of ways to fails 2n – 1
 ∴ From question, 2n –1= 63 ∴ 2n = 64 = 26

 ∴ n = 6 
87.(b)  Number of selections of at least one boy from 4 boys = 4C1 + 4C2 

+ 4C3 + 4C4 = 24 –1
  Number of selections of any number of girls from 3 girls =  3C0 + 

3C1 + 3C2+ 3C3  = 23 
 ∴ Required no. of selectons of at least one boy from 4 boys and 3 

girls = (24 – 1) 23 = 15 × 8 = 120
88.(a)  The no. of selections of 3 consonants and 2 vowels = 17C3× 5C2  = 

17×16×15
3×2  × 

5×4
2  = 6800

  For each selection of 3 consonants and 2 vowels, the number of 
words = 5C2  = 5! = 120 .

 ∴ Required no. of words = 6800×120 = 816000.
89.(b)  First we have to select 2 men for bow side and 3 for stroke side.
 ∴  The number of selections of the crew for two sides  = 5C2  × 3C3 .
  For each selection there are 4 persons each on both sides who can 

be arranged in 4! × 4! ways.
 ∴ Required no. of arrangements 

 = 5C2 × 3C3 × 4! × 4! =  
5×4

2  × 1× 24 × 24  = 5760
90.(a)  Considering CC as single object, U, CC, E can be arranged in 3! 

ways × U × CC × E × 
  Now the three S are to be placed in the four available places.
  Hence required no. of ways = 3! 4C3 = 24
91.(a)  The student will fail if he fails in one or more subjects. Now the 

student can fail in one or more subjects out of 5 subjects in 5C1+ 
5C2+5C3+5C4+5C5 

 = 5C0+5C1+5C2+5C3+5C4+5C5– 5C0
  =  25 – 1= 31 ways. ∴ Required number = 31

92.(b)  Required no. of lines  6C2 = 
6×5
1×2   = 15

93.(a)  nCr+ 4.nCr–1+6. nCr–2 + 4. nCr–3 + nCr–4

  = (nCr+ nCr–1) + 3(nCr–1+ nCr–2) + 3(nCr–2+ nCr–3) +  
(nCr–3+ nCr–4)

 = n+1Cr+ 3.n+1Cr–1 + 3 .n+1Cr–2 + n+1Cr–3

 =  (n+1Cr+ n+1Cr–1)+2(n+1Cr–1 + n+1Cr–2) + (n+1Cr–2 + n+1Cr–3)
 = n+2Cr+ 2(n+2Cr–1) + n+2Cr–2
 = (n+2Cr + n+2Cr–1) + (n+2Cr–1 + n+2Cr–2)
 = n+3Cr + n+3Cr–1  =  n+4Cr 
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94.(b)  4 lines intersect each other in 4C2
  
 = 6 points and 4 circles intersect 

in 4P2  = 12 points. Each line cut four circles into 32 points.
 ∴ Required number = 6 +12 + 32 = 50
95.(a)  We have, 13C9 – 12C8

 = 
13!
9!4!  – 

12!
8!4!  = 

13.12!
9.8!4!  – 

12!
8!4!  = 

12!
8!4!

13
9

1−







 

 = 
12!
8!4!

 . 
4
9

 = 
12!

9.8!3!  = 
12!
9!3!  = 12C9

96.(a)   (7C0 – 7C1) + (7C1 – 7C2) + .......+ (7C6 + 7C7)
 = 8C1 + 8C2 +. ...... + 8C7 = 8C0 + 8C1 + 8C2+ .......+
    8C7 + 8C8 – (8C0 + 8C8)
 = 28 –1(1+1) = 28 – 2
97.(c)  Let n be the number of sides 
 ∴ Number of diagonals = nC2 –n  = 44  (given)

 ⇒ 
n(n–1)

2 – n = 44 ⇒ n2 –n –2n = 88 
 ⇒ n2 – 3n = 88 ⇒ (n–11) (n+8) = 0
 ⇒ n = 11 [ n ≠ –8] 
98.(a)  We have, 35Cn+7 = 35C4n–2 

 ⇒ either n + 7 = 4n –2 or n + 7 + 4n – 2 = 35 
 ⇒ either 3n = 9 or 5n = 30
 ∴ either n = 3 or n = 6.
99.(b)  n–2Cr + 2. n–2Cr–1 + n–2Cr–2 
 = (n–2Cr +

n–2Cr–1) + (n–2Cr–1 + n–2Cr–2)
 = n–1Cr +

n–1Cr–1 =  nCr [ nCr–1+ nCr = n+1Cr]
100.(a)  We know that in any triangle the sum of two sides is always greater 

than the third side.
 ∴ The triangle will not be formed if we select segments of lengths 

(2,3,5) (2,3,6) or (2,4,6). Hence no. of triangles formed = 5C3 – 3 
101.(c)  Possible ways of selecting the team = 4 bowlers + 7 others,5 bowlers 

+ 6 others.Since there are 5 bowlers and 9 other players. Total no. 
of ways in which team can be selected

 = 4C4 ×  9C7 + 5C5 × 9C6
  =  180 + 84 = 264.

102.(a)  The number of ways of choosing first couple is (15C1) (15C1) = 152 
, the number of ways of choosing 2nd couple is (14C1) (14C1) = 142, 
and so on. Thus, the number of ways of choosing the couples is 

  152 + 142 + 132 + ....+ 22 + 12

 = 
15×(15+1)[2(15)+1]

6 = 1240
103.(c)  Various alternatives to form a group of 7 with majority of boys, 

from 6 boys and 4 girls are 
  (6 boys and 1 girl) ⇒ 6C6 × 4C1 = 4 
 or, (5 boys and 2 girls) ⇒ 6C5 × 4C2 = 36
 or, (4 boys and 3 girls) ⇒ 6C4 × 4C3 = 60
 ∴ Required no. of ways  = 4 +36 + 60 = 100
 104.(d) 5! words will begin with E and 5! words will begin will H. Then 

M series will begin, 4! words will begin with ME and another 4! 
words will begin with MH. Then comes MOE , MOH, MOR (3! 
words from each series)

 ⇒ Total before MOT
 = 120 + 120 + 4! + 4! +3! +3!+3! = 306
  If we write all words of the series, MOT we get 
  MOTEHR, MOTERH, MOTHER 
 ⇒ The rank of mOTHER is 309.
105.(b)  n+1Cn–2 – n+1Cn–1 ≤ 100 ⇒  n+1C3 – n+1C2 ≤ 100

 ⇒ 
1
6

(n+1)n (n–1) – 
n(n+1)

2  ≤ 100
 

 ⇒ 
1
6

(n+1)n (n–1–3) ≤ 100

 ⇒ n(n+1)(n–4) ≤ 600
  It is true for n = 2,3,4,5,6,7,8,9.
106.(a)  Select 4 pairs in 5C4 = 5 ways. Now select exactly one shoe 

from each of the pair selected in (2C1)4 ways. This will fulfill the 
condition. ⇒ Required answer = 5 × 16 = 80.

107.(c)  The required number of circles = (10C3– 4C3) + 1 = 117 
108.(a)  Clearly, one of the odd digits 1,3,5,7, 9 will be repeated.
  The no. of selection of the sixth digit = 5C1 = 5

 ∴ the required no. of numbers  = 5 × 
6!
2

109.(b)  The no. of times the teacher goes to the zoo = nC3.
  The no. of times a particular child goes to the zoo = n–1C2.
  From the question, nC3 – n–1C2= 84.
 ⇒ (n–1)(n–2) (n–3) = 6 × 84 = 9 × 8 × 7
 ⇒ n–1 = 9
110.(c)  62 = nC1+ nC2+  nC3+.........+ nCn–1
 = 20 – 0C0 – nCn = 2n = 64 = 26

111.(a)  63 = 2n+1C1+2n+1C2+....+ 2n+1Cn

 ∴ 64 = 2n+1C0+2n+1C1+....+ 2n+1Cn

 
 =  

1
2 ( 2n+1C0+2n+1C1+....+ 2n+1C2n+1)

 =  
1
2  .22n+1 = 22n  ∴ 22n= 26 ∴ n = 3

112.(a)  The no. of selections of 4 persons including A,B = 6C2 .
  Considering these four as a group, number of arrangements with 

the other four = 5! 
  But in each group the no. of arrangements = 2! × 2!. 
 ∴ The required no. of ways = 6C2 × 5! × 2! × 2!

403.(b)  We either habe QPR  or RPQ. 
P

R

Q

  In each of these cases remaining 
  two persons will sit in 2 ways.

 ⇒ There are four ways. 
P

Q

R

114.(a)  The required no. of ways 
 = 21C10 + 22C10 +

23C10 +......... +
30C10 

 = (21C10 + 21C11 +
22C12 +......... +

30C20) – 21C10

     [  nCr =  nCn–r]
 = 22C11 + 22C12 +

23C13 +......... +
30C20  – 21C10

     [  nCr–1+ nCr = n+1Cr]
  ...........  ............ ............... ...........
 = 31C20– 21C10
115.(a)  In PERSON total letters = 6 which are to be filled in 8 squares.
  6 no. of ways of choosing 6 letters to fill in 8 squares = 8C6– 2 = 

28 – 2 = 26
  Required ways = 26 × 6!  = 18720
116.(b)  We have, 3. x+1 C2

  + 2P2. x = 4 . xP2

 ⇒  
3.(x+1)x

1.2  + 2!x = 4.x (x–1)
 ⇒ 3x2 + 3x + 4x = 8x2 – 8x
 ⇒ 5x2 – 15x = 0 ⇒ 5x (x–3) = 0
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  Since x ≠ 0 [ x Î N] ∴ x = 3
117.(b)  Each of the 10 places can be filled in 2 ways i.e. by 1 or 2. Hence 

by findamental theorem 2 × 2 × 2  .......10 times = 210.
118.(b)  Fruits of the same type to be treated as identical.
  Oranges 1,2,3,4,0 = 5
  Apples 1,2,3,4,5,0 = 6
  mangoes 1,2,3,4,5,6,0 = 7
  Total = 5 × 6 × 7 –1 = 209
  [–1 corresponds to when no fruit is selected].
119.(a)  In all we have 8 squares in which 6X's have to be placed and it 

can be done in 8C6 =  
8!

6!2!  = 
8×7

2  = 28 ways. But this includes 
the possibility that either the top horizontal row does not have any 
X or the bottom horizontal row has no. X. Since we can want that 
each row must have at least one X, these two possibilities are to 
excluded. Therefore the required number is 28, –2 = 26.

 120.(a) Total selections = 10C3 = 120
  Number of selections in which 3 stations are adjacent  = 10 

(1,2,3; 2,3,4,.....10,1,2)
  Number of selections in which 2 stations are adjacent (e.g. 1,2) = 

6
  (1,2,4; 1,2,5; 1,2,6...., 1,2,9)
  But there are 10 such pairs 
 ⇒ Total invalid selections
  10 + 6 × 10 = 70
 ⇒ required number of selections
 = 120 – 70 = 50.

121.(b)  5. 
n!

(n–4)!
 = 6 

(n–1)!
(n–5)!  or 

5n
n–4  = 6 or n = 24

122.(a)  
(n+1)!
(n–3)!

 :  
(n–1)!
(n–4)!

 = 72: 5 or, 
n(n+1)!
(n–3)!  = 

72
5

 or, 5n2 – 67n + 216 = 0 or, (n–8) (5n–27) = 0
 ⇒ n – 8 = 0 ⇒ n = 8
123.(c)  16Cr = 16Cr+2 ⇒ r + r +2  = 16
  ( r ≠ r +2) i.e. r = 7

 ∴ 7C4 = 
71

4!(7–4)!  = 
7.6.5.4!

4!3!  = 35

124.(c)  20C5 + (23C4 +
22C4 +

21C4 +
20C4)

 = 20C5 +
20C4 +

23C4 +
22C4  + 21C4 

 = (21C5 + 21C5 ) + 22C4 + 23C4  = ......= 24C5 

 = 
24

5!(24–5)!  = 
24!

5!19!  = 42,504

125.(b)  H e r e ,  
n!

4!(n–4)!  =  2 1 .  n
n
/ !

! !

2

3
2

3−







 
 

 or,  
n(n–1) (n–2)(n–3)

1.2.3.4  =21. 

n n n
2 2

1
2

2

1 2 3

−





 −







. .
 or, 2n2 – 8n + 6 = 21n – 84
 or, (n–10) (2n –9) = 0 ⇒ n – 10 = 0 ⇒ n = 10
126.(b)  2160 = 24.33.5. Hence the required number is (4+1)(3+1) (1+1) –1  

= 5.4.2 –1 = 40 –1 = 39

127.(a)  The required number is 
8!

4!4!  = 70 

128.(c)  Arrange 3 consonants in 3! ways, 3 vowels(A,E,A) can be placed in 
4 places (two between consonants and two on two sides of them) 

in 
1!
2!  4P3 ways. Hence the required number is 

  3! ×
1
2!× 4P3 = 72

129.(c)  In the given string, there are 5 consonants and 2 vowels. So,  there 
are 4 odd places and 3 even places in the 7 letter string.  Hence the 
required number is 4P2 × 5P5  = 1440.

130.(a)  Here we have, 2 A's and the remaining 5 letters are distinct. So, total 

number of permutations (without any condition) is  
7!
2!  = 2520.

  Now, number of permutations keeping two A's together (treating 
them as one letter) is 6! = 720. Hence the required number is 

  2520 – 720 = 1800

131.(c)  The number of arrangements like C.....E = 
7!

2!2! : Same will be the 
number of arrangements like L.....L. Again, number of arrangements 

beginning or ending with C,L =
7!
2! × 2. 

  Also, number of words with (C or L) at one end and T at the other 

is = 2 ×(2!) 
7!

2!2!  . Hence the required number is , 2× 
7!

2!2! × 

  2× 
7!
2! + 2(2!) × 

7!
2!2!  = 

5
2 × 7!

132.(d)  Out of 6 points 2 can be selected in 6C2 = 15 ways. Now 3 non 
-collinear points give 3C2 = 3 different straight lines. But here 3 
points being collinear they give rise to only 1 line.  Hence the 
required number is 15–3+1 = 13.

133.(c)  Total number of ways of selecting at least one red ball out of 4 
different red balls is 24 – 1= 15.

  Corresponding to each way of selecting red balls the total number 
of ways of selecting blue balls from 3different blue balls is 

  3C0 + 3C1 +3C2 +3C3 = 8 . Hence the required number is 15 × 8 = 
120.

134.(c)  The required number is 
   9C9 +  9C8 +  9C7 +  9C6 +  9C5 

 = 
1
2  9

0

9
C j

j=
∑








  = 

1
2  .29 = 28 = 256

135.(d)  We are to take all five digits out of which 6 is repeated twice, the 

number of all possible arrangement is 
5!
2!   = 60 . Now keeping 3 in 

the extreme left, we have 
4!
2!  = 12 arrangements, each of which is 

an integers is 60 –12 = 48.
136.(d)  Here 3 vowels must be kept in 1st, 4th and 7th place, whereas the 

remaining places are to be filled by consonants. This can be done 

in 
3!
2!  × 4 ! ( there are two A's) = 72 ways.

137.(a)  The number is (10C3 – 4C3 ) + 1 = 117
138.(c)  The required number is 26 – 2 = 62

139.(d)  
1

5Cr
 + 

1
6Cr

 =
1

4Cr
  

 or, 
(5–r) ! r!

5  + 
(6–r) ! r!

6!  = 
(4–r) ! r!

4!  
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 or, 
5–r
5  + 

(6–r) (5–r)
30  = 1

 or, r2 –17r + 30 = 0 or (r–2) (r–15) = 0
 ∴ r = 2[ r = 15 impossible]
140.(c)  The ten thousand place can be filled up by 2,3,4 or 5.
  The numbers starting with 2 = 2 × 3! =12 
  The numbers starting with 3  = 4! = 24 
  The numbers starting with 4  = 4! = 24 
  The numbers starting with 5  = 4! = 24
  The numbers = 12 + 24 + 24 = 24  = 84.
141.(b)  There are three odd places. In these three odd places 3 consonants 

cab be arranged in 3! type. The rest 3 letters can be arranged in 3! 
type.

 ∴ Total number of words = 3! × 3!  = 6 × 6 = 36
142.(c)  2 matches can be selected among 6 matches = 6C2= 15. In every 

case of these 15 selections the correct result of 2 selected matches 
will be in 1type and the incorrect result of each of the rest 4 matches 
will  be in 2 types.

 ∴ Total number of forecast in which there will be correct result in 
exactly two matches

 = 15 × 2 × 2 × 2 × 2  = 240.

143.(a)  
nPr–1

a    = 
nPr
b  or 

nPr
nPr–1

 = 
b
a  

 or, n –r + 1  =
b
a  ....(1) Again 

nPr+1
c   = 

nPr
b

 

 or, 
nPr+1

nPr
  = 

c
b  or, n–r = 

c
b  ...(2)

  

  From (1) and (2) we get, ∴  
c
b + 1 = 

b
a

 or, 
b+c

b  = 
b
a or, b2 = a(b+c) or, 

b2

a(b+c)  =1 

144.(d)  The technique of selections:
 (i) Selected 10 objects are same

 (ii) Selected 9 objects are same and 1 of 4 different objects.
 (iii) Selected 8 objects are same and 2 of 4 different objects.
 (iv) Selected 7 objects are same and 3 of 4 different objects.
 (v) Selected 6 objects are same and all the 4 different objects.
 ∴ The total number of selections
 = 1 = 4C1+ 4C2+ 4C3+ 4C4 = 16
145.(d)  The numbers formed in unit and tenth place are 12,16,32,52,36,56 

[ divisible by 4]
  The rest two places can be filled up by 3P2 process. ∴ The required 

number of 4 digit number = 6 × 3P2 = 6 × 6  = 36.
146.(a)  Oranges can be selected in (25 –1) –31 types. In every case of these 

31 type 4 mangoes can be selected in (24 –1) types.
 ∴ Total number of types in which atleast one orange and one mango 

can be selected in (25 – 1) (24–1). Similarly in case of apple in 
(22–1) types. ∴  The total number of types of selections of atleast 
one each type of fruit.

 = (25 – 1) (24–1) (22–1)  = 31 × 15 × 3  = 1395.
147.(b)  Since the envelops are with address, every letter can be put in  a 

particular envelop in only one way.  
 ∴ The number of types in which 4 letters can be put in envelop together 

by = 1 × 1× 1× 1 = 1
148.(d)  The envelops are without address.
  ∴ First letter can be put in one of the four envelops in 4 types. After 

putting first letter in the envelop, the second letter can be put in one 
of the rest 3 envelops in 3 types. ∴ First two letters are together 
kept in the envelops in 4 × 3 types. In this way the 4 letters can be 
put in 4 envelops in 

  4 × 3 × 2 × 1 = 24 types.
149.(b)  First letter can be dropped in any one of the 4 letter boxes in 4 types. 

The second letter can also be dropped in any one of the four boxes 
in 4 types. Since one more letters togetherly can be dropped in box 
in 4×4 = 42 type. In this way fourth letter in 4 types and four letters 
togetherly can be dropped in box in 43 × 4  = 44 = 256 types.

150.(c)  If the all permutation of the letters of the word LAND are arranged 
in the rule of dictionary then the letters will be started consecutively 
by A.D.L and N. The number of words  started with A = 3   = 6 
and started with D = 3   = 6. If all the words started with L are 
arranged by the rule of dictionary then the first word will be LAND  
and the letter word will  be LAND . 

 ∴ If arrangement are made by the rule of dictionary the word LAND 
will remain in the position (6+6+2) = 14th.
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 1.(c) Favourable cases to get the sum not less than 11 are 
 {(5,6),(6,6),(6,5)} = 5. Hence favourable cases to get the  
 sum less than 11 are (36 – 3) = 33. 

 So required probability = 33
36

11
12

=

 2.(b) Required probabilty = 
4
6

2
3

=

 3.(d) Required probability = 4
52

4
51

2 8
663

. × =

 4.(a) Let E1 be the event that man will be selected and E2be the 

 event that woman will be selected. Then P E1
1
4

( ) = .

 So P E1 1 1
4

3
4( ) = − =  and P E2

1
3

( ) =
 

 So P E2
2
3( ) = . Clearly E1 and E2 are independent events. 

 
 So,  P E E P E P E1 2 1 2( ) = ( )× ( )
 = 

3
4

2
3

1
2

× =

 5.(b) It is a formula.
 
 6.(b) Same number can appear in 6 ways. Hence required

 probability = 
6

216
1
36

=

 7.(a) It is a fundamental concept.

 8.(c) A is independent of itself, if 
 P(A∩A) = P(A).P(A)
 ⇒ P(A) = P(A)2 ⇒ P(A) = 0, 1

 9.(b) There are two conditions.
	 (i)	When	first	is	an	ace	of	heart	and	second	one	is	

 non-ace of heart = 
1
51

51
52

1
52

× =

	 (ii)	When	first	is	non	ace	of	heart	and	second	one	is	

 an ace of heart = 
51
52

1
51

1
52

× =

 \ Required probability = 
1
52

1
51

1
26

+ =

 10.(b) Total number of out comes = 36. Favourable number of 
 out comes = 6 i.e., (1, 1),(2, 2),(3, 3), (4, 4),(5, 5),(6, 6)

 \ Required probability = 
6

36
1
6

=

 11.(d) We have, the number of divisible by 6 in the series from  
 1 to 90 is 15. \ Number divisible by 8 in the series from  
 1 to 90 is equal to 11 and the number divisible by both 6  

 and 8 in series from 1 to 90 = 3
 \ Probability of choosing the number divisible by 6 or 8 is  

 
P P15 11 3

90
23
90

+ −
=or

 12.(b) Total ways of arrangements = 
8

2 4
!

! !
.w.x.y.z

 
 Now 'S ' can have places at dot's and in places of w,x,y,z
 we have to put 2A's, one I and one N.

 Therefore favourable ways = 5 4
2
!
!









 Hence required probability = 5 4 2 4
2 8

1
14

. ! ! !
! !

=

 13.(a) Five places for 5 volumes of mathematices from 25 places  
 of books can be select in 25C5 ways. In these places,  we  
 are not to permute the 5 volumes since order of these 5  
	 volumes	is	fixed	i.e.,	V1, V2, V3, V4, V5. Remaining 20  
 books can be arranged in 20! ways.

 \ Favourable ways = 25C5.20! = 
25 20
5 20

25
5

! !
! !

!
!

=
 Also total number of ways = 25!

 \ Probability = 
25

5 25
1
5

!
! ! !

=

 15.(c) Required probability

 
=

×
+

×
+

×
=

5
3

10
8

15
11

5
4

10
7

15
11

5
5

10
6

15
11

12
13

C C
C

C C
C

C C
C

 

 16.(a) Required probability = 
12

1
20

1

3
5

C
C

=

 17.(d) The total number of ways of choosing two numbers out of 
 1,2,3........,30 is 30C2 = 435
 Since a2 – b2 is divisible by 3 if either a and b both are  
 divisible by 3 or none of a and b is divisible by 3. 
 Thus the favourable number of cases = 10C2 + 20C2= 235

 Hence the required probability = 
235
435

47
87

=

 18.(d) Let each of the friend have x daughters. Then the   
 probability that all the tickets go to the daughters of A is  

 
x

x
C
C

3
2

3
. STherefore 

x

x
C
C

x3
2

3

1
20

3= ⇒ =

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  
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 19.(b) There are 10 digits 0,1,2, 3, 4, 5, 6, 7, 8, 9. The last two  
 digits can be dialled in 10P2 = 90 ways, out of which only  

 way is favourable thus the required probability = 
1
90

 20.(b) 6 boys and 6 girls can be arranged in a row in 12! ways. If  
 all the 6 girls are together, then the number of arrangement  
 are 7! × 6!. Hence required probability 

 = 
7 6
12

6 5 4 3 2
12 11 10 9 8

1
132

! !
!
=

× × × ×
× × × ×

=

 21.(b) Total number of ways to select 6 persons out of 11 = 11C6.  
 Ways to select two ladies = 4C2 and ways to select fourmen  
 = 7C4. \ probability that committee contain 2 ladies =  

 
4

2
7

4
11

6

5
11

C C
C
.

=

 22.(d) Total ways = 2!6C2 = 30
 Favourable cases = 30 – 6 = 24

 \ Required probability = 24
30

4
5

=

 23.(b) Required probability = 
10 15 2 10 15

25 24
1
225

2

. . .
.

( ) = 





 =C

 24.(c) Total number of ways = 5!
 Favourable number of ways 2.4!. Hence required 

 probability = 2 4
5

2
5

. !
!

=

 25.(b) Probabilities of winning the race by three horses are 
1
3

1
4

1
5

, and . Hence required probability = 1
3

1
4

1
5

47
60

+ =+

 26.(b) Here P(X) = 0.3; P(Y) = 0.2
 Now, P X Y P X P Y P X Y∪ ∩( ) = ( ) + ( ) − ( )
 Since they are independent events, so
 
 P X Y P X P Y( ) = ( ) ( ). . Thus required probability
 = 0.3 + 0.2 – 0.06 = 0.44 

	 27.(a)	Since	events	are	mutually	exclusive,	therefore	

 P AB P A B P A P B( ) = ( ) = ( ) + ( )0 i.e., 

 ⇒ 0 7 0 4 3
10

. .= + ⇒ =x x

 28.(c) P(A) + P(B) [Fundamental concept]

 29.(c) We are given that P(AB) = 0.6 and 
 P(A∩B) = 0.2. We know that if A and B are any two events,
 then P(AÈB) = P(A) + P(B) – P(A∩B)

 0.6 = 1 1 0 2− ( ) + − ( ) −P A P B .

 ⇒ P A P B( ) + ( ) = − =2 0 8 1 2. .

 30.(a) Let P A P B( ) = ( ) = =
20

100
1
5

10
100

1
10

,

	 Since	events	are	independent	and	we	have	to	find
 P(AB) = P(A) + P(B) – P(A).P(B)

 
= + − × = − = = × =

1
5

1
10

1
5

1
10

3
10

1
50

14
50

14
50

100 28%

 31.(c) P A
B

P A B
P B

P A P B
P B

P A





 =

( )
( )

= ( ) ( )
( )

= ( )

 32.(a) Let E be the event in which all three coins shows tail and F  
 be the event in which a coin shows tail
 ∴ F = {HHT, HTH,THH, HTT, THT, TTH, TTT}
 and E = {TTT}. Required probability

 = P
E
F

P E F
P E







 =

( )
( )

=
 1

7

 33.(d) A,B are independent as P(A) = P A
B









 ⇒ P A
B

'





 = − =1 1

4
3
4

as A,B are independent 

 ⇒ A',B are independent

 ⇒ P B
A

P B'
'

'





 = ( ) = − =1 1

2
1
2

 34.(b) P A P B P A B( ) = ( ) = ( ) =40
100

25
100

15
100

, and 

 So P B
A

P A B
P A







 =

( )
( )

= =


15
100
40

100

3
8

 35.(b) Required probability = 5
3

3 21
6

5
6

125
3888

C 












 =

 36.(b) Required probability = 10
5

5 51
2

1
2

63
256

C ×












 =.

 37.(a) The probability that student is not swimmer p = 
1
5

 and probability that student is swimmer q = 
4
5 ∴  Probability that out of 5 students 4 are swimmer

 = 5
4

4 5 4
5

4

44
5

1
5

4
5

1
5

C C












 = 















−

 38.(b) Here P(H) = P(T) = 
1
2

 and P(X) = 1, where X denotes  
 head or tail. If the sequence of m consecutive heads   
	 starts	 from	 the	 first	 throw,	 we	 have	 (HH.........m times).  
 (XX.........n times)
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 ∴ Chance of this event = 1
2

. 1
2

. 1
2

.......m times = 1
2m

 
  m + 1 and subsequent throws may be
 head, or tail since we are considering at least m   
 consecutive heads. If the sequence of m consecutive heads  
	 starts	from	the	second	throw,	the	first	must	be	a	tail	and	we		

 have, the chance of this event = 1
2

. 1
2m = 

1
2 1m+

 
 If the sequence of heads starts (r + 1)th	throw	then	the	first		
 (r – 1)throws may be head or tail but rth throw must be a  
 tail and we have, (XX...(r – 1)times) T(HH......m times)

 
XX n m r.... − −( )times

 The chance of this event also  1
2

× 1
2m = 

1
2 1m+

 
	 Since	all	the	above	events	are	mutually	exclusive,	so	the		
 required probability

 = 
1

2
1

2
1

21 1m m m n+ + +





+ + times

 

 = 1
2 2

2
21 1m m m

n n
+ +

+
+ +

 
 Note : Students should remember this question as a formula

 39.(c) n(S) = 6 × 6 × 6
 n(E) = The number of solutions of x + y + z = 7
 where 1 ≤ x ≤ 6,1 ≤ y ≤ 6, 1 ≤ z ≤ 6
	 co-efficient	of	x7 in (x + x2 +....+x6)3

	 =	co-efficient	of	x4 in (1 + x +.....+ x5)3

	 =	co-efficient	of	x4 in 
1
1

6 3
−
−









 =

x
x

	co-efficient	of
  x4 in (1 – 3.x6 + 3.x12 – x18)(1 – x)–3

	 =	co-efficient	of	x4 in (1 – 3x6 + 3x12 – x18)
 = (2C0 + 3C1x + 4C2x2 + 5C3x3 + 6C4x4 +...)

 = 6
4

6
4 2

6 5
2

15C = =
×

=
!

! !
 ∴ p(E)  = 

n E
n S
( )
( )

=
× ×

=
15

6 6 6
5
72

 40.(d) Let p be the probability of the other event, then the   

	 probability	of	the	first	event	is	 2
3

p . Since two events are  
	 totally	exclusive,

 we have p p+ 





 =

2
3

1  ⇒ p = 3
5

. Hence odds in favour
 of the other are 3 : 5 – 3, i.e., 3 : 2

 41.(c) A leap year consists of 366 days comprising of the 52  
 weeks  and 2 days. There are 7 possibilities for these 2  
	 extra	days	viz.
 (i) Sunday, Monday (ii) Monday, Tuesday
 (iii) Tuesday, Wednesday (iv) Wednesday, Thursday
 (v) Thursday, Friday (vi) Friday, Saturday and
 (vii) Saturday, Sunday
 Let us consider two events :

 A : the leap year contains 53 Sundays.
 B : the leap year contains 53 Mondays.

 Then we have P A P B P A B( ) = ( ) = ( ) =2
7

2
7

1
7

, , 

 ∴ Required probability = P(AB)

 = P(A) + P(B) – P(A∩B) = 
2
7

2
7

1
7

3
7

+ − =

 42.(a) Let X be the number of times 1, 3 or 4 occur on the die.  
 Then X follows a binomial distribution with parameter

 p and p = =
3
6

1
2 

 We have P(1, 3 or 4 occur at most n times on the die)
 = P(0 ≤ X ≤ n) = P(X = 0) + P(X = 1)+...+ P(X = n)

 = 2 1
0

2 1
2 1

1

2 1
2 1

21
2

1
2

1
2

n
n

n
n

n
n

n
C C C+

+
+

+
+






 + 






 + + 






...

++1

 = 2 1
0

2 1
1

2 1
2 11

2
n n n

n

n
C C C+ + +

+

+ + +










... .

 Let S = 2n+1C0 + 2n+1C1 + 2n+1Cn
 ⇒ 2S = 2. 2n+1C0 + 2.2n+1C1 +...+ 2.2n+1Cn
 = (2n+1C0 + 2n+1C2n+1)+....+(2n+1Cn + 2n+1Cn+1)
 ⇒ S = 22n

 Hence required probability = 2 1
2

1
2

2
2 1

n
n







 =

+

 43.(c) Two dice can be thrown in 6 × 6 = 36 ways. Let A be   
 the event of getting the sum of the numbers on the two  
 faces which is neither 9 nor 11. Sum of 9 or 11 on two dice  
 can be obtained as (4, 5), (5, 4), (6, 3), (3, 6), (5, 6), (6, 5)  
 i.e., 6 ways. ∴ No of favourable cases for getting the sum  
 of numbers on two dice which is neither 9 nor 11 are 36 –  
 6 = 30 ways. 
 ∴ We have n(S) = 36; n(A) = 30. Hence the required 

  probability = 
n A
n S
( )
( )

= =
30
36

5
6

 44.(a) S = {(H,1),(H, 2),(H, 3),(H, 4),(H, 5),(H, 6),
 (T, 1),(T, 2),(T, 3),(T, 4),(T, 5),(T, 6)}
 A = {(H, 2), (H, 4), (H, 6)}
 B = {(T, 3),(T, 6)}
 n(A) = 3,n(B) = 2,n(S) = 12

 ∴ P A P B( ) = = ( ) = =
3

12
1
4

2
12

1
6

and

 45.(a) Let 'A' be the event that 'a student passed in mathematics'  
 and 'B' be the event that 'a student passed in statistics'. Then,

 
P A P B P A B( ) = ( ) = ( ) =70

125
55

125
30

125
, , 

 required probability
 = P(A∩B)+ P(A'∩B) = P(A) – P(A∩B) + P(B) – P(A∩B)
 = P(A) + P(B) – 2P(A∩B)
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 = 
70

125
55

125
60

125
70 55 60

125
65

125
13
25

+ − =
+ −

= =

 46.(a) Total ways of selecting 2 persons = 13C2 ways.
 Favourable ways for selecting of no woman i.e., both   
 selected are men in 8C2 ways.
 ∴ Probability of selecting two persons without a single  

 woman is = 
8

2
13

2

14
39

C
C

= . Hence required probability 

 = P(at least one woman is selected) = 1 14
39

25
39

− =

 47.(c) 

E

F

A B

D

C

 

 3 vertices out of 6 can be chosen in 6C3 ways 
 

 = 
6

3 3
6 5 1
3 2 1

20!
! !

=
× ×
× ×

=
 
 Only 2 equilateral triangles can be formed, ∆AEC and  
 ∆BDF
 ∴ Favourable ways = 2

 ∴ Required probability = 
2
20

1
10

=  

 48.(b)  P(E1 E2 E3 E4 E5)

 or, P(E1E2E3E4E5) = P(E1). P E
E

P E
E E

2

1

3

1 2



















.

 

   
P E
E E E

P E
E E E E

4

1 2 3

5

1 2 3 4



















.

 ∴ P(E) = 95
100

94
99

93
98

92
97

91
96

× × × ×  

 = 91 92 93 94 95
96 97 98 99 100

. . . .
. . . .

( E = E1E2E3E4E5)

 49.(b) Since the probability of the faces are proportional to the  
 numbers on them, we can take the probabilities of faces, 
 1,2,.......6 as k, 2k.....,6k, respectively.
 Since one the faces must occur, we have

 k + 2k + 3k + 4k + 5k + 6k = 1 or, k = 
1
21 The probability of an even number

 = 2k + 4k + 6k = 12k = 12 × 1
21

4
7

=

 50.(c) n = total no. of ways = 210 = 1024. Since each answer can  
 be true or false and m = favourable number 
 of ways = 10C8 + 10C9 + 10C10 = 45 + 10 + 1 = 56
	 Since	to	pass	the	examination,	he	must	give	8	or	9

 or, 10 true answers. Hence, p m
n

= = =
56

1024
7

128

 51.(c) n = Total numbers of ways = 65.	To	find	the	favourable	no.		

 of ways, a total of 12 in 5 throws can be obtained in the  
 following two ways only : (i) one blank and four 3's (ii)  
 Three 2's and two 3's. The no. of ways in case 
 (i) = 5C1 = 5 and the no. of ways in case
 (ii) = 5C2 = 10 ∴ m = the favourable no. of 
 ways = 5 + 10 = 15. Hence the required probability   

 
= =

15
6

5
25925

 52.(a) Let A be the event that the sale is at least 20 televisions, i.e.,
 20,21,22.........and B be the event that sale is less than 24,
 i.e., 0, 1, 2, 3,........, 23. Then A∩B will denote the sale of 
 20,21,22 and 23 televisions. We are given P(A) = 0.45 and
 P(B)	=	0.74.	It	is	required	to	find	P(A∩B). Also P(AB) = P
 (sale of 0,1,2,3,.....,20,21,22,23, televisions) = P(S) = 1.
 From addition rule, required probability is
 P(A∩B) = P(A) + P(B) – P(AB)
 = 0.45 + 0.74 – 1 = 0.19

 53.(a) Let Ei denotes the event that i appears on the die and let A  
 denote the event that only white balls are drawn. We have

 P Ei( ) = 1
6

 for i = 1,2,3,4,....,6

 Also P A
E

C
Ci

i

i









 =

6

10

 Thus P(A) = P E P A
Ei
ii

( ) 









=
∑

1

6

 = 
1
6

6
10

15
45

20
120

15
210

6
252

6
252

2
210

1
5

+ + + + + +




=

 54.(b) P B P B( ) = ⇒ ( ) = − =
1
2

1 1
2

1
2

 ⇒ P(AB) = P(A) + P(B) – P(A∩B)

 ∴ 5
9

1
4

1
2

= + − ( )P A B

 ∴ P A B( ) = − =
−

=
3
4

5
9

27 20
36

7
36

 Now P A B P B P A
B

( ) = ( ) 







 ∴ 7
36

1
2

7
18

= 





⇒







 =P A

B
P A
B

 55.(c) The positive determinants are 
1 1
0 1

1 0
1 1

1 0
0 1

, ,

 Required probability = 
3

16
[ total no. of determinants 

 = 24 =16]

 56.(c) P A
B

P A B

P B

P A B

P B

P A B

P B












=

( )
( )

=
( )
( )

=
− ( )

( )
∩ ∪ ∪1
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 57.(a) 5 elements can be selected for the set AB in 50C5 ways.
 Let a be an element from remaining 45 elements. Then we 
 have following 4 cases
 a ∈ A; a ∈ B........(i)  a ∈ A; a ∉ B.......(ii)
 a ∉ A; a ∈ B ......(iii) a ∉ A; a ∉ B .......(iv)
 (ii), (iii) and (iv) are favourable since a ∉ AB.
 Thus 3 cases are favourable for each of the remaining 45  
 elements. Thus number of favourable ways = 50C3(3)45...... 
 (1)
 Also total number of ways i.e., ways to form subset
 A and subset B = 250.250 = 450 .......(2)

 Hence Required probability = 50
5

45

50
3
4

C .
 
 58.(a) Let O(S) = n. For events A,B,C (see	the	figure)

   

a e
x f

BA

C

b

c

 According to problem a + d + b + f = np.........(1)
 b + e + d + c = np.........(2) a + e + c + f = np...........(3)
 x = np2 ............(4). From (1),(2) and (3), we get

 a + f = b + d = e + c = np
2 ∴ 0(ABC) = a + b + c + d + e + f + x

 = 
3
2

2np np+ , ∴ P A B C P P
 ( ) = +3 2

2

2

 59.(b) The total number of ways in which 5 person can be chosen
 out of 9 person is 9C5 = 126. The couple serves the   
 committee in 7C3 × 2C2 = 35 ways. The couple does not  
 serve the committee in 7C5 – 7C2 = 21 ways. Since the  
 couple will either be together or not at all.
 ∴ favourable no. of cases = 35 + 21 = 56

 ∴ Required probability = 
56

126
4
9

=  

 60.(b) Required probability 
4 27

4
6

4
5

4
4

4
8

4
64

4

C C C C C

C

+ + +( ) + ( )

 = 
4 7 6 5

1 2 3
6 5
1 2

5 1 2 8 7 6 5
1 2 3 4

64
4

× ×
× ×

+
×
×

+ +





 +

× × ×
× × ×

.

C

 = 
4 35 15 6 140 364

64
4

64
4

+ + +( ) + =
C C

 61.(d) P A B P A B P A B∩ ∪ ∪( ) = ( ) = − ( )1

 = 1 – (P(A) + P(B) – P(A∩B))
 = 1 – P(A) – P(B) + P(A)P(B) [ A, B are independent]

 = 1 – 0.30 – 0.60 + (0.30)(0.60)
 = 1 – 0.9 + 0.18 = 0.1 + 0.18 = 0.28
 62.(c) The student will be successful in three cases. Now 
 P(I, II, not III) + P(I, III not II) + P(I, II, III)

 = p q p q p q. . . . .1 1
2

1
2

1 1
2

−





 + −( ) +

 = 
1
2

1
2

1
2

1
2

1
2

1 1
2

pq p pq pq p q+ − + = +( ) = ( )given
 
 ⇒ p(1 + q)	=	1.	Condition	will	be	satisfied	when	
 p = 1, q = 0 as given in (c).

 63.(d) Leap year consists of 366 days i.e., 52 weeks having 52  
 Sundays and 2 days. These two days can be as follows.  
 Sun and Mon and Tues. Tues and Wed, Wed and Thurs,  
 Thurs and Fri, Fri and Sat, Sat and Sun. Out of these seven  
 events. Sunday occurs in 2 events. ∴ Required probability  

 = 
2
7

 64.(a) Since E E E E1 2 1 2∩ ∪=   and E E E E1 2 1 2∪ ∩ ∪( ) ( ) = φ  ,

 
P E E E E P1 2 1 2 0 1

4
∪ ∩ ∩( ) ( ){ } = ( ) = <φ

 65.(b) P A
P
P B

P
P C

P( ) = −( ) ( ) = +( ) ( ) = +( )1 3
2

1 4
3

1
6

, ,

 Events	are	mutually	exclusive	and	exhaustive.
 ∴P(ABC) = P(A) + P(B) + P(C) = 1 i.e., 1 = 1
 ∴ true for any real p.........(1)

 Also 0 1 3
2

1 1
3

1
3

≤
−

≤ ⇒ − ≤ ≤
p p  .........(II) and 

 
 0 1 4

2
1 1

4
1
2

≤
+

≤ ⇒ − ≤ ≤
p p ............(III) and

 0 1
6

1 1 5≤
+

≤ ⇒ − ≤ ≤
p p ..........(IV)

 common solution of (I),(II),(III),(IV) is

 ⇒ − ≤ ≤
1
4

1
3

p . Set of values of p is −





1
4

1
3

,

 66.(c) P (correct prediction) = 
1
3

 P(wrong prediction) = 
2
3

 

 P(exactly	4	right	predictions) = 7
4

4 3

7
1
3

2
3

280
3

C 












 =.  

 67.(a) Given digits = 1,2,3,4,5. Total numbers formed by these  
 digits = 5! = 120. A number will be divisible by 4, if the  
 last two digits are divisible by 4. Therefore last two digits  
	 can	be	12,	24,	32,	52.	They	can	be	filled	in	4	ways.	These		
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 four ways are possible by 3! ways. Hence number of ways  
 in which the number formed is divisible by 4 = 4 × 3! = 4  
 × 3 × 2 × 1 = 24

 ∴ Required probability = 24
120

1
5

=

 68.(c) The total number of ways in which 5 coins can fall = 25 =  
 32.
	 The	favourable	number	of	ways	=	co-efficient	of	x12 in the  
	 expansion	of	(x 2 + x3)5	=	co-efficient	of	x12 in x10(1 + x)5 =
	 co-efficient	of	x2 in (1 + x)5 = 10.

 Hence the required probability = 
10
32

5
16

=

 69.(d) Let probability of one = p and that of the other = q.

 ∴ p + q = 1. Also p q=
2
3

. ∴ 2
3

1 5
3

1p q q
+ = =or,

 ⇒ q p= ∴ = − =
3
5

1 3
5

2
5

. Since = q =
3
5 

 ∴ odds in favour of the other are 3 : 2

 70.(b) We have (X = 9) = {09, 18, 27, 36, 45, 54, 63, 72, 81, 90}
 and (Y = 0) = {0,01,.......,09,10,20,......90}

 P(Y = 0) = 
19
100

.Also (X = 9)(Y = 6) = [09, 90]

 Thus, P[(X = 9)(Y = 0)] = 2
100

 Hence P X
Y

= =





 = =

9 0

2
100
19
100

2
19

 71.(b) P A P B( ) =
+

= ( ) =
+

=
5

5 2
5
7

2
5 2

2
7

,

 P(X = 1) + P(X = 2) + P(X = 3)

 = 3
1

2
3

2

2
3

3

32
7

5
7

2
7

5
7

5
7

C C C












 +














 + 








 = 60 150 125
343

335
343

+ +
=

 72.(a) We have X = B(n, p) where p = 1
2

 ∴ p(X = r) = nCr p
r(1 – p)n–r = n r

n
C 1

2








 Since P(X = 4), P(X = 5) and P(X = 6) are in A.P.
 ∴ 2P(X = 5) = P(X = 4) + P(X = 6)

 ⇒ 2
4
5

6
5

2 4

5

6

5
=

=( )
=( )

+
=( )
=( )

⇒ = +
P X
P X

P X
P X

C
C

C
C

n

n

n

n

 ⇒ 2
4 4

5 5
6 6

5 5
=

−
−

+
−

−n
n

n
n

n
n

n
n

!
! !

. ! !
!

!
! !

! !
!

 ⇒ 2 5
4

5
6

=
−

+
−

n
n

 ⇒ n2 – 21n + 98 = 0 ⇒ n = 7, 14

 73.(c) n(S) = the area of the circle of radius r, n(E) = the area of  

 the circle of radius r
2

  Figure

 ∴ the required probability = 
n E
n S

r

r
( )
( )

=








=

π

π
2 1

4

2

2

 74.(a) Let P(A) = p, then P(B) = 3
2

P(A) = 3
2

p and 

 P(C) = 1
2

P(B) = 1
2

× 3
2

P = 
3
4

   A, B,C are
 
	 mutually	exclusive	and	exhaustive	events
 ∴ (ABC) = S  ∴ P(ABC) = P(S)
 ⇒ P(A) + P(B) + P(C) = 1

 ⇒ p + 3
2

 p+ 
3
4

 p = 1 ⇒ 13
4

p = 1 ∴ p = 4
13

 75.(a) Since P(ABC)	≥	0.75
 therefore 0.75 ≤  P(ABC) ≤ 1
 ⇒ 0.75 ≤ P(A) + P(B) + P(C) – P(AB)
 –P(BC) – P(AC) + P(ABC) ≤ 1
 ⇒ 0.75 ≤ 0.3 + 0.4 + 0.8 – 0.08 – P(BC) – 0.28 + 0.09 ≤ 1
 ⇒ 0.75 ≤ 1.23 – P(BC) ≤ 1
 ⇒ –0.48 ≤  – P(BC) ≤ –0.23
 ⇒ 0.23 ≤ P(BC) ≤ 0.48

 76.(d) Since P(E) ≤ P(F) and P(EF) = 0 do not 
 imply that E ⊆ F or F ⊆ E  ∴ (a),(b),(c) do not 
 hold in general.

 77.(c) P(in	first	and	second	match	India	wins	exactly	once	
 and third match is won by India)

 = 2
1

1
2

1
2

1
2

1
4

C 












×






 =

 78.(b) Number of vowels are A,O, U, E   ∴ one can be chosen by 
 4C1 ways. Total letters in the given word = 10

 ∴ Required probability = 
4

10
2
5

=

 79.(b) Total number of ways of selecting two out of m is mC2.
 Again  

m – 1
Place

 

 After selecting two persons when the remaining
 

 m – 2 persons can sit in a row by m–2+1P2 ways.

 ∴ Required probability = 
m

m
P
C

m
m

−
=

−
×

1
2

2

2 2
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80.(d) Let X ~ B(100, p) be the number of coins showing heads
 and let q = 1 – p. Then, since
 p(X = 51) = p(X = 50), we have
 100C51(p51)(q49) = 100C50(p50)(q50)

 ⇒ p
q
= 














100
50 50

51 49
100

!
! !

! !
!

 ⇒ p
p

p p p
1

51
50

50 51 51 51
101−

= ⇒ = − ⇒ =

 81.(a) Since all player are of equal strength, with whom S1 is  
 paired,will have no bearing on the probability of his   
 winning. The number of ways of choosing S1 and 7 other  
 winners out of 15 is 15C7.

 ∴  probability that S1 will win = 
15

7
16

8

15 8 8
7 8 16

1
2

C
C

= =
! ! !

! ! !

 82.(b) Required probability = (probabilty that Krishna will be  
 dead 10 years hence) × (probability that Hari will be dead  

 10 years hence) = 1 7
15

1 7
10

−





 −







 = 
8

15
3

10
24

150
× =

 83.(c) Let A and B be the events that a candidate opts for Medical  
 and Engineering respectively. Here,

 P A P A B( ) = = ( ) = =
40

100
2
5

15
100

3
20

, 

 and

 P(AB) = 1. So, P(B) = P(AB) – P(A) – P(AB)

 = 1 2
5

3
20

20 8 3
20

9
20

− − =
− −

= . So, required

 probability = P
A
B

P A B
P B







 =

( )
( )

= =


3
20
9
20

1
3

 84.(a) Let Ai be the event that the bridge is destroyed  by the i th  
 bomb (1 ≤ i ≤ 7) ∴ P(Ai) = 0.8, 
 So, P Ai( )  = 1 – 0.8 = 0.2. P(th bridge is still intact)
 

 = P A A A A A A A1 2 3 4 5 6 7( )
 

 = P A P A P A P A P A P A P A1 2 3 4 5 6 7( ) ( ) ( ) ( ) ( ) ( ) ( )
 
 = (0.2)7 = 0.0000128

 85.(c) Here n(S) = 24 = 16, Since here each of the four places of 
	 a	2	×	2	matrix	can	be	filled	in	2	ways.	The	only	non-	 	
 singular  2 × 2 matrices with elements 0 and –1 only are

 
−

−










− −
−











−
− −










1 0
0 1

1 1
0 1

1 0
1 1

, , ,

 
0 1
1 0

1 1
1 0

0 1
1 1

−
−










− −
−










−
− −








, , . So, the 

 required probability = 6
10

3
8

=

 86.(c) Here n(S) = 60C7 and n(E) = 24C4 × 35C2, where E is   
 the event that x25	is	the	fifth	from	the	left	of	randomly		
 picked up seven numbers. So, required probability =   

 
24

8
35

2
60

7

C C
C
×

 87.(a) Both heads appear on n coins and head and a tail appear 
 on (n + 1) coins so P (head)

 
= ++

+

+

n

n

n

n
C
C

C
C

1
2 1

1

2 1
1

2 1
1

1 1
2

. .

 = 
31
42 2 1

1
2 2 1

31
42

⇒
+

+
+
+( )

=
n

n
n

n

 ⇒ 2n + n + 1 = (2n + 1) 31
21









 ⇒ 63n + 21 = 62n + 31 ⇒ n = 10
 88.(d) We have 1 + 2 + .....+ 9 = 45.  ∴ a seven digit number  
 formed from 1,2,......,9 will be divisible by 9 if the two  
 digits which are used happen to be 1, 8 or 2, 7 or 3,6 or 4, 5. 

 we may leave two digits in 9
2

9 8
2

36C =
×

=  ways. 

 Hence required probability = 
4

36
1
9

=

 89.(a) P (sure event) = 1

 90.(b) Area	of	rectangle	=	π.	Area	of	circle	=	π

 common area = 
π

π

π4
4 1

4
.P =








=

 91.(c) Any month out of 12 months can be chosen with 
 probabilty = 1

12
.Therefore 7 possible ways in which the

 
 month can start and it will be a Friday on 13th day if the  

	 first	day	of	the	month	is	Sunday.	Its	probability	=	
1
7

.   

 Hence the required probability = 1
12

1
7

1
84

× =

 92.(a) P(A wins the game)
 = P(H or TH or TTTH or TTTTH or TTTTTTH or ..)
 = P(H) + P(TH) + P(TTTH) + P(TTTTH) + ........

 = 
1
2

1
2

1
2

1
2

1
22 4 5 7+ + + + + ....

 = 
1
2

1
2

1
2

1
2

1
2

1
24 7 2 5 8+ + +






 + + + +






... ....
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 = 

1
2

1 1
8

1
4

1 1
8

4
7

2
7

6
7−

+
−

= + =

 ∴ β α= − = − =1 1 6
7

1
7

 93.(d) The probability of students not solving the problem are 

 1 1
3

2
3

1 1
4

3
4

− = − =,  and  1 1
5

4
5

− = . Therefore the
  probability that the problem is not sloved by any one of  

 them = 2
3

3
4

4
5

2
3

× × = . Hence the probability that problem is

 solved = 1
2
3

3
5

− =

 94.(b) Let A be	the	event	that	Ram	will	get	the	first	job	and	B be  
	 the	event	that	he	will	get	the	second	job.	Then	P(A) = 0.6  
 and P(B) = 0.4. Clearly, A and B are two independent events.
 ∴ P(AB) = P(A).P(B)...........(1)
	 The	required	probability	that	Ram	will	get	at	least	one	job	
 = P(AB) = P(A) + P(B) – P(AB)
 P(A) + P(B) – P(A). [by (1)]
 = 0.6 + 0.4 – 0.6 × 0.4 = 1.0 – 0.24 = 0.76

 95.(a) P A B P A B∪ ∩( ) = ( ) =1
6

1
4

;

 
P A P A( ) = ⇒ ( ) =1

4
3
4

 
P A B P A B∪ ∩( ) = − ( )1

 = 1− ( ) − ( ) + ( )P A P B A B

 ⇒ 1
6

1
4

1
4

1
3

= − ( ) + ⇒ ( ) =P B P B

 Since P(A∩B) = P(A)P(B) and P(A)	≠	P(B)
 ∴ A and B are independent but not equally likely.

 96.(d) We have x
x

x x+ > ⇒ − + >
100 50 5 100 02

 ⇒ (x – 25)2 > 525 ⇒ |x – 25| > 22.91 ⇒ x > 2.09
 or x > 47.91. Therefore x ∈{1, 2, 48, 49,......100}
 which contains 55 elements. Hence the required 

 probability is 55
100

11
20

=

 97.(c) Total number of cases = 100 × 100. Now 7m + 7n is   
 divisible by 5 if one of the term has to end with 9 and other  
 with 1(7x can not be divisible by 9) 
 ∴ m can be 2, 6, 10, 14,....,98 (25 values) and m can be 4,  
 8, 12,.....,100 (25 values)
 Since m and n can interchange

 ∴ Required probability = 2 25 25
100 100

1
8

× ×
×

=

 98.(c) We have P(A does	not	get	prize)	=	P(all of A's tickets

 are blank) = 
9

12
8
11

7
10

21
55

× × = . Hence 

 P (A gets	at	least	one	prizes)	=	1 21
55

34
55

− =

 99.(d) P(First purse is selected and a copper coin comes out) =  

 1
2

4
7

× .P  (second purse is selected and a copper coin comes

  out) = 1
2

6
8

× . Hence the required probability
 

 
1
2

4
7

1
2

6
8

37
56

× + × =

 100.(a) P E
F

P E
F

P E F
P F

P E F

P F






 +












= ( )

( )
+

( )
( )





 = 
P E F P E F

P F
P F
P F

 ( ) + ( )
( )

= ( )
( )

=1

 101.(d) P(A  B) = P(A) + P(B) – P(A) P(B) (given)
 But P(A  B) = P(A) + P(B) – P(A  B)
 ∴ P(A  B) = P(A)P(B) with P(A), P(B) > 0
 So, A and B are independent i.e., A Band  are independent.
 Thus P A B P A B P A P B∪ ∩( ) = ( ) = ( ) ( )
 102.(a) Since	exactly	one	of	the	two	events	E1 and E2(say) must  
	 happen,	so	they	are	mutually	exclusive	and	exhaustive.
 ∴ P(E1) + P(E2) = 1. Suppose

 P E P E1 2
4
5

( ) = ( ) . Odds in favours of 
 
 E2 = P(E2):1 – P(E2) = P(E2) : P(E1) = 5 : 4

 103.(a) Required Probability = 
4

52
4

52
1

13
1

13
× = ×

 104.(b) Required Probability
 = p(1 – q) + q(1 – p) = p – pq + q – pq
 = p + q – 2pq

 105.(b) Favourable number of cases = 20C1 = 20.
 Sample Space = 62C1 = 62

 ∴ Required Probability = 20
62

10
31

=

 106.(a) Required Probability = 3
2

21
2

1
2

3
8

C 












 =

 107.(b) The number of numbers whose sum is 9 is : one digit  
 number = 1. Two digit numbers = 9. Three digit numbers 

 = 9 + 8 +7 +....+ 1 = 9 10
2

45×
=

 

 ∴ Required Probability = 
55

1000
11
200

=
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 108.(d) Required Probability = 
10
20

9
19

10
18

1 5
19 2

5
38

× × =
×
×

=

 109.(a) Since A,B are independent
 ∴ P(AB') = P(A') P(B')

 ⇒ 1 – P(AB) = P(A')P(B') ⇒ 1 8
10

−

 = 
7

10
2
7







 ⇒ =α α

 110.(a) There	are	seven	floors	besides	the	ground	floor.
 ∴ Number of possible out comes = 75

 Number of favourable cases = 7P5

 ∴ Required Probability = 
7

5
57
P

 111.(a) Roots of x2 + px + q = 0 will be real if p2	≥	4q
 The possible selections are as follows :

  

p
1
2
3
4
5
6
7
8
9
10

q
–
1
1 ,2
1, 2, 3, 4
1, 2, 3, 4, 5, 6
1, 2, ......9

1, 2, 3,...10

Total =           62
 ∴ Favourable ways = 62.Total number of ways = 102 = 100 

∴  Probability = 
62

100
0 62= .

 112.(c) The probability of not dying in a year is (1 – p).
 The probability that no one dies is (1 – p)n

∴  Probability that at least one die in a year is [1 – (1 – p)n] 
∴  Probability that A1	will	die	and	will	be	first	to	die

 =  
1 1− −( )





p

n

n

 113.(c) Let P(A) = Probability of a boy in two children = 
3
4 Because cases are BB, BG, GB, GG = 4.

 Favourable cases are BB, BG, GB = 3. The probability that  

 the second child is also boy is P A B( ) = 1
4

	 We	have	to	find	 P B
A









 So, P B
A

P A B
P A







 =

( )
( )

= =
 1 3

3 4
1
3

 114.(b) m rupee coins and n ten paise coins can be placed in a  

 line  in m n
m n
+( )!
! !

ways.	If	the	extreme	coins	are	ten	paise		
 
 coins, then the remaining n – 2 ten paise coins and m one  

 rupee coins can be arrenged in a line in m n
m n
+ −( )
−( )

2
2

!
! !

 ways.  
 Hence the required
 

 probability =

+ −( )
−( )
+( ) =

−( )
+( ) + −( )

m n
m n
m n
m n

n n
m n m n

2
2 1

1

!
! !

!
! !

 115.(a) Let X be the number of times 1, 30 or 4 occur on the die.  
 Then X follows a binomial distribution with parameter and  

 p = =
3
6

1
2

. We have P(1, 3 or 4 occur at most n times
 
 on the die)
 = P(0 ≤ X ≤ n) = P(X = 0) + P(X = 1)+...+P(X = n)

 
2 1

0

2 1
2 1

1

2 1
2 11

2
1
2

1
2

n
n

n
n

n
nC C C−

+
−

+
+






 + 






 + + 






.....

22 1n+

 = 2 1
0

2 1
1

2 1
2 11

2
n n n

n

n
C C C+ + +

+

+ + +










...

 Let S = 2n+1C0 + 2n+1C1 + ....+ 2n+1Cn
 ⇒ 2S = 2. 2n+1C0 + 2n+1C1 +....+ 2. 2n+1Cn
 = (2n+1C0 + 2n+1C2n+1) + (2n+1C1 + 2n+1C2n) 
  ........+ (2n+1Cn + 2n+1Cn+1) ⇒ S = 22n

 Hence required probability = 2 1
2

1
2

2
2 1

n
n







 =

+

 116.(b) Since	each	object	can	be	given	to	any	one	of	ten	persons.		
	 So,	ten	objects	can	be	distributed	among	10	persons	in	1010  
 ways. Thus, the total number of ways = 1010. The number  
 of  ways of distribution in which each gets only one thing  
 is 10! So, the number of ways of distribution in which at  
 least one of them does not get any thing is 1010 – 10!.  

 Hence,  required probability = 
10 10

10

10

10
− !

 117.(a) Required probability = 
5

2
4

2
9

2

10 6
36

16
36

4
9

C C
C
+

=
+

= =

 118.(b) Required probability = P A P B( ) ( ) = =. .2
6

2
6

1
9
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1.(b) 
a b b c c a
x y y z z x
p q q r r p

− − −
− − −
− − −

 = 
0
0
0

0 1 1 2 3

b c c a
y z z x
q r r p

C C C C
− −
− −
− −

= → + +[ ]by

2.(a) 
1
1
1

2

2

2

a a bc
b b ac
c c ab

−
−
−

 = 
0
0
1 2

a b a b a b c
b c b c a b c
c c ab

− −( ) + +( )
− −( ) + +( )

−

   by 
R R R
R R R

1 1 2

2 2 3

→ −
→ −





 = a b b c
a b c
a b c

c c ab
R R−( ) −( )

+ +
+ +
−

= ≡{ }
0 1
0 1
1

0
2

1 2

3.(d) 
1 1 1
1 1 1
1 1 1

+
+

x
y

 = 
0 0 1

1
0 1

1 1 2

2 2 2
−

− +
=

→ −
→ −









x x

y y
xy

C C C
C C C

4.(a) Obviously, on putting x = 0, we observe that the 
determinant becomes

 

∆x

a b
a c
b c

a bc b ac= =
− −

− = ( ) − ( ) =0

0
0

0
0

 ∴ x = 0 is a root of the given equation.

5.(b) 
1

1
1

2

2

2

ω ω
ω ω
ω ω

 = 
1
1 1
1 1

0
0 1
0 1

0

2 2

2 2

2

2

2
+ +
+ +
+ +

= =
ω ω ω ω
ω ω ω
ω ω ω

ω ω
ω

ω

6.(b) ∆ = +( ) = + +
−

2
1 1
1 1 2 1
1 2 1

i
i

i i
i

 = 2
0 2 1
0 1 2 2
1 2 1

1 1 2

2 2 3
+( )

− −
− +

−

→ −
→ −





i
i
i i

i

R R R
R R R

by
 
 
 = (2 + i){–4i2 + (–1 + 2i)} = (2 + i)(4 – 1 + 2i)
 = (2 + i)(3 + 2i) = 4 + 7i

7.(b) 
a b c a a

b b c a b
c c c a b

− −
− −

− −

2 2
2 2
2 2

 = 

−

−

− −

→ −
→ −











∑
∑ ∑

∑

a a

a a b

a c a b

C C C
C C C

0 2

2

0

1 1 2

2 2 3 
 

 = a
a
b

c a b
∑( )

−
−

− −

2
1 0 2

1 1 2
1 1 

	 =	(∑a)3 (on expansion) = (a + b + c)3

8.(d) 
b c a a
b c a b
c c a b

c b
b c a b
c c a b

+
+

+
=

− −
+

+

0 2 2

   
R R R R1 1 2 3→ − +( ){ }

 = 2c.b( a + b – c) – 2b.c(b – c – a) = 4abc

9.(d) 
x a b c
b x c a
c a x b

+
+

+
= 0

 ⇒ (x + a + b + c)
1
1
1

0
b c
x c a
a x b
+

+
=

 by (C1	→	C1 + C2 + C3)
 x = –(a + b + c) is one of the root of the equation.
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10.(a)	 ∆xyz

1 1 1 1

1 1 1 1

1 1 1 1

+

+

+

x x x

y y y

z z z

 = xyz
x y z y y y

z z z

1 1 1 1
1 1 1
1 1 1 1

1 1 1 1

+ + +








 +

+

   by (R1	→	R1 + R2 + R3)

 = xyz
x y z y

z

1 1 1 1
1 0 0
1 1 0

1 0 1

+ + +










     by 
C C C
C C C

2 2 1

3 3 1

→ −
→ −





 = xyz
x y z

1 1 1 1 1 0
0 1

+ + +










 = xyz
x y z

1 1 1 1
+ + +











11.(b) 
y z x y
z x z x
x y y z

x y z z x z x
x y y z

+
+
+

= + +( ) +
+

2 1 1
;

   by (R1	→	R1 + R2 + R3) 

 = x y z x z x
x y z

+ +( )
1 1 1

;  by (C1	→	C1 – C2)

 = (x + y + z).{(z2 – xy) – (xz – x2) + (xy – xz)}

 = (x + y + z)(x – z)2 ⇒ k = 1

12.(a) 
x

x
x

x x
x

3 7
2 2
7 6

0 9
1 1 1
2 2
7 6

0= ⇒ +( ) =

   by (R1	→	R1 + R2 + R3)
 ⇒ (x + 9){(x2 – 12) – (2x – 14) + (12 – 7x)} = 0
 ⇒ (x + 9)(x2 – 9x + 14) = 0
 ⇒ (x + 9)(x – 2)(x – 7) = 0
 Hence the other two roots are x = 2, 7

13.(d) A a b c
a b c

a b a c a
a b a c a

= = − −
− −

1 1 1 1 0 0

2 2 2 2 2 2 2 2

    

c c c
c c c

2 2 1

3 3 1

'

'

→ −
→ −











 = (b – a)(c – a)(c – b)

 

B a b c
a b c

a b a c a
a b a c a

= = − −
− −

1 1 1 1 0 0
2 2 2

3 3 3

2 2 2 2 2

3 3 3 3 3

 = b a c a a b a c a

a b ab a c ac a

−( ) −( ) +( ) +( )
+ +( ) + +( )

1 0 0
2

3 2 2 2 2 

 = (b – a)(c – a)(a + b)(b + c)(b – c)

 c = abc a b c
a b c

1 1 1

2 2 2
 

 

 = abc(b – a)(c – a)(c – b)
 ∴ A ≠ B ≠ C

14.(a) Splitting the determinant into two determinants.

	 We	get	∆	=	
1
1
1

1
1
1

0

2

2

2

2

2

2

a a
b b
c c

abc
a a
b b
c c

+ =

 = (1 + abc)[(a – b)(b – c)(c – a)] = 0. Because a, b, c 
are different, the second factor cannot be zero. Hence, 
option (a), 1 + abc = 0 is correct.

15.(c)	 ∆	=	
1
1
1

1 1
1 1
1 1

a b c
b c a
c a b

a b c
b c
c a
a b

+
+
+

= + +( )
+
+
+

 

    (C2	→	C2 + C3)
 = 0 ( C1	≡	C2)

16.(b)	 ∆	≡	
a b a b
b c b c

a b b c

α
α

α α

+
+

+ + 0

 = 
a b a b
b c b c

a b c

α
α

α α

+
+

− + +( )0 0 22 

   by (R3	→	R3	–	αR1 – R2) 
 = a{– c(aα2 + 2bα + c) – 0} – b{– b(aα2 + 2bα + c) – 

0}
 by expanding along C1
 = (b2 – ac)(aα 2 + 2bα + c)
	 Thus,	∆	=	0,	if	either	b2 – ac = 0
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 or, aα2 + 2bα + c = 0
 i.e., a, b, c in G.P. or aα2 + 2bα + c = 0 

17.(d) 
1 1 1
b c c a a b
b c a c a b a b c

+ + +
+ − + − + −

 = 
0 0 1

2 2
0b a c b a b

b a c b a b c
− − +
−( ) −( ) + −

=

18.(a) 
a ma b
a ma b
a ma b

m
a a b
a a b
a a b

1 1 1

2 2 2

3 3 3

1 1 1

2 2 2

3 3 3

=

 = 0 {∴C1	≡	C2}

19.(d) Apply R1	→	R1 + R2 and then expand along R1

20.(b) 
3 8 3 3

3 3 8 3
3 3 3 8

0
x

x
x

−
−

−
=

   (C2	→	C2 + C2 + C3)

 We get, (3x - 2)
1 3 3
1 3 8 3
1 3 3 8

0x
x

−
−

=

 Applying R1	→	R1 – R2 and R2	→	R2 – R3,

 we get (3x – 2)
0 3 11 0
0 3 11 3 11
1 3 3 8

0
− +

− − +
−

=
x

x x
x

 ⇒ 3 2 3 11 0 2
3

11
3

2x x x−( ) − +( )




= ⇒ = ,

21.(b) 
5 5 5
5 5 5
5 5 5

5 5 5
1 5 5
1 5 5
1 5 5

2 3 4

3 4 5

4 5 7

2 3 4

2

2

3
= . .  

 

 [Taking 52 , 53 and 54 common from 1st, 2nd and 3rd 
rows respectively]

 = 5 5
1 1 5
1 1 5
1 1 5

9

2

2

3
. [Taking 5 common from 2nd column]

 = 510.0 [ In the above determinant two coloumns are 
identical] = 0

22.(a) On expanding
 –a(b – c) + 2b(b – c) + (a – b)(b – 2c) = 0
 ⇒ –ab + ac + 2b2 – 2bc + ab – 2ac – b2 + 2bc = 0

 ⇒ b2 – ac = 0 ⇒ b 2 = ac ∴ a,b,c are in G.P.

23.(d)  Given equation reduces to
 (x – 1)(6x – 38) = 0 ⇒ 3x2 – 22x + 19 = 0
 ⇒ (x – 1)(3x – 19) = 0 ⇒ x = 1, 19

3

24.(b)	 We	have	∆	=	
−

−
−

x
x

x

1 0
1 1
0 1

 ∆ = − −( ) − − −( ) = ⇒ = ±x x x x2 1 1 0 0 2  

25.(d)	 We	have	∆	=	
5 3 1
7 3

9 6 2
0

−
− −

−
=x

 ∴ –10x + 90 – 42 – 81 + 42 + 9x = 0  or, x = 9

26.(a) 
x

x
x

2 1
2 5
1 2

0
−

−
=

 ⇒ x(5x – 2x) – 2(2x + x) –1(4 + 5) = 0
 ⇒ 3x2 – 6x – 9 = 0, x2  – 2x – 3 = 0
 ⇒ (x + 1)(x – 3) = 0 ⇒ x = – 1, 3

27.(d) 
y z x z x y
y z z x y x
z y z x x y

y z x z x y
y x
z x

+ − −
− + −
− − +

=
+ − −
2 2 0
2 0 2

  R1 → R2 + R1 and R3	→	R3 + R1

 = 4 0
0

y z x z x y
y x
z x

+ − −

 = 4[(y + z)(x2) – (x – z)(xy) + (x – y)(–zx)]
 = 4[x2y + zx2 – x2y + xyz – zx2 + xyz]
 = 8xyz. Hence, k = 8
28.(c) It has a non-zero solution if 

 

1 1
3 1
1 3 1

0 6 6 0 1
k
k k k

−
− −
−

= ⇒ − + = ⇒ =

 
29.(d) For the system of given homogeneous equations 

	 ∆	=	
1 1 1
3 1 1
1 3 1

1 1 3 1 3 1 1 9 1
−

− −
−

= − −( ) − +( ) − − +( )

 
 = –4 – 4 + 8 = 0 ∴ There are infinite number of 

solution.

30.(d) The given system of homogeneous equations has a 
non-zero	solution	if,	∆	=	0
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 i.e., 
1 1 1
3 3
1 3 1

2 6 0 3
−

− −
−

= − − = = −α α αi.e., if

31.(b) The given system of homogeneous equations has

	 ∆	=	
1 4 1
3 4 1
1 3 1

−
− −
−

 = 1(–4 –3) – 4(3 + 1) –1(–9 + 4)
	 =	–7	–	16	+	5	≠	0.	There	exists	only	one	trivial	

solution.

32.(b) a + b – 2c = 0, 2a – 3b + c = 0
 a – 5b + 4c = α

 System is consistent, if D =
−

−
−

=
1 1 2
2 3 1
1 5 4

0

 and D1 = 
0 1 2
0 3 1

5 4
0

−
−
−

=
α

 and D2 also zero.

	 Hence,	value	of	α	is	zero.

33.(c) D = 
1 1 1
3 1 2
3 1 1

−
−

 = 1[–1 – 2] –1[6 – 3] + 1[3 + 3] = 0 and

 D1 = 
2 1 1
6 1 2
18 1 1

−
− −
−

 = 2(– 1 – 2) –1(–36 + 6) +1(– 6 –18) 
 = – 6 + 30 – 24 = 0. Also, D2 = 0; D3 = 0
  D = D1 = D2 = D3 = 0
 So the system has infinite solution.

34.(b) For infinitely many solution, the two equations must be 
identical.

 ⇒ K
K K

K
K

+
=

+
=

−
1 8

3
4

3 1
 

 ⇒ (K + 1)(K + 3) = 8K and 
 8(3K – 1) = 4K.(K + 3) ⇒ K2 – 4K + 3 = 0
 and K2 – 3K + 2 = 0. By cross multiplication, 

 K K2

8 9 3 2
1

3 4− +
=

−
=
− +

  ∴K2 = 1 and K = 1

 ∴ K = 1
35.(a) Given system of equation can be written as 

 

1 1 1
3 1 2
3 1 1

2
6
18

−















=

−

















x
y
z

. On solving the above

 System we get the unique solution
 x = –10, y = –4, z = 16

36.(d) Given system will be inconsistent when D = 0

 ⇒ 
1 1 1
1 2 3
1 2

0
λ
= . Appling C1	→	C1 – C2 and 

 C2	→	C2 – C3 ⇒ 
0 0 1
1 1 3
1 2

0− −
− −

=
λ λ

 ⇒	–1(2	–	λ)	–1	=	0	⇒	λ	=	3

37.(d) Competitive method : Put the value of (x, y, z) = 
(1,2,–1),

 which satisfies the equation.
 Hence, (d) is correct answer i.e., 1, 2, –1

38.(d) (AB)–1 = B–1A–1

39.(a) The co-factors of N = 
− − −4 3 3
1 0 1
4 4 3

 are

 C11 = –4,C12 = 1, C13 = 4;
 C21 = –3, C22 = 0, C23 = 4;
 C31 = –3, C32 = 1, C33 = 3; 

 ∴ adjN = 
− − −

=
4 3 3

1 0 1
4 4 3

N

40.(b) The correct relation is (AB) = B'A'
 i.e., option (b) is correct answer.

41.(a) (I – A)(I + A) = I – A2 = O
 {Since A is involutory, therefore A2 =1}

42.(b) Let I =
1 0 0
0 1 0
0 0 1

, then KI = 
k

k
k

0 0
0 0
0 0

 ⇒ adj(KI) = 
k

k
k

K I

2

2

2

2
0 0

0 0
0 0

=

43.(b) We know by the fundamental concept that 
 adj(adjA) = |A|n–2 . A
 

44.(b) For A
i
i adj A

i

i
=
















( ) =
















0

0
2

2
0

0
,  and
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A A adjA
i

i
= − ∴ = ( ) =

−

















−1
2

1 1
1
2

2
0

0

1

∆

 = 
−

−










i
i

0
0 2

45.(c) A(adjA) = AA–1|A| = |A|I

46.(b) In A–1, the element of 2nd row and 3rd coloumn is the 
C32 element of the matrix (Cij) of co-factors of element 
of A,(due	to	transposition)	divided	by	∆	=	|A| = –2

 ∴ Required element = −( )
−

=
−( )
−

= −
+1
2

2
2

1
3 2

32M

 where M32 = minor of C32 in

 
A = 







 = − = −

1 1
2 0

0 2 2

47.(b) Since A, B are symmetric ⇒ A = A' and B = B'
 ∴(AB – BA) = (AB) – (BA)
 = B'A – A'B = – (A'B' – B'A') = – (AB – BA)
 ⇒ (AB – BA) is skew-symmetric.

48.(a) (M'AM) = M'A'M = M'AM {A is symmetric.
 Hence M'AM is a symmetric matrix}

49.(b) A square matrix is to be orthogonal matrix if

 A'A = I = AA' ⇒ A =
−










cos sin
sin cos
α α
α α

  A = 
cos sin
sin cos

' ,
α α
α α

−







 ⇒ =









AA

1 0
0 1

 
A A AA A A I' ' '=









 ∴ = =

1 0
0 1

50.(a) A adjA
A

− =1 ;  But A
a c
d b

ab cd=








 = −

 and adjA = 
b c
d a

−
−








  therefore

 

 
A
ab cd

b c
d a

−

−
−

−










1 1

51.(b) The inverse of the matrix

 

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

































is

52.(a) A(adjA) = 
3 2
1 4

4 2
1 3

10 0
0 10











−
−








 =











53.(d) Since (A + A')' = A' + A = A + A', so it is
 symmetric. (AA')' = (A)' A' = AA',
 so it is symmetric. (A'A)' = A'(A')' = A'A, so it is 

symmertic.
 But (A – A') = A' – A ≠ A – A'. Hence it is not 

symmertic.

54.(a) 3A3 + 2A2 + 5A + I = 0
 ⇒ I = –3A 3 – 2A2 – 5A
 ⇒ IA–1 = –3A2 – 2A – 5I
 ⇒ A–1 = –(3A2 + 2A + 5I)

55.(b) If A and B are square matrices of the same order then 
 (AB') = B'A'
 
56.(d) All the given statements are true.

57.(a) Let A be a symmertic matrix.
 Then AA–1 = I ⇒ (AA–1)T = I
 ⇒ (A–1)T AT = I ⇒ (A–1)T = (AT) –1

 ⇒ (A–1)T = (A)–1 ( AT = A)
 ⇒ A–1 is a symmertic matrix.

59.(a) Since A is a skew-symmertic matrix, therefore
 AT = –A ⇒ (AT)n = (–A)n

 ⇒ (An)T = 
A n
A n

n

n
,

,
if is even
if is odd−







60.(c) It is a skew-symmertric matrix.

61.(a) A = 
1 2
5 3

1 5
2 3

−







 =

−








,AT

 ∴ A AT+ =










2 3
3 6

 

62.(a) A A=















⇒ = − +( ) = −

0 1 0
1 0 0
0 0 1

1 1 0 1

 adj(A) = 
A A A
A A A
A A A

11 21 31

21 22 32

13 23 33

















 ⇒ A11 = 0, A12 = –1, A13 = 0
      A21 = –1, A22 = 0, A23 = 0
     A31 = 0, A32 = 0, A33 = –1

 ⇒ A adj A
A

A− = ( ) =















=1

0 1 0
1 0 2
0 0 1
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63.(a) Since adjA A n= −2  therefore

 A adjA adjA= ⇒ = ⇒0 0  is also singular.

64.(b) Let A A=















⇒ = +( ) =

1 2 3
0 1 2
0 0 1

1 1 0 1

 Adj(A) = 
A A A
A A A
A A A

11 21 31

12 22 32

13 23 33

















 Adj(A) = 
1 2 1
0 1 2
0 0 1

−
−

















 ⇒ A Adj A
A

− = ( ) =
−

−
















1
1 2 1
0 1 2
0 0 1

65.(c) If A' = A, then order of A' will be same to order of A.
 So it is a square matrix.

66.(c) A
1 1
1 1

1 1
1 1

1 1
1 1−









 =

−







 −










 = 
2 0
0 2

2
1 0
0 1

2







 =









 = I

67.(a) Every skew-symmetric matrix of odd order is singular.
 So option (a) is incorrect.

68.(b) Skew-symmetric matrix of odd order is singular.

69.(c) Adj(AB) – (Adj B)(Adj A) = O

70.(a) 

A AdjA= =
−







3

1 2
0 3

, 

 ∴ A–1 = 
1
3

1 2
0 3

1
27

1 2
0 3

1 3−







⇒ ( ) =

−









−A

 = 
1
27

1 26
0 27

−









71.(b) The matrix is not invertible if 
1 2
1 2 5
2 1 1

0
a

=

 ⇒ 1(2 – 5) – a(1 – 10) +2(1 – 4) = 0
 ⇒ –3 + 9a – 6 = 0 ⇒ a = 1

72.(b) A(adj.A) = |A|I

 ⇒ 
10 0
0 10

10
1 0
0 1

10= =

73.(d) aij = i2 – j2 is a square matrix. For a skew symmetric 
matrix 

 aij = j2 – i2 ⇒ aij = –aij = i2 – j2
 and aij = j2 – i2 ⇒ aij = 0 ⇒ aij = –aij
 Hence, aij is skew-symmetric matrix.

74.(c) Here, C11 = 1, C12 = –2, C13 = –2
  C21 = –1, C22 = 3, C23 = 3
  C31 = 0, C32 = –4, C33 = –3

 ⇒ det A = |A| = 
3 3 4
2 3 4
0 1 1

1
−
−
−

=

 ⇒ A
A
AdjA

C C C
C C C
C C C

− = ( ) =
















1
11 21 31

12 22 32

13 23 33

1 1
1

 = 
1 1 0
2 3 4
2 2 3

−
− −
− −

















 Now, A2
3 4 4
0 1 0
2 2 3

=
−
−

− −

















 and A3 = A2. A

 = 
3 4 4
0 1 0
2 2 3

3 3 4
2 3 4
0 1 1

−
−

− −

















−
−
−

















.

 = 
1 1 0
2 3 4
2 3 3

1
−

− −
− −
















= −A

75.(b) |AdjA| = |A|n–1
 = d n–1

76.(b) If A and B are non-singular square matrices of same 
order,

 then adj(AB) is equal to (adjB)(adjA)

77.(d) Let A A=
−














⇒ =

1 2 3
0 1 2
0 0 1

1

 

adj A

T

( ) =
−

−
−

















1 2 1
2 1 1

7 2 1

 Hence, A adj A
A

A− −= ( ) ⇒
−

−
− −

















1 1
1 2 7
2 1 2
1 1 1
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 Henec, element A13 = 7

78.(b) We have, (AAT) = (AT)T .AT = AAT (by
 reversal law) ∴ AAT is symmetric matrix.

79.(b) 
λ

λ
−

−
−

≠ ⇒ ≠ −
1 4

3 0 1
1 1 2

0 17

80.(a) If A is a square matrix.

81.(c) As I3 I3 = I3 , therefore I3
–1 = I3

82.(b) The given matrix is a skew-symmetric matrix
 [ A' = – A]

83.(b)  AB =
−
























=

− −









1 2 1
2 1 3

2 1
3 2
1 1

3 2
10 7

 = AB
T( ) =

−
−










3 10
2 7

84.(b) adj(A) can be obtained by changing the diagonal 
element and changing the sign of off diagonal 
elements.

 Here, adj(A) = 
3 1
2 1−











85.(b) A + AT is a sqaure matrix.
 (A + AT)T = AT + (AT)T = AT + A.
 Hence, A is a symmetric matrix.

86.(b) |A| = (ad – bc)

 ∴ A
ad bc

d b
c a

− =
−( )

−
−










1 1

87.(d) |A| = 1	≠	0,	therefore	A is invertible.
 Thus (d) is not correct.

88.(c) A2 – A + I = 0
 ⇒ I = A – A2 ⇒ I = A(I – A)
 ⇒ A–1I = A–1(A(I – A)) ⇒ A–1 = I – A

89.(a) (B –1A–1)–1 = (A–1)–1(B–1)–1 = AB
  (Reversal law of inverses)

 = 
2 2
3 2

0 1
1 0

2 2
2 3−











−







 =

−









90.(b) When aij = 0 for i ≠ j and aij is constant for i = j,

 then the matrix aij n n  ×
 is called a scalar 

matrix.

91.(b) Given, square matrices A and B of same order,
 we know that if A and B are non-singular matrices of 

the 
 same orders, then (AB)–1 = B–1A–1

92.(b) A B=
−

−








 =










1 2
2 1

3
1

,

 AX = B ⇒ X = A–1B

 
A adjA

A
A− −= ⇒ =

− − −
− −








 =











1 1 1
3

1 2
2 1

1
3

1 2
2 1

 and X A B X= =


























 =










−1

1
3

2
3

2
3

1
3

3
1

1
3

5
7

;

93.(b) A adjA=
−









 ⇒ =

− −
− +










1 2
3 5

5 2
3 1

 
A =

−








 = −

1 2
3 5

11

 ∴ A− =
−









 =

−



















1 1
11

5 2
3 1

5
11

2
11

3
11

1
11

94.(d) Given, A = 








2 3
4 6

, we know that

 A adjA
A

− =1 . Therefore, |A| = [12 – 12] = 0

 Since |A| is zero, therefore inverse of A does not exist.

95.(b) A adjA=








 ⇒ =

−
−










4 2
3 4

4 2
3 4

 ⇒ |adjA| = (4 × 4) – (–3 × –2) = 16 – 6
 ⇒ |adjA| = 10

96.(a) Since A2 = 0 (zero matrix) and 2 is the least positive 
integer

 for which A2 = 0. Thus, A is nilpotent of index 2.

97.(d) Since for A
i i
i

A A
T

=
−

− −








( ) = −

1 2
1 2 0

 Therefore A A A
T( ) = −

98.(b) Let A =
−
−
−

















3 3 4
2 3 4
0 1 1

. Then,
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 A11 = 1, A12 = –2, A13 = –2
 A21 = –1, A22 = 3, A23 = 3
 A31 = 0, A32 = –4, A33 = –3 

 adj(A) = 
A A A
A A A
A A A

11 21 31

12 22 32

13 23 33

1 1 0
2 3 4
2 3 3
















=

−
− −
− −

















99.(a) K A=   =
−−1 1
6

 
100.(b) For matrix AB, option (b) is true i.e.,
 (AB)–1 = B–1A–1 by the principle of Inversion.

101.(a) A(adj(A)) = |A|I
 Here |A| = cos2x + sin2x = 1

 Hence, A.(adj(A)) = 
1 0
0 1










102.(d) From option check AA–1 = I
 ∴ We are to find A–1. Here, |A| = 8 – 7 = 1

 adjA = 
4 7
1 2

−
−








   ∴ A–1 = 

1 1

A
adjA( )−

 = 
1 4 1

1 2
4 1
7 2A

−
−








 =

−
−










103.(a) If A = 
−
−










2 6
5 7

, then adj(A) is equal to

 

7 6
5 2

−
−











104.(d) K A A= = − =;
3 2 4
1 2 1
0 1 1

11

 

105.(c) A adj A( )  =










−
−










3 4
5 7

7 4
5 3

 = 
1 0
0 1








 = A I     [ |A| = 21 – 20 = 1]

106.(a) A–1 = A2 , because A 3 = I

107.(d) Since A.A = I, therefore A–1  = A

108.(a) Let A A=
−







 ⇒ = + = ≠

1 2
3 4

4 6 10 0

 Now, A11 = 4, A12 = –3, A21 = –(–2) = 2, A22 = 1

 ∴ adj(A) = 
4 2
3 1−











 ∴ A adj A
A

− = ( ) =
−










1 1
10

4 2
3 1

109.(d) Let A = 
cos sin
sin cos

2 2
2 2
θ θ
θ θ

−









 
A adj A= ( ) =

−








1

2 2
2 2

.
cos sin
sin cos

θ θ
θ θ

 
A

adj A
A

− = ( ) =
−










1 2 2
2 2

cos sin
sin cos

θ θ
θ θ

110.(a) Given, 
4 2 2
5 0

1 2 3
10 1−

−
















= −α A

 

 ⇒ 
4 2 2
5 0

1 2 3

1 1 1
2 1 3
2 1 1

−
−

















−
−

















α

 = 
10 0 0
0 10 0
0 0 10

















 ⇒ –5	+	α	=	0	⇒	α	=	5	[Equating

 the element of 2nd row and 1st column]

111.(b) We have, A(adjA) = 
10 0
0 10











 or, A(adjA) = 10
1 0
0 1

10







 = I .......(i) and

 ∴ From equation (i) and (ii), we get |A| = 10

112.(b) (ABC)' = C'B'A' [It is a fundamental concept]

113.(c) By fundamental property.
 adj(λx)	=	λn–1(adjX). Hence n = 3
 ∴adj(λx)	=	λn–1(adjX), adj(λx)	=	λ2(adjX)

114.(c) X
x y
z t

adjX
t y
z x

=
− −







 =

− −








;  

 ∴ Transpose of (adj(X)) = 
t z
y x

−
−











115.(a) A =
−









5 2
3 1
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 |A| = 11, A11 = 1, A12 = –3, A21 = 2, A22 = 5

 
A− =

−










1 1
11

1 2
3 5

116.(c) Given A A=
−

















= −
















−
1 0 0
0 1 1
0 2 4

1
6

6 0 0
0 4 1
0 2 1

1,

 

A2
1 0 0
0 1 1
0 2 4

1 0 0
0 1 1
0 2 4

1 0 0
0 1 5
0 10 14

=
−















 −
















= −

−

















 

cA
c

c c
c c

dI
d
d
d

=
−

















=
















0 0
0
0 2 4

0 0
0 0
0 0

;

 ∴ By A A cA dI c d− = + +



 ⇒ = + +1 21

6
6 1

 (By equality of matrices) ∴(–6, 11) satisfy the relation.

117.(d) A =
−

−
1 1 1
0 2 3
2 1 0

 = 1[3] + 1[6] + 1[–4] = 5

 B = adjA = 
3 1 1
6 2 3
4 3 2
− −
− −

















 

 adjB = 
5 5 5
0 10 15

10 5 0

−
−

















= 5A and C = 5A

 

  
C adjB c adjB

adjB
e

= = ∴ =; ; 1

118.(a) If A is a singular matrix of order n, then 
 A(adjA) = (adjA)A = 0 = zero matrix.
 
119.(b) If all the elements of any matrix is one, then member 

od each
 row may be zero except first row because first row will 

be
 used to subtract second row. Hence, only a single row 

in matrix contains non-zero elements.
 Therefore matrix will be a unit matrix.
120.(a) Since det (–A) = (–1)3 det A = –det A

121.(a) We know that if A,B are square matrices of order n,
 then |AB| = |A||B|

122.(a) 
1 2 3
3 1 2
2 3 1

4 2
0 6
1 2

2
1
































=

−
−

−























x
y
z 



 ⇒ x + 2y + 3z = 6; 3x + y + 2z = –6;
 2x + 3y + z = 0
 On simplification the above equations, we get the 

required
 result i.e., x = –4, y = 2, z = 2

123.(d) 
1 0 1
1 1 0

0 1 1

1
1
2

0
−

−
































=















⇒

+ +
− +

x
y
z

x y z
x yy z
x y z

+
− +
















=
















0
0

1
1
2

 ⇒ x + z = 1; –x + y = 1; z – y = 2
 ⇒ (x, y, z) = (–1, 0, 2)

124.(a) Let A be a skew-symmetric matrix of odd order,
 say(2n + 1). Since A is skew-symmetric, therefore
 AT = – A ⇒ |AT| = |– A|⇒|AT| = (–1)2n+1|A|
 ⇒ |AT| = –|A| ⇒ |A| = –|A|
 ⇒ 2|A| = 0 ⇒ |A| = 0

125.(a) Here |A| ≠ 0. Hence unique solution.

126.(c) A I=















=

2 0 0
0 2 0
0 0 2

2  

 ∴ AB = 2IB = 2B = 
2 4 6
0 2 0
0 0 4

















 

 Therefore |AB| = 
2 4 6
0 2 0
0 0 4

2 8 16















= ( ) =

127.(b) |A| = –1,|B| = 3 ⇒ |AB| = –3
 ⇒ |3AB| = (32)(–3) = – 81

128.(c) From equation no. (ii) we get, 2(x + y) = 3
 or, 2.2 = 3 or 4 = 3 which is not feasible, so given 
 equation has no solution. 

129.(c) A =
















1 2 31
1 4 9
1 8 27

. Let Cij be co-factor of aij

 
 in A. The co-factor of elements of A are given by

 C C11 21
4 9
8 27

36
2 3
8 27

= = =, = – 30
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C C31 12

2 3
4 9

6
1 9
1 27

18= = = = −,

 
C C22 32

1 3
1 27

24
1 3
1 9

6= = = = −,

 
C C13 23

1 4
1 8

4
1 2
1 3

6= = = = −,

 
C33

1 2
1 4

2= =

 ⇒ Adj A Adj A( ) =
−

− −
−
















⇒ ( )

36 30 6
18 24 6
4 6 2

 = 36(48 – 36) + 30(–36 + 24) + 6(108 – 96)
 ⇒ |Adj(A)| = 144

130.(a) ∆1
2 2 2 2 2

1 0 0
= − −

− −
a b a c a
a b a c a

 = (b – a)(c – a)
1 1
b a c a+ +

 = (b – a)(c – a)(c – b)
 = (a – b)(b – c)(c – a)

 

∆2

1
1
1

=
bc a
ac b
ab c

 

1
0
0

bc a
c a b b a
b b c c a

−( ) −( )
−( ) −( )

 = a b c a
c
b

−( ) −( )
−

−
1

1
 

 
 = –(a – b)(b – c)(c – a)
	 =	–∆1
 ⇒	∆1	+	∆2 = 0

131.(c) Co-factor matrix = 
a

a
a

2

2

2

0 0
0 0
0 0

















 ∴ adjA = (Co-factor Matrix) = 
a

a
a

2

2

2

0 0
0 0
0 0

















 ∴ |adjA| = 
a

a
a

2

2

2

0 0
0 0
0 0

















= a6

132.(b) We have, 
a b ax by
b c bx cy

ax by bx cy

+
+

+ + 0

 = 
a b
b c

ax by bx cy ax bxy cy

0
0

22 2+ + − + +( ) 
   [Applying c3	→	c3 – xc1 – yc2] 

 = –(ax2 + 2bxy + cy2)(ac – b2)

 = 
1 02 2 2 2

a
b ac ax by y ac b−( ) +( ) + −( )




<

    [ b2 – ac < 0 and a > 0]

133.(a) A =
−

−
− −

=
−

−
2 4
1 3 4

1 2 3

2 4
1 3 4

0 1 1

λ λ

 = 
2 4 4
1 1 4

0 0 1
2 4 2

λ
λ λ

+ −
− − = − + + = +

 Since A is non-singular.
 ∴ |A| ≠ 0 ∴	λ	+	2	≠	0	⇒	λ	+	2

134.(a)	 Since	α,β,γ	are	the	cube	roots	of	8
 ∴ x3	–	8	=	0	gives	roots	as	α,β,γ
 ∴	–α	+	β	+	γ	=	0

 Now, 
α β γ
β γ α
γ α β

α β γ β γ
α β γ γ α
α β γ α β

=
+ +
+ +
+ +

 

 = 
0
0
0

0
β γ
γ α
α β

=

135.(b) x y z
a h g
h b f
g f c

, , ,[ ]
















×

×

1 3

3 3

  and 
x
y
z
















×3 1

 are the given matrices.
 ∴ The order of their product = 1 ×  3,3 × 3,3 × 1
 = matrix of order 1 × 1.

136.(b) If the matrix is non-singular then

 

A = ⇒
+

= ⇒ =0
1 3 2
2 4 8
3 5 10

0 4
λ

λ
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137.(a) We have, 
x

x
x x

x
α

β
β γ

β α
γ

β γ

1
1
1

0
0

0 0
1

= ⇒
− −

−

 [Applying R1	→	R1 – R2, R2	→	R2 – R3]
 ⇒ (x – β)(x – γ)	=	0	[Expanding	along	C3]
	 Clearly,	the	roots	are	independent	of	α.

138.(a) A2
1 3 4
1 3 4

1 3 4

1 3 4
1 3 4

1 3 4
=

− −
−

− −

















− −
−

− −

















 = 
1 3 4 3 9 12 4 12 16
1 3 4 3 9 12 4 12 16

1 3 4 3 9 12 4 12 1

+ − − − + − − +
− − + + − + −
+ − − − + − − + 66

















 = 
0 0 0
0 0 0
0 0 0

0















=  ∴ A is nilpotent of index 2

 
 [ A ≠ 0 A2 = 0 i.e, 2 is the least positive
 integer for which A2 = 0]

139.(a) Operating C1	→	C1 + C2 + C3 on the L.H.S.
 we get

 

0
0
0

c a a b
c a a b
c a a b

m
a b c
a b c
a b c

− −
− −
− −

=' ' ' '
" " " "

' ' '
" " "

 ⇒ m = 0

130.(c) Since k is a positive integer, so

 A

k k

k kk =
−

















cos sin

sin cos

π π

π π
4 4

4 4

. According to 

 question cos kπ
4

1=  and sin kπ
4

0= so the least

 positive integral value og k is 8.

131.(c) The given determinant = 2 3
1 2 6
1 3 12
1 4 20

! !

 [Taking 2! and 3! common from R2 and R3 
respectively]

 = 12
1 2 6
0 1 6
0 1 8

  [R'2 = R2 – R1, R'3 = R2 – R2]

 = 24 = 4!

132.(a) Since B is idempotent, therefore B2 = B

 Now A2 = (I – B)2 = (I – B)(I – B)
 = I – IB – BI + B2 = I – B – B + B2

 [ IB = B = BI]
 = I – B – B + B [ B2 = B]
 = I – B [ – B + B = O] = A
 Since A2 = A, therefore A is also idempotent.
 Again AB = (I – B)B = IB – B 2 = B – B = O
 Similarly BA = B(I – B) = BI – B2 = B – B = O

133.(a) Since x + y + z = π.

 

∆ = −
− −

0
0

0

sin cos
sin tan
cos tan

B C
B A
C A

 ∴ – ∆' = ∆ i.e.,	–	∆	=	∆			So,	∆	=	0

134.(a) p + q + r = 0 ⇒ p3 + q3 + r3 = 3pqr
 a + b + c = 0 ⇒ a3 + b3 + c3 = abc ......(1)

 Now, 
pa qb rc
qc ra pb
rb pc qa

 = pqr (a3 + b3 + c3) – 3abc(p3 + q3 + r3) = 0 [by (1)]

135.(a) A A A
i
i
i
i

2 0
0

0
0

1 0
0 1

= =

















 =

−
−









.

 
A A A4 2 2 1 0

0 1
1 0

0 1
1 0
0 1

= =
−

−









−

−








 =









.

 = I ∴ A4n = In = I

136.(c) We have, x
x

 
































=

1 3 2
0 5 1
0 3 2

1
1 0.  

 ⇒ [1  3 + 5x + 3   2 + x + 2]x
x

 
































=

1 3 2
0 5 1
0 3 2

1
1 0.

 ⇒ [1 + 5x + 6    x + 4]x
x

 
































=

1 3 2
0 5 1
0 3 2

1
1 0.

 
 
 ⇒ 1 + 5x + 6 + x2 + 4x = 0

 ⇒ x2 + 9x + 7 = 0 ⇒ x = 
− ± −9 81 28

2
 = 

− ±9 53
2

137.(d) Let A =
−









1 1
1 0

 and

 
B A B=

−
−








 ⇒ + =











1 1
1 0

0 0
0 0

 ⇒ det(A + B) = 0. But det A = 1, det B = 1,
 ∴ det A ≠ 0, det B ≠ 0
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 ∴ det(A + B)	≠	det	A + det B

138.(a) 
1
1
1

0
a b
c a
b c

=

 ⇒ a2 + b2 + c2 – ab – bc – ca = 0

 ⇒ 1
2

[(a – b)2 + (b – c)2 + (c – a)2] = 0

 ⇒ a – b = 0, b – c = 0, c – a = 0
 ⇒ a = b = c ⇒ ∆ABC is equilateral
 ⇒ A = B = C = 600

 ∴ sin sin sin2 2 2 3
4

3
4

3
4

9
4

A B C+ + = + + =

139.(d) Operate C1 – C1, C2 – C1, we get the given

 determinant 
1 0 0

3 3 3 3 3
a b a c a
a b a c a

− −
− −

 = (b – a)(c – a) 1 1
2 2 2 2b ba a c ca a+ + + +

 = (b – a)(c – a)(c2 + ca + a2 – b2 – ba – a 2)
 = (b – a)(c – a)(c2 – b2 + a(c – b))
   (c – b)(b – a)(c – a)(c + b + a)
 = (b – c)(c – a)(a – b)(a + b + c)
140.(d) Operate C 3 – C2, C2 – C1

 f (x) = 
n
n n n n n

1 1
1 1

1 0 0
! . ! . !+( ) +( )

 
 = (n + 1).(n + 1)! – n.n!
 = n!((n + 1)2 – n) = n!(n2 + n + 1)

141.(c) Co-factors of 1st row 1,2,–2. Co-factors of  2nd row 
2,5,–4.

 Co fators of 3rd row 3,7,–5.

 adjA = 
1 2 3
2 5 7
2 4 5− − −















 

 
 |A| = 3.1 + (–2).2 + (–1)(–2) = 3 – 4 + 2 = 1

 

A adjA
A

− = =
− − −

















1
1 2 3
2 5 7
2 4 5

 
142.(b) Here A(θ)A(ϕ)

 = 
cos .cos cos .sin cos

sin .cos cos sin .sin c
θ φ θ φ θ φ θ φ

θ φ θ φ θ φ
−( ) −( )
−( ) oos θ φ−( )











 Verify	that	cosθ.cosϕ	=	cosθ
	 =	sinθ.cosϕ	=	sinθ.sinϕ	=	0	not	possible

	 =	cos(θ	–	ϕ)
cos .cos cos sin
sin .cos sin sin

θ φ θ φ
θ φ θ φ









 =O

 ⇒ cos(θ	–	ϕ)	=	0	⇒	|θ	–	ϕ|	=	
≠
2

143.(c) If I + A + A2	+...∞	=	X ....(1)
 then A(I + A + A2	+....∞)	=	AX
 ⇒ A + A2 + A3 +...= AX ...(2); (1) – (2) gives
 I = X – AX = X(I – A)  ∴ X = (I – A)–1

 = 
1 0
0 1

1 2
3 4

0 2
3 3

1 1








 −









 =

−
− −






















− −

 

 = −
−







 =

−

−



















1
6

3 2
3 0

1
2

1
3

1
2

0

144.(b) 
a b c
b c a

a b
b c
c a1 1 1

1
1
1

=

 = (–1)2
1
1
1

1
1
1

a b
b c
c a

a b
b c
c a

D= =

145.(b) AdjA = 
− −

−
−
















=

−
−

− −

















1 8 6
0 6 3
1 5 3

1 0 1
8 6 5
6 3 3

 |A| = 1(–1) + 8(–1) + (– 6)(– 2) = –1 – 8 + 12 = 3

 ∴ A− =
−

−
− −

















1 1
3

1 0 1
8 6 5
6 3 3

 Since X = A–1D

 ∴ 
x
y
z
















=

−
−

− −

































1
3

1 0 1
8 6 5
6 3 3

3
5

11

 = 
1
3

8
1

0

8 3
1 3
0

8 3
1 3
0

−















= −















∴ = −

















X  

146.(c) Since – 1 ≤ x < 0  ∴[x] = –1. Also
 0 ≤ y < 1  ∴ [y] = 0 and 1 ≤ z < 2  ∴ [z] = 1

 So, 
0 0 1
1 1 1
1 0 2

1−
−

= = [ ]z

147.(b) Given determinant = 

log

log

log

AR p

AR q

AR r

p

q

r

−

−

−

( )
( )
( )

1

1

1

1

1

1
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 = 
log log
og log
og log

A p R p
A q R q
A r R r

+ −( )
+ −( )
+ −( )

1 1
1 1
1 1

 = 
log
log
log

log
A p
A q
A r

R
p p
q q
r r

1
1
1

1 1
1 1
1 1

+
−
−
−

 = 0 + 0 = 0

148.(d) C11 = –3, C12 = – 6, C13 = – 6
 C21 = 6, C22 = 3, C23 = –6
 C31 = 6, C23 = –6, C33 = 3

 AdjA = 
C C C
C C C
C C C

11 21 31

12 22 32

13 23 33

















 

 = 
−
− −
− −
















=

−
− −
− −
















=

3 6 6
6 3 6
6 6 3

3
1 2 2
2 1 2
2 2 1

3A '

149.(b) x17 = 100 + 10 + 7 = pk
 3y6 = 300 + 10y + 6 = qk
 12z = 100 + 20 + z = rk ; where p, q, r are

 positive integers. ∆ =
x

z
y

3 1
7 6
1 2

 

 =
x
x y z

y

3 1
1000 10 7 300 10 6 100 20

1 2
+ + + + + +

   (R2 → 100R1 + 10R3 + R2)

 = 
x
pk qk rk

y
k
x
p q r

y

3 1

1 2

3 1

1 2
=

 = k × some integer since x, y, p, q, r are integer.
 ∴	∆	is	divisible	by	k.

150.(b)	 ∆	=	
1 1 1

1 2
1 2

cos cos cos
sin sin sin
nx n x n x
nx n x n x

+( ) +( )
+( ) +( )

 Applying C1 → C1 + C3 –(2cosx)C2

 ∆ = 
2 1 1 1

0 1 2
0 1 2

−( )
+( ) +( )
+( ) +( )

cos
cos cos
sin sin

x
n x n x
n x n x

	 ∆	=	2(1	–	cosx)
cos sin
cos sin
n x n x
n x n x
+( ) +( )

− +( ) +( )










1 2
2 1

	 ∆	=	2(1	–	cosx)[sin(n + 2 – n – 1)x]
 = 2sinx(1 – cosx)	i.e.,	∆	is	independent	of	n.

151.(a) 
x

x
x

x x
x

3 7
2 2
7 6

0 9
1 1 1
2 2
7 6

0= ⇒ +( ) =

 by R1	 →	R1 + R2 + R3
 ⇒ ( x + 9){(x2 – 12) – (2x – 14) + (12 – 7x)} = 0
 ⇒ (x + 9)(x2 – 9x + 4) = 0
 ⇒ (x + 9)(x – 2)(x – 7) = 0. Hence the other
 two roots are x = 2, 7

152.(b)	 (1	+	αx)[(1 + b1x)(1 + c2x) – (1 + b2x)(1 + c1x)]
 + (1 + bx)[(1 + c1x)(1 + a2x) – (1 + a1x)(1 + c2x)]
 + (1 + cx)[(1 + a1x)(1 + b2x) – (1 + b1x)(1 + a2x)]
 = A0 + A1x + A3x2  + A3x3 
 After solving, the co-efficient of x is 0

153.(d) A =
−

− = [ ] + [ ] + −[ ] =
1 1 1
0 2 3
2 1 0

1 3 1 6 1 4 5

 

 B = adjA = 
3 1 1
6 2 3
4 3 2
− −
− −

















 

 adjB = 
5 5 5
0 10 15

10 5 0

−
−

















 = 5A and C = 5A

 C = adjB; |C| = |adjB|  ∴ adjB
C

=1

154.(a) Since 
−
−









−
−








 =











6 5
7 6

6 5
7 6

1 0
0 1

 

155.(b) (aI + bA)2 = 
a b
a
a b
a0 0




















 = 
a ab

a
a I abA

2

2
22

0
2












= +

156.(c) Given AB = A ∴ B = I ⇒ BA = B  ∴ A = I
 Hence A2 = A and B2 = B

157.(c) The system is equivalent to matrix equation 
 AX = O......(1) where

 

A X
x
y
z
O= −

















=
















=
















1 1 1
2 1 1
3 2 0

0
0
0

, .
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 Now A = −
1 1 1
2 1 1
3 2 0

 = 
1 1 1
3 2 0
3 2 0

  R2	→	R2
 + R1 = 0

 Hence the sysrtem has infinitely many solutions.

158.(a) Here x + y = 3....(1), y – z = – 1.....(2)
 z – 2x = 1.....(3); y – x =1....(4)
 From (1) and (4) x = 1, y = 2
 From (2) (2 – z) = –1
 ⇒ z = 3   ∴ x = 1, y = 2, z = 3

159.(d) We have,

 

UV XY+ = −[ ]















+ [ ]

















2 3 4
3
2
1

0 2 3
2
2
4

 = [6 – 6 + 4] + [0 + 4 + 12] = [4] + [16] = [20]

160.(a) We have, 

x
x

x

1 1
1 1
1 1

....

....

....
.... .... .... .... 

 = 

x
x x
x x

1 1
1 1 0
1 0 1

....

....

....
.... .... .... ....

−( ) −( )
−( ) −( ) [Applying

 R2	→	R2 – R1, R3	→	R3 – R1.... Rn → Rn – R1]
 = (x – 1)n–1 + (x – 1)n–1 + (x – 1)n–1

    

+ + −( ) −

−( )

... x n

n

1 1

1 times
� ��� ���

 [Expanding along R1]
 = x(x – 1)n–1 + x(x – 1)n–1[1 + 1+...+ (n – 1) times]
 = (x – 1)n–1 (x + n – 1)
 
161.(a) The given determinant

 

x x
x

+ + +( ) +
+

1
1 1 1

1
1

2 2

2
ω ω ω ω

ω ω

 [Applying R1	→	R1 + R2 + R3 and taking (x + 1	+	ω	+	
ω2)

 common from R1]

 = x x
x

1 0 0
1

1

2

2 2 2
ω ω ω ω
ω ω ω ω

+ − −
− + −

 

 [Applying C2
 → C2 – C1 and C3	→	C3 – C1]

 = x[{x2	–	(ω	–	ω2)2}	–	(1	–	ω)(1	–	ω)2]
 = x3	[using	1	+	ω	+	ω2	=	0	and	ω3 = 1]

162.(b) 
1 3
0 1

1 1
0 1









 =

−







X

 X = 
1 3
0 1

1 1
0 1

1 3
0 1
1 3
0 1

1 1
0 1

1










−







 =

−







 −









−

 = 

1 3
0 1

1 1
0 1

1
1 4
0 1

−









−








=

−
.

163.(b) 
1 1 1

1 1 1
1 1 1

+
+

+

a
b

c

 By expanding determinant we get

 
abc

a b c
abc abc1 1 1 1 1 0+ + +






 = +( ) =

164.(a) A + B + C = π ⇒ sin(A + B + C) = 0
 Also, cos(A + B)	=	cos(π	–	C) = –cosC 
 ∴Given determinant

 = 
0

0
0

sin cos
sin tan
cos tan

B C
B A
C A

−
− −

 which is zero

 being a skew-symmetric determinant of odd order.

165.(c) Competitive method :
 |A| =  2 × 2 × 2 = 8, |B| = 1 × 1 × 2 = 2
 ∴ |AB| = |A||B| = 2 × 8 = 16

166.(d) D D1 2

1 15 8
1 35 9
1 25 10

2 15 8
4 35 9
8 25 10

= =.

 

D D3 4

3 15 8
9 35 9
27 25 10

4 15 8
16 35 9
64 25 10

= =.

 

 

D5

5 15 8
25 35 9

125 25 10
=
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 ⇒ D1 + D2
 + D3 + D4 + D5 = 

15 75 40
55 175 45
225 125 50

 = 15(3125) – 75(–7375) + 40(– 3250)
 = 46875 + 553125 – 1300000 = –700000

167.(b) log log
log log

log log
log log

3
512

4
3

3
8

4
9

2
3

8
3

3
4

3
4×

 = 
log
log

log
log

log
log

log
log

512

3
9
4

3
4

8
3

× − ×










 × log
log

log
log

log
log

log
log

3
2

4
3

3
8

4
3

× − ×










 = 
log
log

log
log

log
log

log
log

log
log

2
3

3
2

2
2

2
2

29 2

2

3

2

2 2
× −









× −

223










 = 
9 2

2
3
2

2 2
3

15
2

4
3

10×
−






 −





 = × =

168.(c) A a= − ∴ =
−

=
−

=
−20 6

20
8

20
2

523
Co-factor of

169.(c) 
1

1
4 4 4 4 1 4 4

0

2 2 2

2 2 2
+

+
+

=
sin sin sin

cos cos cos
sin sin sin

θ θ θ
θ θ θ
θ θ θ

 using C1	→	C1 – C2, C2	→	C2 – C3

 ⇒ 
1 0
1 1

0 1 1 4 4
0

2

2
sin
cos

sin

θ
θ
θ

−
− +

=

 ⇒	2(1	+	2sin4θ)	=	0	⇒	sin4θ	=	
−1
2

170.(c) A2 1 0
1 1

1 0
1 1

1 0
2 1

=

















 =











 
A A

n
n3 1 0

2 1
1 0
1 1

1 0
3 1

1 0
1

=

















 =









 ∴ =











 
nA

n
n n

n I
n

n
=








 −( ) =

−
−











0
1

1 0
0 1

.

 
nA n I

n
An− −( ) =









 =1

1 0
1

171.(c) A =
−

= + =
cos sin
sin cos

cos sin
θ θ
θ θ

θ θ2 2 1

 
adjA =

−







 = −











cos sin
sin cos

cos sin
sin cos

θ θ
θ θ

θ θ
θ θ

 ∴ A adjA
A

− − =
−










1 cos sin
sin cos
θ θ
θ θ

172.(d)	 Let	∆	=	
a a a

a a

2 2 2 1 1
2 1 2 1

3 3 1

+ +
+ +

 

 = 
a a a

a a

2 2 3 2 2 0
2 2 1 0

3 3 1

+ − −
− −

 [Applying R1	→	R1 – R3 and R2	→	R2 – R3]

 = 
a a a

a a

2 2 3 2 2
2 2 1
+ − −
− −

 [Expanding along C3]

 = 
a a a

a a
a

a+( ) −( ) −( )
−( ) −

= −( )
+3 1 2 1

2 1 1
1

3 2
2 1

2

 = (a – 1)2 .(a + 3 – 4) = (a – 1)3 
	 Clearly,	∆	>	0	if	a > 1;	∆	=	0	if	a = 1	and	∆	<	0	if	a < 1

173.(b) We have, Tp = a + (p – 1)d, Tq = a + (q – 1)d.
 Tr = a + (r – 1)d, where a is the first term and d is the 
 common difference.
 ∴ The given determinant

 = 
a p d a q d a r d

p q r
+ −( ) + −( ) + −( )1 1 1

1 1 1  

 = 
a a a
p q r
1 1 1

 [applying R1	→	R1 – (R3 – R3)d]
 
 

 = a p q r
1 1 1

1 1 1
0=

174.(a) A2 – 10A + 16I3 = 0 ⇒ A(A – 10I3) = – 16I3

 ⇒ A I A
I A I A.

10
16

0
16

3
3

1 3−( ) = ∴ =
1 −−

175.(c) The given determinant

 = 

1 5 5

1 6 6

1 7 7

4 5 5
4 6 6
4

2 2 2

2 2 2

2 2 2

2 2

2 2

x x

x x

x x

x x

x x

−( )
−( )
−( )

−

−

−

−

−
. .
. .
.77 72 2x x. − 
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 = 4 

1 5 5 1

1 6 6 1

1 7 7 1

0

2 2 2

2 2 2

2 2 2

x x

x x

x x

−( )
−( )
−( )

=

−

−

−

 [ C1 and C3 are identical]

176.(c) R S R T
S S
S S

T T
T T

( ) ( ) =
−








 −










cos sin
sin cos

cos sin
sin cos

 = 
cos cos sin sin cos sin sin cos
sin cos cos sin sin s
T T S T S T S T
S T S T S

− +
− − − iin cos cosT S T+










 = 
cos sin
sin cos
S T S T
S T S T

R S T
+( ) +( )

− +( ) +( )








 = +( )

177.(b) AB = I ⇒ B = A–1
 ⇒ B = 

1
2

2
1

1
tan

tan

θ

θ
−



















−

 ⇒ B =
+ −



















1

1
2

1
2

2
12tan

tan

tanθ

θ

θ
 

 

 ⇒ B B AT=
−



















⇒ =
1

2

1
2

2
1 22

2

sec

tan

tan
cosθ

θ

θ
θ

178.(d)	 ∆.∆	=	
l m n
l m n
l m n

l m n
l m n
l m n

1 1 1

2 2 2

3 2 3

1 1 1

2 2 2

3 2 3

                   = 
l m n l l m m n n l l m m n n

l l m m n n l m
1
2

1
2

1
2

1 2 1 2 1 2 1 3 1 2 1 3

1 2 1 2 1 2 2
2

+ + + + + +
+ + + 22

2
2
2

1 3 2 3 2 3

1 3 1 3 1 3 2 3 2 3 2 3 3
2

3
2

+ + +
+ + + + + +

n l l m m n n
l l m m n n l l m m n n l m n33

2

                   = 
1 0 0
0 1 0
0 0 1

1 1 12= ⇒ = ⇒ = ±∆ ∆

                 

179.(a) C1	→	C1 – C2 ⇒ 

4 4

4 4

4 4

0

2

2

2

e e

e e

e e

i i

i i

i i

α α

β β

γ γ

−( )
−( )
−( )

=

−

−

−

 

 

180.(c) Here A =
−

















0 1 0
0 0 1
1 2 1

, so that

 A A A2
0 0 1
1 2 1
1 1 3

= = −
− −

















.  and

 

A A A3 2
1 2 1
1 1 3

3 5 4
= =

−
− −

−

















.

 The equation A3 = pA2 + qA + rI yields.
 r = 1, q = 2, p = –1. Hence (c) is correct answer.

181.(b) ∆ = − − → + +( )
3 1 1
0 1
0

2 2

2
1 1 2 3ω ω

ω ω
C C C C

 (	1	+	ω	+	ω2	=	0)	=	3[ω.ω	–	ω4]
	 =	3(ω2	–	ω)	=	3ω(ω	–	1)

182.(c) X = 
− −

−








 =

− −










x y
z t

adjX
t y
z x

;

 ∴ Transpose of adj(X) = 
t z
y x

−
−











183.(b) Let A = 
cos sin
sin cos
α α
α α−











 The matrix of co-factors of the elements of A,

 = 
cos sin
sin cos

α α
α α

−







  ∴ adjA = the transpose of

 matrix of co-factors of A = 
cos sin
sin cos

α α
α α

−









 ∴ adjA = 
cos sin
sin cos
α α
α α−









 .

cos sin
sin cos

α α
α α

−









 = 
1 0
0 1

0
0









 =











k
k  as given ⇒ k = 1

184.(a) We have F(α)F(–α)

 

=
−














−





cos sin
sin cos

cos sin
sin cos

α α
α α

α α
α α

0
0

0 0 0

0
0

0 0 1











 = 
1 0 0
0 1 0
0 0 1

1















=      ∴ F(–α)	=	[F(α)]–1

185.(a) If Q = PAPT , PTQ = APT (as PPT = I )
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 PTQ2005P = APTQ2004P = A2PTQ2003P
 = A3PTQ2002P = A2004PT(QP)
 = A2004PT (PA) (Q = PAPT ⇒ QP = PA)

 = A2005 ⇒ A2005 = 
1 2005
0 1










186.(b) The given determinant

 = 
1 0 0

1 2 1
1

2
1

2 2
2

2
2

2

n n n n n
n n

C C C Cn n n n

+( ) − +( ) − +( )
−( ) − −+ + +

 

 = 
1 1

1
1

n n +
=

187.(a) AA' = 
1
3

1 2 2
2 1 2
2 2 1

1
3

1 2 2
2 1 2
2 2 1

−
− −

−

− −
,

 = 1
9

1 4 4 2 2 4 2 4 2
2 2 4 4 1 4 4 2 2
2 4 2 4 2 2 4 4 1

+ + + − − + −
+ − + + − + +

− + − − + + + +

















 = 
1
9

9 0 0
0 9 0
0 0 9

1 0 0
0 1 0
0 0 1
















=















= I

 Similarly, A'A = I. Thus, AA' = A'A = I
 ∴ A is orthogonal. Hence (a) is the correct answer.

188.(a) A2
1 3 4
1 3 4

1 3 4

1 3 4
1 3 4

1 3 4
=

− −
−

− −

















− −
−

− −

















 = 
1 3 4 3 9 12 4 12 16
1 3 4 3 9 12 4 12 16

1 3 4 3 9 12 4 12 1

+ − − − + − − +
− − + + − + −
+ − − − + − − + 66

















 = 
0 0 0
0 0 0
0 0 0

0















=   ∴ A is nilpotent of index 2.

 [ A ≠ 0, A2 = 0 i.e., 2 is the least positive integer for 
 which A2 = 0].Hence (a) is the correct answer.

189.(d) Determinant of a skew symmertic matrix of even order
 is a non zero perfect square.

190.(d) Here 
x
y

x
y

y
x

'
'









 =

















 =










0 1
1 0

 ⇒ x' = y, y' = x. Hence reflection is on the line y = x

191.(a) 
x a b
a x b
a b x

x a b a b
x a b x b
x a b b x

=
+ +
+ +
+ +

 = (x + a + b)
1
1
1

a b
x b
b x

 = (x + a + b)
1
0 0
0

a b
x a
b a x b

−
− −

 = (x + a + b)(x – a)(x – b)

192.(a) Here |A| ≠ 0. Here unique solution.

193.(a)	 Given	∆	=	
a i i
i b i
i i c

4 1
4 3
1 3

− +
− −
− −

 

∆ =
+ −

− −
+ +

a i i
i b i
i i c

4 1
4 3
1 3

 = 
a i i
i b i
i i c

4 1
4 3
1 3

− +
+ +
− −

 ( | A'| = |A|)	=	∆

 
 ∴	∆	is	purely	real.

194.(b) It is given that A and B are two symmetric matrices. 
Threfore A' = A and B' = B. Now suppose that AB = 
BA. Then to prove that AB is symmetric. We have,

 (AB)' = B'A' = BA[ A' = A.B' = B]
 = AB[ AB = BA]. Since (AB) = AB,
 therefore AB is a symmetric matrix. Conversely 

suppose that
 AB is a symmetric matrix. Then to prove
 that AB = BA. We have AB = (AB)'  
  [AB is a symmetric matrix] = B'A' = BA

195.(b) Now xA yI
x y
x Y

+ =
+
−









2

0
 

 So, xA yI x y
x xy y

+( ) = +( )
− −









2

2
2

2 2
0

2

 So, (xA + yI2)2 = A ⇒ (x + y)2 = 1
 y2 = 0.x2 + 2xy = 1 ⇒ x2 + y2 = 1

196.(b) Here A(θ)A(ϕ)
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 = 
cos .cos cos cos .sin cos
sin .cos cos sin .si

θ φ θ φ θ φ θ φ
θ φ θ φ θ

−( ) −( )
−( ) nn cosφ θ φ−( )











	 (verify	that	cosθ.cosϕ	=	cosθ	–	sinϕ)
	 =	sinθ.cosϕ	=	sinθsinϕ	=	0	is	not	possible

	 =	cos(θ	–	ϕ)
cos .cos cos .sin
sin .cos sin .sin

θ φ θ φ
θ φ θ φ











 = O ⇒ cos(θ	–	ϕ)	=	0	⇒	|θ	–	ϕ|	=	
≠
2

197.(a) A ab b
a ab

ab b
a ab

2
2

2

2

2=
− −











 − −













 = 
a b a b ab ab
a b a b a b a b

2 2 2 2 3 3

3 3 2 2 2 2
− −

− + − +













 = 
0 0
0 0










 ⇒ A is nilpotent matrix of order 2.

198.(d) Competitive method:
 |AB| = |A||B| = 0 as A is skew-symmetric of order 3
 so |A| = 0, what ever be the value of |B|∴|AB| = 0

199.(a) A2 = 
0 1
1 0

0 1
1 0


















  

 = 
0 1 0 0
0 0 1 0

1 0
0 1

+ +
+ +









 =









 = I

 ∴ A4 = I2 = I = 
1 0
0 1










200.(c) Since A(Adj)A = |A|I
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 1.(a)  Since a sentence is a statement if it is either true or false, but 
not both.

 2.(a) (d)

p q ~q p∧~q ~(p ∧ ~q) p⇒~(p∧~q)

T T F F T T

T F T T F F

F T F F T T

F F T F T T

 3.(c)

p q p⇒q ~(p⇒q) ~p ~q –(p ∨ ~q) ~(p⇒q)⇔
~p ∨ ~  q

T T T F F F F T

T F F T F T T T

F T T F T F T F

F F T F T T T F

 

 4.(b) p ⇒ q = ~p ∨ q .

 5.(b)  ~(p ∨ q) ≡   ~p ∨  ~q

 6.(b) ~(p ∨ (~q)) ≡ ~p ∧  ~ (~q) ≡ (~p) ∧ q

 7.(a) ~[p ∨ (~p ∨ q)] ≡ ~p ∧  ~  (~p ∨ q)

  ≡ ~p ∧ (~(~p) ∧  ~  q)

 ≡ ~p ∧ (p ∧  ~  q)

 8.(b) (~(~p)) ∧ q =  p  ∧ q

 9.(a) ~(p ∨ q) ∨ (~p ∧ q) 

 ≡ (~p ∧ ~  q) ∨ (~p ∧ q) 

 ≡ ~p ∧ (~  q ∨  q) ≡  ~ p

 10.(c)  ~(p⇒q) = (p ∧~ q) ∨ (q ∧~ p)

 11.(c)  p⇒ ~q   is true iff, p ~ q are both true or both false,  (c) is true.

 12.(c) p⇒q is false , when p is true and q is false.

  Since q,r are false ∴ q ∨  r is false

  Since r is false ∴ ~r is true

  Since p  ∧ ~ r  is true                ∴ p is true 

 13.(a)  
 

p q ~p ~q p ∧~ q ~p ∨ q (p ∧~ q) ∧ (~p ∨~ q)
T T F F F T F
T F T T T F F
F T T F F T F
F F T T F T F

 14.(b) q ⇒ r ≡ (~  q ∨ r) ∧ (~  r ∨ q)

 15.(a) Since 7,3  Q, the truth value of –p is T.

 16.(c) p → ~q ; if Delhi is in India, then 3+4 ≠ 7.

 17.(c) ~(p⇒ q) ≡ p ∧  ~ q

 ∴ ~(~p⇒ ~q) ≡ ~p ∧~ (~ q) ≡ ~ p ∧ q

  Thus , ~(~ p ⇒ ~q) ≡ ~ p ∧ q

  Hence (c) is the correct answer.

 18.(b) disjunction ∨ ⇒ logical connective 'or'. 

 19.(b) Inverse of p ⇒ q is ~p ⇒ ~q 

 ∴ Inverse of (p ∧ ~q) ⇒ r is

  ~(p∧ ~q)⇒ ~ r i.e. (~p ∨ q) ⇒ ~ r

  Hence (b) is true.

 20.(a)  From the truth table, the column under p ⇒ q and ~p ∨ q are 
same.

 21.(a) It is true for all possible truth values.

 
p ~p p ∨ ~p
T F T
F T T

 22.(b) p ∧ (~q) stands for Anil and Ram are both rich.

 23.(d) Since p is true and q is false ⇒ p is false and  ~q is true.

  p ↔ q is F (since p is true, q is false).

  (~p ↔ q is T (since ~p is false, q is false).

  ~q ↔ p is T (since ~q is true, p is true).

  ~p ↔ ~q is F (since ~p is false, ~q is true).

 24.(b) Draw the truth table.

 25.(b) Conjunction ' ∧' ⇒ logical connective 'and'.
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 26.(c) From the truth table.

 27.(d)   (a), (b), (c) contains T in the last column of their truth tables. 
So, they all are tautology except (d).

 28.(a) p : 2+3 =  5

  q : 3+7 =  8

  So, ~p  : 2 + 3 ≠ 5 and 3+7 = 8 stands for  ~p ∧ q.

 29.(d) 4+3 = 7 and 6+2 = 8  both are true.

 30.(d)  Truth tables for  ~(p ∧ q) and ~ p ∧ ~q is same. Same is the case 
with alternatives (b) and (c). So (d) is correct.

 31.(d) See the following truth table.

 
p q ~q p↔~q ~(p↔~q) p↔q
T T F F T T
T F T T F F
F T F T F F
F F T F T T

 As the truth table matches, we have the statement –(p ↔~q)  
 is equivalent to p ↔ q.
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	 1.(a)	 79	≡	2	(mod	11)	.....(i)	;		10	≡	1	I(mod	11).....(ii)	;		and	125	≡	4	(mod	
11)......(iii).	Now,	(i)	×	(ii)	×	(iii)	=	79		×	101×125		≡		2	×	2×	4	(mod	
11)	≡	16	(mod	11)	≡	5	(mod	11).

 ∴	 The	required	number	is	5.	
	 2.(d)	 72	≡	49	≡	4(mod	5);	⇒ (72)2	≡	4	2	 (mod	5)	 ;	 	⇒ 74	≡	16	(mod	5)	

≡1(mod	5);	⇒ (74)7 	≡	17	(mod	5)	;	⇒ 728	≡	1(mod	5)	....(i)	
  ∴	 Also	72	≡	4	(mod	5)	.....(ii)
 ∴	 (i)	×	(ii)	=	730	≡	4	(mod	5).
 ∴	 The	remainder	is	4.
	 3.(a)	 An	integer	a>	1is	a	prime	number	if	it	is	not	divisible	by	any	of	the	

no.less		than	√a .	In	the	case	we	have	to	try	the	numbers	<	√241 	i.e.	
<	16.		The	given	no.	is	not	divisible	by	even	or	the	no.	5,10,15.		So	
we	have	to	try	only	3,7,9,11,	13,	241	is	not	divisible	by	any	these	
numbers.	So	it	is	prime,

	 	 Note	:	241	cannot	be		a	perfecty	square	as	lies	between	152	and	162 
and	it	cannot		be	perfect	cube	as	it	lies	between	63		and	73.

	 4.(a)	 74	=	2401	≡		1	(mod	10)	
 ∴ (74)31	≡	131	(mod	10)	≡		(mod	10)
 ∴	 1	is	the	unit	digit	of	the	given	number.
	 5.(d)	 Here	 x	 =	 3	 does	 not	 satisfy	 the	 second	 congruence,	 so	 (a)	 is	

incorrect.	Similarly,	(b)	and	(c)	are	not	correct,x	=	18	satisfies	both	
congruences.	∴	18	≡	3	(mod	5),	18	≡	4	(mod	7		are	both	true.	

 ∴	 The	answer	is	(d).
	 6.(c)	 ∴ (a2–b2)	=	(a+b).	(a–b)	is	a	prime		and	a,	b	∈ N,	a2		–	b2	divisible	

by	1		and	by	itself.	Now,	both	a+b	and	a–b	divide	a2	–	b2. 
 ∴	 one	of	them	is	the	number	itself	and	the	other	is	1.		So,	a+b	=	a2	–	b2 

and	a–b	=	1.
 ∴	 The	number	is	(c).
	 7.(c)	 134	≡	1	(mod	10),			⇒  (134)9	≡	1(mod10),	i.e.	(13)36	≡	1	(mod	10)	

......(i)		and	13	≡	3	(mod	10)	.......(ii)
 ∴	 (i)	×	(ii)	=	1337	≡	3	(mod		10)
 ∴	 Unit	digit	is	3.
	 8.(b)	 Let	the	digits	at	*	place	be	k.	Then,	the	sum	of	digits	at	odd		places	

=	4+k+1=	5	+k.	 	The	sum	of	digits	at	even	places	=	 	2+7	=	9	 .	
Difference	of		sums		=	5	+	k	–9	=	k=	4.	If	the	number	is	multiple	
of	11,	this	difference	should	be	0	or	a	multiple	of	11,		i.e.	k	–	4	=	0,		
⇒	k	=	4.

 ∴	 The	required	digit	is	4.

 9.(a) 334n	=	 3 3
34

81( ) ( )=

n
n
.	Now	(81)n = (1+80)n

  =	1	+	nC1
	80	+	......nC1

	(80)n. 
  all	terms	except	1	in	81n  are	divisible	by	4,		so	that	these	power	

gives	1	as	the	last	digit		we	are	left	with	31	which	gives	3	as	the	last	
digit.	So		334n+	1	has	4	as	the	last	digit.

	 	 Note	:	The	last	digit	in	34n is	that	in	(34)n =	(81)n 	will	be	1.
	10.	(c)	 Highest	power	of	3	contained	in	100!	is	

	 =	
100

3
100
3

100
32 3









 +









 +









 	+......		=	33	+	11	+	3	+	1	+		0	+	.....

11.(d)		 N	≡	2	(mod	3)	.....(i)	and	N	≡	2	(mod	7).....(ii).	From	(i)	and	(ii),	we	
get	N	≡	2	(mod	21).

 ⇒	 N	=	21p	+	2	=	(5	×	4p	+	p	)	+	2	≡	(p+2)	(mod	5),	∴	p	+	2	≡	3 
	(mod	5)	

 ⇒	 p	=	1.
	 	 Least	number	satisfying	the	given	criteria	is	23		since	N	=	21p	+	2.

	12.(a)	 16	=	24	≡	–1	(mod	17),	⇒	(24)250	≡	(–1)250	(mod	17),	21000	≡	1	(mod	
17),		i.e.	the	remainder	is	1.

	13.(b)	 We	have	n5	–	5n3	+	4n	=	n(n4	–	5n2	+	4)	=	n(n2 – 1) (n2	–4)	=	n(n–1) 
(n+1)	(n–2)	(n+2).

	 	 If	n	>	2,	then	n5	–	5n3	+	4n	has	been	expressed	as		a	product	of	five	
consecutive	natural	numbers	and	so	it	is	divisible		by	5!	=	120.

14.(b)		 Suppose	x	be	any	positive	integer	less	than	n	and	prime	to	n,	i.e.		 
1 ≤ x  < n 	and	(x,n)		=	1.		Then	1	≤		n – x	<n		and	(n–x,	n)	=	1.	

	 	 [Note	:	(a,b)	=	1,	⇒ (b – a,	b)	=	1].	
	 	 Let	1,	a1,	a2 .........n–1 be	the	 φ(n)	positive		integers	which	are	less	

than	n	prime	to	n	and	S	be	their	sum.
 ∴	 S	=	1	+	a1	+	a2	+	.......+	(n–a2)		+	(n–a1)	+	(n–1)	......(i)
	 	 S	=	(n–1)	+	(n–a1)		+	(n–a2)	+	.......a2	+	a1	+	1.
	 	 2S	=		n	+	n	+	n	+	.......upto	φ(n)	terms.
	 =	 n . φ (n) .  ∴	S	=	

1
2

.n .φ (n).

15.(b)		 N	=	φ (d1)		+		φ (d2)		+	.........+	φ(dr).
	 	 If	n	=1,	then	1	is	only	positive	divisors	of	2	and	we	have	φ(1)	=	1,		

i.e.	the	result	is	true	for	N	=1.	Now	let	N	>		1,	then	p1
α1  p2

α2 .... 
pm

αm,	where	p1,	p2,	.......pm 	are	positive	primes	and	α1,	α2........αm 
are	positive		integers.		Any	positive		divisors	d	of	N	is	of	the	form			
p1

β1  p2
β2 .... pm

βm,	where	0	≤	β1 ≤ α1	,	0	≤	β2	≤ α2,	.......,		0	≤ pm ≤ 
αm.		Consider	the	product	

	 	 P	=	 1 1 1
2

1
1+ ( ) + ( ) + + ( )





φ φ φ αp p p.......
 

  1 2 2
2

2
2+ ( ) + ( ) + + ( )





φ φ φ αp p p.......
 
	 	 General	term	in	the	product	P	
	 =	 φ (p1

β1) · φ (p2
β2 )..... φ(pm

βm)	=	φ (p1
β1·p2

β2 ..... pm
βm)	=	φ	(d)

	 	 Thus	if	d	is	any	positive	divisor	of	N,	then	φ (d)	is	equal	to	the	value	
of	one	and	one	term	in	the	product	P.

 ∴ d1	,d2,	........dr		be	the	positive	distinct	divisor	of	N,	then	
	 	 ∑	φ	 (d)	=	φ (d 1)	+	φ (d 2)	+.......+	φ(dr)	=	Sum	of	all	 term	in	 the	

product		P	=	P.
	 	 But	1	+	φ (p1)	+	φ(p1

2)	+	.........+	φ (p1
α1)	=	p1

α1.
	 	 1+	φ (p2)	+	φ (p22)	+	.....+	φ (p2

α2)	=	p2
α2		and	so

	 	 ∑φ(d)	=	P	=	p1
α1 p2

α2 ........... pm
αm	=	N.

16.(c)		 Since	19	is	prime,	so	by	Wilson's	theorem,	we	have	(19–1)	!		+	1		≡	
0	(mod	19),	⇒	18!	+	1≡	0	(mod	19)	....(i)	.	again,	23	is	a	prime,	so	
applying	same	theorem	and	we	have	(23–1)!	+	1≡	0	(mod	23);⇒22!	
+1	≡	0	(mod	23)	;	⇒	22.21.20.19.18!	+1	≡	0	(mod	23);	⇒	(–1)	(–2)	
(–3)	(–4).	18!	+1	≡	0	(mod	23);	⇒	 	24.18!	+1	≡	0	(mod	23);	⇒ 
(23+1).18!	+	1	≡	0	(mod23)	;	⇒		18!	+	1	≡	0	(mod	23)......(ii)

 ∴	 From	(i)	and	(ii)	proves	that	18!	+	1	is	divisible	by	both	19	and	23.
17.(c)		 Since	7	is	prime	and	(n,7)	=	1,		so	by	Fermat's	little	theorem,	we	

have		n7	–	1≡	1(mod	7);	⇒ n6	≡	1	(mod	7),		(n6)2	≡	12	(mod	7);	⇒ 
n12	≡	1	(mod	7);		⇒ 7 | (n2 –1).

18.(a)		 By	Wlison's	theorem,	we	get	
  (p–1)!	+	1	≡	0	(mod	p),	⇒ (p–1) (p–2)	(p–3)!	+	1	≡	0	(mod	p);	⇒ 

(p2 – 3p	+	2)	(p–3)!+1	≡	0	(mod	p);	⇒	2(p	–	3)!	+	(p2 – 3p) (p–3)!		
≡	0	(mod	p)	;		⇒	2(p	–	3)!	+	1	≡	0	(mod	p) [∴ (p2 – 3p) (p–3)	≡	0	
(mod	p)].

 ∴	 2	(p – 3)!	+	1		is	a	multiple	of	p.
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19.(a)		 Here,	α1	=	n–1,	α2	=	1,	p1	=	2,	p2		=		2
n–1.

	 	 Sum	of	all	the	distinct	posittive	divisors		including	1	and	itself		of	
2n–1	(2n–1)	is	

	 =	
p
p

p
p

n n

n
1

1

1

2
2 1

2

1 1
1 1

1
1

1
1

2 1
2 1

2 1

2 1

α α+ + − +
+

−( )
−( )

−( )
−( ) =

−
−

−( )
−

· ·
−−1

 

	 =	
2 1

1
2 1 1

2 1
2 1

2 1 1 2 1 1

2 2

2n n

n
n

n n

n

−( ) −( ) −

−( ) = −( ) − −( ) − +( )
−

· ·

	 =	 (2n –1) · 
2 2 2

2 2

n n

n

−( )
−

·
	=	2n ·	(2n –1).

20.(c)		 We	have	m | mn–1  .......(i)
	 	 Since	m and	n	are	primes,	so	by	little	theorem,	,	nm–1	≡1	(mod	m) 

i.e.	m| nm–1  1)		.....(ii).	From	(i)	and	(ii),	we	get	m | (mn –1	+	nm–1 – 1) 
......(iii)

  again,	n | nm–1.	Also	 ny	 little	 theorem	mn–1	 ≡1	 (mod	n),	 i.e.	
n|(mn–1–1). ∴ n | (nm–1	+	mn+1	–1)	......(iv)	

	 	 From	(iii)	and	(iv),		mn–1	+	nm–1	–	1	≡	0	(Mod	m)	and	mn–1	+	nm–1 
–	1	≡	0	(mod	n).  ∴ mn–1	+		nm–1	–1	≡	0	(mod	1.c.m	of	m	and	n	)	≡		
0	(mod	mn).

 ∴ mn–1	+	nm–1	–	1	is	a	multiple	of	mn.		
21.(c)	 459	=	9(mod	10)
	 459	×	46	=	9	×	46	mod	10
	 	 =	9	×	(40	+	6)	=	360	+	50	+	4	≡	4(mod	1)
	 459	×	46	×	484	≡	4	×	484	(mod	10)
	 	 	 ≡	4	×	(480	+	4)	(mod	10)
	 	 	 ≡	4	×	480	+	10	+	6(mod	10)
  \			 459	×	46	×	484	≡	6(mod	10)
	 459	×	46	×	484	×	28	=	3,	7
22.	(c)	 (3127)173

	 (3127)4	≡ 1(mod	10)
 ⇒	(3127)172	≡	1(mod	10)
 ⇒	(3127)173 ≡		3127	(mod	10)
 ⇒	(3127)173	≡	3127	≡	7(mod	10)
	 last	digit	=	7
23.	(b)	 461	+	462	+	463	+	464
	 =	461(1	+	4	+	42	+	43)
	 =	461(5	+	18	+	64)
	 =	461	×	85
	 10	|	(461	+	462	+	463	+	464)
24.	(a)	 4/a
 a = 4b + 1
 11999	≡	1	(mod	1999)
	 21999	≡	2	(mod	1999)
 31999	≡	3	(mod	1999)
 ...........
	 20001999	≡	2000	(mod	1999)
 11999	+	21999	+	...	+	21999	≡	1	+	2	+	3	+	...	+	2000	(mod	1999)

	 	 	 	 	 	 ≡	
2001	×	2000

2

1000

	 	 	 	 	 2001	 ≡	2	(mod	1999)
	 	 	 2001	×	1000		 ≡		2000(mod	1999)

	 	 	 	 	 1998	|	 ∑
2000

n = 1
 n1999

25.	(b)	 15	+	25	+	35	+	...	+	995	+	1005
	 25	+	45	+	65	+	...	+	1005	is	divisible	by	4
 15	+	35	+	...	+	995
 15	≡	1	(mod	4)	 1!	+	2!	+	3!	+	4!	=	33	≡	3(mod	15)
 35	≡	–	1	(mod	4)
	 55	≡	1	(mod	4)
 .........
 995	≡	–	1	(mod	4)
 15	+	3	5	+	55	+	...	+	995	≡	(1	–	1)	+	(1	–	1)	+	(1	–	1)	+	...	+		
	 (1	–	1)	≡	0	(mod	4)
  \			 4|15	+	25	+	35	+	...	+	995	+	1005
26.	(c)	 11999 	+	21999	+	...	+	20001999

27.	(d)
28.	(b)	 191991	=	last	digit
 192	≡	1	(mod	10)
 ⇒ 191990	≡	1	(mod	10)
 ⇒ 191991	≡	9	(mod	10)	 	 	 	 Last	digit	=	9
29.	(b)	 No	of	zero	∞	in	100!

 
100
52 	+	

100
5 	=	20	+	4	= 24 zero

30. (c) n3 – n
	 =	n(n2 – 1)
	 =	(n – 1)(n)(n + 1)
 \	6	|	n3 – n
 n323	+	33	=	27	+	8	+	1
	 =	36
31.(a),	32.(a),	33.(b),
34.	(d)	 2n–1 	is	a	prime
	 2	n = 1,	2.22,...,	2n

 1	+	
1
2	+	

1
22	+	...	+	

1
2n	+	

1
2n – 1

 = 1
1 1

2
1 1

2

−

−

















 

 = 
2 1

2
4

2 1
2

n

nn
x a−

+
−

35(c),36(b),37(b),38(d),	39(b),	40(c)
41.(a)	 	 (x	+	a) (x+1991)	+1	=	(x+b)  (x+c) 
 ⇒ 1991	+	a = b + c
 and		 1991	a	+	1	=	bc
 \ (b–c)2	=	(b–c)2	–4bc
  = (1991	+	a)2	–	4	(1991a	+	1)
	 	 =	(1991	+	a)2	–	4	×		1991a	–	4
	 	 =	(1991	–	a)2	–	4
	 or,		 (1991	–a2) – (b –c)2	=	4.
	 	 If	the	difference	between	two	perfect		squares	is		4,	then	one	of	

them	is	4	and	the	other	is	zero.	(Prove	this)
	 	 Therefore,		1991	–	a	=	±	2,	(b–c)2	=	0
 ⇒ a	=	1991	+	2	=	1993	and		b	=	c
  or,	a	=	1991	–	2	=	1989	and	b	=	c
  So,	the	only	two	values	of	a	are	1993	and	1989.
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42.(d)	 	 We	have,x2 – 3y2	=	–1
 ⇒ x2	=	3y2	–1	≡	–1	(mod	3)
	 	 	 ≡	2		(mod	3)
	 	 But,	for	any	x  Z,	x2	=	0	(mod	3),		or	x2	≡	1	(mod	3)
	 	 And	hence,	there	is	no	solution	for	the	given	equations.
43.(c)	 	 Let	n2	+	96	=		k2,	where	k  N
  Then	k2 –n2	=	96
   (k–n) (k+n)	=	96	=	31  ×	25

	 	 Clearly	k	>	n	and	hence,	k+n	>	k – n >	0.
	 	 Since	3	is		the	only	odd	factor,		both	k	and	n	are	integers.	We	must	

have	k+n		and	k–n	both	to	be	either	even	or	odd.(If	one	is	odd		and	
the	other	even,	then	k	and	n	do	not	have	integer	solutions).	Also	
both	k+n	and	k–n  cannot	be	odd	as	the	product	is	given	to	be	even.	
So	the	different	possibilities	for	k+n,	k – n 	are	as	follows.

   k–n	=	2			 and		k+n	=	48	 ..(1)
	 or,	 k–n	=	4			 and		k+n	=	24	 ..(2)
	 or,	 k–n	=	6			 and		k+n	=	16	 ..(3)
	 or,	 k–n	=	8			 and		k+n	=	12	 ..(4)
	 	 So	solving	seperately	Eq.s(1),	(2),	(3)	and	(4)	we	get	n	=	23,10,5,2.
	 	 So,		there	are	exactly	four	values	of	n	for	which	n2	+	96		is	a	perfect	

square.
  n	=	23			 gives	232	+	96	=	625	=	252

  n	=	10			 gives	102	+	96	=	196	=	142
  n	=	5			 gives	52	+	96	=	121	=	112
  n	=	2			 gives	22	+	96	=	100	=	102.
	 44.(a)	 We	need	 to	find	 the	 largest	e	 such	 that	 10e|6250!.	But	 as	 10	=	

2×	5,	this	implies	that	we	need	to	find	the	largest	e	such	that	5e| 
6250!(clearly,	a	larger	power	of	2|	6250!).

	 	 But	e	=	
∞

i	=1
∑ 6250

5i 	=	1250	+	250+	50	+	10	+2	=	1562.
  
	 	 Hence,	6250!		ends	with	1562	zeroes.

	 45.(b)	 We	want	 to	 evaluate	 the	 number	modulo	 1000.	Here	we	 find	
ourselves	in	trouble,	we	have	gcd	(124,	1000)	≠	1,	so	we		caanot	
use	Euler's	theorem	or	Carmichael's	theorem.	But	luckily	Chinese	
remainder	theorem	can	help	us.		First	we	write	1000	as	product	of	
coprime	numbers	1000	–	8.	125,	now	we	have

	 	 1241000	≡		0	(mod	8).
	 and		 1241000	≡  (–1)1000	≡	1	(mod	125).
	 	 Well	,	what	was	that	for?	Now	we	have		system	of	comgruences	

namely,	
1241000	≡	0
1241000	≡	1

(mod	8)
(mod	125){

	 	 And	 remember	 that	 according	 to	Chinese	 remainder	 theorem	
this	 system	 of	 congruences	 has	 unique	 solution	 in	modulo	 8	
·	 125	 	 =	 1000,	which	 is	 excatly	 	what	we	want!	 	Notice	 that	
Chinese	 remainder	 theorem	 does	 not	 tell	 us	 how	 to	 find	 the	
solution,fortunately	it	is	nothing		hard.	From	first	congruences	there	
exists		'a'	such	that	1241000	=	8a,	so	in	second	congruence	we	have

	 	 8a	≡	1(mod125)
  i.e. 	there	exists	b	such	that	8a	=	125b+1,	looking	at	this	modulo	

8	we	find	3b	≡	1	(mod	8)	⇔ 3b ≡ 1+8	(mod	8)	.	This	means	that	
there	exists	c	such	that	b	=	8c	+	3,	thus

	 	 1241000	=	125	(8c		+	3)	+1	=	1000c	+	376.
	 	 So	the	last	three	digits	are	376.	  
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	 1.(a)	 cos	α1	..........cos	αn	=	sin	α1	......sin	αn [given] 

	 	 {as	cos	α	≤	
π
2

}
 
 ⇒ cos2α1 .......cos2	αn 

 = 
2(sinα1cosα1)	....2(sinαncosαn)

2n

 ⇒ cos2α1 .......cos2	αn =  
sin2α1....sin2αn

2n

 ⇒	 cosα1	.......cosαn =  
(sin2α1....sin2αn)1/2

2n/2

	 	 So	maximum	value	of	cosα1	.......cosαn =  
1

2n/2

 2.(d) The given expression 
 = (sin476 + sin 61º) – (sin 11º + sin 25º)
 = 2 sin 54º cos 7º –2 sin 18º cos 7º
 = 2 cos7º (sin54º – sin 18º)

 = 2cos7º 
5 1
4

5 1
4

+
−

−







  = cos 7º

 3.(a) sin 72º = sin 108º = cos 18 º = 
10 2 5

4
+

  sin 36º = sin 144º = 
10 2 5

4
−

 

 ∴	 Expresion = 16 
100–20
16 × 16  =5 

 

 4.(c) 
A
B  = tan6º tan 42º tan 66 º tan 78º

 

 = 
sin6º sin42ºsin66ºsin78º

cos6º cos42ºcos66ºcos78º
 

  Nr = 
1
4  [2 sin6ºsin 66º] [2sin42º sin 78º)

  

  N r = 
1
4  [cos60º – sin 72º] [cos36º  – cos 120º]

 

 = 
1
4

1
2

5 1
4

5 1
4

1
2

−
−









+
+











 

 = 
1
4

3 5
4

3 5
4

−









+







  = 

1
16

  Similarly, Dr  = 
1
16 ∴ 

A
B  = 1 ⇒ A = B

	 5.(b)	 cos	α		=	
–5±35

50  = –  
4
5  or 

3
5

  But 
π
2 		<	α	<	π ⇒	cosα	is		–ve,	sinα	=	+ve

  

	 	 We	choose	cosα	=	–	
4
5 ⇒	sinα	=		

3
5

	 ∴	 sin2α	=	2sinα	cosα		=	2	 −














4
5

3
5

 = – 
24
25 	

 

 6.(a) acos2x + bsin2x = a 
1
1

2

2
+
+











tan
tan

x
x

 + b 
2

1 2
tan
tan

x
x+









 = a 
1

1

2
1

2

2

2

2

2 2

−

+



















+
+









b
a
b
a

b b a
b a

/
/

 [Put tan x  = 
b
a ]

 

 = 
a(a2 –b2)
a2 + b2  + 

2ab2

a2 + b2  = 
a(a2– b2 + 2b2)

a2 + b2  = a

 7.(c) cotx – tanx = a ⇒ 
cosx
sinx  – 

sinx
cosx   = a

 

 ⇒ 
cos2x – sin2x

sinx cosx  = a ⇒ 
2cos2x
sin2x  = a

 ⇒ tan2x = 
2
a  

 
 ∴ x	has	only	one	value	in	the	first	quadrant.

 8.(b) 
sin23A
sin2A

 – 
cos23A
cos2A

 =  
sin23A cos2A– cos2 3A sin2A

sin2A cos2A 

 =  
sin23A (1–sin2A) – cos2 3A sin2A

sin2A cos2A 

 =  
sin23A– sin2A (cos2 3A + sin23A)

sin2A cos2A 

 = 
sin(3A+A)sin(3A –A)

sin2A cos2A 

 = 
(4sinA cosAcos2 A) (2sinAcosA)

sin2A cos2A  = 8 cos2A

	 9.(c)	 cos2(α	+	β)	=	2cos2(α	+	β)–1,
  2sin2β	=	1–	cos2β	L.H.S.
	 =	 –	cos2β	+2cos(α	+	β)[2sinα	sinβ	+	cos(α	+	β)]
	 =	 –	cos2β	+2cos(α	+	β)	cos(α–β)
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	 =	 cos2β	+	(cos2α+cos2β)	=	cos2α
 10.(d) From given relation, 2cos2B–1 = 3(1–cos2A) 
 ⇒ cos2 B = 3 sin2 A .......(i) 

  
3
2 sin2A = sin2B 

 
 ⇒  3 sin 2A  = 2 sin 2B .......(ii)
  Now cos(A+2B) = cosA cos 2B – sinA sin2B = cosA.3sin2A – sin 

A . 
3
2

 sin 2A, by (i) and (ii) = 3 cosA 
  
  sin2A = 3sin2A cos A = 0 
 ∴	 A + 2B = 90º
 11.(b) A <B < C < D  as in ascending order .......(i)
  sinA = sin B = sin C = sinD = K (+ve) ....(ii)
 ∴ B = π –A,C = 2π +A,D  = 3π –A
  We have chosen the values so as to satisfy the conditions(i) and 

(ii) 
  Expression 

 = 4 sin 
A
2  + 3 sin

π–A
2  + 2sin

2π+A
2  + sin 

3π–A
2

 

 = 4 sin 
A
2  + 3 cos

A
2  –2sin

A
2  – cos 

A
2

  

 = 2 sin cosA A
2 2
+








 = 2
2 2

2
2 2

2 2sin cos sin cosA A A A
+ +

 = 2 1 2 1+ = +sin A K
 12.(a) 2 sinθ cos θ  = 4 cos3θ – 3cosθ

  Cancel cosθ as cosθ = 0 ⇒ θ = 
π
2  but θ is acute; Now change in 

sin θ 

 ∴ 4 sin2 θ + 2sinθ –1= 0 ∴ sin θ = 
− ± +2 4 16

8
 = 

− ±
=
− ±2 2 5

8
1 5

4

  θ is acute, sinθ = 
5 1
4
−

 

 13.(b) br
r

n

=
∑

0

 sinr θ = sinnθ
 
 ⇒ b0 + b1 sin θ +b2 sin2θ + ....+ bn sin nθ
	 =	 nC1 sinθ. cosn–1

 θ – nC3 sin3θ. cosn–3
 θ	+	.....

	 =	 nC1 sinθ(1–sin2
 θ)(n–1)/2+.......

 =	 nC3 sin3θ (1– sin2θ)(n –3)/2 + .....
	 	 Equating	constant	and	coefficient	of	sinθ, we get, b0 = 0 and b1 

= nC1 = n, which is given in (b). Note that, (n–1) /2 , (n–3) /2  
...... are positive integers as n is positive odd integer.

	 14.(a)	 Squaring	and	adding,	we	get,
  x2 + y2 = 1 + 1 + 2cos(2A –A)

 ∴ 
x2 + y2 –2

2  = cosA ......(i)
 
  Also cosA + 2cos2A – 1 = y
 ⇒ (cosA +1) (2cosA –1) = y
 

 ⇒	 x y x y y
2 2

2 22
2

1 2 1+ −
+









 + − −( ) =

	 ⇒	 (x2 + y2) (x2 + y2 –3) = 2y

	 15.(c)	 Let	A = 7 
1
2 º, then cot A = 

1+cos2A
sin2A  

 =  
1+cos15º

sin15º  = 
2 2 3 1

3 1
+ +
−( ) 

 = ( )( ) ( )2 2 3 1 3 1
2

2 6 2 2 3 1
2

2+ + +
=

+ + +

 = 6 2 2 3+ + +

 16.(c) By complementary rule
  tan81º = cot9º, tan63º = cot27º

  Also tan A + cotA = 
1

sinA cosA  = 
2

sin2A

 ∴	 L.H.S.	=	
2

sin18º  –  
2

sin54º
 

 = 
2 4
5 1

2 4
5 1

. .
−( ) − +( )

  [∴ sin54º = cos36º] = 8.
2

5–1  = 4.

 17.(b) Expression = 
cos4θ
cos8θ . 

1– cos8θ
1– cos4θ  =

 cos4θ.2sin 24θ
cos8θ.2sin22θ  

 =  
sin8θ
cos8θ

. (2sin2θcos2θ) 
2sin22θ

 =
 tan8θ
tan2θ

 

 18.(b) 2 1 2 2 22( cos ) . cos ( / )+ =θ θ  = 2cos(θ/2)
 

  2 2 2 2 2 22 2+ =cos( / ) . cos ( / )θ θ  = 2cos(θ/22)

  Continuing like this, expression = 2cos 
θ
2n

 
 

 19.(b) 2 sin A sin B  = cos (A –B) – cos (A+B)

  sin54º = cos36º = 
5 1
4
+

  

	 	 L.H.S	=	
1
2  [cos36º – cos60º] cos36º

 =  
1
2  ( )( )5 1 5 1

16
− +  = 

1
8
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	 20.(a)	 L.H.S	=	2n 
1

2nsin θ  (sin2nθ) =1 
 

  sin2n θ = sin2n. 
π

2n+1  = sin π
π

−
+







2 1n

 

  = sin π
2 1n +







  sinθ

 21.(c) tan A B C
2 2 2
+ +






  = 

S1–S2
1– S2  = ∞	∴	S2 = 1 where 

  

  S1 = tan
A
2  + tan 

B
2   + tan

C
2  

  

  S2 =  tan
A
2 . tan 

B
2  .tan

C
2  

 

  S3
 =	Ʃ	tan

A
2 . tan 

B
2  

   

	 	 Ʃ	tan
A
2 . tan 

B
2  = 1

  Dividing by tan
A
2  tan 

B
2  tan  

C
2  we get 

 

  cot 
A
2  + cot 

B
2  +cot 

C
2  = cot 

A
2  cot 

B
2  cot

C
2  ....(i)

  

  Applying A.M	≥	G.M for cot 
A
2  , cot 

B
2  , cot 

C
2  ,

 
  we get 

  
cot cot cotA B C

2 2 2
3

+ +
≥	 cot cot cot

/A B C
2 2 2

1 3








 ⇒ cot cot cotA B C
2 2 2

2






 ≥	27k [by(i)]

 

 ⇒ k2	≥	27	⇒ k	≥	3	 3
 22.(b) We know that tanθ = cotθ – 2cot2θ 
 ∴ the expression 

 = cot cot cot cotπ π π π
16

2
8

2
8

2
2

−





 + −






  + 4

 

 = cot
π
16

 23.(b) The expression = 
  (sin78º – sin42º) – (sin60º – sin6º)
 = 2cos60º. sin18º–2cos36º sin 30º

 = sin18º – cos36º = 
5 1
4

5 1
4

−
−

+
  = – 

1
2

 24.(b) The expression = 2sin2θ –3sin2θ + 3
 = 4 – (cos2θ + 3sin2θ) 

 = 4 – 1 3 1
10

2 3
10

22 2+ +





cos sinθ θ

 = 4  – 10 2cos( )θ α− ,	where	cosα	=	
1
10

 ∴ the least value = 4 – 10  × the greatest value of cos(2θ–α)	=	4	
–  10 ×1 = 4 –  10

 25.(a) Since tan  
α
2  and tan 

β
2  are the roots of 

  
  8x2 – 26x + 15  = 0

 ∴ tan 
α
2  + tan

β
2  = 

13
4  and tan 

α
2 , tan

β
2  =  

15
8  

  Now, tan 
α+β

2   = 
tan tan

tan tan

α β

α β
2 2

1
2 2

+

− 

 = 

13
4

1 15
8

26
7−

= −

	 	 Again	cos(α	+	β)	=			
1

2
1

2

2

2

−
+

+
+

tan

tan

α β

α β  = – 
627
725

  26.(b) The  expression 

 = tanθ	
3

1 3
3

1 3
+

−
+

+
tan
tan

. tan
tan

θ
θ

θ
θ

	 =	
3tanθ	– tan3θ

1–3tan2θ
	 = tan3θ

 

	 27.(b)	 L.H.S.	=	tanθ + 
tan

tan
tan

tan
θ

θ
θ

θ
+

−
+

−
+

3
1 3

3
1 3

 = 
tan tan tan tan tan tan

tan

θ θ θ θ θ θ

θ

3 3 1 3 3 1 3

1 3

3

2

+ +( ) +( ) + −( ) −( ){ }
−

 = 
3(3tanθ	– tan3θ)

1–3tan2θ  = 3 tan 3θ ∴ k = 3
 

 28.(b) sin 3x.sin3x = 
3sinx	– sin3x

4  sin 3x
 

 =  
3
8(2sinx .sin3x) =  

1
4 sin23x

 

 = 
3
8(cos2x .cos4x) =  –  

1
8 (1– cos6x)

 

 = –  
1
8 + 

3
8 cos2x – 

3
8

cos4x + 
1
8 cos6x

   29.(a) We value 
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 = – 

cos126º

     
1
2 sin126º  = –2 cot126º = 2 tan 36º

 

 =  
4 sin18º cos18º

cos36º   = 

4 5 1
4

1 5 1
4

5 1
4

2

. −
−

−









+  

 

 = 
5 1
5 1

10 2 5
5 1 10 2 5

5 1

2
−
+

+ =
− +( )

+

) ( )

 = 
2 10 2 5

5 1
−
+

 30.(c) (cos9º – sin9º) = 1 – sin18º

 =  1 – 
5 1
4

5 5
4

−
=

−
; also cos9º > sin9º

 31.(a) Value =  
2 sin18º + 3 – 4cos218º

cos18º

 =   
2 sin18º + 3 – 2(1+cos36º)

cos18º  

 = 
2 5 1

4
3 2 2 5 1

4
18

. .

cos º

−
+ − −

+

 = 0

 32.(a) cos(180º –96º) cos36º cos72º
 = – (cos12º cos24ºcos48ºcos96º) (cos36ºcos72º)

 = 
2 12 12 24 48 76

2 12
sin º cos º cos º cos º cos º

sin º








  × 
2 36 36 72

2 36
sin º cos º cos º

sin º








 = 
–sin192º
24sin12º

. 
sin144º
22sin36º

= 
1
24. 

1
22

 33.(c) tan 
α
2  + cot  

α
2  =  

1

cos 
α
2  sin 

α
2

 =  
2

sinα  = 
2
p   

  and tan 
α
2  .cot 

α
2   =1

 ∴	 the	required	equation	is	x2 – 
2
px + 1 = 0

 34.(d) We know that 

  cos8θ cos2θ cos4θ ... cos2nθ =  
sin2nθ
2n sinθ

	 	 Here	θ = 
π
5 , n = 4

 ∴ Given expression =  
sin24 + 

π
5   

24 sin 
π
5  

 = 
sin + 

16π
5   

16 sin 
π
5  

  = 

sin

sin

sin

sin

3
5

16
5

5
16

5

π
π

π

π

π

+






=  = – 

1
16

 35.(d)  
1+cosA
1– cosA  = 

2cos2A/2
2sin2A/2  = 

1
tan2A/2  = 

4
9  

 36.(b) Given that tanx = 
b
a

  

a b
a b

a b
a b

b
a
b
a

b
a
b
a

+
−

+
−
+

=
+

−
+

−

+

1

1

1

1

 = 
1 1

1

2

12

2

2

+ + −

−

=
−

b
a

b
a

b
a

xtan
 

 

 = 
2 2

22 2

cos

cos sin

cos
cos

x

x x

x
x−

=

 37.(d) sin36º sin72º sin 108º sin144º = sin236ºsin272º
 

 = 
1
4  (2sin2 36º) (2sin272º)

 

 = 
1
4  (1–cos72º) (1–cos144º)

 = 
1
4  (1–sin18º) (1+ cos36º)

 = 
1
4 1 5 1

4
1 5 1

4
−

−







 +

+









 

 = 
20
16. 

1
4  = 

5
16

 38.(b) 2sin Acos2 A – 2sin3A  cosA
 = 2sinA cosA(cos2 A – sin2 A)

 = sin2A cos2A = 
1
2  sin4 A

 39.(a) 
2sinα

1+cosα	+	sinα  = y
 

 ⇒ 
4sin(α/2)	cos(α/2

2cos2(α/2)+	2sin(α/2)cos(α/2)  = y
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 ⇒ 
4sin(α/2)	cos(α/2

2cos(α/2)+	cos(α/2)	+sin(α/2)  = y
 

 ⇒ 
2sin 

α
2 (cos 

α
2  + sin 

α
2 )

(cos 
α
2  + sin 

α
2 )

2
 = y

 ⇒ 
2sin 

α
2 cos 

α
2  + 2sin2 

α
2

1+	sinα
 = y

 ⇒ 
1–	cosα	+	sinα

1+	sinα
 = y

 40.(b) (sinθ	+	sinϕ)	=	a2; (cosθ	+	cosϕ)2 = b2

 ⇒ 1+ 1 + 2 (cosθcosϕ	+	sinθ	sinϕ)	=	a2 + b2

 ⇒ cos(θ–ϕ)	=	
a2 + b2–2

2

 ⇒ 
1

2

1
2

2

2

−
−








+
−








tan

tan

θ φ

θ φ  = 
a2 + b2–2

2

 ⇒ tan2 θ φ−





2

 = 
4 – a2– b2

a2 + b2

 41.(a) tanA = 
1–cosB

sinB  = 
2sin2 B

2
2sin2 B

2
cos B

2

 = tanB
2

  

  Now, tan2A =  
2 tanA

1–tan2A  = 
2tanB

2
1–tan2 B

2

  = tanB

 

	 42.(b)	 cos2α	=	 
1–tan2α
1+tan2α  = 

1–
1
49

1+
1
49

  = 
24
25

  sin2β	=	 
2tanβ

1+tan2β   = 

2–
1
3

1+
1
9

 =  
6
10 =  

3
5

 ⇒	 cos2β	=		
4
5

	 	 sin4β	=	2sin2β	cos2β	=	2.	 3
5

. 4
5

 = 24
25

 43.(c) cos12º + cos84º + cos156º + cos132º
 = cos12º + cos84º – cos24º – cos48º
 = (cos12º – cos48º) + (cos84º – cos24º)
 = 2sin30º sin18º– 2sin54º sin30º 
 = 2sin30º (sin18º – sin54º)

 = 2 
1
2  (–2cos36º sin18º)

 

 = 2
5 1
4

5 1
4

+ −







  = –  

1
2

 

 44.(d) cos3A = 4cos3A – 3cosA =  
4 3 3

8
3 3

2
.

−  = 0

 ⇒ 3A = 
π
2  ⇒ tan3A =  tan 

π
2  = ∞ 

 45.(c) 2 2 2 4 2 2 2 2 2 12+ + = + + −cos ( cosθ θ

 = 2 2 2 2 2 2 12+ = + −cos ( cos )θ θ 	= 2cosθ

	 46.(c)	 We	have,	cos2α	=	
3cos2β	–1
3–	cos2β  

 

	 ⇒	  
1–tan2α
1+ tan2α  = 

3. 1–tan2β
1+ tan2β

–1

3.
1– tan2β
1+ tan2β

  =  
1–2tan2β
1+ 2tan2β

  Applying componendo and dividendo we get,
  

   
2tan2α

2  =  
4tan2β

2  ⇒ tan2	α	=	2tan2β
 

 ∴	 tanα	=	± 2 	tanβ	

 47.(c) sin  
π
10

 sin 
13π
10

 = – sin18º cos36º
 

  [ sin  
π
10

  = sin18º and 
  

  sin  
13π
10

  = sin π
π

+







3
10

 = – sin  
3π
10

 = – sin54º = – cos36º]

 = 
5 1
4

5 1
4

−









+







  = – 

1
4

 48.(b) The given expression 

 = 1
10

+





cos π  1 3

10
+






cos π

 1 3
10

1
10

−





 −





cos cosπ π

 

  [ cos 
7π
10

 = cos π
π

−





10

 = – cos 
3π
10

 and 
 

  cos 
9π
10

 = cos π
π

−





10

 = – cos 
π
10

]
 

 = (1– cos2  
π
10

) (1–cos2 
3π
10

) = sin2  
π
10

sin2 
3π
10 

 = sin218º sin2 54º = 
5 1
4

5 1
4

− +







.

2

 =  
1
16
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 49.(d) We have,

	 	 tanα	=		
1
3  = 

1
3  and tan 

β
2  =  

1
2  (given)

	 	 Now,	tanβ	=	
2tanB

2
1–tan2 B

2

 = 
2 1

2

1 1
2

2

.

− 







 =  
1

3/4  = 4/3

 

 ∴	 tan(α+β)	=		
tanα	+tanβ
1–tanαtanβ  =  

 
1
3  +  

4
3

1–  
1
3

. 
4
3

  = 
5/3
5/9 = 

5
3  × 

9
5  = 3

 50.(b) We have cos3θ	= 4cos3θ – 3cosθ

 = 4 1
2

1 3 1
2

13

a
a

a
a

+















 − +


















 = 4 ×  
1
8 a

a
+








1 3
 – 

3
2   a

a
+








1

 =  
1
2  a

a
a

a
a

a
a

a
3

3
1 3 1 1 3

2
1

+ + × × +















 − +








 = 
1
2

1 3
2

1
2

3
2

13
3a

a
a a

a
+






 + +






 − +








 =  
1
2  a

a
3

3
1

+







 51.(a) 
sin3α
cos2α 	<	0	if	sin(3α	>	0)	and	cos(2α	<	0)	or	sin	3α	<	0	

  
	 	 and	cos2α	>	0	.	

	 	 i.e.	if	3α	Î(0,π)	and	2α	Î 
π π
2

3
2

,







	 or,	 3α	Î (π,2π)	and	2α	Î −







π π
2 2

,
 

	 i.e.	 if	α	Î (0,π/3)	and	αÎ π π
4

3
4

,







	 or,	 αÎ(π/3,2π/3)	and	α	Î −







π π
4 4

,

	 i.e.	 if	α	Î π π
4 3

,







  Since (13π /48,14π/48) Ì (π /4,π/3)
  (a) is correct.

 52.(a) We have cos2θ + sin2ϕ	=	
1–tan2θ
1+tanθ  + sin2ϕ

 
  But tan2 θ = 2tan2ϕ +1(given)

 ∴ cos2θ + sin2ϕ		=		
1– (2tan2ϕ +1)
1+(2tan2ϕ +1)  + sin2ϕ

  
cos tan

tan
2 1

1

2

2θ
θ
θ

=
−
+











 =  
–2tan2ϕ

2 +(1+ tan2ϕ)
 + sin2ϕ	=	–		

tan2ϕ
sec2ϕ

 + sin2	ϕ
 

 = –  
sin2ϕ

cos2ϕsec2ϕ
 + sin2ϕ	=	–	sin2ϕ	+	sin2ϕ	=	0

	 53.(c)	 We	have	cos2α	=		
3cos2β–1
3–cos2β

 ⇒ 
1

cos2α
 = 

3–	cos2β
3cos2β–1

 ⇒ 
1–	cos2α
1+	cos2α	

 = 
3–	cos2β–3cos2β	+	1
3	–	cos2β	+	3cos2β	–	1

  [By componendo and dividendo] 

 ⇒  
2sin2α
2cos2α

 =  
4	–	4cos2β
2+2cos2β

 ⇒ tan2α		=		
4	(1–	cos2β)
2(1+2cos2β)

 = 2
2
2

2

2
sin
cos

β
β











 ⇒ tan2α	=	2tan2β	∴	tanα	=	± 2 	tanβ.
 54.(b) The given expression
 = (sin47º + sin61º) – (sin11º+sin25º).
 = 2sin54º cos7º –2sin18ºcos7º
 = 2sin7º [sin54º – sin18º]
 = 2cos7º [sin54º – sin18º]
 = 2cos7º.2cos36º sin18º

 = 2cos7º.2 = 
5 1
4

5 1
4

+ −.  = cos7º

55.(a)  We have tan2 
θ
2

 = 
1–cosθ
1+cosθ

 = 

1 –
cosα–cosβ
1–cosαcosβ

1 + 
cosα–cosβ
1–	cosαcosβ

 

 = 
1–cosαcosβ	–	cosα+cosβ
1–cosαcosβ	+	cosα	–	cosβ

 = 
(1–cosα)	+	cosβ	(1–cosα)
(1+cosα)	–	cosβ	(1+	cosα)

 

 = 
(1–	cosα)	(1+cosβ)
(1+cosα)	(1–	cosβ)

 = tan2
α
2

cot2.
β
2

 ∴ tan
θ
2

 = ± tan
α
2

cot
β
2
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 ∴ one of the values of tan
θ
2

  is, tan
α
2

cot
β
2

 

	 56.(b)	 Let	y = 
tanx
tan3x

 
 

 ⇒ y = tanx
3tanx–tan3x

1–3tan2x

 = 
1–3tan2x
3–tan2x

 

 ⇒ 3y –y tan2 x = 1–3tan2x

 ⇒ (y – 3)tan2x + (1–3y) = 0 ⇒ tan2 x = 
3y–1
y–3

  For tanx to be real 
3y –1
y–3 ≥	0

 
 ⇒ (3y –1) (y–3)	≥	0	and	y	≠	3

 ⇒ y	≤	
1
3   or y > 3

 57.(b) We have 
cos2B

1  = 
cos(A+C)
cos(A–C)

  Applying componendo and dividendo, we get 

  
1– cos2B
1+ cos2B

 = 
cos(A–C) – cos(A+C)
cos(A–C) + cos(A+C)

 ⇒ 
2sin2B
2cos2B  = 

2sin2AsinC
2cosA cosC

 ⇒ tan 2B = tanA tanC
 ⇒ tanA, tanB, tanC are in G.P.

 58.(d) We have 8 sin
x
8

 cos 
x
2

 cos
x
4

 cos
x
8

 

 = 2
8 8

sin cosx x





  4 cos 

x
2

 cos 
x
4

   
 

 = 4sin 
x
4

 cos 
x
4

 cos 
x
2

 = 2sin 
x
2

cos 
x
2

 = sinx

 59.(a) Since sinx + cosx =  
1
5

 ∴ sin2x + cos2x + 2sinx cosx =  
1
25

 or, 1 + sin2x =  
1
25   or sin2x =  

1
25 – 1= – 

24
25

 

 ⇒ 
2tanx

1+tan2x  = – 
24
25   ⇒  –25tanx = 12 + 12tan2x

 
 ⇒ 12tan2x + 25tanx + 12 = 0
 ⇒ 12tan2x + 16tanx + 9tanx + 12 = 0
 ⇒ 4tanx(3tanx + 4) 3(3tanx + 4) = 0
 ⇒ (4tanx + 3)(3tanx + 4) = 0

 ⇒ tanx = –  
3
4  or  –  

4
3

 60.(a) cos 3θ = 4cos3θ – 3cosθ

 = 4 1
8

1 3 1
2

1 1
2

13
3

3






 +





 − +






 = +






a

a
a

a
a

a
.  

	 61.(c)	 The	given	equation	is	4x2 – 2 5 x +1 = 0

  Sum of the roots = 
2 5

4
5

2
=  and the product of the roots =  

1
4

 ∴ sin18ºcos36º = 
5 1
4

5 1
4

− +.  =  
5–1
16  =  

1
4

 

  sin18º + cos36º =  
5 1
4

5 1
4

2 5
4

5
2

−
+

+
= =   

 
	 	 Hence	the	roots	are	sin18º,cos36º.

 62.(b) sin275º – sin215º = cos215º – sin215º = cos30º = 
3

2
 

 63.(a) From the given relations we have 

  sin2 B = 
3
2






  sin2A and 

  
  3sin2A = 1–2sin2B = cos2B

  so that, tan2B =  
(3/2)sin2A

3sin2A  = cotA.
 
 ⇒ 1 – tan2B tanA = 0

 ⇒ A + 2B = 
π
2  ⇒ B = 

π
4   –  

A
2

 64.(c) We have

    
3cosθ + cos3θ
3sinθ – sin3θ  =  

3cosθ + 4cos3θ	– 3cosθ	
3sinθ – [3sinθ	– 4sin3θ]

 =   
4cos3θ 
4sin3θ  = cot3θ.

 65.(d) cos2  
3π
5  + cos2 

4π
5  = cos2 108º + cos2 144º

 
 = sin2 18º + cos236º

 = 
5 1
4

5 1
4

2 2
−







 +

+









 =  
5+1–2 5

16  + 
5+1+2 5

16  =  
12
16 = 

3
4

 66.(c) ∴ tan2A =  
2tanA

1–tan2A ∴ tan60º =  
2tan30º

1–tan230º

  ∴ x  =  
2tan30º

1–tan230º  = tan 60º

 67.(c) We have cos2θ + 2cosθ = 2cos2θ – 1+ 2cosθ 

 = 2 cosθ+







1
2

2

 – 
3
2
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  Now 2 cosθ+







1
2

2

		≥	0

 ⇒ 2 cosθ+







1
2

2

  – 
3
2 	≥	–	

3
2  for all θ.

 68.(a) We have 16 sin144º sin108º sin72º sin36º  
  = 16sin36ºcos18ºcos18ºsin36º 
  = 16cos218ºsin236º = 16(sin36ºcos18º)2

  = 16 
10 2 5

4
10 2 5

4

2
− +











.  =  5
 
 69.(a) sin2θ = cos3θ 
 ⇒ 2sinθcosθ = 4cos3θ	– 3cosθ
 ⇒ 2 sinθ = 4(1–sin2θ) – 3

 ⇒ 4sin2θ + 2sinθ – 1= 0 ⇒ sinθ = 
5 1
4
−

	 70.(c)	 From	the	given	two	equations	we	can	say	that	α	and		β	are	roots	
of 

  x cosθ + y sin θ	=	2α
 ⇒ 2a –x cosθ = y sin θ
 ⇒ 2a –xcosθ = ysinθ
 ⇒ (2a –x cosθ)2 = y2 sin2θ
 ⇒ (x2 + y2) cos2θ –4ax cosθ + 4a2 – y2 = 0

 ∴	 cosα	+	cosβ		=	
4ax

x2 + y2  and 

	 	 cosα.	cosβ		=		
4a2 – y2 
x2+ y2

  It is also given that 2sin 
α
2sin

β
2   =1

 ⇒ 4 sin2  
α
2sin2

β
2   =1⇒	(1–cosα)(1–cosβ)	=	1

 
 ⇒	 cosα	+	cosβ	=	cosα	cosβ

 ⇒  
4ax

x2 + y2  =  
4a2 – y2 
x2+ y2  ⇒ y2 = 4a (a–x)

 71.(a) 2sin 
A
2  = 1 1+ + −sin sinA A  

  When sin 
A
2  + cos

A
2   = 1+ sin A

  and sin 
A
2  – cos

A
2   = 1− sin A  

  i.e. when sin 
A
2  is +ve and numerically greater than cos

A
2  .

  i.e. when 
A
2  lies between 2nπ + 

π
4  and 2nπ +  

3π
4 , nÎZ.

 72.(b) 2 cos 
A
2  = 1 1+ + −sin sinA A  

  when sin 
A
2  + cos  

A
2  =  1+ sin A

  and sin
A
2   – cos

A
2  = – 1− sin A  

 

 i.e. when cos
A
2  > 0 and numerically > sin 

A
2  i.e.when 

A
2   lies between 

2nπ – 
π
4  and 2nπ + 

π
4 .

 73.(a) tan82º 
1
2  º =  cot7 

1
2  º = cot2. 

15
2  º

 

	 74.(c)	 We	have,	tanα	=			
sinα
cosα	 = 

2sin
α
2

 cos
α
2

 

1–2sin2α
2

 = 
2 1

2
1 1

2

1 2 1
2

12

x
x

x
x

x
x

x

−
−

−







−
−








= −

 
 75.(b) We have cot236º cor272º

 = 
cos236º72º

sin236ºsin272º  = 
(1+cos72º) (1+cos144º)
(1–cos72º)(1–cos144º)

 =  
(1+cos72º) (1– cos36º)
(1–cos72º)(1+cos36º)

 =  
1+ cos72º – cos36º– cos72º cos36º
1– cos72º + cos36º– cos72º cos36º

 =  
1–(cos36º– cos72º) – cos72º cos36º
(1+cos36º – cos72º – cos 72ºcos36º

 =  
1– 

1
2–  

1
4

1+ 
1
2– 

1
4

 = 
1
5 [ cos36º – cos72º =  

1
2  and cos36º 

  cos72º =  
1
4 ]

 ⇒ cot236º cot272º =  
1
5  ⇒ cot36º cot72º = 

1
5

 76.(b) We have, sin 
π
7+ sin 

2π
7  + sin

3π
7  

 = 
1

2sin
π
7  

 [2sin2 
π
7   + 2sin 

π
7  sin

2π
7

 + 2sin 
π
7  sin 

3π
7

 ]

 

 = 
1

2sin
π
7  

[1– cos 
2π
7

 + cos 
π
7  – cos

3π
7

 + cos 
2π
7

 –cos 
4π
7

]

 

 = 
1

2sin
π
7  

[1+ cos 
π
7

]  = 
2cos2 

π
14

4sin
π
14

 cos
π
14

 
=  

1
2

 cot 
π
14
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 77.(c) Since tan3θ =  
3tanθ–tan3θ

1–3tan2θ

  Putting θ = 
π
9

 we have, tan
π
3

 =  
3tan

π
9

– tan3 π
9

1–3tan2 π
9

 ⇒ 3 1 3
9

3
9 9

2
2

3
2

−





 = −






tan tan tanπ π π

 

 ⇒ tan6 
π
9

 – 33tan4 π
9

 + 27tan2 π
9

 = 3
 

 78.(a) 
1
2

1 1
2

1
2

2( sin ) sin−




= − −
























θ

π
φ

 

 = 
1
2

1 2( cos )−





φ 	=	sinϕ	

 79.(c) sinA = 
336
625

 
 

 ⇒		 cosA =  – 1 2− sin A  = – 1 336
625

2

− 





  

  [ A	is	in	2nd	quadrant]

  Now cos
A
2

  = – 1
2

+ cos A  = – 
7
25

 
   

  [ 
A
2
	is	in	3rd	quadrant]

 

 ∴ sin 
A
4

  = 
1

2
2

− cos A
 [  

A
4
	is	in	2nd	quadrant	

  

  =  1 7
25

2

+   =  
4
5

 80.(d) tan9º– tan27º – tan63º + tan81º
 = (tan9º + tan 81º) – (tan27º+tan63º)
 = (tan9º + cot9º) – (tan27º + cot27º)

 = 
1

sin9ºcos9º
– 

1
sin27ºcos27º   = 

2
sin18º  – 

2
sin54º

 

 =  2
sin54º–sin18º
sin54º sin18º  = 2

cos36º–sin18º
sin18º cos36º  = 4

 81.(c) We have,  
tan 3A
tanA  = K

 

 ⇒  
3–tan2A
1–3tan2A  = K ⇒ tan2 A =  

K–3
3K–1  

   

  Now,  
sin3A
sinA  = 3 – 4sin2 A = 3 –  

4
1+cot2A  

 = 3 –   
4

1+ 
3K–1
K–3

 =  
2K
K–1

  

 

  Thus, 
sin3A
sinA  = 3– 4sin2 A =  

2K
K–1  

  
  

 ⇒	 4sin2A  = 3 –  
2K
K–1 ⇒ sin2A =  

K–3
4(K–1)   

 

	 	 Now	0	≤	sin2 A		≤	 1 ⇒	0	≤		
K–3

4(K–1) 
≤	1

  ⇒	  K ≤  
1
3

 or K > 3
  

  Thus  
sin3A
sinA  =  

2K
K–1  where K ≤  

1
3

  or, K > 3

 82.(a) ∴ 1 + secθ =  
1 + cosθ

cosθ   =  
2cos2θ/2

cosθ

 ∴ fn (θ) = tan(θ/2) 
2cos2(θ/2)

cosθ
. 

2cos2θ
cos2θ

  ..... 
2cos22n–1θ

cos2nθ

  tan(θ/2).2n+1(cosθ.cos2θ.........cos2 n–1θ)× 
cos2θ/2
cos2nθ

 = 
sinθ

cos2nθ
 × 2n × 

sin2nθ
2nsinθ  = tan2nθ

 ∴ f2
π

16






  = tan 

π
4 = 1.

 83.(a) Given expression = 4 42 2 2sin sin cosθ θ θ+ 	+2.2cos2 
π θ
4 2
−








 = 4 2 1
2

2sin cosθ
π

θ+ + −

















 = 2|sinθ| + 2 + 2sinθ
 = –2sinθ + 2+2sinθ = 2

 84.(d) 1
2 2

2
2 2

2 2+ = + +sin sin cos sin .cosθ
θ θ θ θ

 

 = sin cos sin cosθ θ θ θ
2 2 2 2

2

+





 = +








  

  Now, θ = 240º . ∴ 
θ
2 = 120º ⇒ sin 

θ
2+  cos

θ
2

 = 
3

2
1
2

3 1
2

+ −





 =

−
= +ve 
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 ∴	 sin
θ
2 + cos

θ
2 = 1+ sinθ ....(1)

  

  Also 1− sinθ  = sin cosθ θ
2 2

2

−







  = sin cosθ θ
2 2
−






∴ 

	

	 	 θ = 240º,  
θ
2 =120º ∴  sin 

θ
2– cos 

θ
2 = +ve 

 

 ∴ sin
θ
2 – cos

θ
2  =  1+ sinθ ........(2)

  
  Adding (1) and (2) we get 

  2sin
θ
2 =  1+ sinθ + 1− sinθ  

 
 85.(b) The given relation can be written as 

  tan 
x
2  = 

1
sinx  – sinx

 ⇒ tan 
x
2  =  

1+tan2 
x
2

2 tan
x
2

 –  
2tan 

x
2

1+ tan2
x
2

 

 ⇒ 2tan2 
x
2 1

2
1

2
2 2

2

+





 = +






tan tanx x

 – 4tan2
x
2

 ⇒ 2y(1+y) = (1+y)2 –4y [where y = tan2(x/2)]

 ⇒ y2 + 4y – 1= 0 ⇒ y = 
− ± +4 16 4

2
  = –2± 5

  since y > 0  we get

  y = 5  – 2 = 
5 2

5 2
2 5
2 5

2
−( )
−

+
+

.

 = (9–4 5 ) (2+ 5 )

	 86.(b)	 The	given	equation	can	be	written	as	
  1–2sin2x + a sinx = 2a –7
 ⇒ 2sin2x – asinx + 2a – 8 = 0

 ⇒ sinx = 
a a a± − −2 8 2 8

4
( )

 = 
a a a± − +2 16 64

4
 = 

a a± −( )8
4

	 	 Hence,	sinx = (a – 4)/2 (the other value is not possible as sinx	≤	
1. This value is possible only when 

	 	 –1	≤	
a – 4

2 ≤	1	⇒	–2≤a	–	4≤	2	⇒	2	≤	a	≤	6	

	 87.(a)	 sinβ	=	
1
10

⇒	cosβ	=	 1 1
10

−  = 
3
10

 
 

 ⇒	 tanβ	=		
1
3

 

 ∴	 tan2β	=		
2tanβ

1–tan2β  =  
2.(1/3)
1–1/9  =  

3
4

	 	 and	tan(α	+2β)	=		
tanα	+	tan2β
1–tanαtan2β  

 =  
1/7+3/4

1–1/7.3/4  = 
25
25

 = 1
 

 	 0	<	β	<		
π
2 	and	tan2β	=	3/4	>	0,	we	get,

 

	 	 0	<	2β	<		
π
2 .	Also	0	<	α	<	π/2

	 	 Hence,	0	<	α	+	2β	<	π and	tan	(α+2β)	=	1

	 	 so	that,	α	+	2β	=		
π
4  ⇒	2β	=		

π
4 	–	α

	 88.(a)	 Let	tan
θ
2






 	=	α		and	tan

φ
2






 	=	β		so	that	α–β	=	2b.

 

  Also cos θ  =  

1–tan2 θ
2








1–tan2 θ
2








 =   
1	–	α2

1	+	α2

  

  and sinθ  =  

2tan
θ
2








1+tan2 θ
2








 = 
2α

1	+	α2

 

	 	 Similarly	cosϕ	=		
1–β2 
1+β2 	and	sinϕ	=	

2β
1	+	β2

  Therefore we have from the given relations

  (x –a) 
1	–	α2 
1+α2  + y 

2
1 2
α
α+







  = a

 
 ⇒ xa2 – 2yα	+	2a – x  = 0
  Similarly, xβ2 – 2yβ	+	2a –x = 0
	 	 We	see	that	α	and	β	are	the	roots	of	the	equation	xz2 – 2yz + 2a 

–x	=	0	so	that	α	+	β	=		
2y 
x 	and	αβ	=	(2a –x)/x

  
  Now	from	(α+β)2	=	(α–β)2	+	4αβ	,	we	get,	

  2 2y
x







  = (2b)2 + 

4 2( )a x
x
−

 ⇒ y2 = 2ax – (1–b2) x2
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 89.(c) Clearly, tanθ	≠	0	and	tan2θ	≠	0	for	0	<	θ < π /2. We have  tan3θ 
= tan(2θ + θ) 

 ⇒ tan3θ =  
tan2θ + tanθ
 1–tan2θtanθ  

 
 ⇒ 0 = tanθ + tan2θ + tan3θ 
 = tan3θ (1–tan2θ tanθ) + tanθ
 ⇒ tan3θ {2–tan2θtanθ} = 0
 ⇒ tan3θ = 0  or tan2θ tanθ = 2
 90.(a) The given expression can be written as 

   
2sin9ºcos9º

2sin48ºsin12º  =  
sin18º

–cos60º + cos36º

 

  =

5 1
4

1
2

5 1
4

−

− +
+

 = 
5 1

2 5 1
5 1
5 1

−
− + +

=
−
−( )

	 91.(c)	 The	given	equation	can	be	written	as	
  

   
1–tan2(x/2)
1+ tan2(x/2)

	–	sinαcotβ		
2tan(x/2)

1+ tan2(x/2)
	=	cosα

 ⇒ tan2
x
2 (1+cosα)	+	sinαcotβ.2tan

x
2 	–	(1–cosα)	=	0

 

 ⇒ tan2 
x
2  + 

2sinαcotβ
1+	cosα  tan 

x
2  –

1–	cosα
1+	cosα   = 0

 

 ⇒ tan2 
x
2  + 2tan

α
2 	cotβtan	

x
2  – tan2

α
2  = 0

 

 ⇒ tan2 
x
2  + 2tan

α
2 . 

1
2   cos tanβ β

2 2
−






 tan 

x
2  – tan2

α
2  = 0

 ⇒ tan cot tan tan tan tanx x
2 2 2 2 2 2
+






 −







β α β α
 = 0

 

 ⇒ tan 
x
2  = –  

tan(α/2)	
tan(β/2)  or tan

x
2  = tan

α
2 tan

β
2

 92.(b) sinAsin2A sin3A sin4A 
 = sinA2 sinA cosA(3sinA – 4sin3A)
  2sin2A cos2A
 = 2sin2AcosA sinA (3–4sin2A)
  A sinA cosA(1–2sin2A)
 =  8sin4A cos2 A (3–4sin2A) (1–2sin2A)
 = 8x2 (1–x) (3–4x) (1–2x)
 = 8x2 [3– 13x + 18x2 – 8x3]
 = 24x2 – 104x3 + 144x4 – 64x5

 93.(b)	 The	given	equation	can	be	written	as	

    
1+tanx 
1–tanx   = 1+  

2tanx 
1+tan2x

 ⇒	
2tanx 

1 – tan1x  = 
2tanx 

1+ tan2x  ⇒ 1–tanx = 1+ tan2x
  

  [ ∴ tanx	≠	0]	⇒ tanx = –1 [∴ tanx	≠	0]
	 94.(a)	 Let	cosθ /a = sinθ / b = k so that cosθ = ak
  and sinθ = bk. Then 
  a cos2θ + b sin2θ = a (1–2sin2θ) + 2b sinθ cosθ
 = a – 2ab2k2 + 2b.bk.ak = a – 2ab2 k2 + 2ab2k2 = a
  95.(c) We can write 
  k1 = tan27θ + tan9θ –  tan9θ	–tan3θ + tan3θ – tanθ

  But tan3θ – tanθ = 
sin3θcosθ	– cos3θsinθ 

cos3θcosθ

 =  
sin2θ

cos3θcosθ  =  
2sinθ
cos3θ

 ∴ k1  = 2
sin

cos
sin
cos

sin
cos

9
27

3
9 3

θ
θ

θ
θ

θ
θ

+ +





 = 2k2

	 96.(c)	 tan3αcotα	=		
3tanα–tan3α

tanα(1–3tan2α)

 =  
3–tan2α

1–3tan2α
 = x (say)

 

 ⇒ tan2α	=		
x–3
3x–1

 =  
(3x–1)(x–3)

(3x–1)2  

  Since tan2	α	is	non	negative	either	x <  
1
3

  or x	≥	3	so	x cannot 
lie between 1/3 and 3.

 97.(b) The given result can be written as 

  sinθ + cosθ +  
sin2θ + cos2θ

sinθcosθ
 +  

sinθ  + cosθ
sinθcosθ

  = 7
  

 ⇒   
(sinθ + cosθ)	(sinθ + cosθ+1)

sinθcosθ
 = 7

 

 ⇒ 1 2 2
2

1+ +





sin sin

θ
θ

 + 1  =  
7
2

 sin2θ
 

 ⇒ 1 2+ sin θ (sin2θ+2) + 2 = 7 sin2θ

 ⇒ (x+2) 1+ x = 7x – 2 where x = sin2θ
 ⇒ (x+2)2(1+x) = (7x – 2)2.
 ⇒ (x2+4x + 4)(1+x) = 49x2 – 28x + 4
 ⇒ x2 – 44x2 + 36x  = 0
 ⇒ x2 – 44x + 36 =  0  as x = sin2θ	≠	θ
  So that sin2θ	is	a	root	of	the	above	equation.
 98.(a) We can write the given expression as 

  
1
1

2− +
+ +









cos sin
cos sin

θ θ
θ θ  

 = 

2
2

2
2 2

2
2

2
2

2

2

sin sin cos

cos sin

θ θ θ

θ θ







 +























 +

































cos θ

2

2
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 = 

sin2
θ
2








cos2 θ
2








 = tan2  
θ
2

 =  
1– cosθ
1+ cosθ

 99.(b) From the given condition we have

  

2
2

1
2

1
2

1
2

7
22

2

2

tan

tan

tan

tan

α

α

α

α









+ 







+
− 








+ 







=

 ⇒ 2 2
2

1
2

7 1
2

2 2tan tan tanα α α
+ −






 = +








 

 ⇒	 ( 7 	+	2)	tan2 
α
2  –4tan 

α
2  + ( 7 –	2)	=	0

	 	 This	quadratic	has	the	roots	has	the	roots	

  tan  
α
2  = 

4 16 4 7 2 7 2
2 7 2

4 2
2 7 2

± − + −
+

=
±
+

( )( )
( ) )

 i.e tan α
2







  = 3/( 7 +2) or, 1/( 7 +2). The given condition 

 

	 	 on	α	implies	0	<	
α
2  < 

π
12.

  Therefore we get 0 < tan 
α
2  < tan

α
2  < tan 

π
12 

  

 ⇒ 0 < tan 
α
2  < 2 – 3  only the second root satisfies this 

conditional because 
3

7 +2
 = 7 –2>2 – 3   and  

  
1

7 +2
 = 

1

3 ( 7 –2) < 2– 3

  Hence	the	required	value	of	tan	
α
2  is  

1

3  ( 7 –2).

 100.(a) From the given expression of tanθ we get,

  sec2θ = 
2

(sinα+	cosα)2  

 ⇒	 sinα	+	cosα	=	± 2  cosθ 

 ⇒	 sinα	–	cosα	=	± 2  cosθ	tanθ = ± 2  sinθ.
101.(b)  θ	lies	in	the	third	quadrant.
  ∴ cosθ is negative ∴ sinθ = –3/5

 ⇒ cosθ = – 1 2−( )sin θ  = – 
4
5

  Now, cos2 
1
2 θ =  

1
2 (1+cosθ) =  

1
2 (1– 

4
5 )

 

 = 
1
10⇒cos 

1
2  θ = ± 10( ) . 

 

   
But given that, 180º < θ < 270º ⇒ 90º < θ/2<135º

 i.e., θ/2	lies	in	the	second	quadrant	

 ⇒ cos 
1
2  θ	is	negative.	Hence	cos	

1
2 θ = – 

1
10

102.(b) tanθ = –  
4
3  ⇒		θ	lies	in	2nd	or	4th	quadrant.

 ∴ sin θ is positive or negative according as θ lie in 2nd or 4th 
quadrant	respectively.i.e.	sin	θ may be positive or negative. 

  Now, sinθ = 
tan

tan

θ

θ1 2+
 =  

4
5

  Hence	sinθ = – 
4
5

 or 
4
5

 
 103.(c)  θ	is	in	the	third	quadrant	∴ sinθ < 0 
  

  Thus sin θ = – 
2

1

3
102

tan

tan

θ

θ+
= −

104.(a)	Multiplying	both	sides	of	the	gievn	expression	by	(secα–	tanα).	(secβ–
tanβ).(secγ–tanγ)	we	get	1.1.1	=	(secα	–tanα).(secβ–tanβ)	×	(secγ	
–tanγ).	tanα	tanβ	tanγ

 ⇒	 (secα	–tanα).(secβ–tanβ).(secγ–tanγ)
	 	 =	cotα.cotβcotγ

105.(b) 1 radian = 
180
π







   Degrees = 57º(Approx)

 
 ∴ sin1º < sin57º ⇒ sin1º < sin1
 106.(c) f(0) = sinθ (sinθ+3sinθ –4sin3θ)
 = 4sin2θ(1–sin2θ).
107.(a) Given expression
 = cos24º + cos5º + cos(180–5º) + cos(180º + 24º) + cos(360º – 

60º)

 = cos24º + cos5º – cos5º – cos24º + cos60º = 
1
2  

108.(a) Given expression 
 = tan5º tan25º.1.tan(90º–25º) × tan(90º–5º)
 = tan 5ºtan25º.cot25º cot5º = 1
109.(a) Given expression 

 = tan 
π
20  .tan 

3π
20  .tan 

π
4. tan 

π π π π
2

3
20 2

9
20

−





× −






tan  

 = tan 
π
20  .tan 

3π
20  .1cot 

3π
20 .cot 

π
20  = 1

110.(b) Given expression 

 = sin2  
π
18  + sin2  

π
9  + sin2 

π π
2 9
−






  + sin2 

π π
2 18
−








 = sin2  
π
18  + sin2  

π
9  + cos2  

π
9 + cos2  

π
18  = 1 + 1 = 2.

 111.(d) Given expression = (sinθ/cosθ). (cosθ).(sinθ) = sin2θ.
112.(b)  logsin90º = log1  = 0 ∴ Given expression = 0
113.(b) Given expression 
 = log (tan1ºtan2º....tan44º.
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  tan45º.cot44º.cot43º....cot1º) = log1 = 0

114.(d) sin12º sin48ºsin54º =  
1
2  (cos36º– cos60º) cos36º

 =  
1
4 (2cos2 36º – cos36º) =  

1
4 (1+cos72º – cos36º)

 

 =  
1
4 (1+sin18º – cos36º) =  

1
4 . 

1
2  =  

1
8

 115.(d) x2 + y2 + z2 = r2 [cos2θ(cos2ϕ+	sin2ϕ)+	sin2θ]
 = r2[cos2θ + sin2θ] = r2 

116.(a) 1 = cos2θ + sin2θ or 1  = 
x
a

y
b




















+ 



















1 3 2 1 3 2/ /

  or, x
a

y
b







 + 








2 3 2 3/ /
 = 1

117.(b) 3 sin sin ( )4 43
2

3π
α π α−







+ +











 = –2 sin sin ( )6 6

2
5π

α π α+






+ −









  

 ∴ sin 
3
2
π

α−





 	=	–	cosα,	sin	(3π+6)

 

 = sin
6
2
π

α+





 	=	–	sinα,	sin π

α
2
+






 	=	cosα	

 

  and sin(5π–α)	=	sin	(10.	
π
2 –	α)	=	sinα.	So,	the	given	expression	

becomes :
	 	 3[(–cosα)4	+	(–sinα4)]	–	2[(cosα)6+(sinα)6]
 = 3[cos4α	+	sin4α]	–	2[(cos6α	+	sin6α]
 = 3[(cos2α	+	sin2α)2  – 2sin2αcos2α]
 = – 2[(cos2α+	sin2α)3– 3sin2αcos2α	×	(cos2α	+	sin2α)]
 = 3[1–2sin2αcos2α]	–	2[1–3sin2αcos2α]
  [ sin2α	+	cos2α	=	1]
 = 3–6sin2αcos2α	–	2+	6sin2αcos2α	=	3	–	2	=	1
 118.(b) Given expression

  =  
cos10º– 3  sin10º

sin10ºcos10º

  = 
2 1

2
10 1

2
3 10

1
2

20

cos º sin º

sin º

−

















 =  
4sin(30º–10º)

sin20º  = 4.

119.(c) Given expression 

  
3  cos20º – sin20º

cos20ºsin20º  = 
2 1

2
20 1

2
20

1
2

40







 −









cos º sin º

sin º 

 = 
4 60 20

40
sin( º º )

sin º
−

 =  4

120.(d) tan(A+B) =  
(tanA + tanB)

(1–tanA + tanB)  

 = 1 ⇒ A + B =  
π
4

121.(a) tan 
P
2







  + tan 

Q
2







  = – 

b
a

 

  tan 
P
2







 .tan 

Q
2







  =  

c
a  Now, ∠P + ∠Q =  

π
2

 

 ∴ tan 1
2

1
2

1 2 2

1
2 2

P Q

P Q

P Q
+






 = =







 +









− 









tan tan

tan tan







 

 = 
–

b
a

1–
c
a

 = 
–b
a–c  ⇒ a + b = c

 122.(b) cos57º + sin27º = sin33º + sin27º
 = 2sin30ºcos3º = cos3º
123.(d) tan81º – tan63º – tan27º + tan9º
 = (tan9º + cot9º) –(tan27º + cot27º)

 =  
1

sin9ºcos9º
 –  

1
sin27ºcos27º   =  

2
sin18º

 – 
2

sin54º
 

 =  
2

sin18º
 –  

2
cos36º

 = 2 
4

5 1
4

5 1−
−

+






 = 8.
2
4

 = 4.

124. (b) 1
1

1
1

1
1

1
1

2 2−
+

+
+
−

=
−
+

+
−
−

sin
sin

sin
sin

sin
sin

sin
sin

θ
θ

θ
θ

θ
θ

θ
θ

 =  
cosθ(1–sinθ)+cosθ(1+sinθ)

1–sin2θ
 =  

2cosθ
cos2θ

 = 2secθ
 
  since θ	lies	in	2nd	quadrant	then	given	expression	=	–	2secθ.

125.(b)  
2sinα

1+cosα+	sinα  = y  
1–	cosα+	sinα

1+	sinα  ×
1–	cosα	+	sinα
1+	cosα	+	sinα   

  

(1	+	sinα)2 – cos2α
(1	+	sinα)(1+cosα+	sinα)

 =  
sin2α+	cos2α+2sinα+	sin2α–	cos2α

(1	+	sinα)(1+sinα+	cosα)  = 
2sinα

1+cosα+sinα  = y

126.(b) sin(θ	+	α)	=	a.sin(θ+β)	=	b
 ∴	 cos2(α–β)	–	4abcos(α–β)
 = 2cos2 (α–β)–1	–4abcos(α–β)
	 	 Here,	cos(α–β)	=	cos[(0+α)	–	(θ	+β)]
 = cos(θ+α)cos(θ	+	β)	+	sin(θ+α)sin(θ+β)

 = 1 12 2− − +a b ab

 ∴ 2 1 12 2
2

− − +( )a b ab



145chapter - 15 trigonometry in association with :  

JMMC RESEARCH  FOUNDATION PUBLICATION

A collection of  Problems in mathematics, classes -Xi & Xii [Volume  -I] 
B.Biswas &  s.Biswas

comPlete solution  to 

  –4ab 1 12 2− − +





a b ab  – 1

 = 2(1–a2) (1–b2) + 4ab 1 12 2− −a b
  + 2a2b2 – 4ab 1 12 2− −a b  – 4a2b2 –1
 = 2– 2a2 – 2b2 + 2a2b2 + 2a2b2 – 4ab – 4a2b2 – 1
 = 1 –2a2 – 2b2.

 127.(c) sin2 π π
8 2
+






 – sin2 

π π
8 2
−








  using sin2A – sin2B = sin(A+B) sin (A–B)

  we get, sin 
π π
8 2 8 2
+ + −








A A
sin 

π π
8 2 8 2
+ − +








A A

 = sin 
π
4







 sin A = 

1
2

 sinA.
 
	128.(b)	 (cosα	+	cosβ)2	+	(sinα	–	sinβ)2 
 = cos2α	+	sin2α	+	cos2β	+	sin2β	+	2cos(α+β)

	 =	 2(1+cos(α+β))	=	4cos2 
α β+





2

129.(a) 
sin∠BAD

BD  = 
sin60º

AD 	(In	∆	ABD), 
 

  
sinCAD

CD  = 
sin45º

AD

  Divide and use the fact  
BD
CD  =  

1
3  to get  

  
sin∠BAD
sin∠CAD  = 

1
6

130.(b) m sinθ = n sin(θ+2α)	∴ 
m
n  = 

sin(θ	+2α)
sinθ

  Applying componendo and dividendo, we get 
  

  
m–n
m+n  = 

sin(θ	+2α)	–	sinθ
sin(θ	+2α)	+	sinθ

 

 = 
cos(θ	+α)	sinα
sin(θ	+α)cosα  ∴ 

m+n
m–n   = tan(θ+α)cotα.

131.(c) cos(θ+ϕ)	=	mcos(θ–ϕ)

   
m
1  = 

cos(θ	+ϕ)	
cos(θ	–	ϕ)  ⇒  

1
m  = 

cos(θ	–	ϕ)	
cos(θ	+	ϕ)

 

 = 
2sinθsinϕ	
2cosθcosϕ  = tan θ.tanϕ

 

 ∴ tanθ =  
l–m
l+m cotϕ

132.(a)	Let	the	two	parts	be	A and B so that A+B = 0 and A–B = 0 and tan A 
= k tan B.

 ∴  
tanA
tanB  =  

k
1

  Applying componendo and dividendo we get 

 ∴	  
tanA – tanB
tanA +tanB  =  

k –1
k+1  or 

sin( )
sin( )
A B
A B
−
+

 =  
k –1
k+1

	 or,	 	sinϕ	=		
k –1
k+1  sinθ or, sinθ = 

k +1
k –1 sinϕ

133.(c) 1
8

1 3
8

1 5
8

1 7
8

+





 +





 +





 +





cos cos cos cosπ π π π

	 	 Here,cos	
3π
8  = cos π π

2 8
−








  = sin
π
8  

  cos 
5π
8  = cos 

π π
2 8
+








 = – sin
π
8 , 

  and cos 
7π
8  = cos π

π
−






8

  = – cos
π
8

 ∴ 1
8

1
8

1
8

1
8

+





 +





 −





 −





cos sin sin cosπ π π π

 = 1
8

1
8

2 2−





 −





cos sinπ π

 = sin2 
π
8  cos2

π
8  = 

1
4  2

8 8

2

sin cosπ π





 

 = 
1
4   sin π

4

2






= 
1
4

1
2

2






  = 

1
8

134.(b) A+B+C = π

 ∴ cosB + cos C = 2cos
B C+






2

 cos 
C B−





2 

 = 2cos
π
2 2
−








A
cos 

C B−





2 

 = 2 sin 
A
2  cos 

B–C
2 .

135.(a) sin(θ –x) = a, cos(θ –y) = b
  cos(x–y) = cos[(θ –x) – (θ–y)]
 = cos(θ –x) cos(θ–y) + sin(θ–x) sin (θ–y)

 = b 1 2− a  + a 1 2−b
136.(a) sinx = 1– sin2 x or, sinx = cos2x
  Given expression  = cos6x × (cos6x + 3cos4x + 3cos2x +  1) = 

cos6x × (cos2 x + 1)3

 = sin3x (sinx +1)3 = (sin2x – sinx)3

 = (1)3 = 1
137.(d) The given expression 

 =  
1

2sin
π
7

(2sin
π
7 .cos

π
7 )cos

2π
7 cos

4π
7

 = 
1

2sin
π
7

.
1
2  (2sin

2π
7 .cos

2π
7 )cos

4π
7



146chapter - 15 trigonometry in association with :  

JMMC RESEARCH  FOUNDATION PUBLICATION

A collection of  Problems in mathematics, classes -Xi & Xii [Volume  -I] 
B.Biswas &  s.Biswas
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1

4sin
π
7

.
1
2  (2sin

4π
7 .cos

4π
7 )

 = 
1
8  . 

sin
8π
7  

sin
π
7

  = 
sin

sin

π
π

π

+





7

8
7

 =  
–sin

π
7  

8sin
π
7

 = –
1
8  

138. (b) S = sin
π
14 sin 

3π
14sin

5π
14

  Now, sin
π
14 cos

π π
2 14
−






  = cos

3π
7  = – cos

4
7
π








  sin 3π
14

 cos 
2π
7 , sin

5π
7  = cos

π
7

 ∴ sin
π
14.sin

3π
14sin

5π
14 = –cos

π
7 .cos

2π
7 .cos

4π
7

 = 
2

7 7
2
7

4
7

2
7

sin .cos cos cos

sin

π π π π

π

















  
 

 = −
















= −

−















sin

sin

sin

sin

8
7

8
7

7

7

π

π

π

π  = 
1
8  

139.(c) Given expression 

 = 
1
2  (2sin20ºsin80º) 

1
2

3





  sin40º

 

 = 
1
4

3





  .(cos60º– cos100º) .sin 40º

 

 = 
1
8

3





  (sin40º– 2cos100º sin 40º)

 

 = 
1
8

3





  [sin40º– (sin140º – sin 60º)]

 

 = 
1
8

3





  [sin40º– sin(180º – 40º) + 

3
2

] = 
3
16.

140.(d) Given expression 

 =  cos
π
5 cos

2π
5 .cos

π
π

π
5

2 2
5







× −






cos

 = cos2
π
5 cos2

2π
5 .

 

 = 
1

2
5

2
5 5

2
5sin

. sin cos cos
π

π π π
































×



















2

 

 = 
1

2
5

2
5

2
5

2

sin
.sin .cos

π
π π



























 

 = 
1

2
5

1
2

4
5

2

sin
. .sin

π
π



























 
 

 = 
1

2
5

1
2 5

2

sin
. .sin

π
π

π








−

























 = – 
1
16 

  

141.(a)		Since	0	<	α	<	
π
2   ⇒	cosα	is	positive

 ∴	 cos	α	=	 1 2−( )sin α  = 
5
13 

  Also, π	<	β	<		
3π
2  ⇒	sinβ	is	negative.

 

 ∴	 sin	β	=	–	 1 2−( )cos B  = – 
4
5  

	 	 Now,	cos(α+β)	=	cosαcosβ–	sinαsinβ	=	
33
65  

142.(c)	tanβ	=	tan
π

α
2
−






 	=	cotα	=	tanαtanβ	=	1

	 	 tanα	=	tan(β+γ) =  
tanβ	+	tanγ
1–tanB	tanγ  

   
  ⇒	tan	β	+	tanγ	=	tanα	–tanα	tanβ	tanγ
	 =	 tanα	–	tanγ	⇒	tanα	=	tanβ	+	2tanγ

143.(a)   
1

tan3A –tanA –   
1

cot3A – cotA 
 

 =   
cosAcos3A

sin3A cosA –cos3AsinA  –  
sin3A sinA

cos3A sinA –sin3AcosA  

 =  
cosAcos3A
sin(3A –A)  +  

sin3A sinA
sin(3A –A)

 =  
cos(3A–A)

sin2A  = cot2A.

144.(c)	cos(α+β)	sin(γ+δ)	=	cos(α–β)sin(γ–δ)

   
sin(γ+δ)
sin(γ–δ)  = 

cos(α–β)
cos(α+β)   

  Now, applying componendo and dividendo,

    
sin(γ+δ)	+	sin(γ–δ)
sin(γ+δ)	–	sin(γ–δ)  = 

cos(α–β)	+	cos(α+β)
cos(α–β)	–	cos(α+β)

   
2sinγ	cosδ
2sinγ	cosδ  = 

2cosαcosβ
2sinαsinβ  
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	 ∴	 	cotδ	=	cotα	cotβ	cotγ

145.(b) 
sinθ+ sin3θ	+ sin5θ
cosθ + cos3θ +cos5θ  = 

2sin3θ	cos2θ+sin3θ
2cos3θ cos2θ +cos3θ  

 = 
sin3θ
cos3θ  = tan3θ

146.(a)	tan(α+β)	+	tan(α–β)

 = 
sin(α+β)
cos(α+β)  + 

sin(α–β)
cos(α–β)  

 = 
sin(α+β)cos(α–β)	+	sin(α–β)cos	(α+β)

cos2α–	sin2β
 

 = 
sin2α

1–sin2α–	sin2β  
 

147.(c) sin[nπ+(–1) n
π
6 ] = sin

π
6  = 

1
2  

 
148.(a) A +B = 45º
	 	 Let	(1+tanA) (1+ tanB) = 2
 ⇒ 1+ tanA + tanB + tanA tanB = 2

 ⇒ 
tanA + tanB
1–tanA tanB  = 1 ⇒ tan(A + B) = 1

  This is true as A +B  = 45º

149.(a)	cotβ	=	
sinα–	sin1γ
cotγ–	cosα  = 

2
2 2

2
2 2

cos sin

sin sin

α γ α γ

α γ α γ

+







−







+







−







 

	 or,	 cotβ	=	cot
α γ+





2
	or,	β	=	

α γ+
2

 ⇒	 α	+	γ	=	2β	

150.(a) A+B+C = π,A+B = π – C
  tan(A+B) = tan(π–C) = – cotC

 or, 
tanA + tanB
1– tanA tanB  = – cotC

 or, 
1–tanA tanB
 tanA  + tanB  = –tanC

 or, 
tanA tanB–1
 tanA  + tanB  = tanC

  Since the angle C is obtuse then tan A + tanB < 1
 

151.(a)

 

  1± sin x   = cos
π
2  ± sin

π
2 	L.H.S.	=	cot–1  

2cos
π
2  

–2sin
π
2  

 

 = cot–1 −





 = −
















−cot cot cotx x
2 2

1 π  =  π –
π
2

	 152.	 Let	cot–1 −







3
4

 = θ ∴ cotθ = – 
3
4

 ∴ θ	lies	in	2nd	quadrant	∴ cosθ = – 
3
5(θ	being	in	2nd	quadrant).

 or, 1–2sin2
θ
2 = –

3
5 ∴ sin2

θ
2  = 

4
5 ∴ sin

θ
2  = 

2

5  

153.(c) cos–1
α
x   + cos–1 

1
a   + cos–1 

1
b  + cos–1  

b
x

 ∴ 
α
x  ,  

1
a  – 1 1 12

2 2−








 −







a
x a

 = 
1
b  ,  

b
x  – 1 1 12

2 2−








 −







b
x b 

 or, b2(x2–a2)(a2–1) = a2(x2–b2)(b2–1)
 or, x2(a2–b2) = a2b2(a2–b2) ∴ x = ±ab

  tan–1 

z
r
y
x

x
y

z
r

+










−1
2

2

 = tan –1  
zr
xy  

x2 +y2

x2 +y2  = cot–1 
xy
zr

 ∴	 L.H.S.	=	tan–1  
xy
zr  + cot–1 

xy
zr  =  

π
2

 

155.(a) (tan–1x)2 + (cot–1x)2  =  
5π2

8

	 ⇒	 (tan–1+ cot–1x)2 – 2tan–1 x (
π
2 – tan–1 x) =  

5π2

8

 ⇒ 
π2

4  –2 ×
π
2 tan–1x + 2(tan–1 x)2 = 

5π2

8  

 ⇒ 2(tan–1x)2 – π tan –1 x – 
3π2

8
 = 0

 ⇒ tan–1 x = – 
π
4 ,  

3π
4 ⇒ tan–1x = – 

π
4

 ⇒ x = –1

156.(c) 

  tan–1 2 + tan–13  = π + tan–1  
2+3

1–2.3
= π –tan–11 

 
	 	 L.H.S.	=	tan–1 + tan–1 2 + tan–13 = π

157.(a) sec–1 2  =  cos–1  1

2
 = 

π
4 = 45º

 

  cos–1 
12
4  cos–1 

3
2  = 

π
6 = 30º; 

 

  sin–1 
2 3

4
4 2 3

8
1−

=
−−sin

  =  sin–1 
3 1

2 2
−

 = 15º
  
	 	 L.H.S.	=	sin–1 [cot(45º+30º+15º)]
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 = sin–1 (cot 90º) = sin–1θ = 0 ∴	L.H.S	=	0

 158.(a) 4 sin–1x + 
π
2

1−







−sin x  = π ∴ 3sin–1x = 
π
2

 or, x = sin
π
6 = 

1
2

159.(a) x = sin130º + cos 130º = sin 50º – sin 40º > 0
  ( sin x  is increasing for 0 < x < π/2).

160.(c) cos–1 −





sin 7

6
π

 = cos–1 cos π π
2

7
6

+















 
 

  = cos–1 cos 5
3
π






 = cos–1 cos 2 5

3
π

π
−
















  = cos–1 cos π
3







  = 

π
3 Remember, cos –1 (cosx) = x

  
	 	 if	0	≤	x ≤ π

 161.(b) 
π
2

1−







−cos x  – cos–1x = 
π
6 

 or, 2cos–1 x = 
π
2 – 

π
6 = 

π
3

 

 or,  cos–1 x = 
π
6 ∴ x = 

3
2

162.(d) Value = tan–1
1
3 + tan–1

1
2

 

 = tan–1

1
3

1
2

1 1
3

1
2

+

− .
 = tan–1 1  = 

π
4

163.(c) Value = sec2(sec–12) –1+ cosec2 (cosec–1 3) – 1
 = 22 – 1+ 32 – 1= 11
164.(c)	Let	cos–1x	=	θ		then	the	expression	

 = 
1+tanθ/2
 1–tanθ/2  + 

1–tanθ/2
 1+tanθ/2  = 

2(1+tan2θ/2)
 1–tan2θ/2

 = 
2

 cosθ  = 
2
 x  

165.(b) tan–1x + tan–1  
1
y  = tan–13

 or, tan–1 
1
y  = tan–13 – tan–1x

 

 or, tan–1 
1
y  = tan–1  

3–x
1+3x ⇒ y =  

1+3x
3–x

  As x, y are positive integers, x = 1,2 and corresponding y = 2,7.
 ∴ solutions are (x,y) = (1,2),(2,7).

166.(d) Adding  π
2

  + sin–1 y – cos–1 y =  
2π
3  +  

π
3

 
 or, π – 2cos–1 y = π

 or, cos–1y = 0 ⇒ y =1 ∴ sin–1x + sin–1y =  
2π
3

 or, sin–1 x = 
2π
3 –  

π
2  =  

π
6  ∴ x =  

1
2

  So, there is one solution.

167.(b) 
π π
2 2

1 1−





 + −








− −cos cosx y  =  
2π
3

 ∴ cos–1 x + cos–1y = π –  
2π
3 = 

π
3

168.(d) cos 33
5
π






  = cos 6 3

5
π

π
+






  = cos

3
5
π








 = sin
π π π
2

3
5 10

−





 = −






sin  

  

	 	 L.H.S	=		sin–1 sin −







π
10

 = –  
π
10

169.(c) A + B = tan–1 2  + tan–13 = π + tan–1 
2+3 

1–2.3

  AB > 1

 = π + tan–1 (–1) = π –  
π
4  =  

3π
4

	 	 Hence	third	angle	is	

  π – (A+B) = π – 
3
4
π






  = 

π
4  = 45º

170.(b) π + tan–1 
5+3

1–5.3  – cot–1 
4
7  (xy > 1)

 

 = π – tan–1
4
7  – cot–1

4
7

 

 = π – 
π
2  = 

π
2

171.(b) 
pq
ab  – 1 1

2

2

2

2−








 −










p
a

q
b

	=	cosα

 ∴ 
pq
ab

−





cosα

2

 = 1 – 
p2

a2 –  
q2

b2  +  
p2q2

a2b2

 

 ⇒  
p2q2

a2b2  + cos2α		–	
2pq
ab 		cosα	=1	–	

p2

a2 –  
q2

b2 +
p2q2

a2b2

 ⇒ 
p2

a2 – 
2pq
ab 	cosα	+	

q2

b2  = 1 – cos2α	=	sin2α.

172.(d) cosθ = 2cos secθ ⇒ sinθ cosθ = 2 ⇒ sin2θ = 4
 ⇒ no solution exists.

173.(d) sin –1  1 = 
π
2
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 ∴ sin–1 
1
5

 = 
π
2  – cos–1x = sin–1x ∴ x = 

1
5

 

174.(c) tan–1(1+x) = 
π
2  –tan–1 (1–x)

 = cot–1 (1–x) = tan–1 
1

1–x

 ∴ 1+x =  
1

1–x
 ⇒ 1–x2 = 1 ∴ x = 0

175.(b) Given sin–1 A + cos–1 B = 
π
2  ......(1)

  But sin–1A + cos–1 A =  
π
2 .....(2)

  From (1) & (2) we conclude that A =B

 ∴ x– 
x2

2
 + 

x3

4
 – ......= x2 –

x4

2
 + 

x6

4
 – ......

 

 ⇒  
x

x1
2

−
−







 = 
x

x

2

2
1

2
−

−







 

 or,  x(2+x2) = x2 (2+x) or, 2x (x–1) = 0
 ∴ x = 1 as x	≠	0.

176.(a) We know that |sin–1 x|	≤	
π
2

 

	 	 Hence	from	the	given	relation	we	observe	that	each	of	sin–1x, 
sin–1y and sin–1z will be 

  
π
2

 so that x = y = z = sin(π/2) = 1∴ 3 – 
2
3

  = 0

177.(c) T1 = tan–1 

x
y

 – 
1

C1

1+ 
x
y

 . 
1

C1

 = tan–1 
1

C1
 – tan–1 

1
C1

  T2 = tan–1 

 
1

C1
 – 

1
C2

 

1+ 1
C1

 . 
1

C2  = tan–1 x
y

 – tan–1 
1

C2
 etc.

 
 ∴	 L.H.S.	

 = tan tan tan tan− − − −−








 + −











1 1

1

1

1

1

2

1 1 1x
y C C C

 

  +.....+ tan–1 .  
1

Cn
  = tan–1  

x
y

 178.(b) 1±	sin2α	=	(cosα	±	sinα)2. Put x2	=		sin2α
	 	 L.H.S.	=	tan–1	tanα	=	α	
	179.(a)	 Let	cos–1 x	=	θ.	Then

  x = cosθ ⇒ tanθ = sec2 1θ−

 = 
1 1 1
2

2

x
x

x
− =

−
⇒ tan(cos–1x)

 =  tanθ	= 
1 2− x

x
 

180.(d) 4tan–1  
1
5

 – tan–1  
1

239

 =  2tan–1 
2 5

1 1 25
/
/−







 – tan–1  

1
239 

 = 2tan–1 (5/12) – tan–11/239

 = tan–1
2 5 12

1 5 12
1

2392
1( / )

( / )
tan

−








 −

−

 

 = tan–1  
120
119

– tan –1  
1

239

 = tan–1 
120 119 1 239

1 120 119 1 239
/ /

/ /
( ) − ( )
+ ( )×( )











 = tan–1 
28569
28569






  = tan–1 (1) = 

π
4  

181.(c) tan–1
x
y  – tan–1 x y

x y
−
+









  = tan–1

x
y  – tan–1 

1
1
−
+











y x
y x

/
/   

 = tan–1 
x
y  – tan tan− −−








1 11 y
x

 = tan–1 
x
y  +tan –1  

y
x  –  

π
4  

 = tan–1  
x
y  + cot–1  

x
y   – 

π
4   = 

π
2  – 

π
4   = 

π
4  .

182.(d) sin–1 
2

1 2
x
a+







  – cos–1 1

1

2

2
−
+











b
b

= tan–1 2
1 2

x
x−









 ⇒ 2tan –1a –2 tan–1b = 2tan–1x
 ⇒ tan–1a–tan–1b = tan–1x

 ⇒ tan–1x = tan–1 
a b
ab
−
+







1 ⇒ x = 

a b
ab
−
+1

.

183.(d) sin–1  
x
5  + cosec–1  

5
4  =  

π
2

 

 ⇒	 sin–1  
x
5  =  

π
2  =  cosec–1 

5
4  

 

 ⇒	 sin–1  
x
5  =  

π
2  = sec–1 

5
4  ⇒ sin–1

x
5  =   cosec–1 

4
5  
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 ⇒	 sin–1 
x
5






  = sin–1

3
5  ⇒	x = 3.

184.(d) cot cos cot cot− −















 =

















 =

1 17
25

7
24

7
24

185.(a) tan–1x + tan–1y + tan–1z
 

 = tan–1 
x y z xyz
xy yz zx
+ + −
− + +









1 ( )  = tan–10	=	π

186.(d) Since 2cos–1x = cos–1(2x2– 1)
  Therefore 2cos–10.8= cos–1(2×0.64–1)
 = cos–1(0.28)
 ⇒	 cos(2cos–10.8) = cos(cos–10.28) = 0.28

187.(c) We have cos–1 
4
5






  = tan–1 3

4








  Therefore tan (cos–1 
4
5  + tan–1

2
3 ) 

 

 = tan tan tan− −+







1 13
4

2
3

 = tan tan−
+

− ×

































1

3
4

2
3

1 3
4

2
3

 = tan tan− 

















1 17
6

 = 
17
6

188.(c)	Let	cos–1 
5

3








 	=	α.Then	cosα	=	

5
3

	 	 where	0		<	α	<		
π
2   

  We have to find tan  
α
2

 = 
1
1
−
+

cos
cos

α
α

 
 

 = 1 5 3
1 5 3

3 5
3 5

−
+

=
−
+

/
/

 = 
3 5

9 5

2
−( )
−  = 

1
2

(3– 5 ).

189.(b)	Here	x	=	sin(θ+β),	y	=	sin	(θ–β)
  1+xy	=	1	+	sin(θ+β)	sin(θ–β)
 = 1+sin2θ–	sin2β	=		sin2θ+	cos2β
 190.(b) We have sin[cot–1(cos(tan–1x))]

 = sin cot
tan (tan )

−
−+

























1
2 1

1

1 x

 = sin cot−
+





















1
2

1

1 x

 = 
1

1
1

1

1

1
1

1
2 1

2 2+
+













=
+

+
−cot cot

x x

 = 
1

2

2

2

+

+

x

x
 

 

191.(d) We have sin–1 
2

1 2

x

x+








  = 2 tan–1 x, if 0 < x ≤ 1.

 

	 	 Here	x ≥ 1 so 0 < 
1
x  ≤ 1

	 	 Hence	sin–1  
2

1 2

x

x+








  =  sin–1

2

1
1 2

/ x

x
+






























 =  tan–1 
1

x








   = 2 cot –1x

 

 ∴	 2 tan –1x = sin–1  
2

1 2

x

x+








  =  2 tan–1 x + 2 cot–1x = 2

π

2









 	=	π.

192.(d) We have tan(A–B) = 
tanA – tanB
tanA tanB

 = 

x

k x

x k

k
x

k x

x k

k

3

2

2

3

1
3

2

2

3

1

3
−

−
−

+
−

−
−

=  ⇒	A–B =  30º

193. (b) We have sin–1x – cos–1x = cos–1
3

2

 ⇒ sin–1x – cos–1x = 
π
6

  But, sin–1x +  cos–1x = 
π
2

  Therefore, sin–1x = 
π
3

 and cos–1x = 
π
6

 ⇒ x = 
3

2
	is	the	unique	solution.

194.(c) We have sin–1x + sin–1x(1–x) = cos–1x
 ⇒ sin{sin–1x + sin–1(1–x)} = sin(cos–1x)

 ⇒ x 1 1 1 1 12 2 2− − + − − = −( ) ( )x x x x

 ⇒ x 1 1 12 2− − = −( )x x x
 ⇒ x = 0  or 2x – x2 = 1– x2

 ⇒ x = 0 or x =  
1
2

.

195.(b) We have sin–1 x +  cos–1x + tan–1x =  
π
2

+ tan–1x

  Now,  
π
2

 ≤	tan–1x 
π
2

 ⇒	0 ≤ 
π
2

+ tan–1x ≤	π	
  
	 	 Hence	K	=	π,	k = 0.

196.(c) We have, sin–1(1–x) – 2sin–1x =  
π
2
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 ⇒ sin–1(1–x) =  
π
2

+2sin–1x
 

 ⇒ 1–x = sin 
π

2
2 1+











−sin x  
 
 ⇒ 1–x = cos(2sin–1x)
 ⇒ 1–x = cos(cos–1(1–2x2))

 ⇒ 1–x =1 – 2x2 ⇒ 2x2 – x = 0 ⇒ x = 0,  
1
2

.

  As x = 
1
2
	does	not	satisfy	the	given	equation.

  hence the only solution is x = 0.

197.(c)	tanθ	+	tan
π

θ
3
+









   + tan − +











π
θ

3
  = k	tan	3θ

 ⇒	 tanθ	+	tan(60º+θ)+	tan(–60º+θ)	=	k	tan3θ

 ⇒	 tanθ	+	
3 +	tanθ

1– 3 	tanθ
  +  tanθ – 3

1+ 3 	tanθ
  = k	tan	3θ

 ⇒	 tanθ	+		
8tanθ

1–3tan2θ
 = ktan3θ

 ⇒ 
3(3tanθ	–	tan3θ)

(1 – 3tan2θ)
 = k	tan3θ

 ⇒	 3tan3θ	=	k	tan3θ	⇒ k = 3

198.(b) x +  
1
x

 = 2 ⇒ x =1

  So the principal value of sin–1x is,  
π
2

199.(d) We have 
tan tan

tan tan

6

15 15

1
6

15 15

π π

π π

−

+
 = tan 

π
3

 ⇒ tan  
6π
15

 – tan 
π
15

 = 3  + 3  tan  
6π
15

 tan 
π
15 

 ⇒ tan  
2π
5

 – tan 
π
15

 = – 3  tan  
2π
5

 tan 
π
15

 = 3  

200.(a) We have tan–1 
1
3

 + tan–1 
1
5

+ tan–1 
1
7

+ tan–1 
1
8

 = tan–1 

1

3

1

5

1
1

15

+

−



















+ tan–1 

1

7

1

8

1
1

56

+

−



















 

 = tan–1
4

7

3

11
1







 +











−tan  = tan–11 =  
π
4

201.(b) We have tan–1 a+ tan–1b = tan–13 

 ⇒ tan–1 
a b

ab

+

−











1  = tan–13 ⇒ 
a+b
1–ab

 = 3

 ⇒ a+b +3ab = 3
 ⇒ a = 0 and b = 3, or, a = 3 and b = 0

202.(a)	Let	
1
4

sin–1 
63

8









 =	α	

	 	 Then	sin4α	=
63

8
,	where	0	<	4α	<	

π
2

 ∴	 cos4α	=		
1
8

 ⇒	cos	2α	=	
1 4

2

+ cos α
 =  

3
4

 ⇒	 sinα	=	
1 2

2

+ cos α
 = 

1

2 2

263.(a) tan
1

2

2

1

1

2

1

1
1

2
1

2

2
sin _ cos− −

+

−

+













x

x

y

y

 = tan
1

2
2

1

2
21 1tan tan− −+









x y

 = tan[tan–1x + tan–1y]

 = tan tan−
+

−























1

1

x y

xy
 =   

x+y
1–xy

 

204.(b) sin[cot–1{tan(cos–1x)}]

 = sin cot tan tan− − −







































1 1
21 x

x 

 = sin cot sin sin− −−












=



































1
2

11

1

x

x

x
 = x

205.(c) cot 
π π

4
2 3 3

4

3 1

2 3
1 1

2

−








 = −

−

×























− −cot cot
 

 = cot
π

π

π4

4

3
4

4

3
1

4

3 4

71−








 =









 +

−
=−cot

cot .

cot

206.(a) sin–1  
3
5

 + sin–1  
5
13

 = sin–1x
 

 ⇒ sin–1 
3

5
1

25

169

5

13
1

9

25
× − + −













=  sin–1x
 

 ⇒ sin–1 
3

5

12

13

5

13

4

5
× + ×









  = sin–1x
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 ⇒ sin–1  
56
65

 = sin–1x ⇒ x =  
56
65 

207. (c) tan–1 
a
x

 + tan–1 
b
x

 = 
π
2

 ⇒ tan–1 

a

x

b

x
ab

x

+

−

















1

2

 =  
π
2

  

 ⇒	
a b x

x ab

+( )
−2 	=	tan

π
2

 ⇒	x2 –ab = 0 ⇒ x = ab

  Clearly x =  – ab 	does	not	satisfy	the	given	equation.

208.(c) 3 sin–1
2x

1–x2  – 4cos–1 
1

1

2

2

−

+











x

x

  +2tan–1
2x

1–x2  = 
π
3

 

 ⇒ 3(2tan–1x) – 4(2tan–1x) + 2(2tan–1x) =
π
3

  

 ⇒ 2tan–1x = 
π
3

 

 ⇒ tan–1x  = 
π
6

 ⇒ x = tan 
π
6

 = 
1

3

209.(a) We have tan–1(x–1) +  tan–1(x+1)
 =  tan–13x – tan–1x

 ⇒ tan–1 
2

1 12

x

x− −( )












  = tan–1 

2

1 3 2

x

x+











 ⇒  
2x

2–x2   =  
2x

1+3x2  ⇒ 2x (4x2 –1) = 0
 

 ⇒ x = 0, ±  
1
2

210.(c) 2tan–11
3

 + tan–11
7

= tan–1
2 3

1 1 9

/

/−









  + tan–11

7  

  = tan–1 
3
4

 + tan–11
7

 = tan–1 
3 4 1 7

1 3 4 1 7

/ /

/ /

+

− ×











  = tan–1 1 = 
π
4

.

211.(a) We have sin
π π

3

1

2 3

1

2
1 1− −


















 = +











− −sin sin sin
 
  [ sin–1(–x) = – sin–1x, x > 0]

 = sin
π π

3 6
+









  =  sin

π
2

 = 1

212.(a) cos [cos cos cos− −− +








 = −









 +













1 13

2 6

3

2 6

π
π

π

 

  [ cos–1(–x) = π – cos–1 x]

 = cos π
π π

− +










6 6
 = cosπ = –1

213.(a) sin tan cos− −−( ) + −






















1 13
3

2 

 = sin − + −












− −tan cos1 13
3

2
π

 
  { ∴ tan–1(–x) = – tan–1x and 
  cos–1 (–x) = π– cos–1 x]

 = sin − + −










π
π

π

3 6
  =  sin

π

2









  = 1.

214.(a) cos–1x = 
π
2

  – sin–1x = 
π
2

 –
π
5

 = 
3π
10

 

215.(b) 

  cot–19 + cosec–1 
41

4
 =  cot–19 + cot–1 

41

4
1−

  [ cosec–1 x = cot–1 x2 1− ]

 = cot–19 + cot–15
4

 = tan–1 
1
9

  + tan–1 
4
5

 
 

 = tan –1  

1

9

4

5

1
1

9

4

5

+

−

















.

 = tan–1 41

41









  = tan–11 = 

π
4

 

216.(b) cos(2cos–1 x + sin–1x)
 = cos(cos–1x + cos–1x + sin–1x)

 = cos
π

2
1+











−cos x
 
 = – sin(cos–1x) = – sin(sin–1 1 2− x )
 

 = – 1 2− x  = – 1
1

25

2 6

5
− = −

217.(c) sin–1 
4
5  + 2tan–1

1
3   = tan–1 

4
3  + tan–1

2 3

1 1 9

/

/−











  [ sin–1x = tan–1  
x

1 2− x
 and 

 

  2tan–1x = tan–1  
2x

1–x2  ]
 

 = tan–1 
4
3  + tan–1  

3
4  = tan–1 

4
3+ cot–1 

4
3  =  

π
2

218.(b) 

  cot
π

4
2 31−











−cot  = cot
π

4

3 1

2 3
1

2

−
−

×























−cot
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 = cot 
π

π

π4

4

3
4

4

3
1

4

3 4

4

3
1

4

3
1

1−








 =

+

−
=

+

−

−cot
cot .

cot
 = 7

219.(a) The given expression

 = sin tan
tan

tan
cos

tan

tan
− −−

+
−

+













1
2

1
2

2

1

2

1

1

θ

θ

θ

θ

  [putting x = tanθ] 
 = sin[tan–1(cot2θ)+ cos–1(cos2θ)]

 = sin tan tan− −


















 +













1

2
2 2

π
θ θ  

 = sin
π

θ θ
2

2 2− +








  =  sin 

π
2  = 1

220.(a)	Let	sin–1(sin10) = θ ⇒ sinθ = sin10

 = sin
35

11

π







  [ 

22
7

 radian = π  1 radian =
 

    
7π
22

 ,  10 radian =  
7π
22

×10 =  
35π
11

]
 

 = sin 3
2

11
π

π
+









  = – sin 

2π
11

 = sin −










2

11

π
 

 

  [ sin(–θ) = – sinθ] ⇒ θ = –  
2π
11

 = 3π–10

  
∴− − = − = −








3 10 3

35

11

2

11
π π

π π

221.(c) tan–1n + cot–1(n+1) = tan–1n + tan–1 1
n+1

 

  tan–1

n
n

n
n

+
+

−
+



















1

1

1
1

1
.

 = tan–1
n n

n n

2 1

1

+ +

+ −











 
 = tan–1(n2 +n +1).

222.(a) cos–1
x
a

 + cos–1
y
b
		=	α

 ⇒ cos–1
xy

ab

x

a

y

b
− − −















1 1
2

2

2

2 =	α

 ⇒ 
xy
ab

 – 1 1
2

2

2

2
− −
x

a

y

b
	=	cosα

 ⇒ 
xy

ab

x

a

y

b
−









 = − −cosα 1 1

2

2

2

2

 ⇒ 
x2y2

a2b2  + cos2α–
2xy
ab

	cosα

 = 1– 
x2

a2 – 
y2

b2 +
x2y2

a2b2  
	

	 ⇒ 
x2

a2 – 
2xy
ab

	cosα	+	
y2

b2 = 1– cos2α	=	sin2α

223.(a) We have cot–1 x +  sin–1 1

5
 = 

π
4

 

 ⇒ tan–1 
1
x

 + tan–1 
1 5

1
1

5

/

−
 = 

π
4

 

 

 ⇒ tan–1 
1
x

 + tan–1  
1
2

 = tan–11
 

 ⇒ tan–1 
1
x

 – tan–1
1
2

 = tan–11
1
2

 ⇒ tan–1 
1
x

 + tan–1
1

1

2
1 1

1

2

−

+

















.

 

 

 ⇒	 tan–1 
1
x

 + tan–1
1

3









⇒	x = 3

224.(b) We have 2tan–1(cosx) = tan–1(2cosecx)

 ⇒ tan–1 
2cosx

1–cos2x
 = tan–1( 2cosecx)

 
 ⇒ 2cosx.cosec2x = 2cosecx
 ⇒ cosecx (cotx –1) = 0 ⇒ cotx = 1[cosecx	≠	0]

 ∴ x = nπ + 
π
4

 ,  n Î I

225.(c) cot–1 
xy+1
x–y

 + cot–1 
yz+1
y–z

 + cot–1 xz+1
z–x 

 = tan–1 
x–y

1+xy
 + tan–1 

y–z
1+yz

 + tan–1 z–x
1+xz 

 = (tan–1x – tan–1y) + (tan–1y – tan–1z)

  + (tan–1z – tan–1x) = 0

226.(b) We have cos–1 
3
5

– sin–1 4
5

 = cos–1x
 

 ⇒ sin–1 1
9

25
−









 – sin–1 4

5
 = cos–1x

 

 ⇒ sin–1 4
5

 – sin–1 4
5

 = cos–1x 

 ⇒ cos–1x = 0 ⇒ x = cosθ = 1∴ x =1
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227.(a) x = tan–1 
1
7

 ⇒  tanx =  
1
7

 and 
  

  y = tan–1 
1
3

  ⇒ tan y 
1
3

  Now, cos2x =  
1–tan2x
1+tan2x  = 

24
25

  sin4y = 2 sin2ycos2y =  
2.2tany (1–tan2y)

(1+tan2y)2   = 
24
25 ∴ cos2x = sin4y

228.(d) We have,

  cos–1 cot sin cos sec− − −−
+









 +





























1 1 12 3

4

12

4
2  

 =  cos–1 cot sin cos cos− − −−
+ +





























1 1 12 3

4

3

4

1

2

 = cos–1 cot sin cos− −−
+

−



























1 12 3

4

2 3

4 

 =  cos–1 cot
π

2









  = cos–1(0) = 

π
2

229.(a) We have tan–1x > cot–1x 

 ⇒ tan–1x > 
π
2

 – tan–1x
 

 ⇒ tan–1x > 
π
4

 ⇒ x > tan 
π
4

 ∴ x > 1

230.(a) 

  sin cot cot sin cot cot− −

















 = −



























1 117

3
6

3

π
π

π



 

 = sin  –1 cot cot− −
































1

3

π

 = sin −










π

3
[cot–1(cotx) = x as – 

π
2

 < –
π
3

 < 
π
2

]
 

 = – sin
π
3

 = – 
3

2

231.(a) cot–13 + sec–1 
5

2
= tan–1

1
3

 + tan–1
1
2

 = tan–1 

1

3

1

2

1
1

3

1

2

+

− .
 = tan–1 1= 

π
4

 

232.(b) sin2 cos−










1 1

2
 + cos2 sin−











1 1

3

  = 1– cos2  cos−










1 1

2
+ 1 – sin2 sin−











1 1

3  

  = 1–
1

2

2








  + 1– 

1

3

2








  = 2 – 

1
4

 – 
1
9

 = 
59
36

233.(b) sin–1 sin
5

3

π







  = sin–1 sin 2

3
π

π
−





















 

  = sin–1 −








sin

π

3
 sin–1 − −



















sin

π

3

  = –  
π
3
	,	which	is	the	required	principal	value.

234.(d) We have sin sin cos− −+










1 11

5
x  = 1

 ⇒ sin–1 
1
5

 + cos –1x = sin–11 ⇒ sin–1 
1
5

 + cos –1x = 
π
2

 
 

 ⇒ cos–1x = 
π
2

– sin–1 
1
5

 ⇒	cos–1x = cos–1
1
5

 ∴ x = 
1
5

235.(b) We  have 
  sin–1(cos(sin–1x)) + cos–1(sin(cos–1x))

 = sin–1 cos cos
π

2
1−





















− x  + cos–1 sin sin
π

2
1−





















− x
 
 = sin–1[sin(cos–1x)] + cos–1[cos(sin–1x)]

 = cos–1x + sin–1x = 
π
2

.

236.(b) We have tan–1 3+ tan–1x = tan–18
 ⇒ tan–1x = tan–18 – tan –13 

 =  tan–1 
8–3

1+8×3
 = tan–1 

5
25

 = tan–1 
1
5

237.(d) We have cos–1 cos
5

3

π







 + sin–1 sin

5

3

π









 =  cos–1(cos300º) + sin–1(sin300º)

 = cos–1 
1

2









 + sin–1 −











3

2 =  cos–1 
1
2

 – sin–1 3

2

 =  
π
3

 –  
π
3

 = 0

238.(d) tan–1 
3
4

  + tan–1  
3
5

 – tan–1  
8
19

 

 = tan–1 

3

4

3

5

1
3

4

3

4

+

− .
 = tan–11 = 

8
19

  
 

 = tan–1 
27
11 – tan–1  

8
19
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 = tan–1 

27

11

8

9

1
8

19

27

11

−

+ .
 = tan–1 =  

π
4

239.(a) tan–1x+ cos–1 
y

y1

3

102
1

+
= −sin

 

 ⇒ tan–1x + tan–1  
1
y  = tan–1(3)

 ⇒  
xy+1
y–x  = 3 ⇒ xy + 1 = 3(y–x)

 ⇒ x = 1,y = 2, x =2, y = 7.

240.(a) sin–1x + cos–1x + sin–1 
1
x + cos–1

1
x

 = 
π
2  + 

π
2  = π 

241.(d) tan–1x + tan–1y + tan–1z = tan–1
x+y+z–xyz
1–xy–yz–zx

 ⇒ tan 
π
2  = 

x+y+z–xyz
1–xy–yz–zx

 ⇒ 1 – xy– yz – zx = 0

 ⇒ xy + yz +zx –1 = 0
242.(b)	Let	x = tan θ
	 	 L.H.S	
 = 3sin–1 (sin2θ) – 4 cos–1 (cos2θ) + 2tan–1(tan2θ)
 = 6θ – 8θ + 4θ =2θ 

  2θ =  
π
3  ⇒ 2tan–1x =  

π
3

 ⇒ tan–1x =  
π
6  ⇒ x = tan 

π

6









 = 

1

3

243.(c) tan–1  
a+x

a  + tan–1 
a–x
a  = 

π
6  

 ⇒ tan–1 

a x

a

a x

a
a x

a

+
+

−









−
−

1
2 2

2

 = 
π
6

 ⇒ 
2a2

x2  = tan
π
6  = 

1

3
 ⇒ x2 = 2 3 a2

244.(c)	L.H.S	=	[sec(tan–12)]2 + [cosec(cot–13)]2

  = [sec{sec–1( 5 )}]2 + [cosec(cosec–1 10 )]2

 = ( 5 )2 + ( 10 )2 = 5 + 10 = 15

245.(a) sincot–1 tan tan−
−













1
21 x

x

 = sincot–1
1 2−













x

x
 =  sin(sin–1x) = x

246.(b) cos–1x + cos–1y = 2π

 ⇒  
π
2

 – sin–1 x +  
π
2  – sin–1y = 2π

 
 ⇒ – π = sin–1x + sin–1y

247.(b) sin–1x = tan–1y = sin–1 
y

y1 2+

  [tan–1y = θ ⇒ tanθ = y ⇒ sinθ = 
y

y1 2+
 

 

 ⇒ θ =  sin–1
y

y1 2−
] ∴x = 

y

y1 2+

 or,  
1
x2 =  

1+y2

y2  or,  
1
x2 = 

1
y2 = 1.

248.(a) sin–1  
5
13 – tan–1

5
13– tan–1

5
181

 = tan–1
5
12 – tan–1

5
13– tan–1

5
181

  [sin–1
5
13  = θ ⇒ sin θ	= 

5
13 ⇒ tanθ  = 

5
12

 ⇒ θ = tan–1
5
12 ]

 = tan–1 

5

12

5

13

1
5 5

12 13

−

+





















.

.

 – tan–1
5

181

 = tan–1
5

181
– tan–1 

5
181

 = 0

249.	(c)	 L.H.S.	=	tan–1
1

a+x + tan–1 
1

a+y

 = tan–1

1 1

1
1

a x a y

a x a y

+
+

+

−
+ +( )( )  
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  (assuming –  
π
2  < tan–1 1

a+x
  + tan–1

1
a+y <  

π
2 )

 =  tan–1
2

12

a x y

a ax ay xy

+ +

+ + + −















 =  tan –1 
2

2 2

a x y

a ax ay

+ +

+ +















  [  xy – 1 = a2 ] = tan–1  
1
a

250.(a) cos(2sin–1x) =  
1
9 	or,	cos2α	=		

1
9 	[assuming	α		=	sin

–1x so that x = 
sin	α]

 or, 1–2sin2α		=		
1
9

 or, 1–2x2 =  
1
9  or, 2x2 =  

8
9 or x = ± 

2
3

251.(c) cos–1 cos
7

6

π







 ;	Let	α	=	cos

–1 cos
7

6

π









 

	 	 Here,		
7π
6  = 2π –  

5π
6  so that 

5π
6  lies between 0 and π.

 ∴	 α	=	cos–1 cos 2
5

6
π

π
−























 

 =  cos–1cos
5

6

π









 =  
5π
6

252.(d) sin–1 sin sin
2

3

3

2
1π




















=











−
 =  

π
3

253.(d) cos–1 cos sin sin
5

3

5

3
1π π







 +











−

 

  = cos–1 cos sin sin2
3

2
3

1π
π

π
π

−





















+ −























−

  = cos–1 cos sin sin
π π

3 3
1




















−























−
  = 

π
3 – 

π
3  = 0

254.(d) sin[2sin–1(0.8)]

  [using 2sin–1 x = sin–12x 1 2− x ]

 =  sin sin–1 2
8

10
1

64

100
. −













 ∴ sin(2sin–10.8) = 2.
8
10 1

64

100
−  = 0.96

255.(b) cos–1 
1
x









  = θ , 

1
x  =  cosθ, x = secθ

  tanθ = − + = −1 12 2sec θ x

256.(a) sin–1x = 
π
5  for some x Î(–1,1)

  we know, sin–1x + cos–1x = 
π
2

 

  cos–1x = 
π
2  – sin–1x = 

π
2 – 

π
5  = 

5π–2π
10  = 

3π
10

257.(d) cos–1
15
17








  + 2 tan–1

1
5










 =  cos–1
15
17








   + cos–1

1
1
5

1
1
5

2

2

−










+








 

 =  cos–1
15
17








   + cos–1 

12
13










 =  cos–1 
15
17

12
13

1
15
17

1
12
13

2



























 − −






















−. .




































2

 =  cos–1 
140
221











258.(a) Given expression 

 =  cos sin–1 3 5 1 5 13 5 13 1 3 52 2/ ( / ) ( / ) ( / )( ) −{ }+ −{ }





 = cos sin–1 (56/65)

 = cos cos–1 1 56 65 2−{ }( / )  = 33/65

259.(b) Given expression
 = sin [tan–1cot2θ + cos–1cos2θ]
  putting x = tanθ we get,
 = sin[tan–1tan(π/2–2θ) + 2θ]
 = sin(π/2–2θ + 2θ) = sin(π/2) =1
260.(c) Given expression

 = sin sin sin− −







 +























1 15
4

5
4

 = sin 2
5

4
1sin−
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 =  sin sin–1 2
5

4
1

5
16

55
8

−





















=  

261.(a) Given expression
 =  tan[sin–1(3/5) – π + cos–1(4/5)]
 = tan[–π + 2sin–1(3/5)] = tan[2sin–1(3/5)]
 = tan[2tan–1(3/4)] = tan 2θ; where θ = tan–1(3/4)
 = 2tanθ / (1–tan2θ) = 24/7
262.(a) Given expression

 = cot tan
/ /

( / ).( / )
tan− −+

−
+











1 11 2 1 5
1 1 2 1 5

1
8 

 = cot[tan–1(7/9) + tan–1 (1/8)]

 = cot tan
/ /

( / ).( / )
− +

−











1 7 9 1 8
1 7 9 1 8

 =  cot tan–1 1 = 1 

263.(c) sin [cot–1cos tan–1x]
 = sin[cot–1cosθ]  where tan–1x = θ i.e. x = tanθ

 =  sin cos
tan

−

+













1

2

1

1 θ
 

 

 = sin cot−
+( )

































1

2

1

1 x
 

	 =	 sinϕ		where	ϕ	=		cot–1 1 1 2( +





x

 = 
1

1

1

22

2

2+
=

+

+









cot φ

x

x
 

 

264.(a) x  = tan–1(1/7) ⇒ tanx = 1/7 and  y = tan–1(1/3) ⇒ tany = 3.
  Now, cos2x = (1–tan2x) /(1+tan2x) = 24/25

  sin4y = 2 sin2ycos2y = 
2 2 1

1

2

2 2

. tan .( tan )

( tan )

y y

y

−

+
 = 

24
25

 
 ∴ cos2x = sin4y

265.(b)	The	given	expression	is	equal	to	

  
cosx.tanx

k2  + 
1

tanx + 
sinx

1+cosx
 

 = 
sinx
k2  + 

cosx(1+ cosx) + sin2x
sinx(1+cosx)

 = 
a
k

 + 
1

sinx  = 
a
k  + 

1
ak  = 

1
k

 a
a

+










1
.

266.(d) Putting a	=	tan	α,	b	=	tan	β,	the	given	expression	⇒  sin–1sin2α	+	

sin–1	sin2β	=	2	tan–1x
 ⇒ 2α	+	2β	=	2	tan–1x
 ⇒ tan–1α	+	tan–1b = tan–1x

 ⇒ tan–1 
a+b
1–ab

 = tan–1x ⇒ x =  
a+b
1–ab

267.(c) We have,

  sin–1(1–x) = 
π

2
1−











−sin x  – sin–1x – 2sin–1x
  
  Taking sine of both sides, 

  (1–x) = sin sin
π

2
2 1−











− x  
 
 = cos(2sin–1x) = cos2θ = 1–2sin2θ
  where sin–1x = θ or, 1 – x = 1 –2x2

 or, x(1–2x) = 0 ∴ x = 0,  
1
2

268.(c) sin2(2tan–1 3  = sin2 π+
− ( )















−tan 1 2 3

1 3

 = sin2 [ π + tan–1(– 3 )]

 = sin2[π – tan–1 3 ]

 = sin2 π
π π

−








 =











3

2

3
2sin  =  

3
4

269.(b) θ = tan–1 
1 1

cos
tan cos

x
x

( )












− ( )−

 = tan–1 

1

1
1

cos
cos

cos
cos

x
x

x
x

( )
− ( )

+
( )

( )












 ⇒ tanθ = 
1

2

− cos

cos

x

x
 ∴ sin2θ =  

1
1+ cot2θ = 

 = 
1
1

2−
+











cos
cos

x
x  = tan4  

x
2

 ⇒ sinθ  = tan2 
x
2

.

270.(a) cot–1(21) = cos–1  
5 4 1

5 4
× +
−









  =  cot–15 – cot–14

 

  cot–1(13) = cot–1 
4 3 1

4 3
× +
−









  = cot–14  – cot–13 

  

  cot–1(–8) = cot–1 
3 5 1

3 5
× +
−









  =  cot–13 – cot–15 

  
  Adding, cot–1 (21)+ cot–1 (13) + cot–1 (–8) = 0
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271.(a) 3sin–1 
2

1 2
x
x+









   – 4 cos–1

1
1

2

2
−

+











x
x  

 +  2tan–1
2

1 2
x
x−









   = 

π
3

 

 ⇒ 3.2tan–1x– 4.2tan–1x + 2.2 tan–1x  =  
π
3

 ⇒ 2tan–1x = 
π
3

 ⇒	tan–1x =  
π
6

, x = tan 
π
6

 = 
1

3
 

272.(a) sin –1 cot sin cos sec− − −−
+ +





























1 1 12 3

4

12

4
2  

 = sin–1 cot sin cos cos− − −−
+ +

























1 1 13 1

2 2

3

4

1

2
 

 =  sin –1[cot(15º+ 30º+ 45º)] = sin–1 [cos90º]

 = sin–10  = 0 ∴
−

=
−

=
−



























2 3

4

4 2 3

8

3 1

2 2

2

273.(c)  Given expression 

 =  sin–1 cos. cos–1 1 2− x  + cos–1 sin.sin–1  1 2− x

 = sin–1 1 2− x  + cos–1 1 2− x  =  
π
2

274.(c) 2 tan–1 cos tan tanec cosec − −+
−















1
2

11 1x
x x

  = 2 tan–1
1 12+

−














x
x x

 = 2tan–1 
1 12+ −













x
x

  = 2tan–1 
sec

tan
θ
θ
−









1
[Putting x = tanθ]

  = 2tan–1 
1−









cos
sin

θ
θ  = 2tan–1 

2 2
2 2 2

2sin

sin cos

θ

θ θ

















  = 2tan–1tan   
θ
2

 = 2×   
θ
2
		=	θ	=		tan	–1x

 275.(d) 2(sin–1cos sin–1x + cos–1 sincos–1x)

  = 2 sin cos cos cos sin sin− − − −−








 + −





















1 1 1 1
2 2
π π

x x

  = 2 sin cos cos cos sinsin− − − −( ) + ( )





1 1 1 1x x
  

  = 2[sin–1x + cos–1x] = 2. 
π
2

 = π

276.(a)	Here	x = tan–1 

1

1 1
cos

cos
α

α−










+

 ⇒ tanx =  
1–	cosα

2 cosα
 

 ⇒ cosecx = 1
4

1 2+
−( )

cos

cos

α

α

 ⇒  
1+cosα
1–cosα

 ⇒ sinx = tan2 
α
2

 

272.(c) cos cos− −








 +













1 3

2 6

π

 
  [Now, cos–1(–x) = π – cos–1x]

 = cos π
π

π
π π

−








 +












= − +











−cos cos1 3

2 6 6 6

 = cosπ = –1

278.(c)	Here,	a sin–1x – bcos–1 x = C

 ⇒ a sin–1 x–b
π

2
1−











−sin x  = c

 ⇒ sin–1x = 

πb
c

a b
2
+

+
. Similarly, cos–1x = 

a c

a b

π

2
−

+

 ∴ a sin–1 x + b cos–1x =  
πab+c(a–b)

a+b
 .

279.(c) We have,3
π

2
1−











−cos x  – 4cos–1x = 5

 ⇒ 7cos–1 x = 
3π
2

 – 5 ⇒	cos–1 x  = 
3π
14

 –  
5
7

  Also, 3sin–1x – 4
π

2
1−











−sin x  = 5

	 ⇒ 7sin–1x = 5 + 2π ⇒	sin–1x = 
5
7

+ 
2π
7

 ∴ 4sin–1 x + 3cos–1x = 
20 –15

7
 + 

8π
7

 + 
9π
14 

 =  
5
7

 + 
25π
14

 = 
5
7

1
5

2
+











π

280.(b) tan 3θ	=	 
3tanθ	– tan3θ

1–3tan2θ 

 ⇒ 3  = tan3 × 
π
9

 =  

3tan π
9
	– tan3 π

9
	

1–3tan2 π
9
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 ⇒ 3 1 3
9

3
9 9

2
2

3
2

−


















 = −









tan tan tan

π π π

 ⇒ tan6 
π
9

 – 33tan4 
π
9

 + 27tan2 π
9

 = 3 = tan2 π
3

 .

281.(c) (sin–1x)2 + 
π

2
1

2

−










−sin x  = 
5π2

8

 ⇒ 2(sin–1x)2 – πsin–1x – 
3π2

8
 = 0

 

 ⇒	 sin–1x = 
π π π± +2 23

4
 = –

π
4

  (Since – 
π
2
	≤	sin–1x	≤	

π
2

, the solution 
  

  sin–1x  = 
3π
4

 is to be rejected).

282.(d	)	 Let	 x x( )+1  = tanθ, then
  

  tan–1(tanθ) + sin–1 tan2 1θ+  = 
π
2

 ⇒ sin–1(secθ) = 
π
2

 – θ	⇒	secθ = cosθ

  cos2θ = 1⇒ tan2θ = 0 
 ⇒ x(x+1) = 0 ⇒ x = 0, –1

283.(b) cot–1 
1

2

1

2

4

3

1

2
2

1

2

4

3
1 1 1







 −









 =











− − −cot cot cot  

 = 
1
2 2 2

4

3
1 1tan cot− −−









  

 

 = 
1
2

π+
−

−










− −tan
.

cot1 12 2

1 4

4

3

 = 
1
2 π π

π π
+ −









 = −









 =

− −tan cot1 14

3

4

3

1

2 2 4

284.(b) tan–1 
x

x x
xcos

sin
tan

cos
cos

α α
α1

1
−









 −

−









−

  [Assuming  
x	sinα
cosα

 > 0]

 =  tan–1 

x cos2α–(x– sinα)(1–xsinα)
(1–x	sinα)	cosα	+	x	cosα(x–sinα)

  [ Assuming  
x	cosα

1–xsinα
. 

x	–sinα
cosα

 > –1]

 = tan–1  
x cos2α–(x– x2sinα–sinα	+	x sin2α)
cosα	(1	–		x	sinα	+	x2 – x	sin	α)

 =  tan–1  
sinα(x2 – 2xsinα+1)
cosα(x2– 2x	sin	α	+1)

 =  tan–1	(tanα)	=	α.

285.(d)	Here,	0	≤	A <  
π
4

 ⇒ cotA > 1
  

  So, tan–1 
1
2

2tan A







   + π

 +  tan–1 (cotA) + tan–1 (cot3A)

 = tan–1 
1
2

2tan A







  + π + tan–1 

cot cot
cot

A A
A

+

−











2

41  

 =  tan–1  
1
2

2tan A







  + π – tan–1 

cot
cot

A
A2 1−









  

 =  tan–1  
1
2

2tan A







 + π – tan–1 

1
2

2
1 2.

tan
tan

A
A−











 = tan–1  
1
2

2tan A







  + π – tan–1 

1
2

2tan A







  = π

286.(c)	Let	x = tanθ, then

	 	 α	=		sin–1 (cos2θ) –  
π
2

 – cos–1(cos2θ) =  
π
2

 – 2θ

	 	 Also	β	=	2	tan–1 
1
1

2
4

+
−









 = +











tan
tan

θ
θ

π
θ  =  

π
2

 + 2θ
	

	 ∴	 α	+	β	=	π	⇒	 
α+β

2
 =  

π
2

.

287.(a)	Let	x = tanθ then cos–1 
1 1

2 10

2

2

+ + x

x

 = cos–1 
1
2
+ sec
sec

θ
θ

 =  cos–1 
1

2
+ cosθ

 = cos–1 cos
θ
2









  =  

θ
2
	(since	0	≤		

θ
2
≤	π)

 =  
1
2

 tan–1x − ≤ <










π
θ

π
2 2

288.(c) The value of, tan sin cot− −+










1 13
5

3
2

 when sin–1 
3
5
	=	α	=		sinα	=	

3
5

 ⇒	 tanα	=		
3
4

 ⇒	α	=	tan–1 
3
4

 and cot–1 
3
2
	=	β	⇒	β	=	tan–1 

2
3
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3 5

4

 = tan tan tan tan tan
.

− − −+








 =

+

−

















1 1 13
4

2
3

3
4

2
3

1
3
4

2
3 

 =  tan tan–1
17
6

 = 
17
6

289.(a) Now sin–1 log3 3
x







  is defined when 

  

	 	 –1	≤	log3  x
3
	≤	1	i.e.	when	3–1	≤	 x

3
	≤	3

   
	 	 i.e.	when	1	≤	x	≤	9
290.(c)	Let	cos–1 x = y, then cosy = x

  Since 1
2
≤	x	≤	1	so,	0	≤	y	≤		 π

3
.

  

  Now,  x
2

 +  1
2 3 3 2− x  =  1

2
cosy + 

3
2

 .siny

 = cos π
3

 – y
 

 ∴ cos–1x + cos–1 
x

x
2

1
2

3 3 2+ −










 = y +  
π
3

–y = 
π
3

291.(d) cos–1 x x2 −  and sin–1 x x2 1− +  are defined only when x2 – x 
≥	0	and	

  x2 – x	+1	≤	1⇒	x2 –x = 0 ⇒ x = 0,1
292.(d) Now sin–1x and cos–1x are defined for |x|≤	1	so	here	0	≤	x	≤	1.
  Now, θ =  sin–1 x + cos–1 x – tan–1x

 =  π
2

 – tan–1x = cot–1 x.	Since	0	≤	x	≤	1,
 

  we have π
4
	≤	θ  = cot–1x	≤	 π

2
.

293.(a)	Since	0	≤	cos–1 x	≤	π  for all real x, so cos–1 x + cos–1y + cos–1z = 3π

 ⇒ cos–1x = π, cos–1 y = π, cos–1z = π
 ⇒ x = –1,y = –1, z = –1⇒ xy+yz+zx = 3

294.(d)	Here	cos–1 cos sin sin
5
4

5
4

1π π







 +











−

 = cos–1 cos , sin sin ,3
2 6

3
2 6

1π π π π
+



















 + +





















−

 = cos–1 sin
π
6









  + sin–1 −









cos

π
6

 = cos–1 +








 + −











−1
2

3
2

1sin  = 
π
3

 – 
π
3

 = 0

295.(d)	Here	cot(cot–1 a + cos–1b) + cot(sin–1a + sin–1b)

 = cot
π π
2 2

1 1−








 + −






















− −sin sina b  

  + cot (sin–1a + sin–1b)

 =   cot{π – (sin–1a + sin–1b)} + cot(sin–1a + sin–1b)
 = – cot(sin–1a + sin–1b) + cot(sin–1a + sin–1b) = 0
296.(b)	Here,	a2 + b2 = c2

  Now, tan–1 
a

b+c + tan–1 
b

c+a

 = tan–1 
a b ac bc
b c c a ab

2 2+ + +
+ + −











( )( )

 = tan–1 
c ac bc
ac bc c

2

2
+ +

+ +












 = tan–11  = 

π
4

  

297.(b) Now, sin–1 
12
x

  =  cos–1
5
x

  =  sin–1 1
25

2
−

x

 ⇒	
12
x

 = 1
25

−
x

 ⇒	
144
x2    = 1 – 

25
x2   ⇒  

169
x2  = 1

 ⇒ x = ± 13. But x	=	–13	does	not	satisfy	the	equation.	Hence	the	only	
solution is x = 13

298.(c)	Here		 Ʃ
∞

k = 1
cot–1 k 2 3

4
+











   Ʃ
∞

k = 1
tan–1  

k k

k k

+








 − −











+ +








 −










1
2

1
2

1
1
2

1
2

  

   Ʃ
∞

k = 1
  tan tan− −+









 − −





















1 11
2

1
2

k k

 = 
π
2

 – tan –1 
1
2  = cot–1

1
2 .

299.(a)	Here,	xz = y2 and tan–1 x + tan–1z  = 2tan–1y 
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 ⇒ tan–1 
x+z
1–xz  =  tan–1 

2y
1–y2  ⇒

x+z
1–y2  =  

2y
1–y2

 ⇒ (1–y2) (x+z–2y) = 0 ⇒  x + z – 2y = 0
 ⇒ x2 + z2 – 2xz = 0 ⇒ x = z = y

300.(c) Now,   
sin 2–1

cos2  = 
(cos1 – sin 1)2

cos21 – sin2 1
 

  
1–tan1
1+tan1 = tan 1

4
−











π

  − < − <










π π
2

1
4

0 ⇒ tan–1
sin

cos
2 1

2
−







  =1 –

π
4   

301.(a) sin2x – 2cosx + 
1
4   = 0

 ⇒ 4(1–cos2x) –8cosx +1 = 0

 ⇒ (2cosx + 5) (2cosx –1) = 0 ⇒ cosx = 
1
2  

  and –5
2

 is not possible ⇒ x = 2nπ ± 
π
3

302.(b)	Given	equation	can	be	written	as	
  sin3x + sinx – 3sin2x = cos3x + cosx –3cos2x
  2sin2xcosx – 3sin2x = 2cos2x cosx – 3cos2x
 ⇒ sin2x (2cosx –3) = cos2x(2cosx–3)
 ⇒ sin2x = cos2x
  [Since, 2cosx	–	3	≠	0	or	cosx	≠	3/2]

 ⇒ tan2x  = 1 ⇒ 2x = nπ + 
π
4  ⇒ x = 

nπ
2  + 

π
8

303.(b) sinθ + cosθ  =1 ⇒ 
1

2
 sinθ +

1

2
  cosθ = 

1

2
 

 ⇒ sin
π

θ
4

1

2
+









 =  ⇒ 

π
4  + θ = nπ + (–1)n  

π
4

 

 ⇒ θ = nπ +(–1)n  
π
4

– 
π
4

.

304.(b) sec2θ = 
4
3⇒ cos2θ =  

3
4 =  cos2 

π
6

 ⇒ θ = nπ ± 
π
6

305.(a) 2(1–sin2x) +3 sinx – 3 = 0
 ⇒ (2sinx –1) (sinx–1) = 0

 ⇒ sinx =  
1
2  or sinx =1 ⇒  x =  

π
6 ,  

5π
6 or,  

π
2

 i.e.,  30º 150º,90º.

306.(d) 3 cosθ + sinθ = 2  ⇒ 
3

2
  cosθ +  

1
2  sinθ = 

1

2
 

 ⇒ sin θ
π

+








 =

3

1

2
 =  sin 

π
4  ⇒ θ + 

π
3  = nπ+(–1)n 

π
4

 ⇒ θ = nπ + (–1)n 
π
4 –

π
3

307.(c) 2tan2θ = 1+ tan2θ	⇒	tan2θ	= 1 = tan2 
π
4 	⇒	θ	 = nπ ±	

π
4

308.(a) 2 – 2cos2θ = 4+ 3cosθ ⇒ 2 cos2θ + 3cosθ + 2= 0

 ⇒	 cosθ = 
–3± 9 16−

4
 which is imaginary.

  Therefore the solution is not possible.

309.(c)  2
cosθ

 +  
sinθ
cosθ = 1 ⇒ cosθ – sinθ = 2

 ⇒   
1

2
 cosθ –  

1

2
sinθ =1 

 

 ⇒	  cos
π

θ
4
+









  = 1 ⇒	 

π
4 +θ = 2nπ

 

 ⇒ θ = 2nπ –  
π
4 .

310.(c) sin5x + sinx + sin3x = 0
 ⇒ 2sin3x cos2x + sin3x = 0
 ⇒ sin3x (2cos2x + 1) = 0

 ⇒ sin3x =0 or, cos2x = –  
1
2

 

 ⇒ x = 0 or x = nπ ±  
π
3

  Between 0  and  
π
2 , x =  

π
3 .

311.(a) tan2θ tanθ = 1 ⇒ tan2θ = cotθ = tan
π

θ
2
−











 ⇒ 2θ = nπ +  
π
2  – θ ⇒ θ =  

nπ
3  +  

π
6  = n +









1

2
 
π
3 .

312.(c)  
cosθ
sinθ  +  

sinθ
cosθ  =  

2
sinθ  ⇒  

1
sinθcosθ  =  

2
sinθ 

  
 ⇒ sinθ = 2sinθcosθ

 ⇒ sinθ(1–2cosθ) = 0 ⇒	sinθ = 0 or cosθ =  
1
2 

 ⇒ θ = nπ or θ = 2nπ ±  
π
3 .

313.(c) sec4θ – sec2θ = 2 ⇒	 
1

cos4θ 
  – 

1
cos2θ 

 = 2

 ⇒ cos2θ – cos4θ = 2cos4θ cos2θ
	 ⇒ cos2θ – cos4θ = cos2θ + cos6θ
	 ⇒ cos4θ + cos6θ = 0 ⇒ 2cos5θ cosθ = 0

 ⇒ 0 – nπ + 
π
2  or, 

nπ
5 +

π
10  .

314.(a) 2 –2cos2θ + 3  cosθ +1 = 0 

 ⇒ 2cos2 θ –  3  cosθ – 3 = 0 

 ⇒ cosθ = 
3 3 24

4

3 3 3

4

3 1 3

4

± +
=

±
=

±( )
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 = 3  , – 
3

2
, cosθ  = 3  (not possible),

  

  cosθ	= –  
3

2
 ∴ θ = 

5π
6  .

 

315.(d) 1+ sinx + sin2x + ....= 4 +2 3  

 ⇒ 
1

1–sinx  = 4 + 2 3  

 ⇒ 1 = 4 + 2 3  – (4 + 2 3 ) sinx
 

 ⇒	 sinx =  
3+2 3

4+2 3   = 
3 2 3

2 2 3

+( )
+( )  =  

3

2

 ⇒ sinx = sin 
π
3  ⇒	x = 

π
3 ,  

2π
3 

316.(c)  
tan3x –tan2x

1+ tan3x tan2x  = 1 ⇒ tan(3x –2x) = 1
 

 ⇒ tanx = 1= tan
π
4  ⇒ x = nπ + 

π
4  ,n = 1,2,3........

317.(b) tanθ = – 
1

3
 = tan π

π
−











6
;	sinθ	=	 

1
2  = sin π

π
−











6

	 	 cos	θ	=	–	
3

2
 = cos π

π
−











6
. ∴θ = π – 

π
6 

 = 
5π
6 

 .

318.(b) tanθ + tan
π

θ
2
−









  = 2 ⇒ tanθ + cotθ = 2

 

 ⇒ 
1

sinθcosθ  = 2  ⇒ sin2θ  = 1 ⇒	2θ = 2nπ + 
π
2 

 ⇒ θ = nπ + 
π
4 

319.(b) cos2x + b sinx = 2b –7 ⇒ 1 –2sin2 x + b sinx = 2b –7
 ⇒ 2sin2x – bsinx + 2b – 8 = 0

 ⇒ sinx = 
b b b± − +2 16 64

4
 = 

b ±	(b–8)
4  = 2,

b
2   – 2 

 

	 	 –1≤	sinx	≤	1	⇒	–1	≤	
b
2 	–2	≤	1.

 ⇒	 1	≤	
b
2 	≤	3	⇒	2	≤	b ≤	6.

320.(b) 4 cos2x + 6– 6cos2x = 5 ⇒ –2cos2x = – 1

 ⇒ cos2 x  = 
1
2  =  cos2 

π
4  ⇒ x = 2nπ ± 

π
4 

321.(b) tan(cotx) = cot(tanx)  ⇒	tan(cotx) = tan
π

2
−









tan x  

 

 ⇒  cotx = nπ + 
π
2  – tanx ⇒ cotx + tanx = nπ+

π
2  

 ⇒   
2

sin2x   = nπ + 
π
2  ⇒ sin2x = 

2

nπ+ 
π
2   

  =  
4

(2n+1)π  

322.(b) cospθ	=		cosqθ ⇒ pθ = 2nπ ± qθ ⇒ θ =  
2nπ
p±q  .

323.(d)	For	the	quadratic	equation	to	have	real	roots,	we	must	have	cos2p – 
4sinp (cosp	–1)	≥	0

 ⇒ (cosp – 2sinp)2 – 4sin 2p + 4sinp	≥	0
 ⇒  (cosp – 2sinp)2 + 4sin p (1– sinp)	≥	0
  Now, 0 < p < π ⇒ 4sinp (1–sin p)	≥	0	and	
  (cosp – 2sinp)2	≥	0.
  Thus (cosp – 2sinp)2 +  4sinp (1–sinp)	≥	0	for	0	<	p < π.	Hence	the	

equation	has	real	roots	for	0	<	p < π.
324.(d) We have, cos2θ + sinθ + 1= 0
 ⇒ 1 – sin2θ + sinθ + 1 = 0 ⇒ sin2θ – sin θ – 2 = 0
 ⇒ (sinθ + 1) (sinθ –2) = 0 ⇒ sinθ + 1 = 0

 ⇒ sinθ = –1 ⇒ θ =  
3π
2 Î 

5









π π

4

7

4
, .

325.(d) The value of θ lying between 0  and 2π and satisfying the given 

equation	is	θ =  
5π
4 .	Hence	the	general	value	of	θ satisfying the 

given	equations	is,	θ = 2nπ + 
5π
4 = (2π+1)π+

π
4  .

326.(b) (2cosx – 1) (3+2cosx) = 0 ⇒ 2cosx – 1 = 0

  [cosx	≠	–3/2]	⇒ cosx = 
1
2  ⇒ x = 

π
3 ,

5π
3 Î[0.2π].

327.(c)	The	given	equation	is	equivalent	to	
  3(1– cos2x ) + 10cosx– 6 = 0
 ⇒ 3cos2 x – 10 cosx + 3 = 0 ⇒ (3cosx – 1) (cosx –3) = 0
  Therefore, cosx = 1/3 (because cosx	≠	3).
	 	 Hence,	x = 2nπ ± cos–1 (1/3).
328.(d)	The	given	equation	 is	equivalent	 to	7cos2x + sinx cosx – 3(sin2x + 

cos2x) = 0
 ⇒ 3sin2x – sinx cosx  – 4cos2x = 0.
  Since cosx(≠	 0)	 does	 not	 satisfy	 the	 given	 equation,	we	divide	

throughout by cos2 x and get,
  3 tan2x – tanx – 4 = 0 ⇒ (3tanx – 4) (tanx +1) = 0 
 ⇒ tanx = 4/3 or,tanx = –1.
  That is, x = kπ + tan–1(4/3)
 or, x = nπ + 3π/4.(n,kÎ 1). 
  It should be noted that the solutions given by (b) or (c) not complete,  

the general solution is given by (d) only.
329.(a) sin7θ + sinθ – sin4θ = 0 ⇒ 2 sin4θ cos3θ – sin4θ = 0

 ⇒ sin4θ (2cos3θ – 1) = 0 ⇒ sin4θ = 0, cos3θ = 
1
2  .

  Now, sin4θ = 0 ⇒ 4θ = π ⇒ θ = 
π
4   and cos3θ = 

1
2  ⇒ 3θ = 

π
3 

⇒ θ = 
π
9 .

330.(b) We have,
  3sin2A + 2sin2B = 1 ⇒ cos2 B = 3 sin2A 
 ∴ cos(A+2B) = cosAcos2B – sinA sin2B
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comPlete solution  to 

 = cosA 3 sin2A – sinA. 
3
2   sin2A = 0

  [ 3sin2A – 2sin2B = 0] ⇒ A + 2B = 
π
2 .

331.(b) (1+tanθ)	(1+tanϕ)	=	2
 ⇒ 1+tanθ	+	tanϕ	+	tanθ	tanϕ		=	2	
 ⇒ tanθ	+	tanϕ	=	1–	tanθ	tanϕ	

 ⇒ 
tanθ	+	tanϕ
1–tanθtanϕ  = 1 ⇒ tan(θ+ϕ)	=	1	⇒ θ	+	ϕ	=	

π
4  .

332.(d) We have,

  4 sinθcosθ – 2cosθ = 2 3  sinθ + 3  = 0 

 ⇒ 2 sinθ(2cosθ– 3 ) –1(2cosθ – 3  ) = 0

 ⇒ (2cosθ – 3  ) (2 sinθ –1) = 0

 ⇒ cosθ =
3

2
 or, sinθ = 

1
2  ⇒ θ =  

π
6  ,  

5π
6 ,  

11π
6 .

333.(c) We have tanθ = –1 and cosθ =  
1

2
.

   
  The value of θ  lying between 0 and 2π and satisfying these two is  

7π
4 . Therefore, the most general solution is, θ = 2nπ +  

7π
4  where 

n Î Z. 

334.(b) We have, 3 cosθ + 4 sin θ = 5 
3

5

4

5
cos sinθ θ+









  

 =  5 cos (θ	–	α)	where	cosα	=		
3
5 ,	sinα	=		

4
5 

 
 ∴ 3 cosθ + 4sinθ = K ⇒ 5 cos(θ	–	α)	=	K
 ⇒ cos(θ	–	α)	=	± 1 ⇒ θ	–	α	=	0º.	180º	⇒ θ	=	α,	
	 	 180º	+	α.
335.(a) cosx cos6x = –1 ⇒ 2 cosx cos6x = –2
 ⇒	  cos7x + cos5x = –2 ⇒ cos7x = –1 and 5x = –1.
  The values of x	satisfying	these	two	equations	simultaneously	and	

lying between 0 and 2π is π. Therefore the general solution is,
  x = 2nπ + π,n Î Z ⇒ x = (2n +1)π,nÎZ.

336.(a) We have cosx + cosy =  
3
2 

 ⇒ 2 cos
x y x y+









−









2 2
cos  = 

3
2 

 ⇒ 2 cos
π
3  cos

x y−









2
 = 

3
2  [using : x + y = 

2π
3 ]

 

 ⇒ cos
x y−









2
 = 

3
2 	,	which	is	not	possible.	Hence,	the	system	

	 	 of	equations	has	no	solutions.

337.(b) We have : sin (π cosθ) =  cos(π sinθ)

	 ⇒	   sin (π cosθ) = sin
π

π θ
2
±









sin

 ⇒	 πcosθ =  
π
2  ± π  sinθ ⇒ cosθ	

±

	sinθ	= 
1
2 	 

 ⇒  
1

2
 cos θ 	

±

 
1

2
 sinθ  = 

1

2 2 

 ⇒ cos θ
π

±










4
 = 

1

2 2
⇒ cos θ

π
±











4
  =  

1
2 cos 

π
4 .

338.(c) We have cos20º = K  and cosx = 2K2–1. Therefore, cosx = 2cos220º– 

1⇒ cosx = cos 40º ⇒ cosx = cos 
2π
9 ⇒ x = 2nπ ±  

2π
9 , n Î Z.

 ⇒ x = 40º and 320º.

339.(b)	The	given	equation	can	be	written	as	(sinθ + 3 ) tanθ = 0 ⇒ tanθ = 
0 ⇒ θ = nπ, n Î Z.

 340.(b) It is given that  
1
6   sinx, cosx, tanx are in G.P., therefore 

  cos2x = 
1
6  sinx tanx

 ⇒ 6cos2x = sinx tanx ⇒ 6 cos2x + cos2x – 1 = 0

 ⇒ cos x −









1

2
 (6cos2x + 4 cosx + 2) = 0

 

 ⇒	  cosx =  
1
2  [ cos2x + 4cosx + 2 = 0  has imaginary roots].

 

 ⇒ cosx = cos 
π
3  ⇒ x = 2nπ ±	

π
3 ,n Î Z.

341.(d) sin8θ + sin2θ = sin16θ +sin2θ ⇒ sin16θ =  sin8θ
 ∴ 16θ = nπ +(–1)n 80 ⇒ 80 –2mπ , when n is even
 or, 24θ = (2m+1)π,  which n is odd.

 ∴ θ =  
mπ
4 ,  

(2m+1)π
24 ,when m Î Z

 

 = 0,  
π
4 ,  

π
2  and  

π
24 ,  

π
8 ,  

5π
24 , 

7π
24 ,  

3π
8 , 11π

24 

342.(c)	Here,	2sin2x + sinx –1 = 0 ⇒ sinx =  
1
2 , –1. But sinx  = –1 ⇒ x =  

3π
2 	which	does	not	satisfy	the	equation.

343.(a)	Here,	p sinx =  
π
2  ± p cosx ⇒ sinx 	

±

	cosx =  
π

2p 

 ⇒ sin x 
π

4









  =  

π

2 2 p 
 ⇒ 

π

2 2 p 
	≤	1

 

 ∴ For positive p, p ≥		
π

2 2
 . But 1 <  

π

2 2
< 2.

 
 ∴ The smallest positive integral value of p is 2.

344.(b) 1– cosx = ( 2 –1) sinx
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 ⇒ sin
x
2 

sin ( ) cos
x x

2
2 1

2
− −









 = 0 
 

 ∴ sin
x
2  = 0  or, tan

x
2  = ( 2 –1) = tan 

45º
2  ⇒ 

x
2  = nπ

 or, 
x
2  = nπ + 

π
8  ∴ x = 2nπ,  2nπ + 

π
4 .

345.(c) tan2x = 
2 –1

2 +1
  = ( 2 –1)2 = tan2

π
8   

 ⇒  tanx = tan ±










π

8
. ∴ x = nπ ± 

π
8  

346.(b) sin23x + sin4x = 0
 ⇒ sin2x {(3–4sin2x)2 + sin2x} = 0
 ∴ sinx = 0 ⇒  x = nπ.
347.(a) max sinθ		=	1.	So,	the	equation	can	have	a	solution	only	when	

  sinx = 1, siny = 1 ⇒ x = 
π
2  , y = 

π
2  

 ∴ x+y = π
348.(c) max cosθ		=	1.	So,	the	equation	can	have	a	solution	only	when	
  cosx = 1, cosy = 1 ⇒ x = 0, , y = 0  
 ⇒ cos(x–y) = cosθº =1.
349.(b) We have, 3tan(θ–15º) = tan(θ	+15º)

 ⇒    tan(θ+15º)
tan(θ–15º)

 = 
3
1  

 ⇒ tan(θ+15º) + tan(θ–15º)
tan(θ	+15º) – tan(θ–15º)

 =  
4
2 [by componendo and 

  dividendo]

 ⇒ sin(θ+15º + θ	–15º)
cos(θ	+15º – θ	+15º)

 = 2
 

 ⇒ 2 sin2θ = 2 ⇒ sin2θ = 1 = sin 
π
2 

 

 ⇒ 2θ = nπ – (–1)n 
π
2  ∴ θ =  

nπ
2  + (–1)n  

π
2 ,n Î I

350.(a) We have, sin x + cos x = 2 cosA.

  Dividing throughout by 2 , we get, 

   
1

2  
 sinx +  

1

2  
 cosx = cosA

 ⇒ cosxcos
π
4  + sinx sin

π
4   = cosA

 ⇒ cos x −









π

4
 = cosA ∴x – 

π
4   = 2nπ ±	A, n Î I

 

 ⇒	 x = 2nπ + 
π
4   ± A. n Î I.

351.(c) sin2θ = 
1
4   =  sin2

π
6   ⇒ θ nπ ± 

π
6  

352.(b) We have, 5cos2θ + 2cos2
θ
2   + 1 = 0

 ⇒ 5(2cos2θ –1) +(1+ cosθ)+1 = 0 

 ⇒ 10cos2θ + cosθ – 3 = 0
 ⇒ (5cosθ + 3) (2cosθ–1) = 0
 ∴ θ = π/3, π – cos–1(3/5)

353.(a) We have, tanθ + tan2θ	+ 3  tanθ tan2θ = 3

 ⇒ tanθ + tan2θ = 3  – 3  tanθ tan2θ

 = 3 (1–tanθtan2θ)⇒ 
tanθ+tan2θ
1–tanθtan2θ 

  = 3
 

	 =	 tan(θ+2θ)	=	tan	
π
3   ⇒	tan3θ	=	tan

π
3 

 ∴ 3θ = nπ + 
π
3  ⇒	θ =  

(3n+ 1) π
9 ,n ÎI.

 354.(d) We have, 2sin2θ	– 3sinθ	–2= 0 
 ⇒	 (2sinθ	+1	)	(sinθ	–	2)	=	0
 ⇒ sinθ = –1/2 = sin(–π/6),  sinθ	≠	2.
 ⇒	 θ	 =	 nπ – (–1)n (π/6). Also, we can take sinθ = –1/2 =  

sin(–7π/6) ⇒	θ = nπ	+(–1)n(7π/6).
355.(b)	We	write	the	given	equation	as	tanθ	+	tan4θ	=	–	tan7θ(1–tanθ	tan4θ)
 ⇒	 (tanθ	+	tan4θ)/(1–tanθtan4θ)	=	–	tan7θ
 ∴	 5θ	=	nπ	+	(–7θ)	or	12θ	=	nπ
 ∴	 θ	=	nπ/12, nÎ I.

356.(d)	We	have,	cosθ	+	 3 	sinθ		=	2.

 ⇒  
1
2 	cosθ	+		

3  
2 

	sinθ	=	1

 ⇒	 sin30º	cosθ	+	cos30º	sinθ	=	1

 ⇒	 sin(30º+θ)	=	1⇒	30º+θ		=	90º	⇒	θ	=	60º	=	
π
3 

.

357.(d)	We	have,	secθ	=	
6 36 32

16

± −
 = 

6	±	2
16  = 

1
2  or 

1
4  ⇒	cosθ	

  
  = 2 or 4. Both are not possible (|cosθ|	≤	1).
358.(b) We have, 4cosθ cos2θcos3θ	=1
 ⇒	 (2cos3θcosθ).2cos2θ	=1
 ⇒	 (cos4θ	+	cos2θ).	2cos2θ	–	1	=	0
 ⇒	 2cos4θ	cos2θ	+	2cos22θ	–	1	=	0
 ⇒	 2cos4θcos2θ	+	cos4θ	=	0
 ⇒	 cos4θ(2cos2θ	+	1)	=	0

	 	 If	cos4θ	=	0,	4θ		=	(2n +1) 
π
2  ⇒	θ	=	(2n +1)

π
8   

	 	 If	2cos2θ	+	1=	0.

 ⇒	 cos2θ	=	–	
1
2  = cos 

2π
3 

 ⇒	2θ	=	2nπ±	2π
3  

 ∴ θ = nπ±	 π
3 
.	Hence	θ	=	(2n +1)  

π
8 ,nπ ±  

π
3 , nÎI.

359.(c) Since 2y = 1 and y = sinx.

 ∴ sinx =  
1
2  = sin 

π
6  ⇒ x = nπ + (–1)n 

π
6 

 ∴ Values of x in the interval –2π≤	x	≤	2π are 

   x =  
π
6 ,  

5π
6 ,  

7π
6 ,  

11π
2 .
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360.(a)	We	have,	cos2θ	=	sinα	=	cos
π

α
2
−











 ⇒ 2θ	=	2nπ	±
π

α
2
−









  ∴	θ	=	nπ ± 

π α

4 2
−











361.(a) We have, tanmθ	=	tannθ	⇒ mθ	=	nθ +kπ

 ∴ θ =  
kπ

m–n 
, where k Î I

  These values of θ are in A.P. with first term  
π

m–n   and common 
difference.

362.(c) We  have, sin(A+B+C) = 1, tan(A–B) –  
1

3  
 and cos(A+C) 

  =  
1
2 

 ⇒ A +B+C = 90º, A–B =30º and A+C 
  = 60º ⇒ A = 60º ⇒ B = 30º, C = 0º.

363.(a) We have, 2sin2θ	+	 3 	cosθ	+	1=	0

 ⇒ 2(1–cos2θ)	+	 3 	cosθ	+	1	=	0
 ⇒ 2cos2θ	–	 3 	cosθ	–	3	=	0

 ⇒	 (cosθ	–	 3 )	(2cosθ+	 3 ) = 0 ⇒	cosθ	=		
3

2 
  [	cosθ	=	 3 	is	not	possible	as	cosθ	≤	1]	⇒	θ	=	

5π
6 

 

364. (b) We have, 4sin4x + cos4x = 1
 ⇒ 4(1–cos2x)2  + cos4x = 1
 ⇒ 4(1+ cos4x –2cos2x) + cos4x –1 = 0
 ⇒ 4(1+ cos4x –2cos2x) + cos4x –1 = 0
 ⇒ 4 + 4cos4x –8cos2x + cos4x –1 = 0
 ⇒ 5cos4x – 8cos2x + 3 = 0
 ⇒ 5cos4x – 5cos2x – 3cos2x +3 = 0
 ⇒ 5cos2x (cos2x – 1) – 3(cos2x –1) = 0
 ⇒ (cos2x – 1) (5cos2x – 3) = 0
  If cos2x = 1, x = nπ, n Î I

  If 5cos2x – 3 = 0 ⇒ cos2x = 
3
5 

 ⇒ cosx = ± 
3

5
.

  Therefore, x = 2nπ ± cos–1 
3

5365.(a)	We	have,	sinθ	+	sin5θ	=		sin3θ
 ⇒	 2sin3θ	cos2θ	=	sin3θ⇒	sin3θ	(2cos2θ	–1)	=	0

 ⇒	 sin3θ	=	0	or,	cos2θ	=		
1
2 

 ⇒	 θ	= 0,	 
π
3 

,  
2π
3 

,π	or	2θ	=		
π
3 

,  
5π
3 

 
	 	 Hence	there	are	six	values.
366.(c) We have, sin4x + cos4y + 2 = 4sinx cosy 
 ⇒ sin4x + cos4y + 2 – 4sinx cos y = 0
 ⇒ (sin2x –1)2 + (cos2y–1)2 + 2sin2x + 2cos2y – 4sinx cosy = 0.
 ⇒ (sin2x –1)2 + (cos2y–1)2 + 2(sinx – cosy)2 = 0 
  which is true if sin2x = 1, cos2y = 1 and  sinx = cosy.	As	0	≤	x, y	≤		

π
2 

 we get, sinx = cosy = 1 ⇒  sinx + cosy = 2.
367.(b) We have, sinA – sinB = 0 and cosA – cosB = 0.

 ⇒ 2sin 
A–B

2 
 cos  

A+B
2 

 = 0 and 2sin 
A+B

2 
 sin 

B–A
2 

 = 0

 ⇒ –2 sin 
A+B

2 
 sin  

A–B
2 

 = 0

  From the two we observe that the common factor gives sin  
A–B

2 
 

= 0

 ∴  
A–B

2 
 = nπ ⇒ A–B = 2nπ ∴ A = 2nπ + B 

368.(c) We have, sin50x – cos50x =1
 ⇒	 sin50x = 1+ cos50x 
  Since sin50x	≤	1	and	1	+	cos50 x	≥	1,	therefore,	the	two	sides	are	

equal	only	if	

  sin50x =1 = 1+ cos50x ⇒ sin50x = 1 and cos50x = 0.  ∴ x = nπ +  
π
2 , n Î I.

369.	(c)	 Given	equation	is sec2(a+2) x + a2 – 1= 0
 ⇒ tan2(a+2)x + a2 = 0 ⇒ tan2(a+2)x = 0 and 

  a = 0 ⇒ tan22x = 0 ⇒ x = 0, 
π
2 

 , –
π
2 

 .
 ∴ (0,0), (0,π/2),(0,–π/2)	are	ordered	pairs	satisfying	the	equation.
370.(b)	Changing	to	cosθ,	we	get,	
	 	 (2cosθ+3)	(2cosθ–1)	=	0

 ∴	 cosθ		=	
1
2 

 , – 
3
2 

 [2nd value is rejected]

 ∴	 θ	=	2nπ ± π/3	or	θ	=	π/3, 2π – 
π
3 

 = 
5π
2 

  in the given interval.

371.(c)	cosθ	=	
1
2 
,	cosθ	=	–2(rejected)

 ∴ θ = 
π
3 

 , 2π – 
π
3 

.

	372.(b)	 cosα	=	
–5±35

50 
 = –  

4
5 

 or  
3
5 

.

  But  
π
2 
	<	α	<	π ⇒	cosα	is	negative,	sinα	is	positive.	We	choose	

cosα	=	–4/5	⇒	sin	α	=	3/5	

 ∴	 sin2α	=	2sinα	cosα	=	2.	 −



















4

5

3

5
 =  – 

24
25 373. (b) cos2x + sin4x = 1 ⇒ cos2x = 1– sin4x = (1– sin2x) (1+ sin2x)

 ⇒ cos2x = cos2x (1+ sin2x) = cos2x + cos2x sin2x

 ⇒ sin2x = 0 ⇒ x =  
nπ
2 

, n = 0 ± 1, ± 2,.......

 ∴ In the interval (–π,π) the roots are, 0, –  
π
2 

,  
π
2 

.
374.(d) sin22x + sin23x = 0 ⇒ 1 – cos4x + 1 – cos6x = 0
 ⇒ cos4x + cos6x = 2   	cosθ	≤	1,	
 ∴ cos4x = 1and cos6x = 1

  Now, cos4x = 1 ⇒ 4x = 2nπ ⇒ x = 
nπ
2 

 and cos6x = 1 ⇒	6x = 2nπ 

⇒ x = 
nπ
3 

  – 
π
2 
≤	x	≤	π

 ∴ x = 0, 
π
2 

, π, – 
π
2 

, 
π
3 

, 
2π
3 

, – 
π
3 

 i.e. 7 in all.

375.(b) tan 
π

θ
π

θ
2 2

sin cot cos








 =











 ∴ tan 
π

θ
π π

θ
2 2 2

sin tan cos








 = −











 ∴  
π
2 
	sinθ	=	nπ + 

π
2 

 – 
π
2 
		cosθ

	 	 sinθ	+	cosθ	=	2n + 1
376.(a)	2	sin4θcos3θ	–	sin	4θ	=	0,	0	<	θ	<	π/2

 ∴ 4θ = π or cos3θ =  
1
2 

 =  
π
3 

, 2π	– 
π
3 

 =  
5π
3 
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 ∴	 θ	=			
π
4 

,  
π
9 

, 
5π
9 

 

  The last value is rejected as 0 < θ < 
π
2 

.
377.(c) sin4x + cos4 x = (sin2x + cos2x)2  – 2sin2x cos2x

  = 1 –  
1
2 

 sin22x. If sin2x = s then s2–2s =	2	+	2α
 ⇒ (s–1)2 =	3	+	2α	
	 	 Now		–1	≤	s	≤	1	⇒	–2	≤	s – 1< 0. 

 ∴	 0	≤	(s–1)2	≤	4	⇒	0		≤		3	+	2α	≤	4	⇒ – 
3
2 
	≤	α	≤		

1
2 378.(a)  sin2x + cos4x = 2. It is possible only when sin2x = 1 and cos2x = 1. 

∴ 2x  = 2nπ + 
π
2 

  and 2x = 2mπ.∴ x = nπ = + 
π
4 

 and x = mπ. m, n 
Î I.

  Then solution = n n Iπ
π

+ ∈










4
, 	∩	(mπ, mÎI)	=	ϕ.

379.(b) x3 + x2 + 4x + 2sin  x = 0
 ⇒ x3+ (x+2)2 + 2sinx = 4, 
  x	=	0,	satisfies	the	equation.
  Now, in 0 < x ≤	π, x3 + (x+2)2 + 2sinx > 4 and in π < x ≤ 2π,x3 + 

(x+2)2 + 2sinx > 27 + 25 – 2[π = 3.14]
	 	 Hence	x = 0 is the only solution.
380.(d) a sinx + b cosx = c

 ⇒ 
a

a b
x

b

a b
x

c

a b2 2 2 2 2 2+
+

+
=

+
sin cos  

	 	 Let		
a

a b2 2+
	cosα		then	

b

a b2 2+
	=	sinα	

 ∴ sin(x	+	α)	=	
c

a b2 2+
 > 1[|c| > a b2 2+ ]

  sin (x	+	α)	>	1,	impossible.
381.(d) logcosxsinx + logsinx cosx = 2

 ⇒ logcosxsinx +   
1

logcosxsinx
 = 2

 ⇒ (logcosxsinx –1)2 = 0
 ⇒ logcosxsinx  = 1 ⇒ sinx = cosx
 ∴ tanx = 1 ∴ x = nπ+π/4
382.(d)	The	given	equation	can	be	written	as		1–2sin2x + a sinx = 2a – 7.
 ⇒ 2sin2x – a sinx + 2a – 8 = 0

 ⇒ sinx = 
a a a± − −2 8 2 8

4

( )
 = 

a±(a–8)

4
 ⇒ sinx = 

a–4

2
 which is possible if 

	 	 –1	≤		
a–4

2
	≤	1	or	2	≤	a	≤	6.

	 	 so	the	required	values	of	a	are	2,3,4,5,6	and	hence	the	required	
number is 5.

383.(d) We have 2cosx  = [sinx]. It is true only for |sinx| = 1
 ∴ sinx = ± 1 ⇒ x =2nπ  ± π/2( x Î [–2π,2π])

 ∴ x = –  π
2

, π
2

, 3π
2

  – 3π
2

i.e. no. of solutions  = 4
384.(d) 5 (2cos2θ–1)	+	(1+	cosθ)	+1	=	0	
  ⇒	10	cos2θ	+	cosθ	–	3	=	0

  ⇒	(5cosθ	+	3)	(2cosθ–1)	=	0	⇒	cosθ	=	 1
2

	 or,	 cosθ	=	 –3
5

 ⇒	θ	=	 π
3
	or	θ	=	π – cos–1

3
5










385.(d) 3 	secθ	+	2	=	0	⇒ 3 	+	2cosθ	=	0

	 	 cosθ	=	– 3
2

 = cos 5π
6

 ⇒	θ	=	2nπ ±	 5π
6386.(b) r	sinθ	=	3,	r	=	4(1+	sinθ)	∴	4(1+sinθ)	sinθ	=	3

 ⇒ 4 sin2θ	+	4sinθ	–	3	=	0

 ⇒	 (2sinθ	–1)	(2sinθ+3)	=	0	⇒	sinθ	=		 1
2
	,sinθ	=		–3

2
, which 

  is not possible ⇒	θ	=		 π
6

, π – π
6

 =  5π
6

.

 387.(a) sin
π

θ
π

θ
4 4

cot cos tan








 =











 ⇒	 sin
π

θ
π π

θ
4 2 4

cot sin tan








 = −











	 ⇒	 π
4
	cotθ	=	 π

2
– π

4
	tanθ	⇒	cotθ	+	tanθ	=	2

 ⇒ 1
sin2θ

 = 1⇒	sin2θ	=	1

 ⇒	 2θ	=	2nπ +  π
2
⇒	θ	=	nπ + π

4
388.(b)  1

sinx
 = 1+  cosx

sinx
, sinx	≠	0	⇒ 1 = cosx + sinx

 ⇒ cos x −









π

4
 =  cos π

4
 ⇒ x –  π

4
= 2nπ ±  π

4
 ⇒ x = 2nπ or, x = 2nπ +  π

2
389.(b)	2sinθ	+		 sinθcosθ = 0 ⇒	sinθ	 2

1
+









cosθ

 = 0

 ⇒	 sinθ	=	0	or	cosθ	=	–	
1
2 

 ⇒	 θ	=	nπ	or,	θ	=	2nπ ±  2π
3

390. (b) 3 (tan2θ+	tanθ)	=	1–	tan2θtanθ

 ⇒  tan2θ+	tanθ
1–tan2θtanθ	

 =  
1
3

 

 ⇒	 tan3θ	=	tan π
6
⇒3θ	=	nπ + π

6
⇒	θ	 n +









1
6

 π
3

.
391.(d)	The	given	expression	is	equal	to	

   2π
3

 – 2× π
6

 + 3 ×  3π
4

– 4 −










π

4
 =  25π

12
.

392.(a)  tan23θ	=	tan2
π

α
2
−









⇒	3θ	=	nπ ± 

π
α

2
−











 ⇒	 θ	=		
nπ
3  ± 

π α

6 3
−











393.	(d)	 cos3θ	+	2cosθ	=	0	⇒ 4cos3θ	–	3cosθ	+	2cosθ	=	0
 ⇒	 cosθ	(4cos2θ	–1)	=	0	⇒	cosθ	=	0	

 or, cos2θ	=		 1
4

 = cos2 π
3

 ⇒	 θ	=	(2n + 1)  π
2
,	θ	=	nπ ±  π

3394.(d)	cos6θ	+	cos4θ	+	cos2θ	+1	=	0
 ⇒ 2cos23θ	+	2cos3θcosθ	= 0 
 ⇒	 2cos3θ	(cos3θ	+	cosθ)	=	0

 ⇒	 4	cos3θ	cos2θ	=	0	⇒	3θ	=	(2n + 1) π
2

	 	 2θ	=	(2n+1) π
2
,	θ	=	(2n + 1)  π

2 ⇒	 θ	=	30º,	90º,	150º,45º,	135º.
395.(a) 2 cot2θ	=	cosec2θ	⇒ 2cot2θ	=	1+	cot2θ

 ⇒ cot2θ	=1	⇒ tan2θ	=1		=	tan2  π
4

 ⇒	θ	=	nπ ±  π
4

.
396.(c) 3(1+tan2θ	+	tan2θ)	=	5	

 ⇒ 2tan2θ	=		 5
3

 – 1 =  2
3

 ⇒ tan2	θ	=		 1
3

 = tan2 π
6

 ⇒	 θ	=	nπ ±  π
6

.

397.(a)  1–tan2θ
sec2θ 

 =  1
2

 ⇒ 2 – 2tan2θ	=	1+	tan2θ

 ⇒ tan 2θ	=		 1
3

 = tan2 π
6

 ⇒	θ	=	nπ ±  π
6



167chapter - 15 trigonometry in association with :  

JMMC RESEARCH  FOUNDATION PUBLICATION

A collection of  Problems in mathematics, classes -Xi & Xii [Volume  -I] 
B.Biswas &  s.Biswas

comPlete solution  to 

398.(a) cos2θ	=		cos2θ	⇒  1+	cos2θ
2

	=		cos2θ
 ⇒	 cos2θ	=	1	⇒	2θ	=	2nπ ⇒ θ = nπ
399.(c) 2sin2x + sinx cosx – 4sinx – 2cosx = 0
 ⇒ sinx (2sinx + cosx) – 2(2sinx + cosx) = 0
 ⇒ (2sinx + cosx) (sinx – 2) = 0
  either 2sinx + cosx = 0 or sinx – 2 = 0

 ⇒ tanx = –  1
2

 or sinx = 2.

 ⇒ tanx = –  1
2
⇒ between 0 and 2π

  x	will	have	two	values	one	in	2nd	and	one	in	4th	quadrant	and	
sinx = 2 ⇒ no solution.

400.(c)	The	given	equation	can	be	written	as		 1
2

 (sin8x + sin2x) =  1
2

 
(sin8x + sin4x)

 ⇒ sin2x – sin4x = 0 ⇒ – 2sinx cos3x = 0
 ⇒ sinx = 0 or cos3x = 0 , i.e. x = nπ (nÎI)

 or, 3x = kπ +  π
2

(k Î I). Therefore, since xÎ[0,π], the given 
equation	is	satisfied	if	x = 0, π,π/6,π/2 or 5π/6.

401.(c) 3cos2x – 10cosx + 7 = (3cosx – 2) (cosx –1) = 0

  i.e.cosx =  2
3

, 1 ∴ x = 2nπ ± cos–1 2
3

, 2nπ

	 	 Since	0	≤	x	≤	4π, so x = 0,2π,4π,cos–1  2
3

 ,

  2π ± cos–1  2
3

, 4π – cos–1  2
3

.

402.(a) 

tan

tan

θ
π

θ
π

+










−










12

12

 =  3
1

  ⇒  
sin2θ
sin π

6
 = 2 ⇒		θ	=	nπ +  π

4

403.(a)	Here	k –  1
k

– 4 = 0 [where k = 2sinx]

 = k2 – 4k – 1 = 0 ⇒ k = 2 ± 5 ; x is real

 ⇒	 –1	≤		sinx	≤	1	⇒  1
2
	≤	k	≤	2,	but	2	+	 5  > 2  and  

  2 – 5  < 1
2
.	Hence	the	equation	has	no	real	solution.

404.(b) sin2x = 
( ) ( ) ( )k k k+ ± + + +2 2 4 3

2

2

 = 
( ) ( )k k+ ± +2 4

2  ⇒ sin2x = k + 3
  [ sin2x	≠	–1]	⇒	0	≤	k	+	3	≤	1	⇒	–3	≤	k	≤	–2	

405.(c)	Here	(1–cosθ)	–	( 2 –1)	sinθ		=	0

 ⇒ 2 sin θ
2

 sin cos
θ θ

2
2 1

2
− −( )







  = 0

 ⇒	  θ
2

 = nπ, nπ + π
8

 ⇒ θ =2nπ, 2nπ + π
4

	406.(c)	 Here,	cosx.cos 
π

3
+









x  cos

π

3
−









x  =  1

4 ⇒ cosx (4cos2x – 3) = 1 ⇒ cos3x = 1

 ⇒ x  =  2nπ
3

,	0	≤	x	≤	4π ⇒ x =  2nπ
3

  where,n = 0,1,2,3,4,5,6 ⇒ Ʃ
6

n = 0

2nπ
2

 = 14π 
407.(c) Since (sinx + cosx)3

 = 3(sinx + cosx) –2(sin3x + cos3x); therefore according to given 
condition (cosx + sinx)3  = 8 ⇒ cosx + sinx = 2 ⇒ sinx  =1 =  
cosx  which is absurd.

 408.(a) Now, sin2x + cos2x + sinx + cosx +1 
 = (sinx + cosx) (2cosx +1) = 0

 ⇒ cosx = –  1
2

 or, tanx = –1[ cosx	≠	0]
  In any case x	is	not	in	the	1st	quadrant.
409.(b) (sinx + sin3x) + sin2x = (cosx + cos3x)+ cos2x
 ⇒ sin2x(2cosx +1 ) – cos2x(2cosx +1) = 0
 ⇒ (sin2x – cos2x) (2cosx +1) = 0

  Now, sin 2x – cos2x = 0 ⇒ x = n  π
2

 + π
8

; 

	 	 0	≤	x	≤		 π
2

 ⇒ x =  π
8

.

  cosx = –  1
2

 ⇒ x =  2π
3

 0
2

≤ ≤








x

π

410.(d) 1–2sin2 x + k sinx = 2k – 7
 ⇒ 2p2 – kp + 2k –8 = 0 (where p = sinx)

 ⇒ p =  k ±(k–8)	
4

 =  k–4
2

(since p	≠	2)

	 	 Now,	–1	≤	p ( = sinx)	≤	1	⇒	–1	≤		 k – 4
2

		≤	1
 ⇒	 2	≤	k		≤	6.
411.(c)	Here,	p2 – (a+2) p – (a + 3) = 0
  (where p = cos2x) ⇒ p = a + 3
  (since p	≠	–1).	Now,	0	≤	p ) = (cos2x)	≤	1
 ⇒	 –3	≤	a	≤	–2	.

412.(b) sin2x = 2 cosx, 2sinx cosx – 2 cosx = 0

  cosx = 0 and 2sinx – 2  = 0

  x = n +









1
2

 π and x = nπ+(–1)n π
4

.

413.(d) 2 cosx(1–3cos2x) = 1
2

(cos2x + 1)
 ⇒ 2cosx (1–3cos2x) = cos2x
 ⇒ cosx [2(1–3cos2x) – cosx] = 0
 ⇒ cosx = 0 or, 2 –6cos2x – cosx = 0
 ⇒ 6cos2x + cosx – 2 = 0

 ⇒ cosx = 
− ± +1 1 48

12
 = –1±7

12
 = 1

2
 or, – 2

3
 ∴ x = π

2
, π

3
 , cos–1 −











2
3

	 	 Let,	α	=	 π
2
,	β	=	 π

3
 ⇒	|α–β|	=	

π π

2 3
−









  = π

6414.(b) sin7x + cos2x = – 2

 ⇒ sin7x = –1= sin3π
2

 and cos2x = –1 = cosπ

 ⇒ x = 3π
14

 ; x = π
2

  Then π
2

 – 3π
14

 = 4π
14

 = 2π
7

415.(c) sinx – cosx	≥		 2 ,  
1

 2
 sinx – 

1

 2
 cosx	≥	1

 

  cos π
4

sinx – sin π
4

 cosx	≥	1;	sin x −









π

4
	≥		1

  sin x −









π

4
≥	sin π

2
, x – π

4
	≥	nπ + (–1)n π

2
 

 

  x  ≥ nπ +(–1)n π
2

 + π
4	 	 Thus	answer	is	2nd	quadrant	only.

416.(b) 2sin2x + sin2x = 2k ⇒ sin2x – cos2x

 = 2k – 1⇒ sin 2
4

x −









π
 = 

2k–1

 2	 	 So,	the	equation	is	solvable	if	only	if	

	 	 –1	≤		
2k–1

 2
	≤	1	i.e.	if		1– 2

2
	≤	k	≤		 2 + 1

2
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417.(c)	The	equation	is	soluable	if,	0	≤	sinx	≤	1	

  Clearly, sinx = 1 or, x = (4n+1) 
π
2 	satisfy	the	equation.

418.(d)	Here	 3 cosec2θ	–	2cosecθ.	secθ	–	 3  sec2θ	=	0

 ⇒ ( 3 cosecθ	+	secθ)	(cosecθ	–	 3 secθ)	=	0

 ⇒	 tanθ	=		
1

3
, – 3  ⇒θ	=	nπ + π

6
, nπ – π

3
.

419.(b) tan2x – 5   tanx +1  =  0

 ⇒ tanx = 
 5 ±1

2
 > 0 ⇒ E x1, x2	in	the	first	quadrant	such	

  that tanx1  =  
 5 +1

2
  and tan x2 =   

 5 –1

2
  ⇒ 1 – tanx1, tanx2  

= 0 

 ⇒ x1+ x2 =  π
2

 .
420.(c) 2sinx (cosx +1) – (cosx + 1) = 0 

 ⇒ (2sinx –1) (cosx +1) = 0 ⇒ sinx = 1
2

 or, cosx = –1 ⇒  x = π
6

, 5π
6

, π
421.(c) sin3θ	+	cos3θ		=	0	⇒ tan3θ	=	–1
 ⇒	 tanθ	=		–1	[		θ	is	real]

 ⇒	 θ	=	nπ – π
4
,	0	<	θ	<	360º	⇒	θ	=	135º,	315º

422.(c)	Here,	2 1
2

−








tan

x
 – 

1–tan2 x
2

1–tan2 x
2

 = 0

 ⇒ 1
2

−








tan

x
 2

2 2
12tan tan

x x
− +









  = 0 ⇒ tan π

2
 = 1

  [ 2 tan2 x
2

 – tan x
2

 + 1 = 0 

 ⇒ tan x
2

 = 
1 7

4
±

 imaginary]

 ⇒ x
2

 = nπ + x
4
⇒ x = 2nπ+ π

2
 

423.(b) cot
π

πθ
3

2cos








  = 3  = cot π

6
 ⇒ π

3
 cos2π = nπ	+ π

6
⇒θcos2πθ	=	3n + 1

2
 ⇒ cos2πθ	=	 1

2
 [	–1	≤	cos2πθ	≤	1]

 = 2πθ	=	2kπ ±  π
3

 ⇒	θ	=	k ±  1
6

,
  k = 0, ±1, ±2......
424.(b) Now,logcosx sinx = 0
 ⇒ (logsinx– logcosx)2 = 0  ⇒ log tan x

 = 0 ⇒	tanx = 1 ⇒ x = nπ + π
4
	,	0	≤	x	≤	2π 

 ⇒ x =  π
4

, π + π
4

. But sin π
π

+








4

< 0,

  So, logsinx cos2x	is	undefined.	Hence	x =  π
4

 

425. (d) 5 cos2x + 2cos2 x
2

 + 1 = 0
 ⇒ 10 cos2x + cosx – 3 = 0

 ⇒ cosx =  1
2

, – 3
5

 x ⇒ x =  π
3

, π = cos–1 3
5426.(d)	cos3θ	=	4cosθ	(cos2θ – sin2x) 

 ⇒ 4 cos3θ		–	3cosθ	=	4	cos3θ	–	4cosθ	.	sin2x 

 ⇒ sin2x =  3
4

 ⇒  sinx = ±	 3
2

 ⇒	x = nπ ± π
3

 

427.(a) sin2x – cosx =  1
4
⇒ 4(1– cos2x) – 4cosx = 1

 ⇒ – 4cos2x – 4cosx + 3 = 0
 ⇒ 2cosx (2cosx + 3) – 1(2cosx + 3) = 0
 ⇒ (2cosx + 3) (2cosx –1) = 0

 ⇒ cosx = –  3
2

, cosx =  1
2
⇒ cosx =  π

3
 ⇒ x = 2nπ ±  π

3
  For n = 0,1 we get, x = π

3
,5π
3

.

428.(c) tanx + secx = 2cosx ⇒ 1+ sinx
cosx  = 2cosx

 ⇒ 1+ sinx – 2(1–sin2x) = 0
 ⇒ 2sin2x + sinx – 1= 0
 ⇒ 2sin2x + 2 sinx – sinx –1 = 0
 ⇒ 2sinx (sinx – 1) – 1 (sinx +1) = 0 
 ⇒ (sinx+1) (2sinx –1) = 0

 ⇒ sinx = –1, sinx = 1	
2

 = sin30º

  x = nπ + (–1)n π
6

, n = 0,1

  x = π
6

, 5π
6

no. of solution are 2 
429.(d) 2 sin2θ	–	3sinθ	–	2	=	0
 ⇒ 2 sin2θ	–	4sinθ	+	sinθ	–2	=	0
 ⇒ 2sinθ (sinθ – 2) + (sinθ –2) = 0
 ⇒ (2sinθ+1)(sinθ–2) = 0 but sinθ	≠	2

 ∴	 sinθ	=	 1	
2

 = sin π
π

+








6

 = sin
7
6
π









 

 ∴ θ = nπ + (–1)n  7π	
6

, nÎ I.

430.(a)	cotθ	–	tanθ	=	secθ,		 cosθ	
sinθ

 – sinθ	
cosθ

 = 1	
cosθ

 or,  cos2θ	
sinθ+	cosθ

 =  1	
cosθ ∴ 1–2sin2θ	=	sinθ	(cosθ	≠	0)

 or, 2sin2θ	+	sinθ	–	1=	0
	 or,	 (2sinθ	–1)	(sinθ	+	1)	=	0

 ∴	 sinθ	=		1	
2

 ∴	θ	=	nπ +(–1)n π
6

 
	 	 But	sinθ	=	–1	implies	cosθ	=	0	but	cosθ	≠	0.	Hence	no	value	will	

be	admissible	when	sinθ	=	–1.

431.(b) ( 3 	–1)	sinθ	+	( 3 +	1)	cosθ	=	2

  3
2

	sinθ	+	 3
2

cosθ	+	 −










1
2

	sinθ	+	1	
2
	cosθ		=	1

432.(b)	cotθ	+	cosecθ		=	 3   or, 1+	cosθ
sinθ

 = 3

 or,  

2cos2 θ
2

2cos2 θ
2

 cos θ
2

 = 3  or, cot
θ

2








  = 3

 ⇒ tan
θ

2








  =   

1	

3
 = tan

π

6








⇒ θ

2
 = nπ + π

6 

 ⇒	 θ	=	2nπ + π
3

 ; n Î I.
433.(c) sin5x + sin3x + sinx = 0
 ⇒ sin5x + sinx + sin3x = 0
 ⇒ 2sin3x cos2x + sin3x = 0
 ⇒ sin3x[2cos2x + 1] = 0
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  sin3x = 0, 3x = nπ or, x = nπ
3

  cos2x = – 1
2

 = cos π
π

−








3

 = cos 
2
3
π









  

  2x = 2nπ ± 2π
3

, x = nπ ± π
3

	 	 for	given	range	θ	=	0,	 π
3

 ∴	θ	=	0,	 π
3434.(a) cosB sinA – sinB cosA + sinB sinA+ cosA cosB = 0

 ⇒ sin(A–B)+ cos(A–B) = 0

 ⇒ tan(A–B) = tan −










π

4
 ⇒ A–B  = nπ – π

4
 ⇒ A = nπ– π

4
 + B, n Î I.

435.(a) tan2θ	=		cos2θ	–1	⇒ tan2θ	=	 1–tan2π
1+tan2θ

–1 

 ⇒ t = 1–t
1+t  –1 = 

1–t–1–t
1+t

 ⇒ t(1+t) = –2t ⇒	t2 + 2t + t = 0 ⇒ t(t+3) = 0
  t	=	tanθ	=	0	and	tanθ	=	–3	∴	θ	=	nπ nÎ I. 
  No. of solutions in the interval (0,π) is 0.
436.(b) a sinx + cos2x = 2a – 7
 ⇒ a sinx + 1 – 2sin2x = 2a – 7
 ⇒ a sinx – 2sin2x – 2a + 8 = 0
  2sin2x – asinx + (2a–8) = 0

  sin2x – a
2

 sinx  + (a–4) = 0

  sinx = 

a a
a

2 2
4 4

2

2

±








 − −( )

 

  = 

a
a a

2
1
2

16 4

2

2± − −( )

 

  = 
a a a a a± − +

=
± −2 216 64

4
8

4
( )

  = 
a±(a–8)

4      |sinx|	≤	1

 ⇒	 –1≤		 a+a–8
4

	≤	1	⇒	–	4	≤	2a	–	8	≤	4
 ⇒	 –4	+	8	≤	2a	≤	12	⇒	4	≤	2a	≤	6	⇒	2	≤	a	≤	6.
437.(a) tanpθ	–	tanqθ	=	0	
 ⇒ sinpθ	cosqθ – cospθ	sinqθ	=	0
 ⇒ sin(p–q)θ	=	0
 ⇒ (p–q)θ	=	nπ 

 ⇒	 θ	=		
nπ
p–q  for n = 0, ± 1, ±2,......the	values	of	θ	form	a	

  series in A.P.
438.(d) Given expression 
 = cosy.sinx – siny.cosx + siny.sinx + cosxcosy = 0
 ⇒ sin(x–y) + cos(x–y) = 0
 ⇒ 1+sin(2x–2y)	=	0	[squaring	on	both	side]
 ⇒ sin(2x–2y) = –1

 ⇒ sin(2x – 2y) = sin 
3
2
π









 ⇒ 2x – 2y =  
3
2
π







⇒ x = y +  

3π
4

439.(a)  
tan3x – tan2x
1+tan3x tan2x  =1 

 ⇒ tan(3x – 2x) = tanx = 1 

 ∴ x = nπ + 
π

4








 	but	this	value	does	not	satisfy	the	given	equation	

as tan2x = tan 
π

2








 	=	∞		and	it	reduces	to	

	 	 indeterminant	form.	So	answer	is	ϕ.	

	440.(c)	 tanθ	=	–1,	cosθ	=		 1
2

	 	 cosθ	=		 1
2

 = cos  
π

4








  =  cos 2

4
π

π
−









⇒ θ =  7π

4

	 	 tanθ	=		 −










π

4
 = tan 2

4
π

π
−











	 	 Hence	the	value	of	θ	

	 	 tanθ	=	tan 2
4

π
π

−








  ⇒	θ	=		3π

4
, 7π

4  

	 	 cosθ		=	 1
2

  =  cos
π

4








  

 

 = cos 2
4

π
π

−








 =  cos 2

4
π

π
+









  ⇒		θ	=		9π

4
,  7π

4
	 	 Thus	the	most	general	value	of	θ	is	2nπ +  7π

4
.

441.(a)	sinθ	 1
2
,	tanθ	=		

1	

3
 

	 	 sinθ	=	sin	 π
6

 =  sin π
π

−








6
,	θ	=		 π

6
,  5π

6
 

  tanθ =  
1	

3
  = tan 

π

6








   = tan π

π
+









6
,	θ	=		 π

6
,  7π

6
	 	 Thus	the	most	general	value	is	θ	=	2nπ + π

6
.

442.(a)	cosθ	=	–		 1
2
,	tanθ	=	1

  

	 	 cosθ	=	–		 1
2

 = – cos
π

4








   = cos π

π
−









4

  or,  cos π
π

+








4
			θ	=		3π

4
,  5π

4
	 	 tanθ	=	1	tan

π

4








  

 or, tan  π
π

+








4

  ∴	θ	=		 π
4

,  5π
4	 	 Hence	the	value	of	θ	between	0	and	2π which satisfies both the 

equations	is		5π
4

.

 ∴ general value is 2nπ +  5π
4

.

443.(c) From the figure it is clear that x + 2 tanx =  x
2

;  in the interval[0,2π] 
the function has 3 roots.
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y

3π
2π

2
–

π
2
–

2π
x

	444.(d)	 cosecθ	+	2	=	0
 ⇒	 cosecθ	=	–2

 ⇒	 θ	=	π + π
6

 and 2π  –  π
6

 =  7π
6

 and  11π
6

 = 210º and 330º
445.(b) cos7x + sin4x = 1, –π < x < π 
 ⇒ cos7x = 0, sin4x =1
 or, cos7x = 1; sin4x = 0

 ⇒ x = π
2

 , – π
2

 ; x = 0

446.(c)	Let,	 tanx
tan2x

  = a 
 

 ∴ a + 1
a

 + 2 = 0  or, (a+1)2 = 0 ∴ a = 1

 or, tan2x = – tanx or 2tanx
1– tan2x

  = – tanx
 or, tan2x –1 = 2 [ tanx	≠	0],	tanx = ± 3
 ∴ General solution x = nπ ± π

3
  = (3n ± 1) π

3
 .

	447.(c)	 3cos2θ	=	1	or	cos2θ	=	13  

  
1–tan2θ
1+tan2θ  =  13   or, tan2θ	=	1

2
 , tan8θ	=	

1
16  

 ∴ 32.
1

16  =  2cos2	α	–	3cosα
 or , 2cos2α–3	cosα	–	2	=	0
	 or,	 (2cosα+1)	(cosα–2)	=	0
	 	 But,	cosα	–	2	≠	0

 ∴	 2cosα	+	1	=	0,	cosα	=	–	
1
2   = cos 

2π
3  

 ∴	 α	=	2	nπ ± 
2π
3  .

448.(a)	1+	sinθ	+	sin2θ	+....=	4+2 3

 or, 
1

1–	sinθ   = 4 + 2 3 	or		1–	sinθ	=	
1

4+2. 2

	 or,	 1–	sinθ	=	
4–2. 3  

4 ,	sinθ	=	
3

2
  ∴θ	=	

π
6  .

449.(b) cos3xsin5x
 cos5x

 = sin7x 
 or, 2cos3x sin5x = 2sin7x + cos5x
 or, sin8x + sin2x = sin 12x + sin2x
 ∴ 12x = nπ+(–1)n8x; n even = 2k

 ∴ 4x = 2kπ ∴ x = 
kπ
2 . But if k is odd, then it will not satisfy the given 

equation	because
	 	 L.H.S	=	0	×	∞	and	R.H.S	=	± 1

 ∴ k = 2r (say) ∴ x = rπ, r Î I or x = 0 only in the given range 0
2

,
π









...(1)n odd, 

  20x = (2k+1)π ∴x = (2k+1) 
π
20

 ∴ x = 
π
20 ,

3π
20 ,

5π
20 ,

7π
20 ,

9π
20 ...(2) 

  as we have to find the solution in the given range. Thus there are 
in all six solutions from(1) and (2).

450.(b) sin2θ–	cosθ	=	
1
4

 or, 4(1–cos2θ)	–	4cosθ	=	1
 or, 4cos2θ +	4cosθ	–	3	=	0
	 or,	 (2cosθ+3)	(2cosθ–1)	=	0

 ⇒	 cosθ	=	–
3
2 or, 

1
2 ∴ cosθ = 

1
2,

	 	 cosθ	=	cos
π
3  or, cos 2

3
π

π
−









  [  0	≤	0	≤	2π]

 ∴	 θ	=	
π
3 or, 

5π
3  .

451.(a) (x+y)2 = x2 + y2 + 2xy	≥	2xy + 2xy

  



x y
x y

2 2
2 2

2
+









 ⇒	 (x+y)2	≥	4xy

  Thus (x+y)2 sec2θ = 4xy ⇒ sec2θ = 
4xy

(x+y)2 	≤	1
  But sec2θ	≥	1,	therefore,	only	possibility	left	that	both	should	be	

one, which is possible when x+y = 1.

452.(c)	Since	secθ	≠	
1
2	.	Since	–1	≤	cosθ		≤		1

453.(b)	We	have	tan	(α+β)	=	
tanα+	tanβ
1–tanαtanβ  

 = 

x
x x

x
x x

+
+

+

−
+ +

1
1

2 1

1
1

1
2 1

.
 = 

x(2x+1)+(x+1)
(x+1)(2x+1) –x  

 = 
2x2+2x+1

2x2 + 2x +1   = 1= tan
π
4  ∴	α	+	β	=	

π
4 

454.(d) 11 sinx = x ....(1) on replacing x by –x, we have 11 sin(–x) = – x ⇒ 11 
sinx = x 

  So for every positive solution, we have negative solution also and 
x = 0 is satisfying (1), so number of solution will always be odd.  
Therefore, (d) is appropriate choice.

455.(c) 
cosA 

a   = 
cosB 

b  = 
cosC 

c
  Since acosB = b cosA

  
b2 + c2–a2 

2abc  = 
c2 + a2–b2 

2abc  and 
cosB

b  = 
cosC

c    
 

 ⇒ 
c2 + a2–b2 

2abc  = 
a2 + b2–c2 

2abc  ⇒ b = c 
 
 ∴	  a = b = c  ∴	Triangle	is	equilateral.

456.(d) Taking x	=	tanθ,	tan–1 
1 12+ −x

x 

 = tan–1 
secθ–1
tanθ

 

 = tan–1  
1–	cosθ	
sinθ  = tan–1 tan

θ

2








  =  

1
2 	θ

 

 =  
1
2 tan–1(x)
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  so that according to the given condition.

  
1
2









 tan–1x = 4 ⇒ tan–1x = 8 or x = tan 8.

457.(a) 
 b2–c2 

cosB + cosC = 
k2 (sin2B – sin2C)  

cosB + cosC
 

 = –k2 
cos2B – cos2C 
cosB + cosC

 
 ∴	 L.H.S	=	–	k2Ʃ(cosB – cosC) = 0 
458.(b)  b + c = 3a ∴ sinB + sinC  = 3sinA

 or, 2 sin
B+C 

2   cos 
B – C 

2  =  6 sin
A 
2  cos

A
2

 

 or, cos 
B – C 

2  = 3sin
A 
2   [  sin 

B + C 
2 =  cos 

A 
2 ]

 

 or, cos  
B – C 

2  = 3 cos 
B + C 

2  or, 
cos

cos

B C

B C

−

+ =2

2

3
1 

  Applying componendo and dividendo we get 

   
cos cos

cos cos

B C B C

B C B C

−
+

+

−
−

+ =
+

−
2 2

2 2

3 1
3 1

 ⇒  cot 
B  
2 cot 

C  
2  = 2

459.(a) cosB =  
a2 + c2–b2 

2ac  =  
9+25–16 

30  =  
18 
30  =  

3 
5

 

 ⇒	 sinB =  
4 
5

 ∴ sin2B = 2sinB cosB = 2. 
4 
5 .

3 
5  = 

24 
25 .

460.(b) Angles of triangle ABC i.e. A,B,C are in A.P. ⇒ ∠A = 30º,  ∠ B = 60º 
and ∠C = 90º can be considered

 ⇒  cosB =  
a2+c2 –b2 

2ac
 

 ⇒ 
1 
2  = 

a2+c2 –b2 
2ac   ⇒  b2 = a2 + c2 – ac

461.(b) In ∆	ABC,a(b cosC – c cosB)

 = ab = 
(a2+c2 –b2) 

2ab   – ac.  
(a2+c2 –b2) 

2ac
 

 = 
1 
2  = [a2 + b2 – c2– a2 – c2+ b2] = b2 – c2

462.(a) In ∆ ABC,

  2S = 6 
[sinA + sinB + sinC] 

3  
 ⇒ S = sinA + sinB + sinC
 

 ⇒ 
a+b +c 

2  = 
1

2R  (a+b+c). a
sinA

  = 2R ⇒  R = 1
  

  Now as a = 1, sinA =  
a
2k  =  

1
2.1 = 

1 
2  ⇒ A = 

π
6  

463.(d) In ∆ ABC , 
cosA

a  =  
cosB

b  =  
cosC

c  ...(i)
  and a = 2.

  Also,  
sinA

a  =  
sinB

b  =  
sinC

c ...(ii)

 ⇒	 A = B = C    [by (ii) ÷	(i)]
 ⇒ ∆ ABC 	is	equilateral

 ⇒ Area = 3
4

 a2 =  3
4

 × 4 = 3 sq.unit.

464.(a) In ∆ ABC, a = 4, b = 3, ∠A = 60º

  Now, cosA = b2+ c2 – a2

2bc  ⇒ 
1 
2  =  b2+ c2 – a2

2bc   

 ⇒ bc = b2 + c2 – a2 ⇒ 3c = 9 + c2 – 16
 ⇒ c2 – 3c –7 =  0 

465.(c) In ∆ABC, b = 3  + 1,c = 3  – 1, ∠A = 60º
 

  tan
B C b c

b c
−







 =

−

+









2

 cot 
A
C

 

 = 
2

2 3
 cot 30º =  

1
3  .  3  = 1

466.(c) In ∆ ABC

  tan 
A B A B+









−







2 2

.cot
  

  

2
2 2

2
2 2

sin .cos

cos .sin

A B A B

A B A B

+









−









+









−









= 
sinA + sinB
sinA– sinB  

 

 = 

a
R

b
R

a
R

b
R

2 2

2 2

+

−
 = 

a+b 
a–b  

467.(b) In ∆ABC, ∆ = a2 – (b–c)2

 = (a+b+c) (a–b+c) = 2(s–c) 2(s–b)
 = 4(s–c) (s–b)

 ⇒ 
∆ 

(s–c) (s–b)  = 4
 

 = 
s s a
s b s c

( )
( )( )

−

− −
 =  cot  

A 
2  ⇒ tan  

A 
2  =  

1
4

 ⇒ tanA =  
2tan A 

2  

1– tan2 A 
2  

 =  
2.1 

4  

1– 1 
16

 
 = 

1 
12 

15 
16 

  = 8
15

468.(d) c2 = a2 + b2, 2s = a+b+c
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A

C B
90º

 ⇒ 4S (S–a) (S–b) (S–c) = 4.∆2

 = 4.
1
2

2

ab







  = a2b2

469.(b) If cosA + cosB + cosC = 3
2 .

  Then clearly A = B = C= 60º ⇒	Equilateral	triangle	

 470.(b) In ∆ ABC,  ∠C = 90º, AC = 3  . BC
A

C

90º

B

   AC
BC   = 3  = tan60º ⇒  ∠B = 60º

471.(d) In ∆ ABC, 3sinA= 6sinB = 2 3 sinC

 ⇒ sinA 
sinB  = 21  and sinB 

sinC  = 
2 3  

6  = 
1 

3    

 ⇒ sinA : sinB : sinC = 2 : 1: 3

 ⇒ cotA =  
1+ 3– 4 

2.1 3
 = 0 ⇒ A = 90º

472.(b)	Let	∆ABC	is	equilateral.

  Now,  
BD 
sinα  = 

AD 
sin60º  ⇒	 BD 3  

2sinα
 ......(i)  

 
A

α β

B D1 3 C
60º

   
DC 
sinβ	 =  

AD 
sinC  ⇒ AD =  

3BD. sinC 
sinβ	

 =  	
3 3  BD
2sinβ  ...(ii) ( C = 60º)

  
  From (i) and (ii)

  	
2sinα
3  BD

 = 	
2sinβ

3. 3  BD
⇒ 	

sinα
sinβ  = 

1 
3  .

473.(a)	Let,	∠A = 30º, ∠B = 45º and AB = 3  + 1 = C

  Then ∠C = 180º – 75º = 105º

  	
a

sinA = 
c

sinC ⇒ a = ( 3  + 1). 	
 1 
2 

cos5º

 =  
3  + 1

2  ×  
2 2  
3  + 1   = 2   

B

A

Ca

bc

  Then ∆  ABC (area) =  
1 
2  × a ×c × sinB

 

 =  
1 
2  × 2  × ( 3  + 1) . 1 

2  
 =  

3  + 1
2 .

474.(b) In ∆ ABC , a;b;c	=	3:	7	:	8.	Let	a = 3k, b = 7k  c = 8k, S = 9k ∆ = k2 6
3  .

  

  Then,  
R
r  = 

abc
4∆ , 

S
∆  = 

3.7.8.9
4.6.6.3  =  

7
2  ⇒ R.r = 7.2

475.(b) a = 5k; b = 6k; c = 5k, r = 6.

  S =  
a+b+c

2  = 8k.
  

  Now, r =  
∆
S  ⇒ ∆2   = (6S)2

 ⇒ 8k (8k – 5k) (8k – 6k) (8k – 5k) = 36.64k2

 ⇒ k28.3.2.3 = 36.64.84⇒ k = 4
476.(c)	From	the	given	equation	we	have	

  

1
2 1

1
4 1

1
1

2 1
1

4 1

x x

x x

+
+

+

−
+ +

 = 2
x2   ⇒ 6x +2

8x2  + 6x  =  2
x2

 ⇒ Either x = 0 or, 6x 2 –14x –12 = 0  which gives two non zero values 

3, – 23  of x  whose arithmetic mean is  
3– 2

3
2  =  7

6 .

477.(c) a cotA + bcotB + c cotC.
	 	 Let	∆ ABC	is	equilateral.

	 	 Then	∑a cotA = a[3/ 3 ] = 3 a ....(i)
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  r =  ∆s  = 

3
4
3
2

2a

a  =  a
2 3

; R =  a
2sinA  =  

a

2. 3
2

 = a
3

  Then,r +R =  a
2 3

 + a
3

 = 
1

2 3
.3a =

3a
2

 ⇒ 2(r+R) =  3 a ......(ii)
	 	 By	(i)	and	(ii)	∑acosA = 2(r +R)
478.(d) Given,R′	= PQ = PR, R′ = Circuim radius 

    R′ 
sinQ  =  R′ 

sinR  = 2R′

Q

P

R

R′

 ⇒ sinQ =  sinR =  1
2

 

 ⇒		 ∠Q = ∠R = 30º ⇒ ∠P = 120º =  2π3

479.(a)	Circle	inscribed	in	an	equilateral	triangle,	

  h = height of the triangle  = 
3

2 a
 

 ⇒ radius of incircle = r = h
3  =  

a
2 3  ⇒	2r	= 

a
3

 

a a
x

x

l

 
	 =	 Diagonal	of	the	square		=	l

 ⇒ l2 = 2x2 ⇒ x2 =  l
2

2  =  a2

6 	sq.unit.

480.(a) In ∆ ABC, ∠C =  
π
2  ,

  

  R =  c
2sinc  =  

c
2  

b

a

c

C B

A

  

  r =  
∆
S   =  

1
2

2

ab

a b c+ +  =  
ab

a+b+c
 
  

 ⇒	 2(r+R) =  
ab

a b c
c

+ +
+









2 2

 

 = 
2ab + ac+ bc + c2

2(a+b+c)  .2

 = 
(a + b)2 + c (a+b) 

a+b+c  , (c2  = a2 + b2)
 

 = 
(a + b) +  (a+b+c) 

a+b+c  = a +b

481.(d)  
1
2 × a × p1

 
 = 0 ⇒  p1

 
 =  

2∆
a ; p2=  

2∆
b ; p3=  

2∆
c   

 ⇒ p1 p2 p3 =  8∆
3

abc
  ∆ =










abc
R4

 

B C

A

p1
 =  

8.a3b3c3

64R3.abc  =  
a3b3c3

8R3

482. (b) 
cos cos cos2 2 2

2 2 2
A

a

B

b

C

c
+ +

 = 
S S a S b S c

abc
−( ) + −( ) + −( )







  =  S.S

abc  =  S2

abc

483.(a) a = 16.b = 24, c = 20.

  S =  
16+24+20

2  =  
60
2  = 30

  

  sin 
A
2  = 

( )( )S b S c
bc

− −

 = 
30 24 30 20

24 20
6 10

24 20
1

2 2
−( ) −( )

=
×

×
=

.

484.(b)	Let	∆ ABC	be	equilateral	1–	tan A
2 .tan 

B
2

 

 = 1– 1
3

. 1
3

 = 1 – 
1
3  = 

2
3

  By observing the option, 
2c

a+b+c   = 
2c
3c  = 

2
3

485.(a) In any ∆ ABC, 2 a
C

c
A

sin sin2 2

2 2
+











  = 2 a
S a S b

ab
c
S b S c

bc
−( ) −( )

+
−( ) −( )







.

  = 
2
b (S–b) [S–a+S–c]

 

  = 
2
b (S–b) =  2(S–b) = 2S – 2b

 
  = a+b+c –2b = a + c –b

486.(b) 2a cos 
B
2 . cos  

C
2  = 2a. 

S S b
ac

S S c
ab

−( ) −( )
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 = 2S 
S b S c

bc
−( ) −( )

 = 2S. sin 
A
2  = (a+b+c) = sin 

A
2

487.(a) (a+b+c) (b+c–a) = 3bc
 

 ⇒  
2S(2S – 2a)

bc  =  3 ⇒  
S(S – a)

bc   =  
3
4

 ⇒ 
S S a
bc
−( )

 =  
3

2
  = cos

A
2

 ⇒ 
A
2  = 

π
6  ⇒ A = 60º

488.(a) 3tan
A
2 . tan

C
2  = 1

 

  3.
∆

S(S–a)  . ∆
S(S–c)

 = 1 
 

 ⇒ 3.
S(S–a)(S–b) (S–c)

S.S(S–a)(S–c)  = 1
 
 ⇒ 3(S–b)= S ⇒ 3S – 3b = S
 ⇒ 2S = 3b ⇒ (a+c) = 2b ⇒ a,b,c are in A.P.

489.(b) a = 18, b = 24, c = 30, 
 

  S = 
a+b+c

2   = 
18+24+30

2  = 
72
2  = 36

  ⇒ ∆ = 36 18 12 6. . .  = 6.6.3.2
	 	 =	36×6	=	216	sq.	unit.

490.(a) a = 2 , b = 3  c = 5 ⇒ a2 +b2 = c2

 ⇒ Right angled at c ⇒ Area = 
1
2  ab

 

 = 1
2  × 2  × 3  = 

6
2

491.(c) 4∆ (cotA + cotB + cotC)

  [cotA = 
R

abc  (b2 + c2 – a2) Remember it]

 = 4∆ 
R

abc [b2 + c2 – a2 + a2 + c2 – b2 + a2 + b2 – c2]

 =  4∆ 
abc

. 
abc
4∆  [a2 + b2 + c2] = (a2 + b2 + c2)

492.(c) 4∆ cotA = 4∆.  
R

abc  (b2 + c2 – a2)

 =  
4∆
abc . abc

4∆
  = (b2 + c2 – a2)

493.(b) abc.cos 
A
2  .cos  

B
2 .cos  

C
2

 = abc 
S S a
bc

S S b
ac

S S c
ab

( )
.

( )
.

( )− − −
 = S.∆

494.(c) 2R2.sinA.sinBsinC = 2R2.  
a

2R . 
b

2R  . 
c

2R  =  
abc
4R  = ∆

495.(b)  
1
ab  +  

1
bc  +  

1
ca  =  

a+b+c
abc  =  (a+b+c)

2
× 

2
abc

  R =  
abc
4∆   ; r =  

∆
S⇒ R.r =  abc

4S

  = S.  
2

abc  =  
S.4
abc ×

1
2  =  

1
2rR

496.(a) R.r(sinA + sinB + sinC)

 = R.r. a+b+c
2R  = rS = ∆

497.(d) 4
S
a

S
b

S
c

−








 −








 −








1 1 1

 = 4
(S–a) (S–b)(S–c)S

abc.S  = 4. ∆2

abc
.
1
S   = r. 4∆

abc
 

 

  But R = abc
4∆

 = 
r
R 

498.(a) 4
S
a

S
b

S
c

−








 −








 −








1 1 1  

 = 
4(S–a) (S–b)(S–c)S

abc.S  = 4∆2

Sabc
 

 = 
4∆ ∆

abc S

















.  = 1

R
 .r

499.(b) A =  tan6º.tan42º; B = cot 66º.cot78º

  Then, A
B

 = tan6º.tan42º
cot66º.cot78º

 

 = tan6º.tan42º.tan66º.tan78º

 = (sin6º.sin60º)(sin78º.sin42º)
(cos6º.cos66º)(cos78º.cos42º)

 = 
(cos60º– sin72º)(sin60º–cos120º)
(cos72º+cos60º)(cos36º+cos120º) = 1 (By putting 

  corresponding values)

 ⇒ A = B
500.(b) In ∆ ABC .cot A. cotB. cot C are in A.P.
 

 = 2cotB = cotA cotc ⇒ 2. R
abc

(a2 + c2 –b2)

 =  R
abc

 [b2 + c2 – a2 + a2 + b2 – c2] 
 
 ⇒ 2a2 + 2c2 – 2b2 = 2b2 ⇒ a2 + c2 = 2b2

 ⇒ a2, b2, c2 are in A.P.
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501.(a) In ∆ABC, 2 b
C B

cos cos2 2

2 2
+









  

 = 2 b
S S c
ab

c
S S b
ac

.
−( )

+
−( )







  =  2S

a
 (2S–c–b)

 =  2S
a

.a = 2S = a + b + c
 
502.(a) In ∆ABC , 2[bccosA + cacosB + abccosc]
 = [b2 + c2 – a2 + a2 + c2 – b2 + a2 + b2 – c2]

   cos A
b c a

bc
=

+ −









2 2 2

2
 

 = (a2 + b2 + c2)

503.(a)	Let,	a = c; b = y; c = x y xy2 2+ +

  Clearly, c>a as well as c > b
 ⇒ C is  the largest angle 

 ⇒ cos C =  a
2 +b2 –c2

2ab

 =  
x2 + y2 – (x2 + y2+xy)

2xy  = –  1
2

 ⇒ c = 120º

504.(a) In any triangle ABC, a2 sin2B – b2 sin2A
 
 = 4R2.2[sin2 A. sinB.cosB – sin2B. sinA. cosA]
 = 8R2.sinA sinB(A–B) = 2.absin(A–B).

505.(b) a = 5, b = 7, sin A =  3
4

 cosA = 1 2− sin A
 

 = 1
9

16
7

4
− =  ⇒ cosA = 

7
4

 =  
b2 + c2 – a2

2bc

 ⇒ 2c2 – 7 7 c + 48  = 0.
  Discriminant = 49.7 – 4.48.2 = 343 –384 < 0
 ⇒ no real values of c ⇒ no such triangle 
506.(c)	Let,	a = x2 + x +1, b = 2x + 1, c = x2–1
  Clearly a > c and a > b ⇒ a is the largest side
 ⇒ A is the largest angle.

 ∴ cosA =  b
2 + c2 –a2

2bc
 

 =  2(x+1)2 + (x2 –1)2 – (x2+x+1)
2.(2x+1) (x2–1)

 = – 
1
2

  (On simplification) ⇒ A = 120º

507.(d) A = cos2	θ	+	sin4θ	=		
1+	cos2θ

2  + 
1 2

2

2−









cos θ

 = 
1
2 + 

cos2θ
2  + 

1
4 – 

cos2θ
2   +  

1
4cos22θ

 = 
S
4 + 

1
4 1

4
2

+










cos θ
 = 

3
4 + 

1
8 + 

1
8 	cos4θ

 = 7
8

 + 1
8
	cos4θ	⇒ 

7
8

1
8

7
8

1
8

− +








,  ⇒ 

3
4

1,










508.(c) Now, AD2 +b2 = 
a
2

2








  ⇒ AD2 =  a

2

4
 – b2 

 

E

B

D

90º
CAb b

c

a/2

a/2

Again, AB2 = BE2 + EA2 ⇒ c2 = (2AD)2 + b2

 ⇒ c2 = 4
a

b
2

2

4
−









  + b2 ⇒ –3b2 = c2 – a2

 ⇒ 3b2 = a2 – c2

509.(c) (a+b+c)(b+c–a) = 3bc
 ⇒ 2S.(2S–2a) = 3bc
 

 ⇒  S(S–a)
bc

  =  3
4

  ⇒	
S S a
bc

( )−
	=	

3
2

 ⇒ cos   A
2

 = 
3
2

⇒	A = 60º

510.(c) sin(A+B+C) =  1⇒ A+B+C = 90º

  tan(A–B) =   1
3

 ⇒	A–B = 30º
  
  sec(A+C) = 2 ⇒ A+C = 60º
 ⇒ A = 60º, B = 30º, C = 0º.

511.(b) 2 cosA = sinB. cosecC =  sinB
sinC

 ⇒ 2. b2 + c2 –a2

2bc
 = b

c
⇒ b2 + c2 – a2 = b2

 

 ⇒ c = a

512.(d) 

B

A

D
C

H
	 	 Let	H be the orthocentre. Then AH = acotA (Result to be noted).  

513.(c) ∠A =  
π
2, B+C =  

π
2

  Then cos2 B + cos2C = cos2B – sin2C + 1
 = cos(B+C). cos(B–C) + 1

 = cos 
π
2. cos(B–C)+1 = 0 +1 = 1
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514.(c) a = 13cm.b = 12cm. c = 15cm. ∆ =  
1
2×a × p1

  

B

A

C

p1

  

 

	 ⇒	 p1 =  
2∆
a  ; S = 15.

  

  But, ∆ = 15 2 3 10. . .   = 3.5.2 = 30

 ∴ p1 = 2. 
30
13  =  

60
13

 515.(d) a = 13, b = 14, c = 15 ⇒ S =  
42
2  = 21

 

 ∴ ∆ = 21 8 7 6. . .  = 7.3.4  = 12.7

 ∴ r = Inradius   =  ∆
S

 =  
12.7
21  = 4 unit.

516.(d) a = 3, b = 4, c = 5  ⇒ Right angled triangle at ∠c = 90º

  2R =  
c

sinC  =  
5
1  = 5 ⇒ R =  

5
2  = 2.5

517.(b) a = 6, b = 3, cos(A–B) =  
4
5 

  tan2  
A B−







2

=  
1–cos(A–B)
1+cos(A–B)   =  1

4  

 ⇒ tan 
A B−







2

 =  1
3

 = 
a b
a b
−

+









  cot  C

2
 = π

4

 ⇒ C = π
4

 ∴ The area = 1
2

 ab = 1
2
.6.3	=	9sq.unit.

518.(b) tanA
2

 = 
S b S c
S S a
−( ) −( )

−( ) , (Consider as a formula).

519.(c) Σa(b2 + c2)cos A.	Let	the	triangle	be	equilateral	
  a = b = c  and A = B = C = 60º

  Σa (2a2). 1
2

  = Σa3 = 3a3 which only satisfied 3abc.

520.(c) cosecA(sinBcosC + cosB sinC) 
  cosec A. sin(B+C)=  cosecA. sinA 
  ( A+B+C = π) = 1 

521.(b) 2ac.sin 
A B C− +







2
	.	Here,	A+C = π –B

 

 = 2acsin 
π − −









B D
2

  = 2acsin 
π

2
−









B

 = 2ac.cosb = 2ac 
a c b

ac

2 2 2

2
+ −











 = a2 + c2 – b2

522.(a) 

a = 10

b = 990º

60º 30º
B

A

C

c

  

  cosB = 
a2 + c2 – b2

2ac  = ac ⇒	a2 + c2 – b2

 ⇒	 10c = 100 + c2 – 81 ⇒ c2 – 10c + 19 = 0

 ⇒ c = 
10 100 76

2
10 24

2
± −

=
±

 = 5 ± 6

523.(a) Given, tanA + tanB + tanC > 0
  

  A+B= π –C ⇒ 
tanA + tanB

1–tanA + tanB  = –tanC
  tanA.tanB. tanC = tanA tanB tanC > 0
 ⇒	 Either all are (positive) or, any two of them (i.e. tanA, tanB, 

tanC)  are negative which is not possible as A+B+C = π ⇒ 
tanA, tanB and tanC all are > 0 ⇒ 0º < A,B,C < 90º

 ⇒ Acute angled triangle.
524.(a) (S–a) (S–b) = S(S–c)
 ⇒ S(S–a) (S–b) (S–c) = S2 (S–c)2

 ⇒ Δ2 = S2 (S–c)2 ⇒   
Δ

(S–c)S  = tan 
c
2

 ⇒ 
c
2  = 45º ⇒ c = 90º

525.(a) (S–b) (S–c) = x sin2  
A
2 ...(i) But we know, 

  sin  
A
2  = 

S b S c
bc

−( ) −( )
⇒ (S–b) (S–c)

 

 = bc sin2  
A
2 ...(ii)	Hence	by	(i)	and	(ii)	x = bc.

526.(a)  sin(A–B)
sin(A+B)

 =  sin(A–B)
sinC

 =  
sinAcosB– cosA.sinB

sinC
 

 = 

a
R

a c b

ac
b
R
b c a

bc
a
R

2 2 2 2

2

2 2 2 2 2 2+ −( )
−

+ −

 =  
1

2c2  [a2 + c2 – b2 – b2– c2 + a2]
 

 =  
a2 –b2

 c2 .

527.(c) c2 +a2 – b2=  ac ⇒  
c2+a2 –b2

2ac  =  
1
2 = cosB ⇒ B  =  

π
3 .

528.(d) b > c ; AD  = 
abc

b2– c2 (given) ; AD = c sin B
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B

A

D C
90º 23º

  AD = 
abc

b2– c2 ⇒ c sinB = 
sinA.sinB sinC
sin2A – sin2C

 ⇒ sin(B+C) sin(B–C) = sinA 
 ⇒ sin(B–C) = 1 ⇒ B – C = 90º
 ⇒ B = 90º + C = 113º

529.(c) x = tan B–C
2

. tanA
2

 ⇒ tan 
B – C

2  = x cot A
2

. But tan 
B – C

2  =  
b – c
b+c  cotA

2

 ⇒ x =  
b – c
b+c .Similarly, y =  

c – a
c+a , z =  

a – b
a+b

  Then, x+y+z =  
b – c
b+c  +  

c – a
c+a + 

a – b
a+b

 =  
(b – c)(c+a)(a+b)+(c–a)(b+c)(a+b)+(a–b)(b+c)(c+a)

(a+b)(b+c)(c+a)

  =  
(b – c)(c–a)(a–b)
(b + c)(c+a)(a+b)  =–xyz  (on simplification)

530.(b) a = 2x, b =2y, ∠C = 120º. Area of the triangle 

  = 1
2

absinC =  1
2

.2x.2y .sin 120º
  

 =  1
2

 × 2x × 2y ×  
3

2
 = 3 xy

531.(a) a = 16, b = 24, c = 20 then

  S =  16+24+20
2

 =30,
  

  cos B
2

 = 
S S b
ac

( )−
 = 

30 6
16 20

.
. =  3

4

532.(a) b2 cos2A – a2 cos2 B
 = b2 (2cos2 A–1) – a2(2cos2B –1).
 = 2(b2 cos2 A – a2 cos2B) + (a2 – b2)
 = 2c. (bcosA – a cosB)+ (a2 – b2) 

 = 2c 
b c a

c
a c b

c

2 2 2 2 2 2

2 2
+ −

−
+ −











+ a2 – b2

    =   2(b2 – a2) + (a2 – b2) = b2 – a2

533.(c) cosec A (sinB cosC + cosB sinC)
 = cosecA. sin(B+C)
 = cosecA . sin(π–A) (A+B+C = π)

 = cosecA. sinA = 1

534.(b) Sides, a = 7, b = 4 3 , c = 13
  Clearly, a2 = 49, b2 = 48, c2 = 13
 ⇒ c is the smallest side ⇒ C  is the smallest

  angle ⇒ cosC =  a2 + b2 –c2

2ab

 =  
49+48–13
2.7.4 3

 =  
84

2×7×4× 3
 =  3

2
⇒ C = 30º

535.(b) Area of an isosceles triangle = 9cm2

 

c = 6cm b = 6cm

A

B Ca

  ∆	= 1
2

 b × c. sinA ⇒ 9 = 1
2

 × 6× 6× sinA
 

 ⇒ sinA =  1
2

 ⇒ A = 30º

536.(c) a:b:c = 5:12:13 ⇒ S = 15k ; ∆ = 270cm2.
  5 10 3 2k k k k. . .  = 270 ⇒ 3.52k2 = 270
  

 ⇒	 k2 =  270
3×10

 = 9 ⇒ k = 3 ⇒ sides are 15,36,39.

537.(c) sinA : sinB : sinC = 1 : 2 : 3 ⇒ a : b : c =  1 : 2 : 3
  b = 4cm ⇒ 2k = 4 ⇒	k  = 2
 ⇒ a = 2, b = 4, c = 6 ⇒ 2.S = 12

538.(a) a = 6, b =10, c = 14 : cosC =  a2 + b2 – c2

2ab 

 =  
36+100–196

2.6.10  < 0 ⇒ c  > 90º
 
 ⇒	 obtuse angled triangle.

539.(d) tan A
2

 =  
5
6 , tan  

C
2  =  

2
5 , tan A

2
. tan C

2
 =  1

3 

 ⇒  ∆
S(S–a)

.  ∆
S(S–c)

 = 1
3

 ⇒  S(S–a)(S–b)(S–c)
S.S(S–a)(S–c)

 = 1
3

 ⇒ S–b
S

 =  1
3

 ⇒ 3S – 3b = S ⇒ 2S = 3b ⇒ 2b = a+c
 ⇒ a,b,c is in A.P. ⇒ sinA. sinB, sinC in A.P.
540.(a) A+C = 2B ⇒ π –B = 2B

 ⇒ B =  π
3

 ⇒ A+C = 2π
3

  cosB = a2 + c2 –b2

2ac  ⇒ ac = a2 + c2 – b 2
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 ⇒ a2 + c2  – ac = b2 ∴ 
a c

a ac c

+

− +2 2

 

 = 
a+c

b  = sinA + sinC
2sinB

2
.cosB

2
 

 = 

2
2

2
2

2
2

2
6

cos

sin

cos

sin

A C

B

A C−

=

−

π  = 2 cos
A–C

2

541.(c) A

D

B

90º

C

2.2p =h
b

p a

  CD = p cotC, AD = p cotA = p tan C

  Adding, h = 2 2  p = p cotC + p tanC

 ⇒ tanC + cotC = 2 2

 ⇒ 
1

sinC cosC  =  2 2 ⇒ sin2C =  1
2

 ⇒   2C  ⇒ 45º = C  = 22 1
2

 º =  π
8

 ⇒ A = π
2

–π
8

 = 3π
8

 

542.(a) Then clearly from the diagram
D

C
d

5 = ba = 2
A

B

120º

  19 = c2 + d2 +  cd = 9 + d2 + 3d
 ⇒ d2 + 3d – 10 = 0 ⇒ (d+5)(d–2) = 0
 ⇒ d = 2

543.(c) a = 13, b = 14, c = 15 S = 
13+14+15

2  = 21
 

 ⇒ ∆ 21 8 7 6. . . 	= 7.3.4  = 12×7

  Then Inradius (r) = 
∆
s  =  

12×7
21  = 4

 544.(c) a = 2 3  cm ;  
a

sinA  = 2R ⇒ 2R =  2
3

sin60º
 

  ( Equilateral)	=	 
2 3

3 /2  = 4 ⇒ R = 2cm.

 545.(b) ∆ABC	is	equilateral,	S = 
3a
2  ; ∆ =  

3
4 a2

 

 ⇒ r = 
∆
S  =  3 a2

4
× 

2
3a =  a

2 3
   

  2R =  
a

sinA  = 
a
3

2

  =  2a
3  

 

  Then   
r

2R  =

a

a
2 3
2

3

 =  
1
4  ⇒ 2r = R ⇒ r =  

R
2

 

  Otherwise r = 4R sin  
A
2  sin 

B
2   sin  

C
2

 = 4R .  
1
2 . 

1
2  . 

1
2  =  

R
2

546. (c) A =  30º, b = 8, a = 6, B = sin–1 x

 ⇒  sinB = x, 
a

sinA  = 
b

sinB   = 
a
1
2  

  = 
8
x  

 

 ⇒ 2a =  
8
x  ⇒ x =  

8
2.6  =   

2
3

 547.(a) b < c sinB ⇒  
b
c  < sinB ⇒  

sinB
sinC  < sinB

 ⇒  
1

sinC  < 1 ( < B is acute)

 ⇒ cosec < 1, not possible ⇒ no triangle is possible.
 548.(c) (a+b+c) (b+c–a)	=	λ	bc
 ⇒ 2S (2S – 2a)	=	λbc ⇒ 4S (S–a)	=	λbc

 ⇒  
S(S–a)

bc  =  
λ
4  ⇒ cos2 

A
2  = 

λ
4

 ⇒	 0	>	λ	<	4	 < <








cos2

2
1

A
 

549.(a)  
a cosA + b cosB + c cosC

a+b+c

 =   
R(sin2A + sin2B+ sin2C)

2R(sinA+ sinB + sinC)

  ( a = 2RsinA etc)

 = 
4

2 4
2 2 2

sin sin sin

cos cos cos

A B C
A B C









 ( A+B+C = π)
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 = 4sin 
A
2 .sin 

B
2 .sin 

C
2  =  

r
R

	550.(d)	 The	given	equality	can	be	written	as	
  a2 + c2 – 2ac + a2 + 4b2 – 4ab = 0
 ⇒ (a–c)2 + (a–2b)2 = 0

 ⇒ a – c = 0 , a –2b = 0 ⇒ c = a,b =  
a
2

  Now, cosB =  
a2+ c2 –b2

2ac   =   

a2+ a2 –  a2

4
2×a×a   =  

7
8 .

 551.(a) Given a,b,c are in A.P.
  ⇒  –a, –b, –c are in A.P. ⇒ S – a, S – b,S–c  are in A.P. ⇒	 

S(S–a)
∆ , 

S(S–b)
∆ , 

S(S–c)
∆  in A.P. ⇒ cot 

A
2 , cot 

B
2 , cot

  
C
2  in A.P.

 552.(a) Σ 
sin2A+sinA +1

sinA  = Σ (sinA + cosecA)

  consider, sinA,1,cosecA for applying A.M. ≥	G.M.

 ⇒  
sinA+1 + cosecA

3  ≥ (sinA.1. cosec A)1/3

 

 ⇒ sinA + 1 + cosecA ≥ 3
 ⇒ ΣsinA + 1 + cosec A ≥ 9
 553.(c) a2 + b2 + c2 = ca + ab√3

  
a

c ac
a

b ab
2

2
2

2

4
3

4
3+ −












+ + −












,  = 0
 

 or, 
a
c a b

2
3

2

2 2

−








 + −









 ⇒ c =  

a
2 ,

 

  b =  
3

2 a ∴ b2+  + c2 = 
1
4

3
4

+








 a2 = a2.

 ⇒ ∠A = 90º

  Also cos B =  
c
1  =  

1
2⇒ B = 60º, C = 30º

554.(a)  
b+c
11  =  

c+a
12  =  

a+b
13

 
 ⇒ b +c + c +a + a+b  = (11+12+13)k
 ⇒ 2(a+b+c) = 361c ⇒ 18k = a +b+c
 ⇒ a = 7k, b = 6k, c = 5k

 ⇒ cosA =  
36+25–49

2.6.5  =  
12

12.5  =  
1
5

  

  cosB  =  
49+25–36

2.7.5  =  
38

2.7.4  =  
19
35

 = cosC =   
49+36 –25

2.7.6  =  60
2.7.6  =  

5
7

 ⇒ cosA ;cosB; cosC =   
1
5  : 

19
35 : 

5
7  = 7 : 19 : 25.

555.(a) a4 + b4 + c4 = 2(a2 + b2) c2

 ⇒ a4 + b4 + c4 – 2a2c2 – 2b2c2 + 2a2b2 
 =  2a2b2 ⇒ (a2 + b2– c2) = 2a2b2

 ⇒ 
a b c

ab

2 2 2

2
+ −











2

=  
1
2 ⇒  

a2 +b2 –c2

2ab  = ±  
1

√2

  =  cosC  ⇒ C = 45º, 135º.

556.(d) Given expression,
    

   
(a +b +c) (b +c –a) (c +a –b) (a +b –c)

4b2c2

 = 
2S.2(S–a).2(S–b)2(S–c)

4b2c2  =   
16.∆2

4b2c2
 

 = 4.  
S(S–a)

bc  .  
(S–b)(S–c)

bc
 

 = 4cos2  
A
2 .sin 2

A
2  = sin2A.

557.(b) a = 5, b = 4, cos(A–B) = 
31
32

  tan2 
A B−







2

 = 
1– cos(A–B)
1+ cos(A–B)

 = 

1
31
32

1
31
32

−

+
 =  

1
63. Then tan  

A–B
2  =  

a–b
a+b .cot  

C
2

 ⇒  
1
63

=  
5–4
5+4 . cot 

C
2⇒ cot

C
2  = 

9
63

 = 
3
7

 ⇒ cot2  
C
2  =  

9
7⇒ tan2  

C
2  =  

7
9

 ⇒ cosC =  
1–7/9
1+7/9  =  

2
16 = 

1
8

 

 ⇒ 
1
8  =  

25+16–c2

2.54  ⇒ c2 = 36 ⇒ c = 6

558.(b) f(x) = cosx (sinx + sin sinx + 2θ )

 ⇒ (f(x).sec x – sinx )2 = sin2x + sin2θ	
 ⇒ f 2(x). sec2x – 2f(x).tanx = sin2θ
 ⇒ f 2(x)tan2 x –2f(x).tanx + f 2(x) – sin2θ	=	0
 ⇒ 4f 2(x) ≥ 4f 2(x)(f 2(x)– sin2θ)

 ⇒ f2 (x)	≤	1	+	sin2θ	⇒ |f(x)|	≤ 1 2+ sin θ  

559.(a) b cos2 
C
2  + c cos2 

B
2  
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 = b
S(S–c)

ab  + c 
S(S–b)

ac  = 
S
a  [S–c+S–b]

 

 =   
S
a [a] = S = k (Perimeter)

560.(b)  
b2 – c2

2aR  =  
4R(sin2 B– sin2C)

2.2R.sinA.R
  

 =  
sin(B–C).sinA

sinA  = sin(B–C).

561.(c) (a+b+c) (a+b–c) = ab

 ⇒ 2S.2(S–c) = ab ⇒ 
S(S–c)

ab  = 
1
4

 

 ⇒ 
S S c
ab

( )−
 =  

1
2⇒ cos  

c
2  =  

1
2  ⇒  

c
2  = 60º

 ⇒ c =  
2a
3

562.(c) A : B : C  = 3 : 5 : 4 ⇒ 3k + 5k + 4k = π
 

 ⇒ k =  π12 = 15º ⇒ A = 45º ; B = 75º; C = 60º

  a+b+c √2 = 2R 
1
2

3 1
2 2

2
3

2
+

+
+













.  

 = 2R 
2 3 1 2 3

2 2
+ + +











 =  2R 
3 3 1

2 2

+ +( )













 = 3.2R sin 75º = 3.sinB = 3b
563.(b) ax2 + bx + c = 0, x2 + √2 x + 1 = 0 have common roots. Clearly, roots 

of x2 + √2 x + 1 = 0 are complex ( D = 2 – 41.1 <  0) ⇒ one root 
common ⇒ both the roots are common 

 ⇒  a
1  = 

b
2

 =  c
1   = k(say)

 

 ⇒ cosC =  a
2 + b2 –c2

2ab  = 
1
2

 ⇒	C =  π4  

564.(c) a2 cos2A = b2 + c2 ;  we know 
 

  cosA =  b2 +c2–a2

2bc   =  
a2 cos2A–a2

2bc

 =  a2(cos2A–1)
2bc  < 0 ( cos2 A < 1) ⇒	A >π

2

565.(b) x2 – 2 3 x + 2 = 0 ⇒ x = 
2 3 12 8

2
± −

B C

A

3+1=c 3–1=b

a

  =  
2 3 2

2
±

 = 3  ±	1

  cos60º =  b2 + c2 – a2

2bc ⇒ bc = b2 + c2 – a2

 ⇒ a2 = ( 3 –1)2 + ( 3 + 1)2 – ( 3 –1) ( 3 +1) 

  = 8 – 2 = 6  ⇒ a = 6

 ∴ Perimeter  : a+b+c =  6  + 2 3
566.(b) a = 2b, |A–B| = 60º. Clearly, A >B 

  ( a > b). Now, tan 
A B−







2

 = 
a b
a b
−

+









  cot C2  

 

 ⇒ tan30º = 1
3  cot C2  ⇒ 3  = cot C2  

 

 or,  C2  =  π6  ⇒ C =  π3  .

567.(b) It is clear that 5x + 5y is the largest side.
 ⇒ consine of angle opposite to this side
 

 =  (3x+4y)2 + (4x+3y)2 – (5x+5y)2

2(3x + 4y) (4x+3y)

 =  –xy
(3x+4y)(4x+3y)  < 0 for all x,y 

 
  (  x,y >0)
 ⇒ Largest angle is obtuse.
568.(c)	Here,		∆ = a2 – (b–c)2

 ⇒ ∆ = (2x – 2c) (2s –2b) = 4 (s–b)(s–c)

 ∴  1
4  =  (s–b)(s–c)

∆
 = tan A2  

 ⇒ tanA =  
2tan A

2
1–tan2 A

2
  = 

2
1
4

1
1
4

2

×

−










 =  8
15

569.(a) a = 5, b = 4, tan C2   = 
7
9

  cosC = 
1–tan2 C2
1+tan2 C2

  = 
1– 7

9
1+ 7

9
 =  

2
16  =  1

8

 = 
a2 + b2 – c2

2ab ⇒ ab = 4a2  + 4b2 – 4c2

 

 ⇒	 20 = 4.25 + 4.16 – 4c 2 ⇒ 5 = 25 + 16 – c2

 ⇒ c2 = 36 ⇒ c = 6

 570.(c) cosA = 
3
5 , cosB = 

5
13

  sinA = 1
9
25

−  = 
4
5  ; sinB = 1

25
169

−  = 
12
13
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  Now, A+B+C = π ⇒	C = π – A+B

 ⇒ cosC = – cos(A+B)

 = sinA sinB – cosA. cosB =  4
5 .  12

13  –  3
5 . 

5
13

 =  48–15
65  =  33

65
.

 571.(c)  a
cosA  =  b

cosB  (i)(Given)
  

  Again,  a
sinA  =  b

sinB (ii)(we know)
 
  (i) ÷ (ii) ⇒ tanA = tanB ⇒ A – B
  (as ABC is triangle)
  A+B+C = π ⇒ C = π – 2A
 ⇒ sinC = sin(π	–2A) = sin2A 
 ⇒ Then, 2sinA cosB = 2sinA cosA
 = sin2A = sinC.
 572.(b)	 Let	a = 8 cm, b = 10cm and c	=12cm.	Hence	greatest	angle	is	C 

and the smallest angle is A. Applying consine rule, we get 

  cosC =  a2 +b2 – c2

2ab  =  64+100 – 144
2.8.10  = 18

  and cosA = b2 +c2 – a2

2bc  =  
100+144 – 64

2.10.12  =  34

  Now, cos2A = 2cos2A –1 = 2.  
9
16  = 18

 
 ⇒ cosC =  cos2A ⇒	C = 2.A. Thus the greatest angle is double of 

the smallest angle.

 573.(b) 1
2 bc sin 2π3  = 

9 3
2 bc = 18

  

 or, 1
2 . 

3
2 bc =  

9 3
2 bc = 18

  

  Also, cos 2π3  =  b2 +c2 – a2

2bc ⇒	– 12

 =   (b–c)2+ 2bc – a2

2bc  or,(b–c)2 + 3bc – a2 = 0
 
  or, 27+54 = a2 or, a2 = 81 ⇒ a = 9 cm.
574.(a) 2S = a+b+c = 2R sinA + 2R sinB + 2R sinC
 
 ⇒ S =  R (sinA + sinB + sinC) 

 ⇒   SR = (sinA+ sinB + sinC)
575.(b)  cotA .cotB.cotC > 0
 ⇒ (i) Either cotA, cotB, cotC are all positive. (ii) or any two of 

them negative (which is not possible as ABC is a triangle) ⇒ 
By(i) ∆ ABC is acute angled.

576.(c)  3 cos	θ	+	sin	θ	=k, where |k| < 2

  
	 	 Let	∠A and ∠B satisfied relation

 ⇒ 3 cosA + sinA = 3  cosB + sinB
 

 ⇒   sinA – sinB
cosB–cosA  = 3 ⇒ 3 – cot

A B+







2

 ⇒   A +B
2  =  π6  ⇒ A+ B = π3

  

  C = π – π3  = 2π3 ⇒ obtuse angled triangle.

577.(d)  A  = 30º, B = 60º, C = 90º

 ⇒	  sinA ; sinB ; sinC = 1
2  ; 

3
2  ; 1

 

 = 1  : 3  : 2 = a : b : c
578.(a)  A = 180º – (B+C) = 90º

  Also, a
sinA  =  b

sinB  =  c
sinC

 ⇒ b = a sinB = 6× 1
2   = 3, c = a sinc = 3 3

579.(b)		 Here	 BD
AB  =  DI

AI  ⇒  

a

c
2  = 11 , ∴ a = 2c

  

 B D C

A

  Similarly, b = 2c ∴ cosA = b
2 + c2 – a2

2bc  

 = 
4c2 + c2 – 4c2

2.2.c.c =  14

580.(a) 2B = A + C, A+B+C = 180º
 ⇒ B = 60º, since A < B < C we must have 
  a < b < c ⇒ b = 9, c =10

 ⇒ cosB =  
a2 + c2 – b2

2ac  
 

 ⇒  12  =  
a2 +100 – 81

20a
  On solving for a we get a = 5 ± 6 since 5 + 6 is not there in 

any choice,(a) must be correct.
581.(a)	 Here	∠ADC = ∠DAC = α,	then	CD = AC = 2h
	 In	∆ABC,
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D

h

C

A

B
α

α

2α

2h

 sin	2α= AB
AC

 = h
2h = 1

2
 ⇒ 2α	=	30o

 ⇒	α	=	15o = π12

582.(b)	 Given,	cot	α	=	12
5  and	sin	β	=	 3

5
 In	∆DAC and	∆DBC 
 AD = 15cot	α.	BD = 15	cot	β

C

15cm

D
d

β
A B

 \ d = 15(cot	α	+	cot	β)

 = 15
12
5

4
3

+







 = 56 m 
583.(a)	 Given,	tan	α	=	 1

6
 Now,  tan tan tan

tan tan
α β

α β
α β

+( ) = +
−1

C

D

α
β

70m BA

20m

h

 ⇒ h
h

+
=

+

−

20
7

1
6 70

1 1
6

1
70

.

 ⇒ h h
h

+
=

+
−

20
70

70 6
420

 ⇒ h = 50 m

584.(d) Since, tan α β+





 =2
a
b

 

A B

C

β α

D

b

a

 Now, tan
tan

tan
α β

α β

α β
+( ) =

+







−
+








2
2

1
2

2

   

 = 

2

1

2
2

2

2 2

a
b
a
b

ab
b a

−
=

−

585.(a)	 Let	OP be the pole of height x metre

 Using sine rule in APB 45º

P

OBA

x

1km

30º 75º

 

sin
sin

30
45

o

o =
PB
AB

 ⇒  PB = 1000 × 
1 2

1 2

  = 500 2 m

 \ x = 500 2 sin75o

  = 500 2  × 3 1
2 2

250 3 1+
= +( )

586.(a)	 Let	CD is a tower of height h. AB is buildingof height a.

	 In	∆BLD,  tan 30o = 
h a
LB
−

 \ LB
h a

h a=
−( ) = −( )

tan30
3o

	 In	∆ACD,   tan45o = h
LBD

C
45º

30ºL B

a

A

h

or, h a3 1 3−( ) =
\ h a a

=
−

=
+( )3

3 1

3 3 1

2

\ h a=
+









3 3
2

587.(a)	 Let	CD be the tower of height H metre
	 From	∆BCD.  

  H
d  = tan30o

	 and	from	∆ABD. 

h

H

d

A

B

C

D

60º

60º30º

  h
d  = tan60o  

 \ H d
h d

=
tan
tan

30
60

o

o
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 ⇒ H = h
3

588.(b)	 Let	OA be the light house and B be the    
position of boat it is given that ∠OBA = ∠BAL = 15o

 

L

60m
15º

15º

A

B O

 Now, tan15o = 60
OB

 
 ⇒ OB = 60 cot 15o = 60 cot (45o – 30o)

   = 
cot cot
cot cot

45 30 1
30 45

60
o o

o o
⋅ +
−











   = 
3 1
3 1

60+
−









  m/

 

589.(b)	 In	∆PDC, tan p = x
y

and	in	∆PAB, tan q h x
y

=
+    

P

P

y

C

B

x

D

A
q h

	 ⇒ tan
cot

q h x
x p

=
+

[from	Eq.	(i)]
 

\ Height	of	hill,	h + x = 
h q
p q

hcot
cot cot−

+

   = 
h p
p q
cot

cot cot−

590.(a)	 Let	h be the height of the tower, then h = AQ tanα	=	BQ tanβ	=		
 CQ tanγ

 ⇒ BC = BQ – CQ 

B C

E

α β

h

γ
A

  = h (cot	β	–	cot	γ)
  CA  = h	(cot	α	–	cot	γ)
 and             AB  = h	(cot	α	–	cot	β)
 Now, BC cot	α	–	CA cot	β	+	AB cot	γ
= h [cot	α	(cot	β	–	cot	γ)	–	cot	β	(cot	α	–	cot	γ)	+	cot	γ	(cot	α	–	cot	β)]	=	0

591.(c)	 Let	OP be the flag staff of height h standing at the centre O of the  
 field.

	 In	∆OEP, OE = h cot 15o = h (2 + 3 )	and	in	∆OFP,  OF = h  
 cot 45o = h 

 \ EF = h 1 2 3
2

+ +

 




     

  = 2 2 3h +  
 Since, AC = 1200

 ⇒ 2 4 2 3EF h= +( )
 ⇒ h = 

300

2 3+

  = 300 2 3−  m
 
592.(b)		 Let	the	height	of	the	vertical	tower	PQ = h, C is the middle point 

of line segment AB. Since PQ  is  perpendicular to the plane QAB 

∠PQA = ∠PQC = ∠PQB = 90º, we get  
P

A

θ

θ

ϕ
C

B

Q

h a

a

    PQ
QA 	=	tan	θ	⇒ QA = h cot θ

            Similarly,  QB =  h	cot	θ	and	QC = h	cot	ϕ
  Since, QA = QB,	the	∆	QAB is an isosceles 

triangle.	Here,	QCA is a right angled 
triangle is a right angled triangle in which ∠ QCA = 90º.

 ∴ QC2 + AC2 = QA2 ⇒ h2cot2	ϕ		+	a2 = h2 cot2θ
 

 ⇒ h2 (cot2θ	+	cot2	ϕ	)	=	a2 or h2 = 
a2

cot2θ	–	cot2ϕ
 

 ⇒ h2= a2

(cosec2θ	–1)	–(cosec2ϕ	–1)
 

  =  a2

cosec2θ	–	cosec2ϕ
 = a2

1
sin2θ  – 1

sin2ϕ
 

 ⇒ h2 =  a2sin2θsin2ϕ
sin2ϕ–	sin2θ

 = 
a2sin2θsin2ϕ

sin(ϕ–θ)	sin	(ϕ–θ)
 
	 	 Hence,	the	required	height	h of the peak
  

 = 
asinθsinϕ

sin(ϕ+θ)	sin	(ϕ–θ)

593.(a)		 Let	H be the mid point of BC since,  ∠TBH = 90º, then  TH2 = BT2 
+ BH2 = 52 + 52 = 50

  Also since,
  ∠THG = 90º, TG2  = TH2 + GH2 = 50 + 25  = 75
	 	 Let	θ	be	the	required		angle	of	elevation	of	G at T.

	 	 																											Then	sin	θ	=	GH
TG

P

A

D

T

G

C

B

θ H

S R

Q

= 5
5 3  = 1

   3

⇒θ		=	sin–1 (1/ 3)

594.(b)		 Let		PQ and RS be the poles of height 20m and 80m  subtending  
angles	α		and	β	at	R and P	respectively.		Let	h be the height of the 
point T, the  intersection of QS and PS.

45º

P

FD

O

A B

E

C
h

45º

90º90º 15º

θ
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Then,  PR = hcotα	+	h	cotβ		 S

P

QT
h

R V
α β

80m

20m

	 	 =		20cotα = 80cotβ	
 ⇒	 cotα	=	4cotβ

 ⇒ 
cotα
cotβ  = 4 .

  Again  h	cotα	+hcotβ	=	20cotα
 ⇒ (h	–	20)	cotα	=	–h	cotβ

 ⇒ 
cotα
cotβ  = 

h
20–h = 4

 
 ⇒ h = 80 – 4h 
 ⇒ h = 16m
595.(b)		 Let		OP be a tower and PQ be a flag staff.

	 	 In	∆	QAP  
Q

α
θ

R

O

h

b

a

b/2

b/2

P

A

  tanθ	=	
b
a

	 	 and	in	∆	OAQ,	tan	2θ	=	
b+h

a

 

⇒
2

1

2

1

2

2

2

2

2 2

2

tan
tan

(

θ
θ−
=

+

⇒









−
=

+

⇒
−

=
+

⇒ =

h b
a

b
a
b
a

h b
a

ab
a b

h b
a

h a ++
−
b b

a b

2

2 2
)

596.(c)		 Now	tan	(θ	–α)	=	 tan tan
tan tan
( / ) tan

( / ) tan

tan

θ α
θ α

α
α

α

−
+

⇒ =
−

+

⇒ +


1

2 1

2
1

2

2

b
a

b a
b a

b
a









= −

⇒ =
+









−

b
a

b
a

ab
b a

2

2
1

2 2α tan

597.(c)		 Let	PQ be the lamp post of height h,  AB be the first position of 
the man with shadow AC =  24 ft and A'B' be the second position 
of the man with shadow  A'C' = 30ft.

  Then , AB =   A'B' = 6ft and   A'A' = 300ft
	 	 Let	QA - x and QC'  = y 
  Then,	∆	PQC  and BAC are similar.

N

P

Q
6 ft 6 ft

24 ft 30 ft

300 ft

EW
B

A
B'

A'
C

C'

S

h

x y

    

∴ = ⇒ =
+QP

AB
QC
AC

h x
6

24
24

	 	 ⇒ 4h – 24 = x ....[i]
  Similarly,  triangles PQC ' and B ' A 'C' are similar.

 \ ∴
′ ′

=
′

′ ′
⇒ =

′ +QP
A B

QC
AC

h QA
6

30
30

 ⇒ 5h = x2 2 2300 30+ +  
 ⇒ (5h – 30)2 = (4h –24)2 + 3002	 [from	eq.(i)]
 ⇒ 9h2 –108h – 89676 = 0
 ⇒ h2 –12h – 9964 = 0 

 ⇒ h  = 
12 144 39856

2
± +

 ⇒ h = 6 ± 100
 ⇒ h = 106 ft
   (h cannot be negative)
598. (d) The horizontal distance of the man from the lamp post in the second 

position is x = 4h –24  = 400 ft 
599.(d)  Using  the relation 

  h = d cot
cot cot

cot º
cot º cot º

β
α β−

=
−

=
×
−

×
+
+

=

100 45
30 45

100 1
3 1

3 1
3 1

100 3
22

50 3=
600.(a)		 Here	h = 25m , h2 = 64m

  The height of tower,  h = h h1 2  

   = 25 64

1600
40

×

=
= m

 

601.(d)  Using the relation 

	 	 Height	of	flag	staff	=		 h d h
d h

m

( )

( )

2 2

2 2

10 225 100
225 100

3250
125

26

+
−

=
+
−

= =
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602.(a)  The  height of the cloud 

  

=
+
−

=
+

−

=
×

=

sin( )
sin( )

sin( º º )
sin( º º )

/

θ φ
θ φ

100 30 60
60 30

100 1
1 2

200mm

603.(a)  Given, AP = nAB. ....(i) B

P A

C

α

β

	 	 Let	∠ APB	=	α,	then	
  ∠ APC	=		α	–	β	
	 	 In	∆APB, 

	 	 tan	α	=	
AB
AP n

=
1
	[using	Eq.(i)]

	 	 In	∆	APC, 

  

tan( )

tan tan( ( ))
tan tan(

t

α β

β α α β
α α β

− = = =

∴ = − −

=
− −

+

AC
AP

AB

AP n

1
2 1

2

1 aan tan(

·

α α β−

=
−

+
=

+

1 1
2

1 1 1
2

2 12
n n

n n

n
n

604.(a)		 Let	P be the summit and A 

A

C D

P

OB30º

45º

60º

  the foot of the mountain 
  Then , ∠OAP = 45º 
 \ ∠OPA = 45º 
 ⇒	 ∆	OAP is isosceles 
	 	 Let	AO = OP = h km (say)
  height of mountain. 
	 	 Let	C be the point where elevation is 60º. 
  Then  ∠BAC = 30º  and AC = 2km

 \ 
BC
AC

  

⇒ = × = =

=

⇒ = = =

BC i e BC km

and AB
AC

AB i e AB km

PD

2 1
2

1 1

30

2 3
2

3 3

. .

cos º

. .

Now == − = − = −

= = − − −

∆ =

⇒

OP OD OP BC h

and CD BO AO AB h

DCP PD
CD

h

1

3

60 In  , tan º

−−
−

=

⇒ − = −

⇒ − =

⇒ =
−

×
+
+

= +

= + =

1
3

3

3 3 1

3 1 2

2
3 1

3 1
3 1

3 1

1 732 1 2 732

h
h h

h

h

( )

. . kkm

	 	

⇒ = × = =

=

⇒ = = =

BC i e BC km

and AB
AC

AB i e AB km

PD

2 1
2

1 1

30

2 3
2

3 3

. .

cos º

. .

Now == − = − = −

= = − − −

∆ =

⇒

OP OD OP BC h

and CD BO AO AB h

DCP PD
CD

h

1

3

60 In  , tan º

−−
−

=

⇒ − = −

⇒ − =

⇒ =
−

×
+
+

= +

= + =

1
3

3

3 3 1

3 1 2

2
3 1

3 1
3 1

3 1

1 732 1 2 732

h
h h

h

h

( )

. . kkm
	 	

⇒ = × = =

=

⇒ = = =

BC i e BC km

and AB
AC

AB i e AB km

PD

2 1
2

1 1

30

2 3
2

3 3

. .

cos º

. .

Now == − = − = −

= = − − −

∆ =

⇒

OP OD OP BC h

and CD BO AO AB h

DCP PD
CD

h

1

3

60 In  , tan º

−−
−

=

⇒ − = −

⇒ − =

⇒ =
−

×
+
+

= +

= + =

1
3

3

3 3 1

3 1 2

2
3 1

3 1
3 1

3 1

1 732 1 2 732

h
h h

h

h

( )

. . kkm 	
605.	(b)	 	Let	D be the midpoint of BC and h metres be the height of the 

tower and T be the top of the tower. 

T

h

A

B D C
60º 60º

45º
	 	 In	∆	BDT, ∠ BDT = 90º
  ∠ DBT = 60º...(i)
  BD = h cot 60º
	 	 In	∆ADT,  ∠ ADT = 90º ,   

∠ DAT = 45º
 \ AD = h cot 45º...(ii)
  Since,AB = AC,	∆	ABC is 

isosceles
 ⇒ ∠ADB = 90º
 \ BD2 + AD2  = AB2

 ⇒ h2cot260º + h2cot2 45º = 1002

        

⇒ +





 =

⇒ = ×

⇒ =

⇒ = = ×
⇒ =

h

h

h

h
h

2 2

2

2

1
3

1 100

10000 3
4

7500

50 3 50 1 732
86

.
..6m

 606.(c)Let OP  be the tower of height h. 
P

A

B

OSouth

East

x

h

yt

  In right angled triangle 
OAP,

   ∠OAP = x

 \ cotx = 
OA
h

 
 ⇒ OA = hcotx ...(i)
   ∠OBP = y

 \ coty =
OB
h

 ⇒ OB = h cot y ...(ii)
	 	 Also	in	right	angled	∆	OAB.
  AB2 + OA2 = OB2

 ⇒ I2 + (hcotx)2 = (hcoty)2

 ⇒ h2(cot2 y – cot2x) = I2

607.(d)		 Let	MP = h be the height of the tower andPQ = a,	that	of	the	flag	
staff,  then OM = h	cotθ	and	also		 	
OM  = (a+h)	cot(θ+ϕ)

Q

P

C

M

ϕ

O
θ

a

h
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       ⇒ hcotθ	=	(a +h)	cot(θ+ϕ)

					⇒	1+ a
h
a
h
a

=
+

⇒ =
+ − +

+

⇒

cot
cot( )
cos sin( ) sin cos( )

sin cos( )

θ
θ φ
θ θ φ θ θ φ

θ θ φ

hh

h a

=
+ −

+

⇒ =
+

sin( )
sin cos( )
sin cos( )

sin

θ φ θ
θ θ φ
θ θ φ

φ

 
   

 

608.(c)		 In	∆ABC, BC = h cot 60º 

45º 60º

h

D

A

C7m B

	 	 and	in	∆ABD , BD = hcot 45º
  Since,BD – BC =  DC
 ⇒ hcot 45º – h cot 60º = 7

  

h

m

=
−

=
−









=
−

×
+
+

= +

7
45 60

7

1 1
3

7 3
3 1

3 1
3 1

7 3
2

3 1

cot º cot º

( )

609.(c)	Let	h  be the height of a tower  

B

A

C

a

a

a

h

O

60º
30º

90º

  Since, ∠ AOB = 60º 
 \	 ∆OAB	is	an	equilateral.
 \ OA = OB = AB = a

  In		∆	OAC, tan30º = 
h
a

 ⇒ h = 
a
3 .

610.(a)		 Let	x be breadth of the  river, 

 \ tan 60º = 
h
x

 

 ⇒ h = 3 x 

30º 60º

D

CA 40m x

h

B

 ⇒ 
h
x40 +  = tan 30º  =  

1
3

 
 
 ⇒	  3x  =  40 +x
 ⇒ x = 20m

611.(a)		 tan	α	=	
h

160
 		tan	θ	=	

3
5

 (given)

 \		 tan	(θ	+	ϕ)		=	
h
40

  

  

tan tan
tan tan
θ α
θ α
+

−
=

⇒
+

− ×
=

⇒ − + =

1 40
3
5 160

1 3
5 160

40

200 64002

h

h

h
h

h h 00
160 40⇒ =h m m,

            
A

θ
ϕ

D

3h/4

h/4

C

B40m
 

612.(b)		 In		∆			PQB,  
100
PB

 = tan 60º

  ⇒  PB =  100 cot60º ...(i)
	 	 Again	in	∆	PQA, 

  
100
PA

 = tan30 º 
 
 ⇒ PA  = 100 cot 30º ...(ii)
  Now,  BA = PA –PB
 =   100cot30º +  100cot60º 

BP

Q

A

60º

60º 30º

30º

100m

       

= −









=
−







 =

100 3 1
3

100 3 1
3

200 3
3

 

613.(b)		 Let	OP = Pole, ∠ PAO  =  ∠ PBO = ∠ PCO 	=	α	
A

O

B C

P
α

α
α

  
OP
OB 	=	tanα	⇒ OB = OP	cotα	 ...(i)

  Similarly, OA = OP 	cotα		 ...(ii)
  and OC = OP	cotα	 ...(iii)
	 	 From	Eqs.(i),	(ii)	and	(iii)	
  OA = OB = OC it implies that O  is the point of cirumcentre  of 

the triangle ABC.
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1.(a) Let R be the mid point of PQ. Then PR = RQ
  ⇒ AP + PR = AP + RQ
  ⇒ AP + PR = BQ + RQ     [ AP = BQ]
  ⇒ AR = BR ⇒ R is the mid point of AB. So, 

  coordinates of R are − + +















2 3
2

5 1
2

1
2

3, .e., ,i

 2.(b) Let BE be the median from B on AC. Then E is the mid point 
of

  AC. Coordinates of E are

  

5 1
2

1 3
2

2 2− +





 ( ), .i.e., ,

  ∴ BE = 2 1 2 1 102 2−( ) + +( ) =

3.(a) Suppose A(3, –4) and C(–6, 5) are the extremities   
of a parallelogram  ABCD, and let B(2, –1) be its third vertex. 
The coordinates of fourth parallelogram bisect each other.

  therefore h −
=

−2
2

3 6
2

 and
  

   
k h k+

=
− +

⇒ = − =
1

2
4 5
2

1 0,
 
  Hence, the fourth vertex is (–1, 0)

4.(a) The centroid of the triangle coincides with the centroid of the 
triangle formed by joining the middle points of the sides of the 
triangle. Hence, the coordinates of the centroid of the given  
triangle are

  

4 3 2
3

2 3 2
3

3 7
3

+ + + +













, ., ,i.e

5.(a) Let (x, y) be the coordinates of the fourth vertex. Since 
the diagonals of a rhombus bisect each other,therefore 
x y+

=
− +

=
− +3

2
2 2

2
4

2
1 3
2

and

  ⇒ x = –3, y = – 2
6.(a) Since xy > 0, therefore P lies either in the first quadrant or 

in the third quadrant. The inequality x + y < 1 represents all 
points below the line x + y = 1. Therefore xy > 0 and x + y < 1 
imply that P lies either inside ∆OAB or in third quadrant.

7.(b) The coordinates of the point dividing the line joining (–1, 1) 

and (5, 7) in then ratio λ : 1 are 5 1
1

7 1
1

λ
λ

λ
λ

−
+

+
+







,

  This point lies on x + y = 4, therefore

  5λ – 1 + 7λ + 1 = 4λ + 4 ⇒ 8λ = 4 ⇒ λ = 1
2

 

8.(a) Let A(x1, y1); B(x2, y2) and C(x3, y3) be the coordinates of  
 the vertices of the given triangle. Then 

   
x x y y x x y y1 2 1 2 2 3 2 3

2
5

2
0

2
5

2
12+

=
+

=
+

=
+

=, . ,

   x x y y3 1 3 1
2

0
2

12+
=

+
=, . Adding these results.

  we get, x1 + x2 + x3 = 10 and y1 + y2 + y3 = 24
  Putting x1 + x2 = 10 in x1 + x2 + x3 = 10 we get, x3 = 0.

 \	  x x x2 3
22

5 10+
= ⇒ =  and x x x1 3

12
0 0+

= ⇒ =

  Similarly, y1 = 0, y2 = 0 and y 3 = 24.
  Thus, the vertices of the triangle are A(0,0), B(10,0) and 

C(0,24).
  Hence ABC is a right angled triangle having right angle at 

A(0,0),
  Therefore, the orthocentre of the ∆ABC is at the origin.

9.(c) Let the coordinates of vertex A be (h, k). The AD is 
perpendicular to BC, therefore

  OA BC k
h

k h⊥ ⇒
−
−

×
−

= − ⇒ =
0
0

1
1

1 ....................(1)

  Let the coordinates of D be (α,β).

  Then the coordinates of O are 2
2 1

2
2 1

α β+
+

+
+









h k,

  Therefore, 2
3

0 2
3

0α β+
=

+
=

h kand

 ⇒ α = − = −
h k
2 2

,β

  Since (α,β) lies on x + y – 2 = 0. Therefore, α + β – 2 = 0

 ⇒  − − − = ⇒ + + =
h k h k
2 2

2 0 4 0

 ⇒  2h + 4 = 0 [From(1)] ⇒ h = k = –2 [From(1)]
  Hence, the coordinates of vertex A are (–2, 2).

10.(b) Let the ratio be λ : 1. Then the point

  
λ
λ

λ
λ

x x y y2 1 2 1
1 1
+
+

+
+







,  lies on Ax + By + C = 0 

 ⇒  λ = − + +
+ +

Ax By C
Ax By C

1 1

2 2

11.(b)  The mid point of (1, 3) and (5, 1) lies on 
   y = 2x + c. So, c = –4.
12.(b)  Let the coordinates of the other two vertices be B(3, y1) and 
   D(3, y2). Since the diagonals of a rectangle bisect each  

 other, therefore,

  
y y y y1 2

1 22
2 5

2
7+

=
+

⇒ + = ..............(1)

  Also AC = BD ⇒ 5 1 5 22 2
2 1−( ) + −( ) = −y y

 ⇒ y2 – y1 = 5...................(2).
  From (1) and (2), we get, y1 = 1, y2 = 6. Hence, the coordinates 
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of the other two vertices are (3, 1) and (3, 6).
13.(b) Here the given triangle is a right angled triangle at the vertex 
  (2, –1/2). Hence the orthocentre is at (2, –1/2).
14.(c) Since the point A(a,1), B(1,b) and O(0, 0) form an equilateral  

triangle, therefore
  OA = OB = AB ⇒ OA2 = OB2 = AB2

 ⇒  a2 + 1 = 1 + b2 = (a – 1)2 + (1 – b)2.
  Now, a2 + 1 = 1 + b2 ⇒ a = ± b.
   If a =  –b, then 1 +b2 = (a–1)2 + (1–b)2 
 ⇒   1 + b2 = a2 + b2 – 2a – 2b + 2 ⇒ 0 = b2 + 1, which is not true.
  ∴  a = b. Now,
   1 + b2 = (a – 1)2 + (1 – a)2 ⇒ 1 + b2 = 2(b – 1)2

 ⇒   b2 – 4b + 1 = 0 ⇒ b = 2 ± 3 2 3.⇒ = −b
   Hence, a = b = 2 – 3 .  [ 0 < b < 1]

 15.(c) AB = BC = CA = 2a

16.(c) C(5, –8) and D, mid-point of AB is (–1, –1).
 \  CD = 85

17.(b) PA2 = PB2 = 26 = AB2

  PA2 = PB2 ⇒ 5h + k = 6 .................(1)
  PA2 = 26 ⇒ (h – 3)2 + (k – 4)2 = 26...............(2)

 A(3, 4) B(–2, 3)
26

P(h, k)

  Eliminate k between (1) and (2), 2h2 – 2h – 1 = 0

 \  h = 
1 3

2
1 3

2
+ −or

 \  k = 
7 5 3

2
7 5 3

2
− +or  by (1).

18.(a) Solving the given equations in pairs, we get the vertices as 
  A(1,1), B(2, –2), C(–2, 2). Clearly
  AB = AC = 10 4 2and BC =

19.(b)  If the ratio be λ : 1, then 5 1
1

7 1
1

λ
λ

λ
λ

−
+

+
+







,  lies on

   x + y = 4.  \ λ = 
1
2

20.(c)  AC = AB + BC = 2BC   AB = BC
 \   B is the mid-point of A and C(x, y)
 \   Coordinates of C are (7, –2).

21.(b)  We have, AB = BC ⇒ AB2 = BC2

 ⇒   (6 – 1)2 + (–1 – 3)2 = (1 – x)2 + (3 – 8)2

 ⇒   41 = (1 – x)2 + 25 ⇒ (1 – x)2 = 16
 ⇒   1 – x = ± 4  \ x = – ± 4 = – 3.5.

22.(b)  We have, PA = PB ⇒ PA2 = PB2

 ⇒  [x –(a + b)]2 + [y –(b – a)]2 
   = [x –(a – b)]2 + [y – (a + b)]2

 ⇒  [(x – a) – b]2 – [(x – a) + b]2

   = [(y – b) – a]2 – [(y – b) + a]2

 ⇒  – 4(x – a)b = – 4(y – b)a
   [(a – b)2 – (a + b)2 = –4ab]
 ⇒  bx – ab = ay – ab ⇒ bx = ay

23.(a) Let the ratio be k : 1. Then by section formula.

  the point of division is 8 3
1

9 1
1

k
k

k
k

+
+

−
+







,

  This point must satisfy the equation of the line

  y – x + 2 = 0 ⇒ 9 1
1

8 3
1

2 0k
k

k
k

−
+







 −

+
+







 + =

 ⇒ 9k – 1 – 8k – 3 + 2k + 2 = 0 ⇒ k = 2
3

  So, the required ratio is 2 : 3.

24.(d)  Let A ≡ (1, 5), B ≡ (2, 4) and C ≡ (3, 3).

  Then, AB = 1 2 5 4 22 2−( ) + −( ) =

  BC = 2 3 4 3 22 2−( ) + −( ) =  and 

  AC = 1 3 5 3 2 22 2−( ) + −( ) =

  Since AB + BC = AC, so the point A, B, C are collinear.

25.(a) The coordinates of the mid point D of BC are

  1 5
2

1 1
2

+ − +





,  i.e., (3, 0).

 \  Length of median AD = − −( ) + −( ) =1 3 3 0 52 2

26.(c) Let A = (–2, –3), B = (–1, 0) and C = (7, – 6). Let
  P(x, y) be circumcentre of ∆ABC. Since P is 
  circumcentre  \ PA2 = PB2

 ⇒  (x + 2)2 + (y + 3)2 = (x + 1)2 + y2

 ⇒  4x + 6y + 13 = 2x + 1
 ⇒  2x + 6y = – 12 ⇒ x + 3y = – 6 ...............(1)
  Again, PA2 = PC2

 ⇒  (x + 2)2 + (y + 3)2 = (x – 7)2 + (y + 6)2

 ⇒  4x + 6y + 13 = –14x + 12y + 85
 ⇒  18x – 6y = 72 ⇒ 3x – y = 12..................(2)
  Solving (1) and (2), we get x = 3, y = –3. Hence, 
  the circumcentre is (3, –3).
27.(b) Roots of the equation x2 + 4x + 3 = 0 are –1, –3 and those  

of equation x2 – x – 6 = 0 are –2, 3.
  Since x and y coordinates of B are repectively less than and 

greater than the corresponding coordinates of C. \ B =  
(–3, 3) and C = (–1, –2)

  Given A = (3, – 5).
  Now, AB = 3 3 5 3 102 2+( ) + − −( ) =  and 
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  AC = 3 1 5 2 52 2+( ) + − +( ) = . Let AD be the bisector of 

  ∠BAC, then BD
DC

AB
AC

= = =
10
5

2
1

  Thus, D division BC internally in the ratio 2 : 1.
 \  By section formula, coordinates of D are

  

2 1 1 3
2 1

2 2 1 3
2 1

5
3

1
3

−( ) + −( )
+

−( ) + ×
+









 −






, ., ,i.e

 \	  AD = 3 5
3

5 1
3

14 2
3

2 3

+





 + − +






 =

 28.(d)  Let A = (k,2 – 2k), B ≡ (– k + 1,2k) and
   C = (–4 – k, 6 – 2k). Since the points A,B and C are collinear,
 \   slope of AB = slope of AC.

 ⇒   
2 2 2

1
6 2 2 2

4
k k

k k
k k

k k
− −( )
− +( ) −

=
−( ) − −( )
− −( ) −

 ⇒  4 2
2 1

4
4 2

k
k k
−

− +
=
− −

 [k ≠ 1
2

 as denominator ≠ 0]

 ⇒  (4k – 2)(–4 – 2k) = 4(–2k + 1)
 ⇒  (2k – 1)(– 2 – k) – (–2k + 1) = 0

 ⇒  (2k – 1)(–2 – k + 1) = 0 ⇒ k = 1
2

 or, k = – 1. 

  But  k ≠  1
2

, \ k = – 1

29.(a) Let A = (3, 3), B = (h, 0) and C = (0, k). The  points A, B,  
C  will be collinear if area of ∆ABC = 0

 ⇒  1
2

[3(0 – k) + h(k – 3) + 0(3 – 0)] = 0

 ⇒   1
2

(–3k + hk – 3h) = 0 ⇒ 3k + 3h = hk

 ⇒  3 3 1 1 1 1
3h k h k

+ = ⇒ + =

30.(a) The three sides of the triangle are x = 0, y = 0 and x + y = 1.
  So, the three vertices of triangle are O(0,0), A(1, 0) and  

B(0, 1). The ∆OAB is a right angled triangle, right angled at O. 
Therefore, O(0, 0) is the orthocentre of the triangle.

31.(b) Let ABC be the given triangle and B = (3, –1), C ≡ (–2, 3).
  Let H be the orthocentre of ∆ABC ; given H ≡ (0, 0).
  Since AB passes through the point B(3, –1) and ⊥ to the line 

CH,therefore equation of AB is, 

  y + 1 = – 0 2
0 3
+
−

 (x – 3) ⇒ 2x – 3y = 9 ..............(1)

  Since AC passes through the point C(–2, 3) and is ⊥ to BH, 
  therefore, equation of AC is, 

  y – 3 = – 0 3
0 1
−
+

(x + 2) ⇒ 3x – y = – 9 ..............(2)

  Solving (1) and (2), we get x y= − =
−36

7
45
7

,

  Hence, A  ≡ − −







36
7

45
7

,  

32.(b) Since the centroid divides the line joining the orthocentre and 
  circumcentre in the ratio 2 : 1 internally, therefore if the 

centroid is (x , y), then

  
x y=

+

+
= =

+

+
=

2 2
3

1 1

2 1
4
3

2 3
4

1 1

2 1
5
6

. . . .
and

2
O(1,1) A(x,y) C(3/2,3/4)

 \  Coordinates of centroid are 4
3

5
6

,







33.(a)  Let the coordinates of B and C be (α, β) and (γ, δ) respectively.
   Then, − =

+
=

+
=

+
=

+2 1
2

3 1
2

5 1
2

2 1
2

α β γ δ, , ,

 ⇒   α = – 5, β = 5, γ = 9, δ = 3
 \  Coordinates of B and C are (–5, 5) and (9, 3)

  respectively. So the centroid is, 1 5 9
3

1 5 3
3

− + + +





,

  i.e., (5/3, 3).

34.(c)  PQRS will represent a parallelogram if and only if the mid  
 point of PR is same as that of QS. That is, if and only if  

 1 5
2

4
2

2 7
2

6
2

2+
=

+ +
=

+
⇒ =

a b aand and b = 3.

35.(d)  Let A ≡ 1 3,( ) , B ≡ (0,0) and C ≡ (2, 0). Then,
   AB BC= + = =1 3 2 2,  and  

   CA = 1 2 3 0 22 2
−( ) + −( ) =

 
  As ∆ABC is an equilateral triangle, the incentre coincides with
  the centroid of the triangle which is 

  
I I=

+ + + +







 = 








0 1 2
3

0 0 3
3

1 1
3

, ,i.e.,

36.(c) Let A = (0, 3), B = (–3, 0) and C = (3, 0) be the vertices of 
  ∆ABC with O, the mid point of BC as origin and OA as y-axis 

and BC as x-axis. Then, OA ⊥ BC. Slope of AB = −
+

=
3 0
0 3

1

 ⇒  ∠OBA = 450. \ ∠BAC = 900. i.e., CA ⊥ AB.
  Hence, orthocentre is (0, 3).
37.(c) Let A ≡ (2, 4), B ≡ (2, 6) and C ≡ 2 3 5+( ),

  Then AB = −( ) + −( ) = + =2 2 6 4 0 4 22 2

  
BC = + −( ) + −( ) = + =2 3 2 5 6 3 1 2

2 2

  
CA = + −( ) + −( ) = + =2 3 2 5 4 3 1 2

2 2

 \	  AB = BC =CA, so the triangle is equilateral.
  
38.(d) Since the centroid divides the line joining orthocentre
  and circumcentre in the ratio 2 : 1,
 \	 If circumcentre is (α, β), then

  3
2 1 3

2 1
2 9 3=

+ −( )
+

⇒ = +
. .α

α  and 
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3 2 1 5

2 1
2 9 5=

+
+

⇒ = −
. .β

β

 \	  α = 6, β = 2  \ circumcentre is (6, 2)

39.(c) If O ≡ (0,0), A = (2, 0) and B = (0, 3), then
  ∠AOB = 

π
2  (since A lies on x-axis and B lies on y-axis).

  So, the ∆AOB is a right angled triangle.

40.(c) Let A ≡ (–a, –b), B ≡ (0, 0), C ≡  (a,b) and D ≡ (a2, ab).

  Then, slope of AB = 
b
a . slope of  BC =  

b
a  and slope of

  
CD ab b

a a
b a
a a

b
a

=
−
−

=
−( )
−( )

=2
1
1

  Thus, the points A, B, C and D are collinear.

41.(b)  Coordinates of the point P, dividing the join of 
   A = (6, 6) and B = (1, –3) in the ratio 2 : 3 are

   α =
( ) + ( )

+
= =

2 1 3 6
2 3

20
5

4  and

   
β =

−( ) + ( )
+

=
− +

=
2 3 3 6

2 3
6 18

5
12
5

 \  (α,β) ≡ 4 12
5

,





 . Since the point P lies on the line

  x + λy = 2.  \ 4 + λ 12
5







  = 2 \ λ = −

5
6

42.(a)  G being the centroid, divides AD in the ratio 2 : 1.
   Since AG = 2, \ GD = 1.
  \ Coordinates of D, using section formula, are D(1, 3).
   Now, AD = 1 + 2 = 3.

 \   tan600 = 
3 3
BD

BD⇒ =

 \	 	  B C≡ +( ) ≡ −( )1 3 3 1 3 3, ,and

43.(b) PA = AB = BQ, therefore, mid-point of AB is same as that of 
PQ.

A
P(2,5) Q(4,–7)

R B

 \  Coordinates of mid point of AB are 

  2 4
2

5 7
2

+ −





, i.e., (3, – 1)

44.(c) Since xy > 0, therefore the point A lies either in the first 
quadrant or in the third quadrant. Since  x + y < 2, therefore 
the point A lies either inside the ∆OPQ or in the third quadrant.

45.(b) Let a, b, c be the pth, qth and rth terms of an A.P. whose first 
is A and common difference is d. The given line is, ax + by + 
c = 0

 ⇒ [A + (p – 1)d]x + [A + (q – 1)d]y + [A + (r – 1)d] = 0

 ⇒  A(x + y + 1) + d[(p – 1)x + (q – 1)y + r – 1] = 0
 ⇒  The given line passes through the point of 
  intersection of lines x + y + 1 = 0 and 
  (p – 1)x + (q – 1)y + r – 1 = 0, which is a fixed point.

46.(d)  (a – 3)2 + (2 – 4)2 = 82 ⇒ (a – 3)2 = 60
 ⇒ a = ±3 2 15
47.(c) Gradient of AB = gradient of AC.

 ⇒  3 1
2 1 1

2 1
2 2 1

−
+ − −

=
−

+ − −p p
p

p p

 ⇒  2 2 1
1

2 2 2 2

p
p
p

p p p=
−
+

⇒ + = −

 ⇒  2 3 2 0 2 1
2

2p p p− − = ⇒ =
−,

48.(b) Let (a, a) be a point.
  (a – 1)2 + (a – 0)2 = (a – 0)2 + (a – 3)2

 ⇒  (a – 3)2 – (a – 1)2 = 0
 ⇒  (a – 3 + a – 1) (a – 3 – a + 1) = 0 ⇒ a = 2

49.(b) Here P(3, 5) and Q(–3, –3) are points.
 \  PQ = +( ) + +( ) =3 3 5 3 102 2

 \  BC = 2 PQ = 20, since a line joining mid points of two sides
  is parallel and half of the third side.

50.(c) Let y-axis cut in the ratio λ : 1, where x = 0

  
x =

+ −( )
+

= ⇒ − = ⇒ =
λ

λ
λ λ

.1 1 3
1

0 3 0 3

  y-axis cuts in the ratio 3 : 1.

51.(d) AB = BC ⇒ (6 – 1)2 + (–1 – 3)2 = (1 – x)2 + (3 – 8)2

 ⇒  25 + 16 = (1 – x)2 + 25 ⇒ 1 – x = ± 4
 \  x = 1 ± 4 = 5 – 3

52.(a) x-axis divides in the ratio of − − −
−

= =
y
y

1

2

3
6

1
2

1 2:

53.(b) The x-coordinate of centroid is x c
=

+ +1 2
3

2
 if it is on y-axis, 

x = 0.

 \	  3
3

0 3
2

2+
= ⇒ = −

c x  which is not possible.

54.(b) The coordinates of centroid of triangle are

  
x a b c y b c c a a b
=

+ +
=

− + − + −
=

3 3
0,

 \  Centroid lies on x-axis.
55.(d) The points A(–1,3), B(4, –2) and C(p,q) will be collinear if 
  gradient of AB = gradient of AC.

  
⇒

− −
+

=
−
+

⇒ − =
−
+

⇒ + =
2 3
4 1

3
1

1 3
1

2q
p

q
p

p q
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56.(c) The vertex A lies on the perpendicular bisector of side BC of  
∆ABC

  The coordinates of D, the mid point of B and C are 

x y=
−

=
+

−







1 2
2

3 7
2

1
2

5, , ., ,i.e
  Let (x, y) be the coordinates of A, then AB = BC.
 ⇒  (x – 1)2 + (y – 3)2 = (x + 2)2 + (y – 2)2

 ⇒  6x – 8y + 43 = 0 .................(1)

  Vertex A 5
6

6,





 satisfies the equation (1).

57.(a)  MB = AB – AM = 3AM – AM = 2AM.

  
AM
MB

M= ⇒
1
2

, divides the segment joining A and B in the 

  ratio of  1 : 2, coordinates of M = 
4 4
1 2

8 2
1 2

8
3

10
3

+
+

+
+







 =







, ,

58.(a) Let (x, y) be the 3rd vertex.

 \  5 = 
5 2

3
12 6 4 4

3
10− +

⇒ = =
+ +

⇒ =
x x y y.

 \  3rd vertex is, (12, 10).

59.(c) Diagonals of a rectangle bisect each other. Let (x, y) be the 
fourth vertex.

 \	  2 5
2

8
2

1 2 7
2

4
2

1+
=

+
⇒ = −

− +
=

+
⇒ =

x x y y.

60.(b) Here A(–1, 1), B(0,–3), C(5, 2), D(4, 6).
  AB BC CD DA= = = =17 50 17 50, , ,  and

  AC BD= =37 97,

 \	  AC ≠ BD, AB = CD, BC = AD
 \  ABCD is parallelogram.
61.(a) The point dividing in the ratio 1 : 2 is 

  
x y x y=

+
=

+
⇒ ( ) = ( )2 0 1 9

3
2 0 1 12

3
3 4. . , . . , ,

  The point dividing in the ratio 2 : 1 is

  
x y x y=

+
=

+
⇒ ( ) = ( )1 0 2 9

3
1 0 2 12

3
6 8. . , . . , ,

62.(c) Since a, b, c are in A.P., 2b = a + c
  ax + 2by + c = 0 ⇒ 2by = –ax – c ................(1)
  x = 1, y = –1 satisfies (1), \ The point is (1, –1).

63.(d) Here h = k ⇒ h k h2 2 22 2 4+ = ⇒ =
 ⇒  h h2 2 2= ⇒ = ±

 \  Points are 2 2 2 2, , ,( ) − −( )
64.(a) The middle point of AB is D(2,2).

 ∴ CD  = 2 2 1 22 2−( ) + −( )  =1.

65.(b)  Required distance = b b b2 2 2cos sinθ θ+ =

66.(c) x y=
× + ×

+
= =

× −( ) + ×
+

=
5 4 7 8

7 5
19
3

5 2 7 6
7 5

8
3

,

  Required point is, 19
3

8
3

,





 .

67.(a) If A(–5, –1), B(p, 5) and C(10, 7) are collinear, gradient 
  of AB = gradient of AC.

 ⇒  5 1
5

7 1
10 5

60 6 30−
+

=
−
+

⇒ = +
p

p

 ⇒  6p = 30 ⇒ p = 5

68.(b) The point A(1,1), B(0, sec2θ), C(cosec2θ,0) are collinear if 
  gradient of AB = gradient of AC

 ⇒  sec
cos

tan
cot

2

2
2

2
1

0 1
0 1

1
1θ

θ
θ

θ
−

−
=

−
−

⇒ − =
−

ec

 ⇒  tan2θ = tan2θ i.e., for all values of θ points are collinear except

  for θ π
=

n
2

 since at θ π
θ= = ∞

n
2

,sec

 \  Points are collinear if θ π
≠

n
2

.

69.(c) If points are collinear, then

  
K K K−
−

=
−

− −
⇒

−
= ⇒ =

5
10 5

1 5
5 5

5
5

4
10

7

70.(a) 3 5
2

5 7
2

1=
+

=
+

⇒ =
b a band  and a = 3.

 \	  (a, b) = (3,1)

71.(c) y-coordinates of any point on x-axis is zero
 \  y-coordinates of centriod

  
=

+ +
= ⇒ = −

1 3
3

0 4c c

72.(c) Let x-coordinates of a required point be x, then 
  (x – 0)2 + (–3 – 1)2 = 52

 ⇒  x2 + 4 2 = 52 ⇒ x2 = 9 ⇒ x = ± 3.
73.(a) Let A(x1, y1), B(x2, y2), C(x3, y3) be coordinates of points
  and (2, 1), (–1, –3), (4, 5) are mid points of AB, BC and CA 
  respectively.

  x x y y1 2 1 2
2

2
2

1+
=

+
=, .....................(1)

  x x y y2 3 2 3
2

1
2

3+
= −

+
= −, ..................(2)

  x x y y3 1 3 1
2

4
2

5+
=

+
=, ......................(3)

  On adding,
  x1 + x2 + x3 = 5, y1+ y2 + y3 = 3...............(4)
  Subtracting (1), (2),(3) from (4). 
  x3 = 1, y3 = 1, x1 = 7, y1 = 9, x2 = –3, y2 = –7

74.(c) Let (x, y) be the 3rd vertex
  x2 + y2 = (x – 4)2 + y2 = 42



192chapter - 16 rectangular cartesian co-ordinates

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

coMPlete solutIon  to 

JMMC RESEARCH  FOUNDATION PUBLICATION

 ⇒  (x – 4)2 – x2 = 0 ⇒ (x – 4 – x)(x – 4 + x) = 0
 ⇒  x = 2, y = ±2 3

75.(b) Taking the origin and positive x-axis of Cartesian co-
ordinates system as pole and initial line of polar co-ordinates, 
let (r, θ) be the polar co-ordinates of any point P   
whose Cartesian co-ordinates are (x, y). 

  Then x = rcosθ, y = rsinθ. From the equation
  x2 – y2 = 2ax, we have, 
  r2cos2θ – r2sin 2θ = 2arcosθ ⇒ r(cos2θ – sin2θ)
  = 2acosθ ⇒ rcos2θ = 2acosθ, which is the required equation 

in polar co-ordinates.

76.(b) Assuming the pole to be origin (0, 0) and the positive x-axis 
along the initial line OX, if we consider the Cartesian co-
ordinate system in the usual manner, it is known that if (x, 
y) be the Cartesian co-ordinates of a point which had (r, θ) 
as the corresponding polar co-ordinates, then x = rcosθ and  
y = rsinθ.

  Here, x2 + y2 = r2cos2θ + r2sin2θ = r2(sin2θ + cos2θ) = r2

  Now, r a r a1 2 1 2 2

2 2
= ⇒ = ( )cos cosθ θ on squaring both the sides

 ⇒  2r = a(1 + cosθ) [ 1 + cos2θ = 2cos2θ]
 ⇒  2r2 = a(r + rcosθ) [upon multiplying by r]
 ⇒  2(x2 + y2) = ar + ax ⇒ (ar)2 = (2x2 + 2y2 – ax)2

 ⇒  a2r2 = (2x 2 + 2y2 – ax)2 ⇒ a2 (x2 + y2)
 ⇒  (2x2 + 2y2 – ax)2 which is the required equation in Cartesian
  co-ordinate system.

77.(a) Let (x, y) be the required co-ordinates of C.
  Since C divides AB externally in the ratio 4 : 3 we have,

  
x y=

−
−

= =
−( ) −
−

= −
4 7 3 4

4 3
16

4 1 3 5
4 3

19. . .
and

  Therefore, the required co-ordinates of C are (16, – 19).
 
78.(a) Here r = 2 3 3300,θ = −
 \  x = rcosθ = rcos(–3300) = rcos(–3300 + 3600)

  =  rcos300 = 2 3 3
2

3. = .

  y = rsinθ = rsin(–3300) = rsin(–3300 + 3600)

  = rsin300 = 2 3 1
2

3. =

 \  Required Cartesian coordinates = 3 3,( )
79.(c) Here r = − = −2 450,θ

 \  x = rcosθ = − −( )2 450cos

  =  − = − = −2 45 2 1
2

10cos

  y = rsinθ = − −( ) = = =2 45 2 45 2 1
2

10 0sin sin .

 \  Required Cartesian coordinates = (–1, 1). 

80.(b) The point 2 2 2 2,−( ) lies on fourth quadrant.

  Here x = 2 2  and y = −2 2

 \  r x y= + = ( ) + −( )2 2 2 2
2 2 2 2

  = 8 8 16 4+ = =

  θ = tan–1 −







 = −( ) = −−2 2

2 2
1 451 0tan

 \	  Required polar co-ordinates = (4, – 450)

81.(b) The point − −( )3 3 3, lies on third quadrant.

  Here x = −3 3 , y = – 3.

 \	  r = −( ) + −( ) = + = =3 3 3 27 9 36 6
2 2

  θ = tan–1 −
−







 =







 = + =−3

3 3
1
3

180 30 2101 0 0 0tan

 \	  Required polar coordinates = (6, 2100)

82.(b) Putting x = rcosθ and y = rsinθ in
  xcosα + ysinα = p, we get,
  rcosθcosα + rsinθsinα = p
 ⇒  r(cosθcosα + sinθsinα) = p ⇒ rcos(θ – α) = p
 \  Required polar equation is, rcos(θ – α) = p.
83.(b) Let the pole be the origin and positive direction of x-axis be  

initial line, then the Cartesian coordinates of (r, θ) are (x, y).
 \	  x = rcosθ, y = rsinθ    \ x2 + y2 = r2

 ∴ r2cos2θ = a2  ⇒ r2 (cos2θ – sin2θ) = a2 
 ⇒  r2cos2θ – r2sin2θ = a2  ⇒ x2 – y2 = a2

  [ rcosθ – r,x sin θ = y]
 \  Required Cartesian equation is, x2 – y2 = a2.

84.(a)  From r1/2cos 1
2

θ = a1/2, we get,

 ⇒  rcos2 1
2

θ = a ⇒ r + rcosθ = 2a
 ⇒  r + x = 2a   [ rcosθ = x]
 ⇒  r = 2a – x ⇒ r2 = (2a – x)2 ⇒ x2 + y2 = (2a – x)2

  [ r2 = x2 + y2] ⇒ x2 + y 2 = 4a2 – 4ax + x2

 ⇒  y2 = 4a(a – x)
 \  Required Cartesian equation is, y2 = 4a(a – x)

85.(d) The given equation is, x3 = y2 (2a – x)
 ⇒		 r3cos3θ = r2sin2θ(2a – rcosθ)
 ⇒  rcos3θ + rsin2θcosθ = 2asin2θ
 ⇒  rcosθ(cos 2θ + sin2θ) = 2asin2θ
 ⇒  rcosθ = 2asin2θ

86.(b) The given equation is, (x2 + y2)2 = a2(x2 – y2)
 ⇒  (r2)2  = a2(r2cos2θ – r2sin2θ)
 ⇒  r4 = a2r2(cos2θ – sin2θ) ⇒ r2 = a2cos2θ

87.(a) The given equation 
  r(cos3θ + sin3θ) = 5ksinθcosθ
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 ⇒ r(4cos3θ – 3cosθ + 3sinθ – 4sin3θ)
  = 5k sinθcosθ. Multiplying both sides by r2, we
  get, 4(r3cos3θ – r3sin3θ) – 3r2(rcosθ – rsinθ)
  =  5k.rsinθ. rcosθ.
 ⇒  4(x 3 – y3) – 3(x2 + y2)(x – y) = 5k.y.x
 ⇒  4x3 – 4y3 – 3x3 + 3x2 y – 3y2x + 3y3 = 5kxy
 ⇒  x3 + 3x2y – 3xy2 – y3 = 5kxy.

88.(c) The point M(x, y) divides externally the line segment joining 
A(bcosα.bsinα) and B(acosβ,asinβ) in the ratio b : a.

 \  x
b a a b

b a
ab
b a

= ( ) − ( )
−

=
−

−( )cos cos
cos cos

β α
β α

  = 2
2 2

ab
b a−

+ −sin sinα β α β  and

  
y
b a a b

b a
ab
b a

= ( ) − ( )
−

= −
−

+ −sin sin
cos sin

β α α β α β2
2 2

 \  x
y

x y= −
+

⇒ +
+

=tan tanα β α β
2 2

0

89.(a) Putting x = rcosθ, y = rsinθ, we get,
  rsinθ = rcosθtanα ⇒ tanθ = tanα
 \  θ = α  [ r ≠ 0]

90.(c) Putting x = rcosθ, y = rsinθ, we get,
  y2 = 4x + 3 ⇒ r2sin2θ = 4rcosθ + 3

91.(c) If the polar co-ordinates of P be (r, θ) then
  r x y= + = + =2 2 2 20 2 2   and

  θ = tan–1 y
x
= −tan ,1 2

0
which is undefined.

 \  θ
π

=
2

. So the polar co-ordinates of P are 2
2

, π







92.(c) Let (x', y') be the co-ordinates of a point referred to new axes
  through (1, –2) and (x, y) be the co-ordinates of the same point 

referred to old parallel axes. Then the transformations are,
  x = x' + 1 and y = y' – 2
  Putting x = x' + 1 and y = y' – 2in   
  2x2 + y2 – 4x + 4y = 0, we get,
  2(x' + 1)2 + (y' – 2)2 – 4(x' + 1) + 4(y' – 2) = 0
 ⇒  2(x'2 + 2x' + 1) + y'2 – 4y' + 4 – 4x' – 4 + 4y' – 8 = 0
 ⇒  2x'2 + y'2 – 6 = 0 ⇒ 2x'2 + y'2 = 6
  which is the required transformed equation.

93.(a) Let (x', y') be the coordinates of a point referred to new axes 
through [1, 12] and [x, y] be the coordinates of the same point 
referred to old parallel axes. Then the transformation equations 
are x = x' + 1 and y = y' – 2. Putting x = x' + 1 and y = y' – 2 in

  3x2 + 2y2 – 4x + 3y = 0 we get, 
  3(x' + 1)2 + 2(y' – 2)2 – 4(x' + 1) + 3(y' – 2) = 0
 ⇒ 3(x'2 + 2x' +1) + 2(y'2 – 4y' + 4) – 4x' – 4 + 3y' – 6 = 0
 ⇒  3x'2 + 6x' + 3 + 2y'2 – 8y' + 8 – 4x' + 3y' – 10 = 0
 ⇒  3x'2 + 2y'2 + 2x' – 5y' + 1 = 0,  which is the required transformed 

equation.
94.(a) 3x2 + 8xy + 3y2 – 2x + 2y – 2 = 0...............(1). Let the origin 

be shifted to the point (h,k) (retaining the directions of axes). 
Then the transformation equations are x = x' + h,y = y' + k. 
Putting x = x' + h and y = y' + k in (1), we get

  3(x' + h)2 + 3(y' + k)2 + 8(x' + h)(y' + k)
   – 2(x' + h) + 2(y' + k) – 2 = 0
 ⇒  3(x' 2 + 2x'h + h2) + 3(y'2 + 2y'k + k2) + 8(x'y' + x'k + y'h+hk)
  – 2x' – 2h + 2y' + 2k – 2 = 0 ..................(2)
  Clearly, the coefficients of x' and y' in (2) are 6y + 8k – 2 and
  6k + 8h + 2 respectively. Hence, (2) will have no first degree  

 terms when
  6h + 8k – 2 = 0 ⇒ 3h + 4k = 1................(3) and 
  6k + 8h + 2 = 0 ⇒ 4h + 3k = – 1 .............(4)
  Solving equations (3) and (4) we get, h = – 1, k = 1
  Therefore, using translation of axes the origin is to be shifted 

to the point (–1, 1).

95.(c) Let us choose origin of rectangular Cartesian coordinates at D 
and x-axis along the side BC and DY as the y-axis. If BC = 2a 
then coordinates of B and C are (–a, 0) and (a, 0) respectively.

  Referred to the chosen axes if the co-ordinates of A be (b, c), 
then AD 2 = (b – 0)2 + (c – 0)2

  [ co-ordinates of D are (0, 0)] = b2 + c2

  BD2 = (–a – 0)2 + (0 – 0)2 = a2

  AB2 = (b + a)2 + (c – 0)2 = (a + b)2 + c2 and 
  AC2 = (b – a)2 + (c – 0)2 = (b – a)2 + c2

 \  AB2 + AC2 = (a + b)2 + c2 + (b – a)2 + c2

  =  2(a2 + b2) + 2c2

  = 2a 2 + 2(b2 + c2) = 2BD 2 + 2AD2  + 2(BD2 + AD2)

96.(a) If the axes are transferred to parallel axes through the point  
(a, b) then the equations of transformation are x = x' + a, y 
= y' + b. Therefore, referred to new axes through (a, b) the 

equation x
a

y
b

+ =1 becomes 

  
x a
a

y b
b

x
a

y
b

' ' ' '+
+

+
= ⇒ + + + =1 1 1 1

 ⇒  x
a

y
b

' '
+ + =1 0

97.(c) Let (h, 0) be the new origin on the x-axis. Then the 
transformation equations are x = x' + h and y = y'. Therefore 
the equation  ax + by + c = 0 reduces to a + (x' + h) + by' + c 
= 0 ⇒ ax' + by' + ah + c = 0.Clearly, it will be of the form  ax' 
+ by '= 0[i.e. of the form ax + by = 0  (omitting the primes)] 

when ah + c = 0 i.e., when h c
a

= −

  Therefore, the origin is to be shifted to −







c
a

,0

98.(d) If m : n be the required ratio, then

  
x m n x

m n
mx nx nx1

2 1
1

2
1

2
1

0sin . . sin sinθ θ θ=
+
+

⇒ + =

 ⇒   mx1sin2 θ = nx1(1 – sin2θ) = nx1cos 2θ

 \	  m
n

m n= ⇒ =
cos
sin

: cos : sin
2

2
2 2θ

θ
θ θ
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99.(c) Let the co-ordinates of P be (h, k).

 	  OQ
OP

OP OQ
OQ

= ∴
−

= − =
1
3

3 1 2
1

1 : 2
O Q (–2,4) P (h,k)

  
⇒ = = −( )⇒ =
OQ
OP

PQ OP OQ OQ PQ1
2

1 2 : :

 \	  − =
+

⇒ = −2 1 2 0
3

6. .h h  and 4 1 2 0
3

12=
+

⇒ =
. .k k

100.(a) Let A = (0,0), B = (0, 10), C = (8, 16), D = (8, 6)
 \  AB = =10 102 units.

  BC = −( ) + −( ) =8 0 16 10 102 2 units

  CD = −( ) + −( ) =8 8 6 16 102 2 units

  DA = + =8 6 102 2  units

  AC = + =8 16 8 52 2  units and 

  BD = −( ) + −( ) =8 0 6 10 4 52 2 units

 \	  AB BC CD DA AC BD= = = ≠and
 \  the lengths of four sides of the quadrilateral ABCD are equal
  but the lengths of the two diagonals are unequal. Hence the  

quadrilateral is a rhombus. 

101.(c) Since here θ = α, so   x = rcosα and 

  y = rsinα and hence y
x
= tanα , y = xtanα

102.(a) r rcos cos2

2
1 1 2θ

θ= ⇒ +( ) =
 ⇒  r + rcosθ = 2, ⇒ r2 = (2 – rcosθ)2

  x2 + y2 = (2 – x)2 ⇒ y2 = 4 – 4x = 4(1 – x).

103.(c) r2 = a2cos2
  θ ⇒ r4 = a2(r2cos2θ – r2sin2θ)
 ⇒  (x2 + y2)2 = a2(x2 – y2).

104.(c) Let h be the height of the triangle. Since the area of the  

 triangle is a2, \ 1
2

a.h = a2 = h = 2a.

   According to question, the base lies along x = a. Since the  

 vertex lies on the line parallal to the base at a distance 2a,  
 the required line is x = a ± 2a, i.e., x = – a or, x = 3a.

105.(b) Let the co-ordinates of other two ends be C(3, α) and  
 D(3, β).

  The diagonals bisect each other at point O 3 7
2

,





 . Now 

  |OA|= 
5
2

units ; where A = (1, 2).

  So, |OC| = |OD|= 
5
2

⇒ α − =
7
2

5
2

 ⇒  α α− = ± ⇒ =
7
2

5
2

6 1,

  So the other ends are (3, 6) and (3, 1). 

106.(c) Let the co-ordinates of the circum-centre be (α, –2α).
  Then, α α α−( ) + = −( ) + +( )3 4 1 2 32 2 2 2x
 ⇒  α2 – 6α + 9 + 4α2

  =  α2 – 2α2 + 1 + 4α2 + 12α + 9
 ⇒  16α = –1 ⇒ α = −

1
16

 

  So the co-ordinates of circum-centre are −







1
16

1
8

,

107.(c) Let the third vertex be (α, –3α) ; then the co-ordinates of the 

   centroid are 5
3

3 3
3

2 0+ −





 = ( )α α, , and hence α = 1

 \  coordinates of third vertex is (1, –3).

108.(c) Putting x = x' + h, y = y' + k, the given equation   
 transforms to 

   x'2 + y'2  + x'(2h – 4) + y'(2k + 6) + h2 + k2 – 7 = 0
  The eliminate linear terms we should have
  2h – 4 = 0, 2k + 6 = 0 ⇒ h = 2, k = –3.
  i.e., (h, k) = (2, –3)  
  
109.(c) If CD is medium then,

  
CA CB CD AD CD2 2 2 22 85+ = +( )⇒ = ( )

110.(c) Apply the formula −










x
x

1

2
, the required ratio is 

  
−

−





 =

3
1

3 1:
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1.(b) B(0, b)

P(h, k)

A(a, 0)
O

  Let two perpendicular lines are x = 0 = y and let the end of the 
rod lie at the points (a, 0) and (0, b).

  Let P be the point on the rod having coordinates

  (h, k). \ h a a h= ∴ =
2

2

  
k b b k= ∴ =

2
2

 
  Now, (AB)2 = (OA)2 + (OB)2

  l2 = a2 + b2, l2 = (2h)2 + (2k)2

 \  h2 + k2 = l x y l
2 2

2
2 2

2






 ⇒ + = 






  which is a circle whose 

centre is (0, 0).

 2.(b) We have, PA = PB i.e., (PA)2 = (PB)2

 ⇒  [x – (a + b)]2 + [y – (b – a)]2

 =  [x – (a – b)]2 + [y – (a + b)]2

 ⇒	  [(x – a) + b]2 + [(y – b) + a]2

  =  [(x – a) + b]2 + [(y – b) – a]2

 ⇒  [(x – a) + b]2 – [(x – a) – b]2 
  =  [(y – b) + a]2 – [(y – a) – a]2

 ⇒	  4b(x – a) = 4a(y – b) ⇒ bx = ay
3.(a) Let P(x, y) be the moving point. Then the area of ∆POA is

   1
2

|x.4 – y.0 | =  |2x|, and that of ∆POB is 1
2

 |x.0 – y.6| = |–3y|, 

  because one vertex of the triangle is at the origin.
  Therefore, from the given condition, we have
  |2x|= 2|–3y|⇒2x = ±2(–3y) ⇒ x – 3y = 0
  or, x + 3y = 0
4.(a) Let the two perpendicular lines be taken as the 
   coordinate axes.
   If (h, k) be any point on the locus, then according to the  

 given condition |h|+|k| = 1⇒ locus of (h, k) is |x|+|y| = 1
   This consists of four line segments which enclose a square  

 as shown in the figure.

 

Y

X

x + y = 1x –
 y =

 –1

x –
 y =

 1x + y = –1

Y'

X'

5.(b) Let P(h, k) be the moving point. Then 

  h a k h a k c+( ) + + −( ) + =2 2 2 2 2 ..................(1)
  We also have the identity 
  [(h + a)2 + k2] – [(h – a)2 + k2] = 4ah...........(2)
  Dividing (2) by (1), we get
  h a k h a k ah

c
+( ) + − −( ) + =2 2 2 2 4

2
.............(3)

  Adding (1) and (3), we get

  
2 2 22 2h a k ah

c
c+( ) + = +

  ⇒ h2 + k2 + 2ah + a2 = 
a h
c

c ah
2 2

2
2 2+ +

  ⇒	h2 c a
c

k c a h
c

k
c a

2 2

2
2 2 2

2

2

2

2 2 1−







 + = − ⇒ +

−
=

  Hence the locus of (h, k) is x
c

y
c a

2

2

2

2 2 1+
−

=

6.(a) Let the coordinates of A, B and C be (p, 0), (0, q) and (h, k) 
   respectively. Then 
   (h – p)2 + k2 = b2.................(1)
   h2 + (k –q)2 = a2............(2) and 
   p2 + q2 = a2 + b2 ...............(3) From (1), (2) and (3), we get

   
h b k k a h a b± −( ) + ± −( ) = +2 2

2
2 2

2
2 2

 ⇒   ± − ± − =2 2 02 2 2 2h b k k a h

 ⇒	  h2(b2 – k2) = k2(a 2 – h2) ⇒ b 2h2 = a2k2

  Therefore, the locus of C(h,k) is b2 x2 = a2y2 or bx ± ay = 0.

7.(d) Let R(h, k) be the variable point. Then ∠RPQ = θ and ∠RQP 

= tanφ = =
+

RM
MQ

k
a h

, so that θ – ϕ = 2α. 
  
  Let RM ⊥	PQ, so that RM = k, MP = a – h and MQ = a + h.

  Then tanθ = =
−

RM
MP

k
a h

  and tanφ = =
+

RM
MQ

k
a h

  Therefore, from 2α = θ – ϕ,we have

  tan2α = tan(θ – ϕ) = −
+
tan tan

tan .tan
θ φ
θ φ1

 ⇒  a2 – h2 + k2 = 2hkcot2α.
  Hence, the locus of R(h, k) is x2 – y2 + 2xycot2λ – a2 = 0.

8.(c) PA = PB ⇒ PA2 = PB2

 ⇒  (x – x1)2 + (y – y1)2 = (x – x2)2 + (y – y2)2

 ⇒  2x(x1 – x2) + 2y(y1 – y2) + + − −( ) =x y x y2
2

2
2

1
2

1
2 0

 ⇒  x(x1 – x2) + y(y1 – y2)

  + + − −( ) =1
2

02
2

2
2

1
2

1
2x y x y . Comparing with the given equation
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   of locus we get c as given in (c).

9.(a) With the mutually perpendicular lines as axes, we get  
 |x| + |y| = 3. So, the locus consists of four lines, each   

 enclosing the same are 1
2

.3.3 sq. units with the axes.

10.(c) Let A = (a, 0), B = (0, b). Then a b AB k2 2+ = = (constant).

  If the middile point of AB be P = (x1, y1) then x a y b
1 12 2
= =,

 \  (2x1)2 + (2y1)2 = k2 i.e., the equation of the locus of P is

  then  x y k2 2
2

2
+ = 








11.(b) Clearly, b
x a

y b
a1

1
−

= =
−tanθ

  

B

O XA

P(x1, y1)a

b

y1 – b
(a, b)

(x1, a)

θ

Y

 \  ab = x1y1 – bx1 – ay1 + ab ⇒ a
x

b
y1 1

1+ =

12.(b) d(x, y) = max{ |x|,|y|}..................(1) but
  d(x, y) = a............(2) from (1) and (2),
  a = max {|x|,|y|}. If |x|>|y|, then a = |x| ⇒ x = ±a.
  and if |y|>|x|, then a = |y|⇒y = ±a. Therefore locus represents
  a straight line.

13.(c) Let P(h ,k) be any position of the moving point and let 
  A(a, 0),

  B(–a, 0) be the given points.
  Then PA2 + PB2 = 2c2(given)
 ⇒  (h – a)2 + (k – 0)2 + (h + a)2 + (k – 0)2 = 2c2

 ⇒  h2 – 2ah + a 2 + k2 + h2 + 2ah + a2 + k2 = 2c2

 ⇒  2h2 + 2k2 + 2a2 = 2c2 ⇒ h2 + k2 = c2 – a2

  Hence, locus of (h, k) is x2 + y2 = c2 – a2.

14.(c) Let P(h, k) be any point on the locus.
  Then PA = PB (given)
 ⇒  PA2 = PB2 ⇒ (h – 1)2 + (k – 3)2 
  = (h + 2)2 + (k – 1)2 ⇒ 6h + 4k = 5
  Hence, locus of (h, k) is 6x + 4y = 5.
 
15.(b) Let P(h,k) be any point on the locus and let A(0, 2) and  

 B(0, –2) be the given points,
   By the given condition PA + PB = 6
 ⇒  h k h k−( ) + −( ) + −( ) + +( ) =0 2 0 2 62 2 2 2

 ⇒  h k h k2 2 2 22 6 2+ −( ) = − + +( )

 ⇒  h2 + (k – 2)2 = 36 – 12 h k2 22+ +( )

  + h2 + (k + 2)2 ⇒ –8k – 36 = – 12 h k2 22+ +( )

 ⇒  (2k + 9) = 3 h k2 22+ +( )
 ⇒  (2k + 9)2 = 9[h2 + (k + 2)2]
 ⇒  4k2 + 36k + 81 = 9h2 + 9k2 + 36k + 36.
 ⇒  9h2 + 5k2 = 45
  Hence, locus of (h, k) is 9x2 + 5y2 = 45.
16.(a) Let P(h, k) be the moving point and let A(–5, 1) and B(3, 2)
   be the given points. By the given condition ∠APB = 900 .
  \  ∆APB is a right angled triangle.
 ⇒	  AB2 = AP2 + PB2

 ⇒  (3 + 5)2 + (2 – 1)2 = (h + 5)2 + (k – 1)2 + (h – 3)2 + (k – 2)2

 ⇒	  65 = 2(h2 + k2 + 2h – 3k) + 39
 ⇒  h2 + k2 + 2h – 3k – 13 = 0. Hence, locus of 
  (h, k) is x2 + y2 + 2x  – 3y – 13 = 0

17.(c) Let P(h,k) be the moving point such that the sum of its 
   distances from A(ae, 0) and B(–ae, 0) is 2a
  Then PA + PB = 2a
 ⇒	  h ae k h ae k a−( ) + −( ) + +( ) + −( ) =2 2 2 20 0 2
 
 ⇒	  h ae k a h ae k−( ) + = − +( ) +2 2 2 22

 ⇒  (h – ae)2  + k2 = 4a2 + (h + ae)2 + k2 – 4a h ae k+( ) +2 2

 ⇒  –4aeh – 4a2 = – 4a h ae k+( ) +2 2

 ⇒  (eh + a) = (h+ae)2 +k2

 ⇒  (eh + a)2 = (h + ae)2 + k2

 ⇒  e2h2 + 2aeh + a2 = h2 + a2 e2 + 2aeh + k2

 ⇒  h2 (1 – e2) + k2 = a 2(1 – e2)

 ⇒	  h
a

k
a e

2

2

2

2 21
1+

−( ) =
. Hence, locus of (h, k) is

  

x
a

y
a e

2

2

2

2 21
1+

−( ) =

18.(d) Let P(h, k) be the moving point such that the sum of its   
distances from A(3, 0) and B(–3, 0) is less than 9. Then  
 PA + PB < 9

 ⇒	  h k h k−( ) + −( ) + +( ) + −( ) <3 0 3 0 92 2 2 2

 ⇒	  h k h k−( ) + < − +( ) +3 9 32 2 2 2

 ⇒   (h – 3)2 + k2 9 3 2 2
2

− +( ) +{ }h k

   [ x < y ⇒ x2 < y2 for x, y > 0]

 ⇒  (h – 3)2 + k2 < 81 + (h + 3)2 + k 2 – 18 h k+( ) +3 2 2

 ⇒  – 12h – 81 < – 18 h k+( ) +3 2 2

 ⇒  (4h + 27)2 > 36[(h + 3)2 + k2]

 ⇒  20h2 + 36k2 < 405. Hence, the locus of (h, k) is  
20x2 + 36y2 < 405 
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19.(a) Let the two perpendicular lines be the coordinates axes. Let 
AB be a rod of length l. Let the coordinates of A and B be (a. 
0) and (0, b) respectively.  

  
X

B(0, b)

P(h, k)

A(a, 0)O
 

  As the rod slides, the values of a and b change. So, a and b are 
two variables.Let P(h, k) be the mid point of the rod AB in one 

of the infinite position it attains. Then h a
=

+ 0
2

 and 

  k b h a k b
=

+
⇒ = =

0
2 2 2

and .................(1)

  From ∆OAB, we have AB2 = OA2 + OB2

 ⇒  a2 + b2 = l2 ⇒ (2h)2 + (2k)2 = l2 [by (1)]
 ⇒  4h2 + 4k2 = l2. Hence, the locus of (h, k) is 4x2 + 4y2 = l2.

20.(a) Let the coordinates of Q be (a, b) and let P(h, k) be the mid  
 point of OQ. Then, 

  h a a
=

+
=

0
2 2

 and k b b a h=
+

= ⇒ =
0

2 2
2  and b = 2k .........(1)

  Hence a and b are two variables which are to be eliminated. 
   Since, (a, b) lies on x2 = 4y
 \   a2 = 4b ⇒ (2h)2  = 4(2k) [using (1)] ⇒ h2 = 2k.
   Hence, the locus of (h, k) is x2 – 2y.

21.(b) 

A D B

C

  cotA = 
AD
CD

B DB
CD

and cot =

 ⇒  cotA + cotB = 
AD DB
CD
+

 ⇒  CD = constant [ AB = constant]
 ⇒  locus of C is a straight line parallel to AB.

22.(d) Let the coordinates of S be (h, k). Then SQ2 + SR2 = 2.SP2

 ⇒  (h + 1)2 + k 2 + (h – 2)2 + k2 = 2[(h – 1)2 + k2]
 ⇒  –2h + 5 = –4h + 2 ⇒ 2h + 3 = 0
  Hence, locus of (h, k) is 2x + 3 = 0 which is a straight line 
  parallel to y-axis.

23.(d) For (1, 3), 3x + 2y = 3 + 6 > 0, for (5, 0), 3 × 5 + 0 > 0 and  
 for (–1, 2), –3 + 4 > 0.Similarly other inequalities hold good.

24.(b) Let (h, k) be the centroid of the triangle having vertices 
   A(cosα, sinα), B(sinα, – cosα), C(1, 2)

   Then h = cos sinα α+ +1
3

 and

   k = sin cosα α− + 2
3

 ⇒  3h – 1 = cosα + sinα + and 3k – 2 = sinα – cosα
 ⇒	  (3h – 1)2 + (3k – 2)2 = 2 (squaring and adding)
 ⇒  9(h2 + k2) – 6h – 12k + 3 = 0
 ⇒  3(h2 + k2) – 2h – 4k + 1 = 0
 \  locus of (h, k) is 3(x2 + y2) – 2x – 4y + 1 = 0.

25.(a) Let A(x1, y1), B(x2, y2) be two fixed points and let P(h, k)  
 be a variable point such that ∠APB = π

2
  Then, slope of AP. slope of BP = –1

 ⇒  k y
h x

k y
h y

−
−

−
−

= −1

1

2

2
1.

 ⇒  (h – x1)(h – x2) + (k – y1)(k – y2) = 0
  Hence, locus of (h, k) is
  (x – x1)(x – x2) + (y – y1)(y – y2) = 0 which is a circle having 

AB as diameter.

26.(c) Let the two mutually perpendicular lines be the coordinate  
 axes, and let the coordinates of the ends of the rod be (a, 0)  
 and (0, b).Then a 2 + b 2 = l2................(1)

  Let (h, k) be the coordinates of a point on the rod which divides 
it  in the ratio 1 : 2. Then

  h a k b
= =

2
3 3

, . Putting a h b k= =
3
2

3,  in (1), we get

  9h2 + 36k2 = 4l2.
  Hence, the locus of (h, k) is 9x2 + 36y2 = 4l2.

27.(c) Let A ≡ (2, 0) and P be a point on the locus whose coordinates
   are (h, k).

  

P(h, k)

A(2, 0)O

M

N

Y

X

  Clearly, the distance of the point P from y-axis = PM = ON = 
the abscissa of P = h.

  According to the condition PM = PA
 ⇒  h = h k h h k−( ) + ⇒ = −( ) +2 22 2 2 2 2

 ⇒  h2 = h2 – 4h + 4 + k2 ⇒ k2 = 4h – 4 = 4(h – 1)
 \  the locus of the point is y2 = 4(x – 1) which is a parabola.

28.(b) Let A ≡ (1, –2) and B ≡ (3, 4) and the coordinates of a point
   P on the locus be (h, k).
  According to the condition, PA : PB = 2 : 3
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 ⇒	 	 PA
PB

PA PB= ⇒ =
2
3

3 2

 ⇒	 	 3 1 2 2 3 42 2 2 2h k h k−( ) + +( ) = −( ) + −( )
	⇒		 9{(h – 1)2	+	(k + 2)}	=	4{(h – 3)2 + (k – 4)2}
	⇒		 9(h2 – 2h + 1 + k2 + 4k + 4)
	⇒		 4(h2 – 6h + 9 + k2 – 8k + 16)
	⇒		 5h2 + 5k2 + 6h + 68k – 55 = 0
 \  the equation of the locus of the point 
  5x2 + 5y2 + 6x + 68y – 55 = 0  

29.(b) Let A ≡ (3, 0) and the coordinates of P be (h, k). The distance
  of the point the line x = –4 is
  PM = h + 4 and PA h k= −( ) +3 2 2

 ⇒  (h + 4)2 = (h – 3)2 +k2

 ⇒  h2 + 8h + 16 = h2 – 6h + 9 + k2

 ⇒  8h + 6h + 16 – 9 = k2 ⇒ k2 = 14h + 7.
 \  the equation of the locus of P is y2 = 14x + 7. 

30.(a) Let the coordinates of P be (h, k).
   Since P divides the line joining the points A(1, 2) and  

 B(3, 4) internally in the ratio 1 : m,

  ∴ =
+
+

h m
m

3
1

 ...............(1) and k m
m

=
+
+

4 2
1

.............(2)

  Now, k m
m

m m
m

=
+
+

=
+( ) + +( )

+
4 2
1

3 1
1

  =
+
+

+ = +
3
1

1 1m
m

h . \ the equation of the locus of the point P is 

  y = x + 1.

31.(d) Let the coordinates of P be (h, k).

 \	  h ct c
t

= + ..............(1) and k ct c
t

= + ...............(2)

  Adding (1) and (2), we get, h + k = 2ct and subtracting (2) 

from (1) we get, h k c
t

− =
2

 \  (h + k)(h – k) = 2ct. 2c
t
⇒ h2 – k2 = 4c2.

 \  the equation of the locus of the point P is x2 – y2 = 4c2. which 
is a hyperbola.

32.(a) Let P(h, k) be any point on the locus; then h and k are its  
 distances from the y and x-axes respectively.

   According to the question, k = 2h + 3
 \   the equation of the locus of P is y = 2x + 3.

33.(a) In any position, let the coordinates of C be (h, k). Then the  

 area of ∆ABC is 1
2

2 2 1 2 5 2h k k+( ) + − −( ) + −( ) sq. unit.

   = + −
1
2

4 4 12k k sq.unit = |2h + 2k – 6| sq. unit.

  According to the question, |2h + 2k – 6| = 12 ⇒ h + k – 3 = ±6
  i.e., h + k = 9 or h + k + 3 = 0. \ the equation of the locus of 

  C(h, k) is x + y + 3 = 0 or x +y = 9.

34.(b) Let P(h, k) be the cartesian coordinates of the point 
  P(3secθ – 4,5tanθ + 3).
 \  h = 3secθ – 4 or, h +

=
4

3
secθ

  Also, k = 5tanθ + 3 or, k −
=

3
5

tanθ .

  Now, 

  sec2θ – tan2θ = 1 ⇒ h k+





 −

−





 =

4
3

3
5

1
2 2

 ⇒	  h k+( ) −
−( ) =

4
9

3
25

1
2 2

 \	  the equation of the locus of P is x y+( ) −
−( ) =

4
9

3
25

1
2 2

35.(b) Let the coordinates of A, B be (a, 0) and (0, b)   

respectively. Thus, acosα = 4 ⇒ α = 4
cosα

  Also, bsinα = 4 ⇒ b = 
4

sinα
.

 
 \  The coordinates of the mid-point P of the segment AB,

  where A B4 0 0 4
cos

, , ,
sinα α















  are

  

4 0

2

0 4

2
2 2cos , sin

cos
,
sin

,α α
α α

+ +














= 





 = ( )h k

 \	  h = 
2

cosα
 and k = 

2
sinα

 \	  cosα = 2
h

, sinα = 2
k

  Since sin2α + cos2α = 1, we obtain, 1 1 1
42 2h k

+ =

 \	  The equation of the locus of the mid-point

  P(h,k) of AB is 1 1 1
42 2x y

+ =

36.(b) Let the coordinates of the points be (α, β).
  Then, distance of P from x-axis is β and from y-axis is α.
  We have, β = 2α (given) \ The locus of P is y = 2x.

37.(c) Let the coordinates of the point P be (α, β).
  Thus, we have 2PA = 3PB ⇒ 4PA2 = 9PB2

 ⇒	  4[(α – 0)2 + (β – 0)2] = 9[(α – 4) 2 + (β + 3)2]
 ⇒  5α2 + 5β2 – 72α + 54β + 225 = 0
 \  The locus of P is 
  5x2 + 5y2 – 72x + 54y + 225 = 0

38.(a) Let (x, y) be the co-ordinates of any position P of the   
 moving point on its locus. Thus, by the given condition  
 AP = 5 i.e. AP2 = 25.
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  But AP2 = (x – 3)2 + (y – 4)2

 \  (x – 3)2 + (y – 4)2 = 25 ⇒ x2 + y2 – 6x – 8y = 0
 \  the required equation is x2 + y2 – 6x – 8y = 0

39.(d) Let AB be the ladder. Let the cross section of the floor and  
 wall be taken as the coordinate axes.

  X

B

P(x, y)

A
O

Y

•

  Let P(x, y) be the mid point of AB whose locus is required. 
Then the coordinates of A and B are (2x, 0) and (0, 2y) 
respectively.

  Given AB = a ⇒ 2 0 0 22 2x y a−( ) + −( ) =

 ⇒	  4x2 + 4y2 = a 2 ⇒ 4(x2 + y2) = a2,

  which is the required locus.

40.(c) Let AB be the stick. Let the cross-section of the floor and  
 wall be taken as the coordinate axes. 

  Let P(x, y) be the mid point of AB.

  X

A

P(x, y)

B
O

Y

•

  Then the coordinates of A and B are (2x, 0) and (0, 2y)
  respectively, Given AB = l
 ⇒	 	 2 0 0 22 2x y l−( ) + −( ) =

 ⇒	 	4x2 + 4y2 = l2 ⇒ 4(x2 + y2) = l2
 \	  the locus of the mid point of the stick is a circle.

41.(b) •
M(x', y')

B(α, α)

O(0, 0)

A(α', 2α')

y –
 x

y 
=

 2
x

  Let A = (α', 2α') and B = (α, α).
  Mid point of AB, M ≡ (x', y')

 \  x' = 
α α

α α
' '+

⇒ = −
2

2x .

  Again, y' = 
2

2
α α'+

   

 \  α' = 
2

2
y'+








α

 \	  2x' – α = 
2

2
y'−








α

 \  4x' – 2y' = α ..............(1)
   MB2 = 4 \(x' – α)2 + (y' – α)2 = 4
 \  25x'2 + 13y'2 – 36x'y' = 4
 \  Locus of the middle point of AB is 25x2 + 13y2 – 36xy = 4.

42.(b) acosθ = a – x, asinθ = y. Squaring and adding we get
   a2 = (a – x)2 + y2 ⇒ (x – a)2 + y2 = a2

43.(a) (h – a)2 + k2 = (h + a)2

 ⇒	  (h – a)2 – (h + a)2 = –k2 ⇒ k2 = 4ah.
 \  the locus is y2 = 4ax.

44.(b) Let Q(x, y) be a point. AQ – BQ = ± 1
 ⇒	 	 x y x y−( ) + − +( ) + = ±1 1 12 2 2 2

 ⇒	 	 x y x y

x y x y

−( ) +




+ +( ) +





− −( ) + +( ) + =

1 1

2 1 1 1

2 2 2 2

2 2 2 2

 ⇒	 	 2 2 1 2 1 12 2 2 2 2 2x y x y x y+ + = −( ) + +( ) +

	 	 On squaring 12x2 – 4y2 = 3.

45.(c) The coordinates of centroid are 

   h x k y
=

+ +
=

− +2 4
3

5 1
3

, , where C(x, y) is a point  
⇒ x = 3h – 6.y = 3k – 4.

  C lies on 9x + 7y + 4 = 0
 \  9(3h – 6) + 7(3k – 4) + 4 = 0
 ⇒	  27h + 21k – 78 = 0
 \  the locus is 27x + 21y – 78 = 0, which ia parallel to 

9x + 7y – 4 = 0.

46.(d) A – B = 0 ⇒ tan(A – B) = tanθ(x, y)

  
•

B(–a, 0) A(a, 0)(0 0)

 ⇒  tan tan
tan tan

tanA B
A B
−

+
=

1
θ

 \	  
−

−
−

+

−
−( )

=

y
x a

y
x a
y

x a
1

2

2 2

tanθ

  
tan , tanA y

x a
B y

x a
= −

−
=

+






 ⇒  −
− −

= ⇒ − + =
2 22 2 2

2 2 2xy
x y a

x y xy atan cotθ θ
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47.(a) Given, vertices of triangle are A(1, 1),
   B(–1, –1) and C −( )3 3,

   Now, AB = − −( ) + − −( ) = + =1 1 1 1 4 4 82 2

  
BC = − +( ) + +( ) =3 1 3 1 8

2 2

  
CA = +( ) + −( ) =1 3 1 3 8

2 2

 i.e.,  AB = BC = CA. so, it is an equilateral triangle.

48.(a) Let (h, k) be a point \ h k k2 2 3+ =

 ⇒  h2 + k2 = 9k2  \ The locus is x2 – 8y2 = 0

49.(b) x y y−( ) + −( ) =4 22 2

 ⇒  (x – 4)2 + (y – 2)2 = y2 ⇒ x2 – 8x – 4y + 20 = 0

50.(b) xcosα + ysinα = p cuts x-axis at the point

   
p

cosα






  and y-axis at the point 0,

sin
p
α









   Let (h,k) be their mid -point.

 \  h P k p p
h

p
k

= = ∴ = =
2 2 2 2cos

,
sin

cos ,sin
α α

α α

  Squaring and adding 1
4 4

2

2

2

2= +
p
h

p
k

 \	  required locus is 1 1 4
2 2 2x y p
+ =

51.(d) For (1, 3), 3x + 2y = 3 + 6 > 0.
   for (5, 0), 3x + 2y = 15 + 0 > 0 and 
   for (–1, 2), 3x + 2y = –3 + 4 > 0.
   Similarly, other inequalities are satisfied.
52.(d) PA + PB = 2a is a known condition where P is any point on
   an ellipse. A, B are its focil, 2a is the length of major axis.
 \   PA + PB = constant, represents an ellipse.

53.(c) PA – PB = 2a is a known condition where P is any point  
 on a hyperbola. A,B are its focii. 2a is the length of   
 transverse axis.

 \   PA + PB = costant, represents a hyperbola.

54.(b)  1
2

[x(3 – 5) + 2(5 – y) – 4(y – 3)] = ±12
 
 ⇒  –2x + 10 – 2y – 4y + 12 = ±24
 ⇒	  –2x – 6y + 22 = ± 24
 ⇒  x + 3y + 1 = 0 or, x + 3y – 23 = 0

55.(a) Let P(h, k) be any point of the required locus.

  Then, ∆PAB = 1
2

|h(4 – 6) + 2(6 – k) –2(k – 4)| sq.units

  = 1
2

 |20 – 2h – 4k| sq. units = |10 – h – 2k| sq.units. 

  so according to the given condition,
  |(10 – h – 2k)| = 16 or, h + 2k – 10 = ±16
 \  the required equations are :
  x + 2y – 26 = 0 or, x + 2y + 6 = 0.

56.(b)  Let A(a, 0) and B(–a, 0) and P(x, y) be the three points.  
 Then 

   (x – a)2 + y2 + (x + a)2 + y2 = λ 
 ⇒   2x2 + 2a2 + 2y2 = λ

 ⇒   x2 + y2 = 
λ λ−

= −
2

2 2

2
2a a

   which is an equation of a circle.

57.(a) 
y –

 1 
= 0

x – y +
 1 = 0

x + y – 5 = 0(4, 1)B

A(0, 1)

  Since the triangle is right angled so the circumcentre will be 
the middle point of hypotenuse i.e., (2, 1)

58.(c) Lines  x + y = 4 and x + y = – 4 are parallel and point  
 (2, 2) and (–2, –2) are lies on these lines. If point (a ,a) is  
 lying in between the lines then a > –2 and a < 2 i.e., 
  –2 < a < 2 ⇒ |a| < 2.

59.(d) Let P(x, y) be a variable point.
   PA2 + PB2 = AB2 ⇒ (x – 2)2 + y2 + (x – 2) 2 + y2

  = 2 2 0 0 2 8 162
2

2 2+( ) + −( )





 ⇒ +( ) + =x y

	⇒		 x 2 + y2 – 4 = 0

60.(b) Let (h, k) be a variable point.

   k =  1
2 h k k h k2 2 2 2 24+ ⇒ = +

 \   The locus is x 2 – 3y2 = 0

61.(a) Let P(x, y) be a variable point.

   grad of OP = grad of AP ⇒ y
x

y
x

=
−
−

4
3

 ⇒	 	  xy – 3y = xy – 4x ⇒ 4x – 3y = 0.

62.(b) PA2 – PB2 = 2k2

 ⇒   (x – a)2 + y2  – (x + a) 2 – y2 = 2k2

 ⇒   –4ax = 2k2 ⇒ 2ax + k 2 = 0.    
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63.(d) Here secϕ = x
b

 and tanϕ = y
a

   sec2ϕ – tan2ϕ = 1

 ⇒	  x
b

y
a

2

2

2

2 1− =

64.(d) PA = kPB ⇒ PA2  = k2PB2

 ⇒  (x – ak)2 + y2 = k2 x a
k

y−





 +













2
2

 ⇒  x2 + a2k2 – 2akx + y2 = k2 x a
k

ax
k

y2
2

2
22

+ − +












 ⇒	  x2 + a2k2 – 2akx + y2 = k2x2 + a2 – 2akx + k2y2

 ⇒  (x2 + y2) – k2(x2 + y2) = a2(1 – k2)
	⇒  (x2 + y2) (1 – k2) = a2(1 – k2)
 ⇒  x2 + y2 – a2  = 0 

65.(c) Let (x, y) be a point

  x y x y−( ) + +( ) = +( ) + −( )1 2 2 3 02 2 2 2

 ⇒  (x – 1)2 + (y + 2)2 = 4(x + 3)2 + 4y2

 ⇒  3(x2 + y2) + 26x – 4y – 31 = 0

66.(b) Let A and B be the points (3, 4) and (5, 6) and let P   
be a position of the moving point and let (x , y) be the  
coordinates of P.

  Now, AP2 = (x – 3)2 + (y – 4)2 and 
  BP2 = (x – 5)2 + (y – 6)2

 	  from the given condition,
  AP = BP  \ AP2 = BP2

 or,  (x – 3)2 + (y – 4)2 = (x – 5)2 + (y – 6)2 
 or,  x + y = 9, which is the required equation.

67.(b) Let (x, y) be the coordinates of any position of the moving
   point P and the given point be A(1, 1).
   Now, the distance of P from the x-axis = y, and the distance
   of P (x, y) from A(1, 1).

 =  x y−( ) + −( )1 12 2

 \	  From the given condition,

  y = 2 1 1 4 1 12 2 2 2 2x y y x y−( ) + −( ) ⇒ = −( ) + −( ){ }
 ⇒	  y2 = 4x 2 – 8x + 4y – 8y + 8 
 \  4x2 + 3y2 – 8x – 8y + 8 = 0, which is the required equation.

68.(b) 
(7, 2)

(–1, –6) (2, –5)

(x, y)

O

  
− +

=
+1 7

2
2

2
x

 ⇒	  x = 4

  
− +

=
− +6 2

2
5
2

y

 ⇒	  y = 1
 \	  Fourth vertex (x, y) is (4, 1).

69.(a) Let (x ,y) be the coordinates of the moving point P.
   Now, the area of ∆PAB

P(x, y)
B(6, 8)

A(–2, 4)
O X

y

y'

X'

 =  1
2

{x(4 – 8) + (–2)(8 – y) + 6(y – 4)}

 =  1
2

{8y – 4x – 40} = 4y – 2x – 20

   from the given condition, 4y – 2x – 20 = ±10.
  i.e., x – 2y + 5 = 0 and x – 2y + 15 = 0 which are the equations
  required.

70.(b) Let the variable point be P and its coordinates be (x, y).
 \  The distance of P from the point (4,0) =  

x y−( ) + −( )4 02 2 and distance from y-axis be x.
  So by question x y x−( ) + =4 2 2

 ⇒	  (x – 4)2 + y2 = x2 ⇒ x2 – 8x + 16 + y2 = x  2

 ⇒  y2 = 8x – 16 i.e., the equation of locus of the variable point is 
y2 = 8x – 16

71.(a) Let the coordinates of P in any position are (h, k).

 \	  h = at2, k = 2at. \ k
h

a t
at

a
2 2 2

2
4 4= =

 \  k 2 = 4ah
 \  The equation to the locus of P is y2 = 4ax.

72.(a) Let a = b and P (h, k) be the moving point and   
 A(a, 0), B(–a, 0) are fixed points. Now PA2 + PB2 = 2b2

 ⇒  (h – a)2 + (k – 0)2 + (h + a)2 + (k – 0)2 = 2b2

 ⇒  2h 2 + 2k2 + 2a2 = 2b2 . \ h2 + k2 = b2 – a2
 \  The equation to the locus is x2 + y2 = b2 – a2

  If a = b then x2 + y2 = 0 \ x = 0, y = 0.

73.(d) Let A be the origin and AB and AC represents the x-axis and 
   y -axis respectively.
   Let AB = a and AC = b. Now BC is parallel to PQ.
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   From geometry, we know AP
AB

AQ
AC

k= = [where k is a   
 variable parameter].

 \   AP = k. AB = ka and AQ = k.AC = kb.

   B
P

Q

XA

C
(0, b)

(a, 0)

Y

  Equation to straight line BQ is x
a

y
kb

+ =1 ...........(1)

  Equation to straight line PC is x
ka

y
b

+ =1 ...........(2)
  (1) – (2),

  

x
a k

y
b k

x
a

y
b

bx ay1 1 1 1 0 0−





 + −






 = ⇒ = ⇒ − =

74.(d) Let P(h, k) be any position of the moving point on its locus.
   Then the distance of P from the x-axis k and its distance  

 from the y-axis is h.

  O X

h

k

(h, k)

Y

  By problem, 3k – 4h = 7.
  Therefore, the required equation to the locus of the moving 

point is 3y – 4x = 7.

75.(a) Let the coordinates of P be (h,k). According to the condition,

   
h k h k+( ) +






 + −( ) +






 =2 2 402 2

2
2 2

2

 ⇒  (h + 2)2 + k 2 + (h – 2)2 + k2 = 40
 ⇒  2(h2 + k2) + 4 + 4 = 40 ⇒ h2  + k2 = 16
 \  The equation of the locus of P is x2 + y2 = 16.

76. (a)x = 2cost + 3 and y = 2sint + 5. Eliminating the parameter 
t from these equations we get (x – 3)2 + (y – 5)2 =  
4cos2t + 4sin2 t = 4

 \  the equation of the locus of the point (x ,y) is 
  (x – 3)2 + (y – 5)2 = 4, which indicates a circle.

77.(a) Let the coordinates of any point on the locus be (x, y),
 \	  acording to the given condition,

  

h k

h k

−( ) + −( )
−( ) + +( )

=
3 4

1 2

2
3

2 2

2 2

 ⇒  9{(h – 3)2 + (k – 4)2} = 4{(h – 1)2 + (k + 2)2}
 ⇒  9(h2 + k2 – 6h – 8k + 25) = 4(h2 + k2 – h + 4k + 5)
 ⇒  5(h2 + k2) – 46h – 88k + 205 = 0
 \  the equation of the locus of the variable point (h, k) is  

5(x2 + y2) – 46x – 88y + 205 = 0

78.(b) Let the coordinates of P be (h, k) and A ≡ (2, –7) and  
 B ≡ (–4, 3).

 \  area of ∆PAB

 =  1
2

|h(–7–3) + 2(3 – k) – 4(k + 7)| sq. units.

 = 1
2

|–10h – 6k – 22| sq. units

 =  |5h + 3k + 11| sq. units.
  According to the question,
  |5h + 3k + 11| = 21 ⇒ 5h + 3k + 11 = ±21
 \  5h + 3k + 11 = 21 or, 5h + 3k + 11 = –21
 \	  the equation of the locus of P is
  5x + 3y = 10 or, 5x + 3y + 32 = 0.

79.(a) Let the coordinates of the variable point at any position be  
 (h, k).

 \  the abscissa of the point = h.
  and the ordinate of the point = k.
 \  according to the given condition 2h = 3k + 1
 \  the equation of the required locus is 2x = 3y + 1,which is a 

straight line. 

80.(c) Diagonals cut each other at middle points. 

 

R(5, 7)

(1, 2)P Q(4, 6)

(a, b)S

  Hence a a+
=

+
⇒ =

4
2

1 5
2

2

  
b b+

=
+

⇒ =
6

2
2 7

2
3

81.(d) Let A ≡ (a, 0) and B ≡ (0, b). Since the line AB passes   
through the point (α, β), then (a, 0),(0, b) and (α, β) are   
collinear.

  

•

Y

XO

B
(0, b) P(h, k)

A(a, 0)X'

Y'

1

2

 \  a(b – β) +0.(β – 0) + α(0 – b) = 0
 ⇒  ab – aβ – bα = 0

 ⇒  bα + aβ = ab ⇒ α β
a b
+ =1 .............(1)

  Let P(h, k) divides the line segment AB in the ratio 2 : 1. 
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  \	h = 2 0 1
2 1

× + ×
+

a  and k = 2 1 0
2 1

× + ×
+

b

 ⇒  h = a
3

 and k = 2
3

3b a h⇒ =  and b = 
3
2
k

 \  from (1) we get, α β α β
3 3 2

1 2 3
h k h k
+ = ⇒ + =

 \  the equation of the required locus of the point 

  P(h, k) is α β
x y
+ =

2 3 .

82.(b) Let the given  points be Ai = (xi ,yi), i = 1, 2..........
   and the coordiantes of a point at any position on the locus
   be (h, k). 

 \	  PAi
i

n

( )
=
∑ 2

1

= constant = c 2 (say).

 \	  h x k y ci i
i

n
−( ) + −( ){ } =

=
∑ 2 2

1

2

 ⇒	  nh2 + nk2  – 2h x k y x y ci i i i
i

n

i

n

i

n
− + +( ) =

===
∑∑∑ 2 2 2

1

2

11

 ⇒	  h2 + k2  – 2h x
n
i

i

n

=
∑

1

  –2k
y
n n

x y ci
i i

i

n

i

n
+ +( ) −












=

==
∑∑ 1 02 2 2

11

 ⇒  h2 + k2 + 2uh + 2vk + d = 0,

  where  u
x
n

v
y
n

i i= − = −∑ ∑,  and d
x y c

n
i i

=
+( ) −∑ 2 2 2

 \  the equation of the locus of the point P is  
x2  + y2 + 2ux + 2vy + d = 0, which is a circle.

83.(a) Let (h, k) be the coordinates of any position of the moving 
   point on its locus.

   By question, PA
PB

PB PA= ⇒ =
3
2

3 2. .

 ⇒  9.PB2 = 4.PA2 ⇒ 9[(h – 2)2 + (k – 4)2]
  = 4[(h + 5)2 + (k – 3)2]
 ⇒  9[h2 – 4h + 4 + k2 – 8k + 16]
  = 4[h2 + 10h + 25 + k2 – 6k + 9] 
 ⇒  5h2 + 5k2 – 76h – 48k + 44 = 0
  Therefore, the required equation to the locus traced out 
  by P is 5x2 + 5y2  – 76x – 48y + 44 = 0

84.(b) Let us assume that the variable straight line at any position  
 intersects the x-axis at A(a, 0) and the y-axis at B(0, b).

   Clearly, AB is the part of the line intercepted between the  
 coordinate axes. Further assume that the point (h, k)   
 divides the line segment AB internally in the ratio 2 : 3.

   Then we have, h a a h a h
=

+
+

⇒ = ⇒ =
2 0 3

2 3
3 5 5

3
. .

  
k b b k b k
=

+
+

⇒ = ⇒ =
2 3 0

2 3
2 5 5

2
. .

  Now by problem

  a + b = 10 ⇒ 5
3

5
2

10 2 3 12h k h k+ = ⇒ + =

  Therefore, the required equation to the locus of (h, k) is
  2x + 3y = 12.

85.(b) Let (x, y) be the coordinates of any point on the locus   
 traced out by the moving point P. Then, 

   we shall have, x t
t

t tx x=
−
+

⇒ − = +
7 2
3 2

7 2 3 2

 ⇒  t(7 – 3x) = 2x + 2 ⇒ t = 
2 1
7 3

x
x
+( )

−
.............(1)

  and y t
t

yt y t=
+
−

⇒ − = +
4 5

1
4 5

 ⇒  t(y – 4) = y + 5 ⇒ t = 
y
y
+
−

5
4

..............(2)
 

  From (1) and (2) we get, 2 2
7 3

5
4

x
x

y
y

+
−

=
+
−

 ⇒	  2xy – 8x + 2y – 8 = 7y – 3xy + 35 – 15x
 ⇒  5xy + 7x – 5y = 43, which is the required equation of the locus 

of the moving point P. 

86.(c) Let (x, y) be the coordinates of any point on the locus   
 traced out by the moving point P.

  Then we shall have,

  
x a x a= +( )⇒ = ( )

2
2cosec sin cosθ θ θ θec +sin

 ⇒	  4 2

2
x
a

= (cosecθ + sinθ)2...............(1) and 

  y = 
b
2

(cosecθ – sinθ) ⇒ 2y = b(cosecθ – sinθ)

 ⇒  4 2

2
y
b

= (cosecθ – sinθ)..................(2)

  (1) – (2) gives,

  4 2

2
x
a

– 4 2

2
y
b

= (cosecθ + sinθ)2 + (cosecθ – sinθ)2

 
  = 4cosecθsinθ = 4

 ⇒	  x
a

y
b

b x a y a b
2

2

2

2
2 2 2 2 2 21− = ⇒ − =   

87.(a) If P(x, y) be any point on the locus then its distance from the

   point (a, 0) = x a y−( ) + −( ){ }2 20

   Its distance from axis of y is x.

   By hypothesis, x a y−( ) + −( ){ }2 20 = 4x
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 ⇒	  x2 + a2 – 2ax + y2 = 16x2 ⇒ 15x2 – y2 + 2ax = a2, 
which is the required equation to the locus.

 

88.(c) The distance of P(x, y) from (3, 0) = x y−( ) + −( ){ }3 02 2 .

   Its distance from (0, 2) = x y−( ) + −( ){ }0 22 2

   Hence by hypothesis,

  
x y x y−( ) + = + −( ){ }3 3 22 2 2 2

 ⇒	  x2 – 6x + 9 + y2 = 9(x2 + y2 + 4 – 4y)
 ⇒  8x2 + 8y2 + 6x – 36y + 27 = 0
  which is the required equation to the locus.

89.(a) The given parametric equations are

   x a bt
p qt

=
+
+

................(1), y c dt
p qt

=
+
+

.................(2)

  From (1) we have, px + qtx = a + bt

 ⇒	  t a px
qx b

=
−
−

................(3)

  From (2) we have,

  py + qty = c + dt ⇒ t = 
c py
qy d
−
−

.................(4)

  Equating the two values of t obtained from (3) and (4),

  we have, a px
qx b

c py
qy d

−
−

=
−
−

 ⇒  aqy – ad – pqxy + pdx = qcx – bc – pqxy + bpy
 ⇒  x(pd – qc) + y(aq – bp) + (bc – ad) = 0
  which is a first degree (linear) equation in x and y of the form
  Ax + By + C = 0. Hence the locus is a straight line.

90.(a) 
(x1,y1)

A D B P C

(x2,y2) (x3,y3)
 

 
  Coordinates of D will be

  

lx kx
l k

ly ky
l k

2 1 2 1+
+

+
+







,

  Now again, DC is divided by P in m : k + 1.
  Then the coordinates of P will be given by

  

mx lx kx
k l m

my ly ky
k l m

3 2 1 3 2 1+ +
+ +

+ +
+ +







,

91.(b) Let (h, k) be the co-ordinates of any position of point P.
   PS2 + PB2 = 2.PR2

 ⇒   (h + c)2 + k2 + (h – b)2 + k2

 ⇒   2[(h – c)2 + k2] ⇒ 2hc – 2bh
 =  –4bc + 2c2 – c2 – b2 ⇒ 6hc – 2bh + b2 = c2

 ⇒	  2(3c – b)h + b2 = c2

 \  Equation of locus 2(3c – b)x + b2 = c2

92.(b) Let (h, k) be the co-ordinates of any position of point P.
   The given two points are Q(–2, 0) and R(2, 0)
 \   PQ2 + PR2 = 40
 ⇒  (h + 2)2 + k2 + (h – 2)2 + k2 = 40
 ⇒  2h2 + 2k2 = 40 – 8 ⇒ h2 + k2 = 16 
93.(a)  Let  P (x,y) be the co-ordinates of any point on the locus,  

  then x = 
na cosθ

m+n . y =  
mb sinθ

m+n

   ⇒ 
x
a n

y
b m

2

2 2

2

2 2+












 =  
1

(m+n)2

94.(c) The co-ordinates of the points of intersection with the   

axes of the given line are  A P
cos

,
θ

0





  and B 0,

sin
P
θ







 .So,  

 

   the mid-point of AB is (x,y) = 
P P

2 2cos
,

sinθ θ






 . According 

   to the given condition,  1
2

 ,   
P

cosθ 
,  

P
sinθ 

 = ± K2.
  

 ⇒ 2.  
P

2cosθ 
,  

P
2sinθ  = ± K2 ⇒ 2xy = ± K2.

 
95.(b) Let the Cartesian co-ordinates of P be (h,k) then h = 

t +1
t –1 

 and  

k = 2t + 3 ⇒ h = 

k

k

−
+

−
−

3
2

1

3
2

1
 =  

k –1
k –5  

  
 ∴ the locus of P (h,k) is x(y–5)2 =  y – 1.

96.(a) Let the Cartesian co-ordinates of P be (h,k) ; then h =  
2

1+ sinθ   

⇒ sinθ =  
2
h  – 1and 

  

  k = 3cosθ ⇒  
k
3  = cosθ ∴ locus of P(h,k) is 

   2 1
3

2 2

x
y

−





 + 






  = 1 ⇒ (x–2)2 +  

x2y2

9  = x2

 
  ⇒	x2 y2 = 36(x–1).
97.(c) Let h be the height of the triangle. Since the area of the   

triangle is a2,  
1
2a,h = a2 = h = 2a. According to question,  

 the base lies along x = a. Since the  vertex lies on the line  
 parallel to the base at a distance 2a, the required line is x =  
 a ± 2a i.e. x = –a or x = 3a.

98.(a) Let Cartesian coordinates of the point be (x,y) then 
  x  = 2t2 + t + 1, y = t2 – t +1

  ∴  x – 2y +1 = 3t and x + y – 2 = 3t2
  ⇒ (x–2y+1)2 = 3(x+y–2)
99.(a) Given line can be rewritten as bx + ay = ab. Equation   

of perpendicular through (0,0) is ax –by = 0. Let P(h,k) be  
 point of intersection (i.e. foor of perpendicular) then   
 solving these, 
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   h  = ab2 /(a2 + b2) and k = a2b/ (a2 + b2)
  ∴ h2 + k2 = a2b2 / (a2 + b2) = c2

  [1/a2 + 1/b2 = 1/c2]. Hence locus of P is x2 + y2 = c2 
100.(a) The given parametric equations are 

    x =  
a+bt
p+qt   .........(i) and y =  

c+dt
p+qt ......(ii)  

 
   From (i) we have, px + qtx = a + bt 

  or, t =  
a–px
qx–b  ....(iii). From (ii) we have

   py + qty  = c + dt   or, t = 
c–py
qy–d  ...(iv)

  

  Equating the two values of 't' obtained from (iii) and (iv) we  

have,  
a–px
qx–b  =  

c –py
qy–d   

  
  or, aqy – ad – pqxy + pdx = qcx – bcx – pqxy + bpy
  or, x (pd–qc) + y(aq– bp) + (bc – ad) = 0 
  which is a first degree (linear ) equation in x and y of the form 

Ax + By + C = 0. Hence the locus is a straight line.



Chapter - 18
straight line

206

1.(a) The slope of the line m = tan 15º = tan (45º–30º)

  = 
tan45º– tan30º

1+tan45º tan30º  = 

1
1
3

1
1
3

3 1
3 1

−

+
=

−

+

  = 
( 3 –1)2

3–1  = 
4–2 3

2 = 2 – 3  
   Also the intercept on y -axis  = c = –4 
   Therefore, the equation of the line is 

2.(b) The slope of the line = tan30º = 
1
3

= m
 
   Also the intercept on y-axis = –OA = –8 tan

   30º = – 
8
3

 = c

A

BO

y

x
30º

30º

60º

 ∴ The equation of the required line is 

  y = 
1
3

x –
8
3  

  i.e. 3 y = x – 8 ⇒ x – 3 y = 8 

3.(c) Let the equation of the line be 
x
a  + 

y
b  = 1

P(–5,4)
A(a,0)

B(0,b)
2

1
x

y

O

  So, the coordinates of A and B are (a, 0) and (0,b) respectively. Since 
the point (–5,4) divides AB in the ratio 1 : 2.

 ∴ – 5 =  
1.0 + 2.a

1+ 2  and 4  =  
1.b + 2.0

2 + 1  ⇒ a = – 
15
 2  and b = 12.

  So, the line is – 
2

 15
x + 

y
 12  = 1 i.e. , – 8x +5y = 60.

4.(a) Let the point be P(α,β). Since it lies on the line  x +y = 4 

  ∴ α + β  = 4(1)

   Distance of P from the line 4x + 3y – 10 = 0 is unity.

 ⇒  
| |4 3 10

16 9
α β+ −

+
 = 1 ⇒ 

| ( ) |4 3 4 10
5

α α+ − −
 = 1

 ⇒ |α+2| = 5 ⇒ α + 2 = ± 5 ⇒ α = –2 ± 5 

 ⇒ α = 3, –7.

 ∴ Points are (3,1) and (7,–11).

5.(b) Let the equation of the line be  
x
 a  +  

y 
b  = 1 ....(1)

 

Y

X
(–4,3)

B(0,b)

A(a,0)

b
3

0a
5

  It meets the coordinates axes at the points A(a,0) and  B(0,b). Since 
the point (–4,3) divides the portion AB  of the line in the ratio 5 : 
3(internally). 

 ∴ – 4 =  
5.0+3a

5+3  =  
3a
8  amd 3 =  

5.b + 3.0
5 + 3   =  

5b
 8

 ⇒ a = –  
32 
3  and b =  

24
 5

  Putting these values of a and b  in (1) we get,  
x

–32/3  + 
y

–24/5  

  = 1 ⇒ 9x – 20y + 96 = 0 which is equation of the required line.

6.(c) Let the equation of the line be  
x
 a  +  

y 
b  = 1 ....(1)

  Given intercept on y-axis = 2 (intercept on x-axis ) i.e. b = 2a

  So, equation (1) becomes 

   
x
 a  +  

y 
2a  = 1 ⇒ 2x + y = 2a .......(2)

  Since line (2) passes through the point (3,4) 

 ∴ 2 × 3  + 4 = 2a ⇒ a = 5 

  Thus the equation of the required line is 2x + y = 10.

7.(a) The equation of the given line is 3x + 4y = 12 which can be written 

in the intercept form as  
x
4  + 

y 3
 = 1. The intercept made by this line 

on x axis and y-axis are 4 and 3 respectively.

 ∴ Equation of the required line is  
x
8  +  

y 
9  = 1 

 or, 9x + 8y = 72.

8.(b) The equation of the given line is ax +by + c = 0

  ⇒	ax + by = –c ⇒  
x

–c/a  + 
y

–c/b   =  1.....(1)

JMMC RESEARCH  FOUNDATION PUBLICATION
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A(–c/a,0)

B(0,–c/b)

C

xO

  Let the line (1) cuts x-axis and y-axis at the points A and B  respectively, 

then A ≡ −










c
a

,0 and B = 0,−









c
b

.

  The coordinates of the middle point C of AB are  

  
− + −









c a c b/
,

/0
2

0
2

 or, − −










c
a

c
b2 2

,

  

  Now, equation of the line OC is  y – 0 =  
c/2b
c/2a  (x = 0) ⇒ y =  

a
b  x  

⇒ ax –by  = 0 

9.(c) The given line is 3 x – 4y + 8 = 0 ...(1)

   Let PQ = r

Q

P(√3,2)

√3x –4y+8 = 0

r

  Then the coordinates of Q are 

  ( 3 + rcos
π
6 , 2 + r sin

π
6 ) or, 3

3
2

2
2

+ +








r

r
,

  Since the point Q lies on the given line,

 ∴ 3  3
3

2
4 2

2
+









 − +









r

r
 + 8 = 0 

 ⇒ 6 + 3r – 16 – 4r + 16 = 0 ⇒ r = 6

  Hence PQ = 6.

10. (c) Equation of any line parallel to the line 8x – 4y + 7 = 0 is 8x + 4y + k 
= 0

  Since it passes through the point (1,–2)

 ∴ 8(1) – 4(–2)+k = 0 ⇒ k = –16

 ∴ Equation of the line is 8x – 4y – 16 = 0

 ⇒ 2x – y – 4 = 0

11.(a) Equation of any line perpendicular to the line 8x – 4y + 7 = 0 is 4x + 
8y + k = 0

  Since it passes through the point (2,–4)

 ∴ 4(2) + 8(–4)+k = 0 ⇒ k = 24

 ∴ Equation of the line is 

  4x + 8y + 24 = 0 ⇒ x + 2y + 6 = 0

12.(d) Equation of any line perpendicular to the line  
 2x – 5y + 8 = 0 is 5x + 2y +k = 0 ....(1)

  Intercept of the line (1) on x axis = – 
k
5  [obtained by putting y = 0 in 

(1)] 

  Given :  
k
5  = –  

4
5  ⇒	k = 4 

 ∴ Equation of the line is 5x + 2y + 4 = 0

13.(b) Let A ≡ (1,4) and B ≡ (3,6).
D

A(1,4) C(2,5) B(3,6)

  Let CD be the perpendicular bisector of the line segment AB. Now, 

slope of AB =   
6–4
3–1  = 1

 ∴ Slope of CD = – 1( CD ⊥	AB)

  Since C is the mid point AB, ∴ Coordinates of C  are 
1 3

2
4 6

2
+ +







,  

= (2,5)

 ∴ Equation of CD is (y–5) = – 1 (x–2)

 ⇒ x + y –7  = 0.

14.(a) The equation of given line is 3x – y + 4 = 0 ....(1)

   The slope of the line (1) is  = 3.

A

P(2,3)

3x–y+ 4 = 0

 ∴ Slope of PA (⊥ to given line)  = – 
1
3.

 ∴ Equation of PA is

  (y –3) = –   
1
3  (x – 2)  ⇒ 3y – 9 = –x + 2

 ⇒	 x + 3y – 11 = 0 ........(2)

  Solving (1) and (2) we get x = –  
1
10

, y = 
37
10  

 ∴ A = −










1
10

37
10

,  

15.(d) Equation of the given line is  

   4x + 7y + 13 = 0 ...(1)
P(–8,12)

Q(α,β)

C 4x + 7y + 13 = 0
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  Let Q (α,β) be the image of the point P (–8,12) with respect to line 
(1).

  Then PQ ⊥ line (1) and PC = CQ

  Equation of the line PC is (y –12) =  
7
4  (x+8)

  [PC is ⊥ to the line (1) and passes through (–8,12)

 ⇒ 7x – 4y + 104 = 0 ....(2)

  Solving (1) and (2) we get, x = –12 and y = 5,

 ∴ C ≡ (–12,5)

  Since C is mid point of PQ.

 ∴ –12 =  
α–8

2  and  5 =  
β+12

2
 ⇒ α = –16 and β = – 2. ∴ Q = (–16,–2).

 16.(b) Let (x1,y1) be the image of the point P(3,5) with respect to   
the line y = x.

O

P(3,5)

Q(5,3)

y = x

R(a,b)

Y

X

  Then x1 = 5, y1 = 3 ∴  Q = (5,3)

  Since the image of the point Q (5,3) with respect to the line  
y = 0 is (a,b). ∴ a = 5 and b = –3.

 ∴ (a,b) = (5,–3).

17. (c) Equation of any line passing through the point of intersection of given 
lines is 

  (5x – y – 9) + k (x+6y– 8) = 0 .......(1)

  Since it pass through the point (2,–2)

 ∴ (5×2+2 – 9) + k (2–12–8) = 0 ⇒ k =  
1
6 

  Putting the value of k in equation (1) the equation of the required line 
is 

  (5x –y –9) +  
1
6 (x+6y –8) = 0 ⇒ 31x – 62 = 0 

 ⇒ x – 2 = 0

 18.(a) Given lines are 3x– 4y – 7 = 0 .......(1) 

   12x – 5y –13 = 0 ....(2) and 

   2x – 3y + 5 = 0 ......(3)

   Equation of any line through the point of intersection of   
lines (1) and (2) is 

   (3x – 4y – 7) + k (12x – 5y –13) = 0  

 ⇒	 	 (3 + 12k)x – (4+5k) y  – (7+13k) = 0 ....(4)

   Slope of line (4)  =  
3+12k
4+5k  

   Slope of line (3) =  
2
3

  Since line (4) is perpendicular to line (3) 

 ∴  
3+12k
4+5k  ×  

2
3 = –1⇒ 6 + 24k  = –12 – 15k

 ⇒ 39k = –18. ∴ k = –  
6
13

  Putting the value of k in equation (4) the equation of the required line 
is 

  3
72
13

4
30
13

−








 − −









x y –(7–6) = 0

 ⇒ –33x – 22y – 13  = 0 ⇒ 33x + 22y +13 = 0

19.(b) Given lines are x–y – 1 = 0 ....(1)

   2x – 3y + 1 = 0 ......(2) and 

   3x + 4y – 14 = 0 ......(3)

   Equation of any line through the point of intersection of    
lines (1) and (2) is (x–y–1)+k(2x – 3y +1) = 0

  ⇒ (1+2k) x –(1+3k) y + (k–1) = 0 .....(4)

   Slope of the line (4) is  =  
1+ 2k
1+3k  

   Slope of the line(3) = –  
3
4

   Since line (4) is parallel to line (3).

 ∴  
1+ 2k
1+3k  = –  

3
4 ⇒  4 + 8k = – 3–9k ∴ k = – 

7
17

   Putting the value of k in (4), the equation of required line   

is  
3
17 x + 

4
17  y = – 

24
17

 = 0

  ⇒ 3x + 4y – 24  = 0 

 20.(b) The distance between the given parallel lines is 

   p =  
|2–(–3)|

5 122 2+ −( )
 = 

5
13

21.(a) Let (α+β) be any point on the line x + y = 5. Then α + β = 5 ....(1)

  Since the point (α,β) is at a unit distance from the line 3x + 4y – 20 = 
0, we get 

  
3 4 20

3 4
1

3 4 5 20

9 162 2

α β α α+ −

+
= ⇒

+ − −

+

( )
= 1[by 1]

 

 ⇒ | – α| = 5 ⇒ α = ± 5 ⇒ α = 5 or, α = –5

 ∴ Required sum = 5–5 = 0

22.(d) S is the midpoint of QR ∴ S is 
13

2
1,











  

 ⇒ slope PS = 
2 1

2
13

2

−

−
 = –  

2
9

 ⇒ Equation of required line is 

  y – 2  = –  
2
9  (x– 2)

 or, 2x + 9y + 7 = 0
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23.(d) Since the line x + 3y = 4, 6x – 2y = 7 are perpendicular, the parallelogram 
should be rhombus.

24.(c) We wake A as the origin and AB and AC as x axis and y   
axis respectively.  

Q(0,k)

A X

Y

C(0,a)

B(a,0) P(h,0)

  Let AP –h , AQ = k. Equation of the line PQ is  
x
h + 

y
k   = 1 ....(1).

  Given BP.CQ = AB2 ⇒ (h–a)(k–a) = a2

 ⇒ hk – ak – ah + a2 = a2 ⇒ ak +ha = hk

 ⇒  
a
h +  

a
k  =  1......(2)

  From(2) it follows that line (1) i.e. PQ passes through the fixed point 
(a,a).

 25.(b) Let the equation of the line be  
x
a +  

y
b = 1

   Its intercepts on x-axis and y-axis are a and b respectively.

   Given :   
1
a +  

1
b = k ⇒ 

1
ak  + 

1
bk  = 1........(1)

  ⇒  
1/k
a  +  

1/k
b  = 1...(2)

   From (2) it follows that the line (1) passes through the fixed point 
1 1

k k
,









 .

 26. (a) Given lines are 3x + 4y + 6 = 0 ....(1)

   2 x + 3 y + 2 3  = 0 .....(2)  and 

   4x + 7y + 8 = 0 .....(3)

   Lines (1) and (3) intersect at the point (–2,0). But the point (–2,0) 
does not satisfy the equation (2). Again (2) is not parallel to (1) and 
(3), therefore they are sides of a triangle.

 27.(d) The coordinates of the middle point of the line joining the points (1,–2) 
and (3,4) are 

  
1 3

2
2 4
2

+ − +







,  i.e. (2,1).

  Clearly, the line x–y – 1= 0 passes through the point (2,1) and is equally 
inclined to the axes. 

 ∴ x – y – 1= 0 is the equation of the required line.

 28.(d) The given line is 3x + y = 3 ....(1)

   The slope of the line which is ⊥ to line (1) is =  
1
3.

 ∴  slope of the line (1) is = –3

   Now, equation of the line through the point (2,2) and ⊥ to   

the line (1) is (y–2)=  
1
3 (x– 2)

  ⇒ 3y – 6 = x – 2 ⇒ x – 3y + 4 = 0 ....(2)

   Its  y -intercept =  
4
3 [ putting x = 0 in (2)] 

29.  (b)    
Y

45º

D

C

X

B

O

(0,5)

A(5,0)

 

  Clearly, the equations of the two diagonals are x = 5 and y = 5.

30.  (a) The equation of one of the diagonal of the square is x = 2y ....(1)

  Let the equation of one of the sides of the square through the vertex 
(3,0) be (y – 0) = m (x–3)....(2)

  Since the angle between (1) and (2) is 45º.

 ∴ tan45º = ± 
m

m

−

+

















1
2

1
1
2

⇒	 
2m –1
2+m  = ± 1 ⇒ m = 3, –  

1
3 

  Putting these values of m in (2) we get, y –3x + 9 = 0 and 3y +x – 3 
= 0 as the required two sides of the square through the vertex (3,0). 

31.(c) The four lines enclosing the given region are 4x + 5y = 20,   
4x–5y = 20, –4x + 5y = 20 and –4x –5y = 20

Y

XO
5 5

4

4

– 4
x+

5y
=20

– 4x–5y=20 4x
–5

y=
20

4x+5y=20

  Clearly the four lines form a rhombus having diagonals of length 10 
and 8. 

 ∴ Required area =  
1
2 × 10 × 8 = 40

32.(a) The given lines are 3x + 4y = 9 .....(1) and y = mx + 1....(2)

  Solving (1) and (2) we get the x-coordinate of the point of intersection 

as x =  
5

4m + 3  . 

  Since x-coordinate is an integer.

 ∴ 4m + 3 = ± 5 or 4m + 3 ± 1.

  Solving these, only integer values of m are –1 and –2. ∴ m = 1,–2.

33.(c) The equations ax + by +c = 0 and dx +ey +f  = 0 represent   
the same line if their slopes are equal and y intercepts are   
equal.

 ∴ –  
a
b = –  

d
e  and – 

c
b = –  

f
e

 ⇒ 
a
d = –  

b
e  and – 

b
e  = –  

c
f

 ⇒	
a
d = 

b
e  = 

c
f   

34.(d) Reflection in the y-axis gives the new position as (–3,2).   
When it moves towards the negative side of  y-axis    
through 5 units, then the new position is ( –3,2–5) i.e. (–3,–3).
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Q(–3,2) P(3,2)

R(–3,–3)

Y

Y′

O XX′

35.(c) The area is 1 unit for every value of a.

36.(a) Let the line be y = mx + c ⇒ mx –y + c = 0

   The algebraic sum of the distances

   = 
m c

m

m c

m

c

m

− +

+
+

+

+
+

− +

+

1

1

2

1

2

12 2 2  = 0 

 

  ⇒ 3m + 3c = 3 ⇒  m + c =1

   So, (1,1) satisfies y = mx + c for all m,c.

 37.(c) The area of the triangle =  
1
2 × (x -intercept)

   × (y -intercept) =  
1
2 × −









× −










c
a

c
b

 = 
1
2

 . 
c2

ab  =  
1
2

   [ a,c,b are in G.P.]

38.(a) x = 1, y = 1 make both x+y – 3 and 2x – y – 2 negative. so   
the required bisector is  

x+y–3 

2
 = 

2x–y–2 

5
 

39.(b) The required line is the perpendicular bisector of the line   
segment joining the given points.

 40.(d) The Cartesian equation is x + 2 = 
y–1 
3

 i.e. 3x –y + 7 = 0.

41.(a) Let the coordinates of Q be (x,y).

   The straight line makes an angle of 45º with the x-axis. 

  ∴ from the equation of the straight line 

   
x–1 

cos45º
  = 

y–2 
sin45º  = 3. ∴ x = 1= 3 cos 45º = 

3 

2

 ∴ x = 
3 

2
 + 1 and y – 2 = 3sin45º = 

3 

2
 

 ∴ y =  
3 

2
 + 2

 ∴ The required coordinates are 
3
2

1
3
2

2+ +








, .

42.(a) Let the equation be  
x 
a

 +  
y 
b

 = 1

  Suppose it cuts the x-axis at A and the y-axis at B. Then the coordinates 
of A and B are (a,0) and (0,b) respectively.

  The coordinates of the point at which AB is divided in the ratio 5 : 4 
is 

  
5 0 4

5 4
5 4 0

5 4
. .

,
.+

+

+

+











a b
 = 

4
9

5
9

a b,








  , but by the given 

  condition the coordinates of the point are (2,5/3). 

 ∴ We have  
4
9

  a = 2 or, a =  
9
2

 and  
5
9 b =  

5
3

 or, b = 3.

  Hence the required equation is 

   
x

9/2
 +  

y
3

 = 1 ⇒ 2x + 3y – 9 = 0

43.(a) Let the equation of the straight line be  
x
a

 + 
x
b

 = 1. Here the intercepts 
being equal, we have a = b.

 ∴ The equation is  
x
a

 + 
y
a

 = 1 or x+y = a

  Again as the straight line passes through the point (3,–5) we have 3 – 5 
= a  or, a = –2.

  Hence the required equation is x + y = – 2

 or, x+y + 2 = 0

44.(a) The gradient of the straight line passing through the points  
 

   (4,–5) and (–7,3) is   
–5–3

4–(–7)  = – 
8
11

  The equation of the straight line passing through the point (2,3) is y–3 
= m(x–2).

  this straight line is parallel to the straight line passing through the 
points (4,–5) and (–7,3).

 ∴ the gradients of both straight lines must be equal 

 ∴ m =  – 
8
11. Hence, the required equation is 

  y–3 =  – 
8
11(x–2) ⇒ 8x + 11y – 49 = 0.

45.(c) The equation of the straight line passing through the points (1,2) and 
(2,1) is 

   
y –1
2–1  =  

x –2
1–2  ⇒  x + y = 3 ....(1) which is the required equation. 

  Writing (1) in the intercept form we have  
x
3  +  

y 
3  = 1.

 ∴ the intercepts from the axes made by the straight line are 3 and 3.

 ∴ the length of the straight line between the axes 

 = 3 32 2+  = 3 2 .

46.(c) Let the straight line AB cuts the axes of x and y at the   
points A and B respectively and let the coordinates of P,    
the mid point of AB, be (a,b). Let us find the equation of   
the straight line. Let the equation of the straight line be 

    
x
α  +  

y
β  = 1

   Then the coordinates of A and B are respectively (α,0) and   

(0,β). So, the coordinates of P, the middle point of AB is  
α β

2 2
,











 ∴ 
α
2  = a and 

β
2  = b ∴ α = 2a, β = 2b

 ∴ The required equation is 
x

2a  +  
y

2b  = 1

 ⇒  
x
a  +  

y
b  = 2

47.(c) Let the straight line intersects the axes of the coordinates   
at A and B respectively.
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   Then the coordinates of A and B are (a,0) and (0,b)   
 respectively.

   We are to find the locus of the mid point of AB. Let the   
coordinates of mid-point of AB be (h,k). 

  ∴ h =  
a+0

2 , k =  
0+b

2  ∴ a = 2b, b = 2k

   as a+b = 10. ∴ 2h + 2k = 10 ∴ h + k = 5 

  So the equation to the focus of the mid point x+y = 5. 

48.(a) 3x +4y – 5 = 0 ⇒ 3x + 4y = 5

  ⇒ 
3

3 42 2+
x + 

4

3 42 2+
 y = 

5

3 42 2+

 ∴ the length of the perpendicular =  
5

3 42 2+
 =  

5
5  = 1 unit.

 49.(b) The equation x + 3 y + 14 = 0 can be reduced to the   
form

   
1

3 1
2 2( ) + ( )

 x  – 
3

3 1
2 2( ) + ( )

 y = – 
14

3 1
2 2( ) + ( ) 

 ⇒ −








 + −











1
2

3
2

x y = 7 ⇒ x cos240º + y sin240º = 7 which is 

  in the perpendicular form. 

  [Here  cos α = –  
1
2  and sinα = – 

 3
2  . Now since both cosα 

  and sinα are negative, the angle is in the third quadrant. When cosα =  
1
2 , α = 60º. So, here the value of α is 180º + 60º or 240º]

50.(c) Substituting the coordinates of the point of intersection of  first two 
lines, i.e. (–2,3) in the third equation we have 5.3– 2.b = 3 ⇒ b = 6.

51.(a) BD passes through the mid point of AC, i.e. (3,2).

  ∴ The equation of BD is y –2 = 2 (x –3)

  i.e. 2x – y = 4.

52.(d) The given point lie on the line x+y = 2 if 3t2 + 3t +1= 0.   
Here ∆	=  9 – 12 < 0 .

  ∴ The value of t is imaginary. 

  Thus the given point cannot lie on the line.

53.(a) Considering the two perpendicular lines as axes, sum of   
the distances of P (x,y) from these lines (axes) is  
 |x| + |y| = 1.

   This gives four lines, x+y = 1, x–y =1, –x+y = 1, –x–y = 1   
which enclose a square.

54.(d) Slope of line x cosθ + y cosecθ  = a  is  –  
sec θ 

cosecθ   = –   

  
sin θ 
cos θ  

 ∴ Slope of line ⊥ to this line =  
cos θ 
sin θ  

 ∴ Equation of required line is 

  y – a sin3θ = (cosθ/sinθ) (x–acos3θ) 

 ⇒	 x cosθ – y sinθ = a(cos4θ– sin4θ)

 = a(cos2θ +sin2θ)(cos2θ – sin2θ)

 ⇒ x cosθ – y sinθ = a cos 2θ.

55.(a) Let the equation of the line perpendicular to 

   5x – y = 1is x + 5y = k ⇒  
x 
k  + 

y 
k/5  =1 ....(1)

 ∴  
1 
2 .k 

k 
5  = 5 ⇒ k2 = 25.2 ⇒	k = ± 5 2

 ∴  The required equation of the line is x + 5y = ± 5 2 .

56.(c) Equation of the line having intercepts of equal length a on   

axes is  
x 
a  +  

y 
b  = 1 ⇒ x + y = a  

   If it passes through the point (1,–2) then a = 1 –2 = –1.

  ∴ required line is x + y = –1 ⇒ x+y+1 = 0 

 57.(b) If a1, b1 are the intercepts of the line on the axes, then 
1 
a1

 =   

a,  
1 
b1

 = b ⇒ a1 =  
1 
a , b1=  

1 
b

  ∴	Equation of the line is  
x 
a1

 +  
y 
b1

 = 1 ⇒ ax + by = 1.

58.(a) AD = 
2 1 2

2
−( ) −

 = 
1 

2
A(2,1)

x+y = 2B C
D

 ⇒ AB = AD cosec 60º

 ⇒  
1

2
 × 

2

3
  = 

2
3

.

59.(d) Let A(2a,0) and B(0,a) be the ends of the base of isosceles ∆ ABC. 

  If the equation of side say AC is x = 2a, then the coordinates of vertex 

C can be taken as (2a,k).Then CA = CB ⇒ k = ( ) ( )2 0 2 2a k a− + −  

 ⇒ 0 = 5a2 – 2ak ⇒  k =  
5a
2

Y

Y′

X′ XO

C
(2a,k)

B(0,a)

A(2a,0)

 ∴ Coordinates of C are (2a, 5a/2)

 ∴ equation of side BC is 
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  y – a = 
(5a/2) – a

2a – 0  (x – 0) ⇒ 3x – 4y + 4a = 0

60.(d) The given lines can be written as y – 2x – 4 = 0 and y – 2x + 
5
3  = 0.

 ∴ Distance between the parallel lines 

 = 
c c

a b
2 1
2 2

5 3 4

1 4

−

+
=

− −

+

/ ( )
  =  

17 5
15

61.(b) If m is the slope of side PQ or PR, then 
m–(–2)

1+(–2)m  = ± tan 
π
4  

  [ slope of QR is – 2 and ∠PQR = ∠PRQ = 45º ]

 ⇒ m = 3, – 
1
3   

 ∴	 Equations of  s ide PQ  and PR  are 3x  –y  –  5 = 0 and  
x+3y – 5 = 0.  

62.(c) The given equation can be written as a(x+y–2) + b(x–y–3) = 0.

  For all values of a and b two lines pass through the point of intersection 
of lines x+y – 2 = 0 and x–y – 3 = 0 i.e. through the fixed point (5/2, 
–1/2).

 63.(d) From the given line, we have 

   p(x+y–1) + q (2x–3y+ 1) = 0 

  For different values of p  and q this line passes through the  point 
of intersection of lines x+y –1 = 0  and 2x – 3y + 1= 0. Solving, the 
point is (2/5, 3/5).

64.(a) Point of intersection of the given lines is (2,1). Since the slope of 
the required line is ∞,it is parallel to y-axis so its equation is x = 2. 
Obviously it is at a distance 2 form origin.

65.  (a) Given that 
a1
a2

 =  
b1
b2

 =  
c1
c2

 =  
1
λ  (say)

 ⇒ a2 = a1λ, b2 = b1λ, c2 = c1λ

 ∴ v = a2x   + b2y + c2 = λ, (a1x + b1y + c1z ) = λu

 ∴ u+kv = 0 is u(1+kλ) = 0 i.e. u = 0

  Thus the curve u +kv = 0 is same straight line u = 0.

 66.(a) Since a+b+c = 0, given line can be re-written as 2ax + 3by + 4 (–a 
–b) = 0 

 ⇒ a (2x – 4) + b (3y – 4) = 0

  For all values of a and b this line passes through the point of intersection 
of 2x – 4 = 0 and 3y – 4 = 0 i.e., (2,4/3), which is fixed.

67.(c) The given equations can be rewritten as 3x – 4y + 7 = 0 and –12x – 5y 
+ 2 = 0 (making constant terms positive).

  Since a1a2 + b1b2= – 36 + 20 < 0.

 ∴ Positive sign in equations of bisectors gives the bisector of acute angle.

  Hence acute angle bisector is 

  
3 4 7

3 42 2

x y− +

+
  = 

− − +

+

12 5 2

12 52 2

x y
  ⇒ 11x – 3y + 9 = 0 

68.(b) Two bisectors of angles between two lines (not parallel)   
are always perpendicular.

69.(b) Let the equation of line be  
x
a  =  

y
b  = 1......(1) which meet the axes 

at A(a,0) and B(0,b).

  If (1,2) are the coordinates of C.G. of Δ OAB, then 1= 
1
3  (0+a+0) and 

  2 =   
1
3  (0+0+b) ⇒ a = 3, b = 6 .

 ∴ From (1) the equation of line AB is 2x + y = 6.

70.(c) The equation of a line passing through the intersection of x +2y – 1 = 
0 and 2x –y–1= 0 is (x+2y – 1)+ λ (2x –y – 1) = 0

 ⇒ x (1+2λ) + y(2–λ)–1 – λ = 0 

  This  meets  the  coordinates  axes  a t  A  
λ

λ

+

+











1
2 1

0, and  

B 0
1

2
,
λ

λ

+

−









 .

  Let (h,k) be the mid point of AB. Then h =  
1
2 .  

λ+1
2λ+1  , 

k = 
1
2 . 

λ+1
2–λ

  Eliminating λ from these two we get, h + 3k = 10hk. Hence locus of 
(h,k) is x+3y = 10xy.

 71.(b) The desired point is the foot of the perpendicular from the origin on 
the line 3x – 4y = 25. The equation of a line passing through the origin 
and perpendicular to 3x –4y = 25 is 4x + 3y = 0. Solving these two 
equations we get x = 3, y = –4. Hence the nearest point on the line 
from the origin is (3,–4).

72.(a) The points of intersection of the given three lines taken in  
pairwise are A (1,1), B (2,–2), C(–2,2). We have AB = 10 , AC =  

10 , and BC = 4 2 . Thus the triangle formed is an isosceles one.

73. (d) The diagonal through B passes through the mid point of  AC. The 

coordinates of the mid point of AC are
3 1
2

3 3
2

+ +







,

 ∴ the equation of the diagonal through B is 

  y – 2 = 

3 3
2

2

3 1
2

3 1
3 1

+







 −

+







 − +( )

− −( )x

 

 ⇒ y = x ( 3 – 2) + (1+ 3 ).

74.(c) We have y – y1= m(x–x1), where m and x1 are fixed. Therefore the 
system represents a set of parallel lines of slope m.

75.(a) The equation of a line concurrent with the lines 4x + 3y –7 = 0 and 8x 
+ 5y – 1= 0 is (4x + 3y –7) + λ (8x + 5y –1) = 0

  ⇒ x(4+ 8λ) + y (3+5λ) – 7  – λ = 0 

  The gradient of this line is – 
3
2 , therefore, – 

8λ+4
5λ+3  = – 

3
2  ⇒ 16λ + 

8 = 15λ + 9 ⇒ λ = 1

  So the required line is 

  12x + 8y – 8–0 ⇒ 3x + 2y – 2= 0

76.(c) The equation of the line AB which is perpendicular to the line x–y +5 
= 0  is x+y+c1 = 0
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  This passes through A(1,–2), therefore c1 = 1. Thus the equation of line 
AB is x+y+1= 0. Let the coordinates of B be (h,k). Then the mid point 

of AB i.e. 
h k+ −









1
2

2
2

,  lies on AB as well as on the perpendicular 

bisector of AB. Therefore, – 
h +1

2  + 
k –2

2  + 1 = 0 and 
h +1

2  + 
k –2

2  + 5 = 0. Solving 

  these two equations, we get h = – 7, k = 6. Thus, the coordinates of B 
are (–7,6). Similarly, working with the line AC, we find the coordinates 

of C. The coordinates of C are 
11
5

2
5

,








 . Hence the equation of line 

BC is y –6 = 
2/5–6

11/5+7  

  (x+7) i.e. 14x + 23y – 40 = 0 

77.(b) The equation of the line joining the points (2,–1), and (5,–3) is given 

by y + 1= 
–1+ 3
2–5 (x–2) i.e. 2x + 3y – 1= 0

  Since (x1, 4) and (–2,y1) lie on 2x + 3y – 1= 0, therefore, 2x1 + 12 – 1= 

0 ⇒ x1 = – 
11
2  and –4 + 3y1–1 = 0 ⇒ y1 = 

5
3 .

  Thus (x1, y1) satisfies 2x + 6y +1 = 0.

78.(d) Let the coordinates of the vertex P be (3a,p).
Y

XO

x = 3a
P = (3a,p)

B(0,a)

A(3a,0)

  Since the triangle is isosceles therefore, 

  3 0 2 2a p a−( ) + −( )  = p

 ⇒ 9a2 + p2 – 2pa + a2 = p2 ⇒ p = 5a

  Therefore, the equation of the line BP is 
y –5a
a–5a  = 

x –3a
0–3a  ⇒  

y –5a
–4a   

=  
x –3a
–3a

 ⇒ 4x – 3y + 3a = 0.

 79.(a) The set of lines is ax + by + c = 0, where 3a + 2b + 4c = 0.

   Eliminating c, we get ax + by – 
1
4  (3a + 2b) = 0 

  ⇒ a x b y−








 + −











3
4

1
2

 = 0 

   This passes through the intersection of the lines x = 
3
4  = 0 and y 

= – 
1
2  = 0 i.e. 

3
4

1
2

,








 . 

80.(c) Since the given lines are concurrent 

   

1 2
1 3
1 4

a a
b b
c c

 = 0 ⇒ –bc + 2ac– ab = 0 

 

  ⇒ b = 
2ac
a+c  

  ⇒	a,b,c  are in H.P.

81.(d) The point of intersection of x+2y – 3 = 0 and 2x + 3y – 4 =   
0  is (–1,2) which satisfies 4x+5y – 6 = 0.

   But these values do not satisfy 3x + 4y – 7 = 0.    
Hence only three lines are concurrent.

82.(d) Let the required line be  y –2 = m (x–1)

   This line meets 3x +4y – 12 = 0  and 3x + 4y – 24 = 0   

at A 
4 4
3 4

6 9
3 4

+

+

+

+











m
m

m
m

, and  B 
16 4
3 4

6 21
3 4

+

+

+

+











m
m

m
m

,   

   respectively. 

  It is given that AB = 3⇒ 
12

3 4
12

3 4

2 2

+









 +

+









m m

m2 = 9

 ⇒ m = 
7
24 .

  So the required line is y – 2 =  
7
24(x–1). 

83.(a) Since a,b,c are in A.P. therefore 2b = a + c. Putting the   

value of b in ax + by + c = 0 , we get ax +
a c+







2

 y +c = 0 ⇒  a (2x 
+ y) + c (y+2) = 0 

  ⇒  (2x +y) + 
c
2









 (y+2) = 0

   This equation represents a family of straight lines passing through 
the intersection of 2x + y = 0 and y + 2= 0 i.e. (1,–2).

84.(b) Since  
a1
a2

 = 
b1
b2

 ≠ 
c1
c2

 , therefore, u = 0  and v = 0 are two 

   parallel lines. Hence u +kv = 0 represents a family of   
parallel  lines.

85.(c) The equat ion of  any l ine  pass ing through (1 ,–10)  i s 
  y + 10 = m(x–1).

 86. (c) Let L= 4x + 2y –1. Then the equation of the line 4x + 2y 
–1= 0 becomes L= 0. We have L> 0 for x = 1, y = 2 and L < 0 for x = 
–2, y =1.

  Hence, the two points (1,2) and (–2,1) are on the opposite side of the 
line L = 0.

87.(b) Let p be the length of the perpendicular from the origin on   
the given line.

   Then its equation in normal form is x cos30º+ y sin30º = p or, 3
x + y = 2p.

   This meets with the coordinate axes at A(2p / 3 , 0) and   
B(0,2p)/

 ∴	 	 Area of Δ OAB = 
1
2

2
3
p







  2p = 

2p2

3
   

   By hypothesis  
2p2

3
 =  

50

3
 ⇒ p = ± 5

   Hence the lines are 3 x + y ± 10 = 0

88.(a) Any point on x+y  =  4 is (t,4 –t).

   So 
4 3 4 10

4 32 2

t t+ − −

+

( )
 = 1 ⇒ t = 3, – 7

   Hence the required points are (3,1) and (–7,11).
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89.(c) The equation of a line passing through the intersection of   
x – 3y + 1= 0 and 2x + 5y –9 = 0 is 

   (x–3y +1) + λ(2x + 5y – 9) = 0

  ⇒ x (2λ + 1) + y (5λ – 3) +1 – 9λ = 0 

   This  is  a t  a  dis tance 5 from the or igin ,  therefore , 

1 9

2 1 5 32 2

−

+( ) + −( )

λ

λ λ
 = 5  ⇒ λ =  

7
8

 

  Hence, the required line is 2x + y = 5.

 90.(b) The equation of any line parallel to 2x + 6y + 7 = 0  is 2x   
+ 6y + k = 0.

   This meets the axes at A (–k/2,0) and B(0,–k/6).

   By hypothesis AB = 10 ⇒ 
k k2 2

4 36
+  = 10

 

  ⇒
10

36

2k
 = 10 ⇒10k2 = 3600 ⇒ k = ± 6 10 = 0.

   Hence there are two lines given by 2x + 6y ± 6 10  = 0.

 91.(a) The equation of a line passing through the intersection of   
x – 3 y + 3 –1 = 0  and x +y–2 = 0  is 

   (x– 3 y + 3 –1) + λ (x+y–2) = 0 

  ⇒ x (1+ λ) + y (λ – 3 ) + 3 –1 – 2λ = 0 ....(1)

   This line x – 3 y + 3 – 1 = 0 makes 30º angle with   
x-axis, therefore the line making an angle of 15º with this   
line will make 45º angle with x-axis. Therefore its slope is 1

 ⇒  
1

3
+

−











λ

λ
 = 1 ⇒ λ = 

3 –1
2

   

   Putting the value of λ in (1) , we get x–y = 0.

 92.(d) The equation of the line BC is x+y+4 = 0. Therefore   
equation of a line parallel to BC is x+y+k  = 0. This is at a   

distance 
1
2

 from the origin, therefore, 
k
2

 = 
1
2

 ⇒ k = ± 1

2   

   Since BC and the required line are on the same side of the  origin, 
therefore k = +  1

2
.Hence the equation of the required line is x+y +  

1

2
 = 0.

93.(a) Since the origin and the point (1, –3) lie on the same side of x+2y –11 
= 0  and on the opposite side of 3x – 6y – 5 = 0.

   Therefore, the bisector of the angle containing (1,–3) is the bisector 
of that angle which does not contain the origin and is given by 

   
–x–2y+11

 5
 =   – 

− + +









3 6 5
45

x y
 ⇒  3x = 19

94.(a) Since the area of the square is 25sq.units, therefore the   
length of each side is 5. Let the equations of the other   

sides are 3x–4y + k1 = 0 and 4x + 3y +k2
 = 0.

   The distance between 3x – 4y = 0 and 

   3x – 4y + k1= 0 is 
k1

2 23 4+ −( )
  =   

k1
5

 

 ∴  Area of the square =  
k2

1
25  ⇒ 

k2
1

25 	 = 25 ⇒ k1 = ± 25.

   Similarly, k2 = ± 25.

   Hence, the equations of the other two sides of the square   
are 3x – 4y ± 25  = 0 and 4x + 3y ± 25  = 0.

95.(a) Let P(3, –4) be the foot of the perpendicular from the origin O on the 
required line.

   Then the slope of OP =  
–4 – 0
3–0  =  

–4
3 , and therefore the 

   slope of the required line is 3/4. Hence its equation is y + 4 =  
3
4  

(x–3) ⇒ 3x –4y = 25.

96.(d) The equation of a line passing through (2,2)and perpendicular to 3x 

+y = 3 is y – 2 =  
1
3 (x–2) or x –3y + 4 = 0 

   Putting x = 0 in this equation we obtain y = 
4
3 . So, y -intercept =  

4
3 .

97.(d) The point of intersection of the lines lx+my+n = 0  and mx+ny+I = 0  

is 
ml n
nl m

mn l
nl m

−

−

−

−













2

2

2

2, . The given three liens 

   will be concurrent if this point satisfies the third line i.e. if n = 

ml n
nl m

l
mn l
nl m

−

−












+

−

−













2

2

2

2  +m = 0

   

   i.e. if l3 + m3+ n3 – 3mnl = 0 i.e. if l+m+n  = 0.

98.(d) The point of intersection of lines x + 2y – 3 = 0 and 2x + 3y – 4 = 0 is 
(–1,2), which satisfies the equation 4x + 5y – 6 = 0 but not the equation 
3x + 4y – 7 = 0. Thus given lines are not concurrent. Since the lines 
meet at a point, so the four lines cannot form a quadrilateral.

99.(c) Clearly lengths of perpendiculars from (0,0) on the given lines are 
each equal to 2.

100.(b) Lines x + 2y – 1 = 0 and 2x –y + 3 = 0 intersect at (–1,1). Since the 
lines are concurrent, therefore (–1,1) lies on y = mx. This implies that 
m = –1.

101.(c) Let the required ratio be λ : 1,  then the point of subdivision is 
9 5

1
7 9

1
λ

λ

λ

λ

+

+

−

+









, .

   

   So, 4 
9 5

1
3

7 9
1

λ

λ

λ

λ

+

+









 +

−

+









  = 21

 ⇒ 36λ + 21λ – 7 = 21λ + 21 ⇒ λ =  
7
9 .
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102.(a) The co-ordinates of c are 

   

6 2
3

6 1
3

8
3

7
3

+ +







 =









, ,

   The slope of AB is  
3–1
3–2  = 2. So the slope of required line is –  

1
2

, hence the equation of required line is 
y x−









 = − −











7
3

1
2

8
3  

  or, 3x + 6y = 22.

103.(b)  

B

C

C

O

A

X

Y

A

α
α

θα

   

   Let the inclination of the line be θ with the positive direction of 
x-axis, then taking α  = π – θ

   tan θ = –3 ⇒ tan α = tan(180 – θ) = + 3

 ⇒   
OC
AC

 = tan α = 3 and  
BC
OC

 = tanα = 3.

 

 ⇒   
BC
AC

 = 
BC
OC

× 
OC
AC

 = tan2 α  = 9.

104.(a)   
C

O

D

XA

Y

BY = 4

x = 5

(5,
4)

x–3y = 0

   

  Clearly, the given lines form the rectangle OABC, where B = (5,4). 

The coordinates of the mid point of the diagonal OB are D 
5
2

2,








 . 

The line parallel to x–3y = 0 and passing 

  through D
5
2

2,








  is the required line. Let it be x–3y +k = 0 

   

  then k =  
7
2

105.(b) We have p = 
ab

a b2 2+
 ⇒ p2 = 

a b
a b

2 2

2 2+
   

   Also, since a2, p2, b2  are in A.P., p2 = 
a b2 2

2
+

 

 ∴ a2+  + b2 = 2p2  and 

  a2b2 = p2 (a2 + b2) = 2p4

 ⇒ 2p4 = a2 (2p2 – a2)

 ⇒ a4 – 2p2a2 + 2p4 = 0.

 106.(c) Here, 2α + 3β + y = 0 ⇒ 4α + 6β + 2y = 0 

 ⇒  α (4) + 5β (6/5) + 2y = 0 ⇒ the given line passes through the fixed 
point (4,6/5).

 107.(d)  C(–4,0) A(4,0)

D(0,–3)

B(0,3)

X

  

   The four straight lines given by 3|x| + 4|y| = 12 are ± 
x
4

 ± 
y
3

 = 1. So, 

the area enclosed by ABCD is equal to 
1
2

×6 × 8 = 24 sq.unit.

108.(d) P(2,3)

X

Q(h,k)

Q′(h,k)

Y

   

   

   Let the co-ordinates of Q be (h,k) . Then the point 
h k+ +









2
2

3
2

,  
lies on the line y = x

   i.e. h–k  = 1 ....(i). Now, gradient of 

   PQ =  
k–3
h–2 ⇒ 

k–3
h–2  × 1 = – 1⇒ h+k =  5...(ii)

   Solving (i) and (ii); h = 3, k = 2. Let the co-ordinates of Q be (h,k1) 
then 

    
2+k1

2
 = 0 ⇒ k1= – 2. So, Q′ ≡ (3,–2).

109.(c) 

30º M

P(2,3)

2x+5y + 7 = 0  

  Here PM = 
2 2 5 3 7

2 52 2

. .+ +

+
 = 

26
29

 ∴	 PQ = cosec30º

  PM = 2. 
26
29

units = 
52
29

 units. 
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110.(d)   
p′(

3,2
)

p′(
3,2

)

p′′
(–3

,–2
)

y

x
O

 

  Let P′ be the image of P. Then PP′|| x-axis and the mid point of  PP′	
is on y-axis.

  ∴ the co-ordinates of P′ are (–3,2). Similarly if P′′ be the image of P′ 
then P′P′′ is on x-axis. Hence the co-ordinates of P′′ are (–3,–2).

111.(a) (5,0) is a point on the side 3x + 4y – 15 = 0. The perpendicular distance 

of the point (5,0) from the line 3x + 4y – 5 = 0 is 
3 5 4 0 5

3 42 2

. .+ −

+
 = 2 

units. Let the equation of the 4th side be 

   

   4x – 3y +k = 0.

  ∴ distances of the point (6,5) from the line 4x – 3y + k = 0 is equal to 
2 units.

  i.e.  
24–15+k

5  = ± 2 or, k = –19, 1.

112.(b) Let AB be divided in the ratio 2 : 3 at the point P(h,k).

   

B

A
X

Y

O

3

2

(0,p cosecα)

(p cosecα,0)

P (h,k)

   Then h = 
3psecα

5
, k =  

2pcosecα
5

   Now, 5cosα =  
3p
h

, 5 sinα = 
2p
k

 ⇒  
9p2

h2  + 
4p2

k2  = 25

   So, the locus of (h,k) is 
9
x2  + 

4
y2  = 

25
p2 .

113.(d) Let the equation of the line be  
x
a

 + 
y
b

 = 1, then 
4
a

 + 
4
b

 = 1 and 
1
2|ab| = c ⇒ ab = 2c.

   [ the line passes through (4,4), which is in the 1st quadrant, so,a,b 
> 0 ⇒ c > 0 ]

 ∴ 4
a b
ab
+







   =  1⇒ 4 a

c
a

+










2
 = 2c

 ⇒ 2a2 – ac + 4c = 0

  So, a,b  are the roots of 2x2 – cx + 4c = 0

 114.(d) 4a2 + 9b2 + 12ab – c2 = 0

  ⇒ (2a + 3b)2 – c2 = 0

  ⇒ (2a + 3b +c) (2a +3b – c) = 0

  ⇒ 2a + 3b + c = 0 or 2a+3b –c = 0

  ⇒ the family ax + by +c  = 0 is concurrent at (2,3) or (–2,–3).

115.(c) The given equation is equivalent to 

   (2x + 3y – 5) cosθ + (3x –5y + 2) sinθ = 0 

   Since cosθ and sinθ are variable, so the lines pass through the 
intersection of 2x + 3y – 5 = 0 and 3x – 5y + 2 = 0 i.e. through (1,1).

116.(a) 16x4 – y4 = 0 ⇒ (2x)4  – y4 = 0

  ⇒ (4x2 + y2 ) (2x –y)(2x + y) = 0

  ⇒	2x – y = 0 or  2x + y = 0

  ⇒  represents a pair of straight lines.

117.(a) x2 + y2 – 2xy – 1= 0 ⇒  (x–y)2 = 1

  ⇒ x –y  = ± 1.

118. (c) Here the mid point M(5,7) of PR lies on QS 

  ⇒ y1 = y2 = 7 [ QS is parallel to y-axis]

   So (c) may be true.

  Also the mid point of (0,7) and (10,7) is M(5,7). Hence the option (c) 
is true.

119.(b) The m be the gradient of the reflected ray.

   The angle between x = 1 and x +y = 1 is 45º. So the angle between 
the reflected ray and x+y = 1 is also 45º.

 

45º

O

Y

X
45º

(1,0)

  ⇒   
m–(–1)

1–m
 = tan45º = 1

  ⇒  m+1 = 1– m 

  ⇒  m = 0 

   So the equation of the reflected ray is y = 0.

120.(c) Let, x2 = x1 r, x3 = x1r2, y2 = y1 r, y3 = y1r2 

   Now the area of the triangle formed by 

   (x1, y1) (x2,y2) and (x3, y3) is 

     
1
2

 |x1(y2  – y3) + x2(y3 – y1) + x3(y1– y2)|

 

  =   
1
2

 |x1y1||(r –r2) + r(r2– 1) + r2 (1–r)|

  =   
1
2

 |x1y1(r –1) || –r +r (r+1) – r2| = 0

   So the given points lie on a straight line.

121.(b) The equation of the line perpendicular to  
x
a

 +  
y
b

 = 1...(i)

   and passing through (0,0) is ax –by = 0 ...(ii)
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   Solving (i) and (ii) we get h =  
ab2

a2 + b2  .

   k  = 
ab2

a2 + b2  where (h,k) is the foot of the perpendicular.

   Now, h2 + k2 = 
a2b2

(a2 + b2)2 (a2 + b2)

  =  
a2b2

a2 + b2  =  
c2

2 ∴ the locus of (h,k) is 2(x2 + y2) = c2.

122.(c) The straight line parallel to x-axis can be written as y = k  (where k ≠ 
0). Now given equation ax +by + c = 0

   It can be written in the form y = k 

   when a = 0. Again if c = 0. then by  = 0 ∴ y = 0 [when b≠0]  but it 
is impossible ∴ c ≠ 0 

 ∴  the required condition a = 0, b ≠ 0, c ≠ 0 

 123.(b) Putting y = 0 in 4x + 3y + 10 = 0

   4x + 10 = 0 , x = –  
10
4

    

 ∴  The distance of the point −










10
4

0,  from  4x + 3y – 5 = 0 

   

4
10
4

3 0 5

4 3

15
52 2

−








 + −

( ) + ( )
=
−

.
 = 3unit.

124.(b) The slope of OA , m1 =  
b–0
a – 0  = 

b
a  

   Slope of OB, m2 =  
d–0
c –0  =  

d
c   

A(a,b)

(0,0)

Y

o

B(c,0)

 ∴ tan θ =  
m1– m2
1+m1m2

 or, tan θ  =  

b
a

d
c

b
a

d
c

−

+1
.

=  
bc–ad
ac+bd  

125.(a) The given equation is y = mx + c1

   when x = 0, y = c1 

  ∴ the perpendicular distance of 

   (0,c1) from y = mx + c2

  = 
− + −

+ −

m c c

m

.

( )

0

1

1 2

2 2  

  

  By question,
c c

m

1 2

2 1

−

+
 = |c1–c2|

 ∴ m2 1+  = 1, m2 + 1 = 1

 ∴ m = 0

 126.(b) Product of slopes of the diagonals = –1

   i.e. diagonals are mutually perpendicular. Hence PQRS is a rhombus.

 127.(c) Putting x = x′ + h,y  = y′ +k

   the given equation transforms to 

   x′2 + y′2 + x′(2h – 4) + y′(2k +6) + h2 +k2 – 7 = 0 

   To eliminate linear terms we should have 

   2h – 4 = 0 , 2k + 6 = 0 ⇒ h = 2, k = –3.

   i.e. (h,k) = (2,–3)

128.(b) Since the point of intersection (–2,0) of first two lines satisfy the third 
line. Hence the lines are concurrent.

129.(c) Substituting the coordinates of the point of intersection of first lines. 
i.e. (–2,3) in the third equation, we have 5.3 – 2b = 3 ⇒ b = 6.

 130.(c) The point of intersection of lines x + 2y – 3 = 0  and 2x + 3y – 4 = 0 is 
(–1,2) which satisfy the equation 4x + 5y – 6 = 0 but not the equation 
3x + 4y –7 = 0.

  Thus all the four lines are not concurrent. Since three lines meet at a 
point, so the four points cannot form a quadrilateral.

  Thus (a) and (b) cannot be the answers.

131.(c) Since the lines are concurrent.

  

1
1

1

a a
b b
c c

 = 0 

 

 or, 

1 1 1
1 0

0 1

a a
b b
c c

− −
−

−
= 0

 or,  1(1–b) (1–c) – b.(a–1)(1–c)

  + c [0 – (a–1)(1–b)] = 0,

  we get  
1

a–1  + 
b

b –1+  
c

c –1  = 0

 or, − +
−









1

1
a

a  +  
b

b –1+  
c

c –1  = 0

 or,  
a

a –1 +  
b

b –1 +  
b

c –1  =  1 

132.(d) From the given line, we have 

   p(x+y–1) + q (2x –3y + 1) = 0

  For different values of p and q this line passes through the point  of 
intersection of lines 

   x+y –1 = 0 and 2x – 3y +1 = 0

  Solving, the point is (2/5, 3/5).

 133.(a) Point of intersection of the given lines is (2,1). Since slope of the 
required line is ∞, it is parallel to y-axis so its equation is x = 2. 
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Obviously, it is at a distance 2 from origin.

134.(d) 3x + y = 3 ⇒ y = –3x + 3 ∴ m = –3, m1 = –  
1
m

  =  
–1
 –3 =  

1
3  , y = m1x + c ⇒ y =  

1
3 x + c

   As the line passes through (2,2).

  ∴ 2 =  
2
3  + c ⇒ 2 – 

2
3  = c ⇒ c =  

4
3 , y =  

1
3x +  

4
3

   3y –x = 4 ⇒ –  
x
4  + 

3y
4  = 1

  ∴ Its x intercepts is  –4.

135.(b) As M divides AB externally in the ratio b :a 

   x =   
b(acosβ) – a(bcosα)

b–a  and 

   y =  
b(asinβ) – a(bsinα)

b–a

 ⇒  
x
y  = 

cosβ – cosα
sinβ – sinα  = 

2
2 2

2
2 2

sin sin

cos sin

α β α β

α β β α

+ −

+ −

 ⇒ x cos 
α+β

2
 + y sin 

α+β
2

 = 0

136.(b) If a,b are the intercepts of the line on the axes,

   then,  
1
a1

 = a.  
1
b1

 = b ⇒ a1= 
1
a , b1= 

1
b1

 ∴ Equation of the line is   
x
a1

 + 
y
b1

 = 1

 or, ax + by = 1

 137.(d) Let the equation of L be  
x
a  +  

y
b  = 1, then a2 + b2 = 25 and  

  ab = ± 12. The number of solutions of the last two equations is 8.

138.(b) The given two points are symmetric about their perpendicular bisector. 
The mid point of the line segment joining(–1,1) and (1,–1) is (0,0) and 
the gradient joining (–1,1) and (1,–1) is (0,0) and the gradient of the 
line segment is –1. Hence the points are symmetrical about the line 
y–x, which passes through (0,0) and has gradient 1.

139.(d) The perpendicular distance of the point (1,1) from the line 3x +4y + 8 
= 0  is 3 units. Hence the height of the triangle is 9 units. Let a be the 

length of each side, then  3
2

 a = 9 ⇒ a = 6 3 units.

140.(b) The gradient of a1x + b1y + c1 = 0 is 

   tan θ = –  
a1
b1

  and that of 

   a2x + b2y  + c2 = 0  is tanφ	 = –  
–a2
b2

.

   ABCD  is concyclic  ⇔	∠ DAB + ∠DCB = π 

   Now, ∠CDA = π – θ  ⇒ ∠DCB = α = θ –  
π
2

   tan φ = tan (π – α) = – tan α 

  = – tan θ
π

−








2

 = cot θ 

  ⇒ –  
–a2
b2

 = –  
–b1
a1

 ⇒ a1a2 = b1b2.

0

D

X

Y

A B

a
2 x+ b

2 y+ c
2  = 0

a
1 x+ b

1 y+ c
1  = 0

φ

α

θ

 141.(a) The equation of the straight line parallel to the straight line y =  – 
5
8

 
x, i.e. 5x + 8y = 0 is 5x + 8y +k = 0....(i). Solving x + 2y + 3 = 0  and 
3x + 4y + 7 = 0, we have x = –1,y = –1. So, the co-ordinates of the 
point of intersection p of the lines x+2y +3 = 0  and 3x + 4y + 7 = 0 
are (–1,–1). The straight line(i) passes through P(–1,1). So, –5 –8 +k 
= 0 or k =13. Thus, the required equation of the straight line is 

   5x + 8y + 13 = 0. 

142.(c) Joint equation of the lines joining the origin and the point of 
intersection of the line y = mx + 2 and the curve x2 + y2 = 1 is, x2 + 

y2  = 
y mx−







2

2

  ⇒ x2 (4 – m 2) + 2mxy +3y2 =  0

   Since these lines are at right angles

   4 – m2 + 3 = 0 ⇒ m2 = 7.

143.(d) The coordinates of the middle point of the line joining the points 
(1,–2) and (3,4) are  

   
1 3

2
2 4
2

+ − +







,  i.e., (2,1).Clearly, the line x–y –1 = 0 passes 

   through the point (2,1) and is equally inclined to the axes. ∴ x 
–y – 1= 0 is the equation of the required line.

 144.(d) The given line is 3x + y = 3  ....(1)

   The slope of the line (1) us = –3

  ∴ Slope of the line which is perpendicular to line (1) is = 
1
3  . 

   Now, equation of the line through the point (2,2) and perpendicular 

to line (1) is (y –2) =  
1
3 (x–2)

  ⇒ 3y – 6= x – 2

  ⇒ x – 3y + 4 = 0 ....(2)

   Its y-intercept =  
4
3 . [Putting x = 0 in (2)]

145.(a) Let the coordinates of B and C be (α, β) and (γ, δ) respectively.  Then, 

–2 =  
α+1

2

(–2,3)D

E(γ,δ)

A(1,1)

E(5,2)

B
(α,β)
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   3 =  
β+1

2

   5 =  
γ+1

2 , 2 =  
δ+1

2 , ⇒ α = –5, β = 5, γ = 9, δ = 3.

  ∴ Coordinates of B and C are (–5,5) and (9,3) respectively.

   So, the centroid is 
1 5 9

3
1 5 3

3
− + + +







,

  i.e. 
5
3

3,








 .

 146.(a) Let (x1, y1) be the image of the point (x,y) under the given 
transformation.

   Then, x1 
 = 2x +y = 2 (3) – 8  =  –2

   and y1 = 3x –y = 3(3) – (–8) = 17

   Hence, the image is (–2,17).

 147.(b) Let the equation of the line be 
x
a  +  

y
b  = 1...(1). Its intercepts on x-axis 

and y-axis are a and b respectively.

   Given :  
1
a  +  

1
b  = k

  ⇒  
1
ak  + 

1
bk  = 1 or 1/k

a
 +  

1/k
b  = 1...(2)

   From (2) it follows that the line (1) passes through the fixed point 
1 1
k k

,








 .

148.(d) The coordinates of the middle points D and E are 

   D = 
a
2

0,










   E = 
a b
2 2

,










 

Y

E

B D C X

A(0,b)

(0,0) (a,0)

   Slope of median AD is m1 = –  2b
a

   Slope of median BE is m2 =  
b
a .

   Since AD ⊥ BE.

  ∴  m1× m2 = – 1⇒ –  2b
a

 ×  b
a

 = –1

  ⇒ a ± 2 b.

149.(d) External division in the ratio 1 : 1 is not defined.

150.(c) The lines are perpendicular if β – α = 
π
2

   or, α – β =  
π
2  i.e. if |α–β| =  

π
2 .



Chapter - 19
circle

220

1.(a) Here, (x–1) 2 + (y+2)2 = 0

  ⇒  x = 1, y = –2 which gives a point 

2.(c) Here, radius = 
λ λ

2
1

2
5

2 2








 +

−







 −  ≤ 5 

  ⇒	 2λ2	–	2λ	–	119	≤ 0 

  ∴  
1– 239

2 ≤	λ	≤  
1+ 239

2
  ⇒ –7.2 ≤	λ	≤ 8.2(nearly)

  ∴	 λ	=	–7,	–6	.....8.

3.(c) The circumcentre C is the centroid for an equilateral triangle.

  (–1,0) (1,0)

C
X

Y

2

O

√3

  ∴ C =  0
3

,
1







  and radius =  

2
3

. 3

  So, the circumcircle is 

  (x – 0)2 + y −
1







3

2

 = 
2
3

3
2

.








 .

4.(b) The sides are x+y – 4 = 0, x –1= 0, y – 2 = 0. So the triangle is right 
angled at (1,2). The hypothenuse is x+y – 4 = 0  whose ends are (1,3) 

and (2,2). The circumcentre = 
1 2

2
3 2

2
+ +







,  

   and circumradius =  
1
2  1 2 3 22 2−( ) + −( )  =  

1

2
5.(b)	 Clearly		from	the	figure,		

r

2 +1+r
 = sin 45º

 

O
X

Y

r

11

r

  ⇒ r = 3 + 2 2

6.	(b)		 Solving	y = x,x2 + y2 – 2x = 0 , we get (x,y) = (0,0) , (1,1). So the ends 
of the diameter are (0,0), (1,1). Hence, the equation of the required 
circle is (x –0) (x–1) + (y–0) (y–1) = 0 

  or, x2 + y2 = x+y

7.(b) If the in-radius = r then the centre = (r,r) and its distance from the line 
4x + 3y =	6	is r

2

O X

Y

3/2

4x + 3y	=	6

   So, 
4 3 6

4 32 2

r r+ −

+
 = r or, |7r	–	6|	=	5r

  ∴ 7r –	6	=		±	5r ⇒ r = 3,  
1
2  

	 	 	 Clearly	from	the	figure,	r	≠	3

  ∴ the equation of the incircle is 

  
x y−








 + −









 =











1
2

1
2

1
2

2 2 2

 

 or, 4(x 2+ y2 – x – y) + 1 = 0

8.(a) The centre C of the circle = (5,7) and the radius = 5 7 512 2+ + = 5
5

 
P A B

C
(5,7)(–7,2)

  PC = 12 52 2( ) + = 13

 ∴ PA = 13 – –5 5 , PB = 13 + 5 5

 ∴ P A P B. . . = 2 11 .

9.	 	 Here, centre (3/4,0) and radius = 
3
4

(3/4,0)

P(–2,1)

C

A

  PC = 
3
4

2 0 1
121
16

1
137

4

2
2+









 + − = + =( )

 ∴ PA  = 
137

4
 – 

3
4

 = 
137 3

4
−

> 2.

10.(b) Any circle passing through the points of intersection of the given line 
and circle has the equation x2 + y2	–	9	+	λ	(x+y–1) = 0.

   Its centre = − −










λ λ

2 2
,
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   The circle is the smallest if  − −










λ λ

2 2
, is on the chord x+y = 1. 

∴ – 
λ
2

 –  
λ
2

 = 1⇒	λ	=	–1

	 	 Putting	this	value	for	λ,	the	equation	of	the	smallest	circle	is	x2 + y2 
–9	–	(x + y –1) = 0

11.(c) The other end is (t, 3 – t). So the equation of the variables circle is 

   (x–1) (x–t) +(y–1) (y–3+t) = 0

  or, x2 + y2 – (1+t)x – (4–t)y + 3 = 0

  ∴	the	centre	(α,β)	is	given	by	α	=		
1+t
2

, 

	 	 β	=		 4 – t
2

 ⇒	2α	+	2β	=		5

12.(a) Any circle passing through the points of intersection of the given circles 
is 

   x2+ y2 – 2x + y	+	λ	(x2 + y2 – 1) = 0 

	 	 	 If	(α,β)	be	its	centre	then	α	=	
1
1+λ

	,	β	=	
–1/2
1+λ

  ⇒	α	+	2β	=	0.

13.(b) The equation of the circle passing through (0,0) (1,0) and (0,1) is x2 
+ y2 – x –y = 0.

   If it passes through (t,t), then 

   t2 + t2 = t – t = 0 ⇒ 2t(t–1) = 0 ⇒ t = 1

14.(a) Let A(x1,y1), B (x2,y2)and C(x3,y3) be the vertices of the triangle ABC, 
and let P(h,k) be any point on the locus. Then

   PA2 + PB2 + PC2 = c (constant).

  ⇒ Σ
3

i=1
{(h–x1)2 + (k–y1)2} = c 

  

  ⇒ h2 + k2 – 
2h
3

  (x1 + x2 + x3)

  – 
2k
3

(y1 + y2 + y3) + 
1
3

x y ci i
i

2 2

1

3
+( ) −











=

∑ = 0 

  

  So , locus of (h,k) is x2 +  y2 – 
2x
3

 (x1 + x2 +x3)

  –  
2y
3

(y1 + y2 + y3)	+	λ	=	0		where	

  

	 	 λ	=		
1
3

x y ci i
i

2 2

1

3
+( ) −











=

∑ = constant. 

  

  Clearly  the locus is a circle with centre at 

   x x x y y y1 2 3 1 2 3

3 3
+ + + +







, .

15.(b) If the line y = mx is outside the circle x2 + y2 – 20y	+	90	=	0,	then	
perpendicular from the centre (0,10) of the circle on the line y = mx 
must be greater than the radius 10

 ⇒  
10 0

1 2

− ×

+

m

m
 > 10 ⇒ |m| < 3

16.(d)	 Let	the	coordinates	of	A and B be (a,0) and (0,b) respectively.  Clearly, 
Δ	OAB  is a right angled triangle, the hypothenuse AB is a diameter of 
the circle. ∴ AB = 2(3k)	=	6k

(0,b),B

A(a,0)

Y

O
X

   Now, OA2 + OB2 = AB2 ⇒ a2 + b2	=	36k2....(i)

	 	 	 Let	(α,β)	be	the	coordinates	of	the	centroid	of	ΔOAB.	Then		α	=	
a
3

,	β	=	
b
3

 ⇒ a	=	3α,	b	=	3β	

   Substituting a,b in (1) we get 

	 	 	 9α2 	+	9β2	=	36k2 ⇒	α2	+	β2 = 4k2

   So	locus	of	(α,β)	is	x2 + y2 = 4k2.

17.(c) Since the chord makes equal intercepts of length a on the coordinate 
axes, so, its equation can be written as x ± y	=	±	a . This line meets 
the given circle at two distinct points. So, length of the perpendicular 
from the centre (0,0) of the given circle must be less than the radius.

   i.e. 
±a

2
  < 8 ⇒ a2	<	16	⇒ |a| < 4.

18.(b) The centre of the circle lies on x-axis. Let a be the radius of the circle. 
Then, coordinates of the centre are (a,0).The circle passes through 
(3,4). Therefore,

   a −( ) + −( )3 0 42 2  = a ⇒	–6a + 25 = 0 ⇒ a = 
25
6

   So the equation of the circle is 

   (x–a)2 + (y–0)2 = a2 or x2 + y2 – 2ax = 0

  or, 3(x2 + y2) – 25x = 0

19.(a)	 Since	the	required	circle	has	its	centre	on	x-axis. So, let the coordinates 
of the centre be (a,0). The circle touches y=x. Therefore, radius = 

length of the ⊥ from (a,0) on x–y = 0 = 
a

2
.

  The  c i rc le  cu ts  off  a  chord  of  length  2  uni t s  a long  
x – 3 y = 0.

  

a a
2

1
3 0

1 3

2
2

2 2

2









 = +

− ×

+ ( )

















  ⇒  
a2

2
 + 1 +  

a2

4
 ⇒ a = 2

   Thus centre of the circle is at (2,0) and radius =  
a 

2
 = 2

   So its equation is x2 + y2 – 4x + 2 = 0

 20.(b) Since S1 = 102 + 72 – 4 × 10 – 2 × 7 – 20 > 0.
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  So, P lies outside the circle. Join P with the centre C(2,1) of the given 
circle.  Suppose PC cuts the circle at A and B. Then PB is the greatest 
distance of P from the circle. We have

   PC = 10 2 7 12 2−( ) + −( )   = 10 and CB = radius = 4 1 20+ +  
= 5 . ∴ PB = PC +CB = 15

21.(c) Let the coordinates of P be (h,k). Then B is the mid point of AP. So, 

coordinates of B are 
h k
2

3
2

,
+









 
A B(0,3)

P(h,k)

  Since B lies on the circle x2 + 4x + (y –3)2  = 0 

 ∴  
h2 
4

 + 4 
h
2









  + 

k +
−











3
2

3
2

 = 0 

 ⇒ h2 + 8h + (k–3)2 = 0

  Hence the locus of P(h,k) is 

  x2 + 8x +(y–3)2 = 0

22.(a) Since the circle passes through the origin, has centre on x-axis and 
has radius a. So its centre is at (x–a)2 + (y–0)2 =a2 ⇒ x2 + y2 – 2ax = 
0 ....(i). The circle passing through the intersection of (i) and the line 
y – mx is 

   x2 + y2 – 2ax	+	λ	(y – mx) = 0 

  ⇒ x2 + y2 – x (2a	+	λm)	+	λy = 0 ....(ii)

   Since y = mx is a diameter of this circle.

   Therefore, centre 
2

2 2
a m+

−










λ λ
,   lies on it.

  i.e. –  
λ
2

 = m 
2

2
a m+









λ
⇒		λ	=	–		

2an
1+m2

	 	 	 Putting	the	value	of	λ	in	(ii),	we	get,

   (1+m2) (x2+y2) – 2a (x+my) = 0 which is the equation of the required 
circle.

23.(b) The given line is a diameter of the circle anf the origin lies on the 
circle. So, required angle is the angle in a semicircle.

24.(c)	 Let	the	fixed	points	be	A (a,0) and B (–a,0) and let the straight line be 
y = mx + c. Then,

   
mx c

m

mx c

m

+

+
+
− +

+1 12 2
 = 2k ⇒ c = k 1 2+ m

  

   So, the straight line is y = mx +k 1 2+ m .

   Clearly, it touches the circle x2 + y2 = k2 of radius k.

25.(d) Let the coordinates of A and B be (p,0) and (0,q) respectively. Then, 
equation of AB is  

x
p

 +  
y
q

 = 1

   Since it passes through (a,b) we have 

    
a
p

 +  
b
q

 = 1.....(1)

   

  The triangle OAB is a right angled triangle. So, it is a diameter of the 
circle passing through O,A  and B. So, coordinates of the centre of the 
circle are (p/2,q/2). Let (h,k) be the centre of the circle. Then, h = p/2, 
k = q/2. 

  ⇒ p  = 2h .q = 2k.

   Substituting values of p,q in (i) we get

      
a
2h

 +  
b
2k  = 1. So, locus of (h,k) is   

a
2x  + 

b
2y  = 1.

  or, 
a
x

 +  
b
y  = 2.

26.(c)	

A B

O
(0,0)
L

X X

Y

C

Y′
  We have : AL = a cos30º =  

3
2

a.

 ∴ AB = 2AL = 3 a

27.(d) Let A be the origin, and let AB  and AC be x and y axes respectively. 
Let the coordinates of B and C be (a,0) and (0,b) respectively, Then 
equation of BC is  

x
a  + 

y
b  = 1.....(i)

  

(0,b)C

(h,k)

B(a,0)A

Y

X

  Let (h,k) be the coordinates of the centre of the circle. Clearly, BC is 
a diameter of the circle..

 ∴  h = 
a
2   and k =  

b
2  ⇒ a = 2h and b = 2k.

   Since (i) passes through (x1, y1)

 ∴   
x1
a  +  

y1
b  =  1⇒ 

x1
2h  +  

y1
2k  = 1[  a = 2h, b = 2k]

   So, locus of (h,k) is  
x1
2x  +  

y1
2y  = 1

  or,  
x1
x  + 

y1
y  = 2 

28.(b) L e t  P ( c o s α 	 , s i n α ) , 	 Q ( c o s β , s i n β ) 	 a n d 	 R 	 ( c o s γ	
,	 sinγ)	 be	 three	 specified	 points	 on	 the	 given	 circle.	 Then,	 

AP = ( cos ) ( sin )− − + −1 02 2α α

  = 2 2 4 22+ =cos cos /α α 	=	2cosα/2

   Similarly, AQ	=	2cosβ/2	and	AR = 2 cosy/2  
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   Now, AP,AQ,AR are in G.P.

  ⇒	2cosα/2,	2cosβ/2,	2cosγ/2	are	in	G.P.

  ⇒	cosα/2,	cosβ/2,	cosγ/2	are	in	G.P.

29.(b)	 The	common	chord	of	the	given	circles	is			

	 	 	 6x + 14y + c + d = 0....(i)

   Since x2 + y2 + 4x + 22y + c = 0 bisects the circumference   
of  the circle.

   x2 + y2 – 2x + 8y – d = 0. So (i) passes through the centre   
of the second circle i.e. (1,–4)

  ∴	6	–	56	+	c +d  = 0 ⇒ c + d = 50

30.(d) Let the coordinates of A and B be (x1, y1) and (x2, y2) respectively. 
Then, x1, x2 are roots of x2 + 2ax –b2 = 0 and y1,y2

  are roots of x2 + 
2ax –b2 = 0 and y1 , y2 are roots of x2 + 2px – q2 = 0. ∴ x1 + x2= –2a, 
x1x2 = –b2  and y1 + y2 = –2p, y1y2 = –q2.

   Now, radius =  
1
2AB =  

1
2

x x y y2 1
2

2 1
2+( ) + −( )

  =  
1
2

x x y y x x y y1 2
2

2 1
2

1 2 1 24 4+( ) + −( ) − −

  =  
1
2 4 4 4 42 2 2 2 2 2 2 2a p b q a b p q+ + + = + + +

 31.(b) Let the circle be x2 + y2 + 2gx + 2fy + c = 0. Suppose it cuts of an 

intercept of length 2l on x-axis. Then, 2 g c2 −  = 2l ⇒ g2–c = l2 
....(i).

	 	 	 The	circle	passes	through	a	fixed	point	(0,λ)	on	y-axis,	λ2 + 2fλ + 
c = 0.....(ii)  

   Eliminating c from (i) and (ii), we get 

   g2 + 2fλ + λ2 = l2. So, the locus of (–g, –f) is x2	–	2λy	+	λ2 = l2. 
Clearly, it is a parabola.

32.(b) The equation of a circle passing through (0,0), (a,0) and (0,b) is x2 + 
y2 – ax–by  = 0. The coordinates of its centre are (a/2, b/2).

 33.(d) The circle x2 + y2 + 2gx + 2fy + c  = 0 cuts intercept of length 2 

f c2 − on y-axis. Therefore, the circle x2 + y2 + 4x – 7y + 12 = 0 

cuts an intercept of length 2 
49
4

12−  = 1on y-axis.

34.(d) The centre of the circle 

   x2 + y2 – 2x + 4y + 3 = 0 is (1,–2) and sides of the inscribed square 
are parallel to the co-ordinate axes. Hence no vertex of the square can 
have its x-coordinate equal to 1 and no vertex can have its y-coordinate 
equal to –2. Hence none of the points given in (a), (b) (c) can be vertex 
of the square.

35.(c)	 The	equation	of	a	circle	centred	at	(1,2)	the	and	passing	through	(4,6)	
is 

   (x–1)2 + (y–2)2 = (4–1)2	+	(6–2)2

  or, x2 + y2 – 2x – 4y – 20 = 0 and its radius is 5 units. Hence, 
the	area	of	the	required	circle	is	π(5)2	=	25π.

36.(b)	 The	radius	of	the	circle	passing	through	(4,5)	and	having	its	centre	
(2,2) is 

   r = ( ) ( )4 2 5 2 4 9 132 2− + − = + =

   So, equation of the circle is 

   (x –2)2 + (y–2)2 = ( 13 )2.

  or,  x2 + y2 – 4x – 4y –5 = 0

37.(b) The equation of the circle described on the line joining (0,1), (a,b) as 
diameter is (x,0)(x–a)+ (y–1)(y–b) = 0

  ⇒ x2 + y2 – ax – y (1+b)+b = 0

  This meets x-axis at y = 0, therefore the abscissa of the 
points where the circle meets x-axis are roots of the equation  
x2 – ax + b = 0.

38.(d) The equation of the circle passing through the point (1,0) 
(0,1) and (0,0) is x2 +y2 –x – y = 0. This passes through  
(2k , 3k) therefore,

   4k2	+	9k2 – 2k – 3k = 0 ⇒ k = 0.k = 5/13

	39.(b)	 T h e 	 e q u a t i o n 	 o f 	 a n y 	 l i n e 	 t h r o u g h 	 P ( α , β ) 	 i s 

 
x	–	α
cosθ  = 

y	–	β
sinθ  = k (say)

	 	 	 Any	point	on	this	line	is	(α+k	cosθ,	β	+	ksinθ).	This	point	lies	on	
the given circle if 

	 	 	 (α+k	cosθ)2	+	(β+k	sinθ)2  = r2

  or, k2 + 2k	(αcosθ+	β	sinθ)	+	α2	+	β2 – r2 = 0 which, being quadratic 
in k, gives two values of k and hence the distances of two points A 
and B on the circle from the point P. Let PA = k1, PB = k2 , where k1, 
k2 are the roots of (i). Then 

   PA. PB = k1k2		=	α
2	+	β2 – r2

40.(b) The given equation can be written as 

   (x–(–g))2 + (y–(–f)2 = g f c2 2
2

+ −( ) . 

   So, the circle is real if g2 + f2 – c ≥ 0.

 41.(b) The coordinates of the centre of circle x2 + y2 – 12x + 4y	+	6	=	0	are	
(6,–2).	Clearly	the	line	x + 3y = 0 passes through this point.

   Hence x + 3y = 0 is a diameter of the given circle.

42.(b) Let a be the radius of the circle. Since the centre is on y-axis and passes 
through the origin, therefore coordinates of the centre are (0,a) and so 
the equation of the circle is 

   (x–0)2 + (y–a)2 = a2 ⇒ x2 + y2 – 2ay = 0.

   This passes through (2,3), therefore

	 	 	 4	+	9	–	6a = 0 ⇒ a	=	13/6.

43.(c) The centre of the required circle lies at intersection of 2x – 3y – 5 = 0  
and 3x –4y – 7 = 0. Thus, the coordinates of the centre are (1,–1). Let 

r	be	the	radius	of	the	circle.	Then	by	hypothesis,	πr2 = 154 ⇒ 
22
7 r2 

= 154 ⇒ r = 7.

   Hence, the equation of the required circle is (x–1)2 + (y+1)2 = 72. 

 ⇒ x2  + y2– 2x + 2y – 47 = 0.

44.(d) The equation of the common chord of the circles x2 + y2 – 4x–4y = 0 
and x2 + y2	=	16	us	x+y = 4 which meets x2 + y2	=	16	at	A (4,0) and 
B(0,4). Obviously OA ⊥OB.
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B(0,4)

A(4,0)X ′

Y′

Y

O X

x2 +y2 – 4x – 4y = 0

x2 +y2	=16	

  Hence the common chord AB makes a right angle at the centre of the 
circle x2 +y2	=	16.

 45.(b) The equation of the required circle is x2 + y2 + 13x  – 3y +	 	 λ	

x y x y2 2 2
7
2

25
2

+ + − −








 = 0 . This passes through (1,1) 

	 	 	 therefore	12+λ(–12)	=	0	or,	λ	=	1.	So,	the	required	circle	is	x2+ y2 

+ 13x – 3y + x2+ y2 + 2x – 
7
2y – 

25
2  = 0 

 ⇒ 4x2 + 4y2 + 30x – 13y – 25 = 0.

46.(c)	 The	equation	of	the	common	chord	of	the	circles	

   x2 + y2 + 3x + 2y + 1= 0  and 

   x2 + y2 + 3x + 4y + 2 = 0 is 2y + 1 = 0

   [Using S1– S2 = 0].

  The equation of a circle passing through the intersection of x2 + y2 + 
3x + 2y + 1 = 0 and x2 + y2 + 3x + 4y + 2 = 0 is 

   (x2+y2 + 3x + 2y	+	1)	+	λ	(x2 + y2 + 3x + 4y + 2) = 0 

  ⇒ x2 + y2 + x 
3 3

1
2

1 2
1

+

+









 +

+

+











λ

λ
λ

λ

λ
 + 

1+2λ
λ+1  = 0 ......(i)

   

  Since 2y+ 1= 0 is a diameter of this circle, therefore its centre 

− −
+

+











3
2

2 1
1

,
λ

λ
lies on it.

 ∴ – 2
2 1

1
λ

λ

+

+









  + 1 = 0 ⇒	–	4λ	–2	+	λ	+	1=	0	⇒	λ	=	–	

1
3

 .

	 	 Putting	 λ	 =	 –	 1/3	 in	 (i),	 the	 equation	 of	 the	 required	 circle	 is	 
2x2 + 2y2		+	6x + 2y + 1= 0. 

47.(d) Given circle is x2 + y2 – 8x–4y + c = 0 whose centre is (4,2).

   If (a,b) are the coordinates of the other end of the diameter, then the 
middle point of the diameter is the centre.

 ∴  
1
2

 (–3+a) = 4 and 
1
2

 (2+b) = 2 ⇒ a = 11, b = 2

 ∴  Other end of diameter is (11,2).

 48.(b) Let P (h,k) be the point dividing the line joining given points in the 

ratio 2 : 3 internally, then h = 
1
5
(20cosθ	+	15)	=	4cosθ	+	3	∴ h–3 = 4 

cosθ		and	k =  
1
5
(20sinθ	+	0)	=	4	sinθ	

   Squaring and adding, (h–3) 2 + k2	=	16.

  ∴ Locus of P(h,k)  is (x–3)2 + y2	=	16.

 or, x2 + y2	–	6x – 7 = 0. Which represents a circle.

49.(a)		 The	centre	of	the	circle	is	the	point	of	intersection	of	the	given	lines	
i.e. the point (1,–1). If r	is	the	radius	of	the	circle,	then	its	πr2 = 154. 
∴ r = 7 cm. ∴ Equation of the circle is (x  –1)2 +(y+1)2 = 72 or 

   x2 + y2 – 2x + 2y = 47.

50.(c)	 In	Δ	CAL and	Δ	CME,

   k2 + a2/4 = h2 + b2/4 = r2

 ∴  4(h2 – k2) = a2 – b2

Y

A L
E

B

k
r
M,h

b,2

O

D

X

C′(–h,k)

   Locus of (h,k) is 4(x2  – y2) = a2 – b2 .

 51.(c) The centroid of an equilateral triangle is the centre of its circumcircle 
and the radius of the circle is the distance of any vertex from the 
centroid, i.e., radius of the circle = distance of centroid from any vertex. 

= 
2
3. (Median) = 

2
3 .(3a) = 2a.

   Hence the equation of circumcircle whose centre is (0,0) and radius 
2a is 

   (x–0)2 + (y–0)2 = (2a)2 or, x2 + y2 =  4a2.

 52.(c) Clearly x-coordinate of centre is x-coordinate of the mid-point of AB 
or AB′ i.e.	9/2	or	–1/2.		

	 	 	 Since	centre	lies	in	the	first	quadrant,	h	=	9/2.
Y

2
A

L
OB′(–3,0)

(2,0)
B(7,0)

C′(–h,k)

 ∴ Equation of circle is 

  (x	–9/2)2 + (y–k)2 = (h–2)2 + k2 = 25/4 + k2 

 or, x2 + y2	–	9x – 2ky + 14 = 0.

53.(a) Equation of circle is 

   S = x2 + y2	–	6x + 8y – 11 = 0

   S(0,0) = –11 < 0 . So, (0,0) lies inside.

   S	(1,8)	=	1+	64	–	6	+64	–11	>	0	so	(1,8)	lies	outside	the	circle.

54.(d) Here, C1 = (1,2), C2 = (5, –4) ; r1= 2, r2 = 4

   C1 C2 = 16 36+( )  = 52 , r1 + r2=	6	since	C1C2 > r1 + r2

     given circles do not intersect so there is no common chord.

55.(c) Since S(0,0) = – 4 < 0. ∴ (0,0) is inside the circle. So no chord of 
contact exist.
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56.(b)	 Here	(r1 – r2) < C1C2 < r1 + r2

 ∴ given circles intersect. Equation of circle through the points of 
intersection of both circles is S+λ(S–S′) = 0.

 or, (x2 + y2 + 13x–3y)	+	λ	(11x + 
1
2 y + 

25
2

) = 0 

 or, x2 + y2	+	(13+11λ)x	–	(3–λ/2)y	+	25λ/2	=	0	...(1)

  c e n t r e  − + −( )









1
2

13 11
1
2

3 2( ), /λ λ  l i e s  o n  t h e  l i n e  

  13x + 30y	=	0		so,	λ	=	–1/2

  Putting in (1), the equation of the circle is

  4x2 + 4y2 + 30x – 13y – 25 = 0.

57.(c) C1 = (1,2), C2	=	(4,6),	r1 = 3, r2 =1

   C1C2  = 9 16+( )  = 5, r1 + r2 = 4.

   C1C2  > r1 + r2, circles do not intersect so there are no points of 
intersection and hence no such line.

58.(c)	 Angle	between	two	circles	is	defined	as	angle	between	the	tangents	
drawn at the point of intersection which should be further same as 
angle between corresponding normals.

  

r1 N1

N2(r2)

  Since normals pass through centres we have  

	 	 cosθ	=	
r1

2 + r2
2  –d2

2r1r2
 .

59.(c)	 Solving	x2 + y2 = 10....(1)

   and x 5  + 2y = 3 5 .......(2)

   The points of intersection of the line and the circle are 

  P 
1
3

5 2 5
1
3

5 2 5( ), ( )− +








  and Q 

1
3

5 2 5
1
3

5 2 5( ), ( )+ − +










 ∴ Area	of	Δ	OPQ =  5sq.units.

	60.(a)	 Given	circle	are	x2 + y2 = 1.......(1)

   x2 + y2 – 2x	–	6y	–	6	=	0......(2)	and	

   x2 + y2 – 4x – 12y	–	9	=	0	.......(3)	

   Let r1, r2 and r3 be the radii of the circles (1), (2) and (3) respectively.

   Then r1 = 1, r2 = −( ) + −( ) +1 3 62 2
 = 4 and 

   r3 = −( ) + −( ) +2 6 92 2
= 7 

   Clearly r2 – r1 = r3 –r2. Hence r1 , r2 , r3 
 are in A.P.

61.(b)	 The	centre	of	the	given	circle	is	at	(4,–3).	Therefore,	the	centre	of	the	
required circle is also at (4,–3). Since the point (–2,–7) lies on the circle, 
the distance of the centre from this point is the radius at the circle.

Given 
Circle 

(4,–3)

(–2,–7)

 ∴ r = 4 2 3 7 522 2+( ) + − +( ) =

  Hence, the equation of the circle becomes (x–4)2 + (y+3)2 = 52.

 or, x2 + y2 – 8x	+6y – 27 = 0

62.(d)	 The	equation	of	the	line	through	(h,k) is y–k = m (x–h).....(1)

   Slope of a line ⊥ to line (1) is = – 
1
m

   The equation of the line ⊥ to (1) and through (0,0) is (y–0) =  – 
1
m

 
(x–0)

  or, y =  – 
1
m

x ......(2)

	 	 	 To	find	the	locus	of	the	foot	of	the	⊥ i.e. the locus of the point of 
intersection of the line (1) and (2), we have to eliminate m from (1) 
and (2).

   Putting the value of m =
−








x
y

 from (2) in (1), we get y–k = –  
x
y(x–h) or, y2 – ky = –x2 + hx

  or,  x2 + y2 – hx – ky = 0, which is a circle.

63.(c)	 The	 two	 diameters	 of	 the	 circle	 are	 x+y	 =	 6	 .....(1)	 and	 
x+2y = 4 .....(2)

   Solving (1) and (2), we get x = 8, y = –2. Hence, the centre of the 
circle is (8,–2). The radius of the circle = 10 (Given).

A

BD

E

x+
2y –

 4

x+y	=	6

   So, the equation of the required circle is 

   (x–8)2 + (y+2)2 = (10)2

  or, x2 + y2	–16x + 4y – 32 = 0.

64.(b)	 Let	the	intercepts	on	the	co-ordinate	axes	be	OA and OB. Then OA = 
4 and OB = 5. 

  ∴ The coordinates of A and B are (4,0) and (0,5) respectively.
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B(0,5)

A(4,0)O
X

Y

   Since ∠AOB  =  
π
2

 , AB is a diameter.

  ∴ The required equation of the circle is 

   (x–4) (x–0) + (y–0) (y–5) = 0

  or, x2 + y2 – 4x – 5y = 0

65.(c)	 	 Given	AC = 2 ∴ A	≡	(2,2).	Let	B	≡	(6,5)

  ∴ AB  = 2 6 2 52 2−( ) + −( )  = 5

O

A C
2 2

(2,2)

B(6,5)

Y

X

  ∴ BC = AB – AC = 5 – 2 = 3 [  the two circles touch each other 
externally.]

  ∴ The equation of the required circle is 

   (x–6)2 + (y–5)2 = 32

  or, x2 + y2 –  12x– 10y + 52 = 0.

66.(d)	 	 Let	C be the the centre of the circle, then C	≡	(3,–1).

   E q u a t i o n  o f  l i n e  A B  i s  2 x  –  5 y  +  1 8  =  0 
and AB	 =	 6,	∴ AL =  3, CL = length of the ⊥ from C on 

   AB = 
 |2×3–5(–1) + 18|

2 52 2( ) + −( )
 = 29

C(3,–1)

2x – 5y + 18 = 0

L

A

B

 ∴ radius of the circle 

  AC = AL CL2 2 23 29 38+ = + = .

  Thus, equation of the required circle is 

  (x–3)2 + (y+1)2 = 38

 or, x2 + y2	–	6x + 2y – 28 = 0.

67.(a)	 	 The	centres	of	the	given	circles	are	(–3,7)	and	(2,–5).	
   It is given that the points (–3,7) and (2,–5) are extremities 
   of the diameter of the required circle.
   Hence, equation of circle is 
   (x+3)(x–2) + (y–7) (y+5) = 0
  ⇒ x2 + y2 + x – 2y – 41 = 0
	68.(b)	 	 Since	the	circle	
   x2 + y2 + 2gx + 2fy +c = 0 ......(1) is concentric with the circle.
   x2 + y2 + 4x	–6y + 3  = 0 .....(2) i.e.  –g= –2 and –f = 3 or g = 2 and f = – 3.
   Substituting the values of g and f in (1), we get 
   x2 + y2 + 4x	–	6y +c = 0
   Since this circle passes through the point (2,–1).
  ∴			4	+1	+	8	+	6	+	c = 0 or, c	=	–19.
69.(a)		 	 Let	the	coordinates	of	P and Q be (h,k) and (x1,y1) respectively.
   Then, h2 + k2	=	9	.......(1)	and	7x1 + y1  + 3  = 0.....(2).
   Since PQ is perpendicular to the line.
   x–y + 1 = 0.

   therefore  
y1

 –k
x1

 –k  = –1 ⇒ x1 + y1 = h + k .......(3)
   
   The mid point of PQ lies on x – y + 1= 0, 
   therefore, 

    
x1

 +h
2  – 

y1
 +k
2  +1 = 0 ⇒ x1 –y1 = – (h–k+2)....(4)

  
   From (3) and (4), we get x1 = k – 1, y1 = h + 1.
   Substituting x1, y1 in (2), we get 
   h + 7k = 3 ⇒ h = 3 – 7k.
  Putting the value of h in h2 + k2	=	9,	we	get	50k2 – 42k = 0 ⇒ k = 0, 

21/25.
   Hence, the coordinates of P are (3,0).

  or, 
−










72
25

21
25

,

70.(b) Let A ≡	(–4,3)	and	B	≡	(12,–1).
   The equation of the circle having A and B as the ends of a diameter 

is 
   (x+4)(x–12) + (y – 3) (y+1) = 0 
  or, x2 + y2 – 8x – 2y – 51 = 0 ......(1)
 ∴ Length of the intercept made by the circle (1) on y-axis = 

 2 f c2 −  = 2 −( ) + = =1 51 2 52 4 132 .
71.(a) Centres of the three given circles are A (0,0), B(–3,1)   

 and C	(6,–2)	respectively.

	 	 	 Area	of	Δ	ABC = 
1
2

0 0 1
3 1 1

6 2 1
−

−

 = 0 
 
  Hence, the centres A,B, C are collinear.
72.(a) Centres of the required circle is C(4,5). Centre of the circle x2 + y2 + 

4x	–	6y – 12 = 0 is P (–2,3).
  The required circle passes through the point (–2,3), ∴ radius of the 

required circle,

  CP = 4 2 5 3 402 2+( ) + −( ) =  .
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   Thus, equation of the required circle is 

   (x–4)2 + (y–5) 2 = ( 40 )2

  or, x2 + y2 – 8x – 10y +1 = 0 
   Thus, equation of the required circle is 

  (x–4)2 + (y–5)2 = 40 2. 
 or, x2 + y2 – 8x– 10y  + 1 = 0
73.(a) Each side of the square is l and AB, AD are the coordinates   

axes.
  ∴  Coordinates of B and D are (l,0) and (0,l) respectively.

(0,l) D

B(l,0)

C

A
X

l
l

  Since ∠BAD	=	90º,	BD is a diameter of the circumcircle of   
square ABCD. 

  ∴ Equation of circumcircle is 
   (x–1) (x–0) + (y –0) (y–l) = 0
  or, x2+ y2 = l(x+y)
74.(c)  Since the given equation represents a circle,therefore, 4a–3 = a i.e.,a 

= 1
   (	Co-efficients	of	x2 and y2 must be equal).
   So, the circle becomes x2 + y2	+	6x – 2y + 2 = 0.
  ∴  The coordinates of centre are (–3,1).
75.(a)  Since the given equation of represents a circle, therefore,   

 k = 0(	coefficient	of	xy  must be zero).
   So, the circle becomes 
   3x2 + 3y2	+	9x	–	6y + 3 = 0
   or, x2 + y2 + 3x – 2y + 1 = 0.

   Its centre is −










3
2

1,   and radius = 
9
4

1 1+ −  =  
3
2

.
	76.(a)	 	 Given	circles	are	
   S1=  x2 + y2 + 2gx + 2fy + c = 0.....(1)
   and S2 ≡  x

2 + y2 + 2g′x+ 2f ′y + c′ = 0 ...(2)
   Equation of common chord of circles (1) and (2) is S1 – S2 =  

 0 i.e.,
   2(g–g′)x + 2(f – f ′) y+c – c′ .....(3)
   Since circle (1) bisects the circumference of circle(2),   

 therefore, common chord will be the diameter of circle(2)   
 and hence centre 

   (–g′ –f ′) of circle (2) will lie on line (3).
  ∴ –2(g – g')g' – 2 (f – f ') f ' +c – c' = 0
  or, –2 g′ (g–g′) + 2f ′ (f–f ′) f ′ = c – c ′.
77.(a) Take the centre of the square as origin and axes parallel to  i t s 

sides.
  Let side of square be 2a. The equations of sides are AD : x = a, BC : 

x  = –a

  Let P (x,y) be any point on locus. Distances of P from the sides of 
squares are x – a,x + a,y – a  and  y+a.

B

C D

Y

A

X

a
a

a

a

   By the given condition, 
   (x–a)2 + (x+a)2 + (y–a)2 + (y+a)2  = constant 
  = 4c2 say, ∴ 2x2 + 2y2 = 4c2 – 4a2.
  or, x2 + y2 = 2(c2 – a2), which is a circle.
 78.(d) Given circle is x2 + y2 – 4x – 10y + 13 = 0

4 B

C (2,5)

A (–3,2)

   Its centre is C	≡	(2,5)	and	radius	=	4.

   Also, AC = 2 5 3 22 2−( ) + − −( )  
  

  =  9 25 34+ =  = 583.
  ∴  There is no point on the circle at a distance 1 from the point (–3,2).
79.(a)	 	 The	equation	of	any	circle	touching	x axis is of the form (x–h)2 +  

 (y–k)2 = k2.
   Let the coordinates of the other end of the diameter   

 through  P	be	(α,β).

   Then,  
α+1

2
 = h and 

β+2
2

 = k	i.e.	α	=	2h	–1	and	β	=	2k – 2....(i)
   Also, (h–1)2 + (k–2)2 = (radius)2 = k2 

  ⇒ 
α β β+

−








 +

+
−









 =

+









1
2

1
2

2
2

2
2

2 2 2

  ⇒ (α	–1)2 + (β–2)2 = (β+2)2 ⇒	(α–1)2	=	8β
  ∴		Locus	of	(α,β)	is	(x–1)2 = 8y.
80.(c)  Any circle through the given circles is 
    x2 + y2	–	6		+	k (x2 + y2	–	6x + 8) = 0
   Since it passes through (1,1).
  ∴	1+1–6	+	k	(1+1–6+	8)	=	0	⇒ 4k – 4 = 0 ⇒ k –1
  ∴  The circle is x2 + y2	–	6	+	x2 + y2	–	6x + 8 = 0
  or, 2x2 + 2y2	–	6x +  2 = 0
  or, x2 + y2 – 3x + 1 = 0 



228chapter - 19 circle

complete solution  to 

A collection of  problems in mathematics, classes -Xi & Xii [Volume  -I] 
B.Biswas &  s.Biswas

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

81.(b) The equation of the straight line passing through the points of 
intersection of given circles is 

   (x2 + y2 +5x – 8y +1) –(x2 + y2 – 3x –7y – 25) = 0 
   i.e. 8x – 15x	+	26		=	0...........(1)
   Also, centre of the circle x2 + y2 – 2x = 0 is (1,0).
  ∴ Distance of the point (1,0) from the straight line (1) is 

8 1 15 0 26
64 225

( ) ( )− +

+
  = 

34
17

 = 2.

82.(a) Since AB is a diameter and C is any point on the circumference of the 
circle, therefore ,∠ ACB	=	90º.

A

C

B

b

c

a

   Let AC = b, AB = c, BC = a.

  ∴		Δ	=	the	area	of	the	triangle	ABC = 
1
2

 ab.

  ∴   
dΔ
da

 =  
1
2
a
db
da

b+







 ......(1)

   
    Again, a2 + b2 = c2.

  ∴  2a + 2b  
db
da

 = 0 ⇒  
db
da

 = –  
a
b

.......(2)
  
  ∴  from (1) and (2), we get,

    
dΔ
da

 = 
1
2
a

a
b

b−








 +









  =  

1
2b

 (b2 – a2)

  ∴  
d2Δ
da2 =  

1
2

 
db
da

b a a
db
da

b
−

−


















.2 2

2
  

  =  
1
2

 − −
+











a
b

ab a
b

2 3

3 ....(3)[by(2)].

  i.e if b2 – a2 = 0 i.e. if b = a [ a,b > 0]
 ∴ From (3) we get 

   
d2Δ
da2  =  

1
2
− −

+











1
2 3 3

3
b b

b
 =  

1
2

[–1–3] = – 2 < 0 .
  
 ∴	 the	area	of	Δ	ABC is maximum when it is isosceles.

83.(d)	 Centre	of	first	circle	is	
3
2 2

,
−









k
. Second circle is x2 + y2 – 3x 

 

   –  
y
4

 – 
9
4

 = 0. ∴ Centre is 3
2

1
8

,








 . Since the circles are 

   concentric.

  ∴  –  
k
2

 =  
1
8

 ⇒ k = –  
1
4

.

84.(b) The centre of the given circle 5 (–3,3). Since the centre lies on the 
diameter 2x – y +k = 0.

  ∴		–	6	–3	+k = 0 ⇒ k =	9.
85.(b) Let the coordinates of A be (h,k). Let the coordinates of M	be	(α,β),	

whose locus is required.

O X

Y

A(h,k) M(α,β)

	 	 	 Then	α	=	h +a	and	β	=	k ⇒ h	=	α	–	a and k	=	β	.
   Since the point A (h,k) lies on the circle
   x2 + y2 = a2  ∴ h2  + k2 = a2

  ⇒	(α	–a)2	+	β2	=	α2 – 2aα +	β2 = 0
  ∴  Locus of M(α,β)	is	x2 + y2 = 2ax.
86.(b)	 Let	the	coordinates	of	C be (x1, y1) and the coordinates of A,B be (0,0) 

and (a,0) respectively.

(0,0)A

C(x1,y1)

B(a,0)a X

Y

   Given : k = 
sinA
sinB

 = 
BC
AC

 ⇒ BC2 = k2AC2

 
 ⇒ (x1 –a)2 + y2

1  
– 2ax1 + a2 = 0 

 
 ⇒ (1–k)2 x2

1  
+ (1–k 2) y1

2 = k2 (x1
2 +  y1

2)

 ⇒ x1
2 + y1

2 –   
2ax1
1–k2x +  

a2

1–k2 = 0 [  k	≠	1]
  Hence, locus of C is 

  x2 + y2 –  
2a

1–k2x +  
a2

1–k2 = 0 

  which is a circle whose centre is 
a
k1

02−









,  

  and radius = 
a

k

a

k1 12 2

2

2
−( )

−
−( )  = 

ak
1–k2

87.(c) If quadratic equation represents circle, then a = b  and h = 0.
88.(a) The centre of the circle x2 + y2 –	6x+ 2y = 0 is (3,–1), diameter will 

pass through (0,0) and (3, –1) ∴ y = 
–1
3

 x ⇒ x + 3y = 0
89.(c)	 Let	(h,k) be the mid point of the chord.
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  ∴ h2 +  k2 = (2cos45º)2 = 2
1
2

2

.








   

2 45º

(0,0)

(h,k)

 ∴ locus of mid point is x2 + y2 = 2

	90.(a)	 (x–3) and (3,5) are ends of the diameter. Then its mid point is the 

centre, ∴ 
x+3

2
 = 2 ⇒ x = 1

   and 
3+5

2
 = y ⇒ y = 4  ∴ (x,y) = (1,4)

91.(d)	 Let	the	centre	be	(h,k). According to the question (h+a)2 + k2 =  (h–a)2 
+ k2.

  ⇒ (h+a)2 – (h–a)2 = 0 

  ⇒ 4ab = 0 ⇒ the locus is x = 0.

92.(b)	 Centres	are	C1(0,0), C2(–3,1) and C2	(6,–2).	Slope	of	C1C2  = – 
1
3

 = 
Slope of C1C3  

  ∴ C1, C2, C3 are collinear.

93.(a)	 If	 the	 centre	 (h,k) of the circle touching both axes then 
 |h| = |k| ⇒ h	=	±	k. ∴ locus is 

  ⇒ (y – x) (y+x) ⇒  y2 – x2 = 0 

94.(c)	 Here	c = 0, 2 g c2 −  = 10, 2 f c2 −  = 24

  ⇒ g2 = 2.5, f 2 = 144.

   Radius of circle = g f c2 2+ −  = 25 144+  = 13

95.(b)	 Centre	 of	 circle	 I	 is	C1(–4,–5). Centre of circle II is C2 (2,3), r = 
36 64+  = 10

  Required equation of the circle is 

   (x+4)2 + (y+5)2 = 102

  ⇒ x2 + y2 + 8x + 10y	–	59	=	0	

96.(b)	 Centre	is	(0,0)	and	r = 2, x2 + y2 = 4 

	97.(a)	 Equation	of	circle	passing	through	intersection	point	is	

   x2 + y2	–	6x + 2y	+	4	+	λ	(x2 + y2 +2x–4y	–	6)	=	0	

  ⇒ (1+λ)x2	+	(1+λ)y2	–	(6–2λ)x	+	(2–	4λ)y	+	4	–	6λ	=	0

    Centre 
3
1

1 2
1

−

+
−

−( )
+











λ

λ

λ

λ
,  lies on y = x.

  ∴		–1	+	2λ	=	3	–	λ	⇒	3λ	=	4	⇒	λ	=	
4
3

 

  ∴  Required circle is 

    7(x2 +y2) – 10x –10y – 12 = 0 

98.(b)	 The	length	of	the	common	chord	of	the	two	given	circles	is	the	length	
of the diameter of the circle x2 + y2 + 2g ′x + 2f ′ y+ c′  = 0.

   Hence, the required length = 2 g f c′ + ′ − ′2 2 .

99.	(a)	 Let	the	points	be	A (a,0) and B(–a,0), then for the point P (x,y), 
PA
PB

 
= k ⇒ PA2 = k2 PB2

  ⇒  (x–a)2 + y2 = k2 [(x+a)2 + y2]

    For  k	≠	1,	it	is	a	circle.

100.(b) Common chord is S1 – S2 = 0 

  ⇒ –2x + 2y = 0 ⇒  y – x = 0

   Centre and radius of first circle are − −










5
2

7
2

,  

   

   and r = 
19
2

, p = 
− +

+

( / ) ( / )7 2 5 2
1 1

 = 
1

2
  

  length of chord = 2 r p2 2 2
19
2

1
2

− = − 	=	6.

101.(c) Here, 

   (xcosθ	+	y	sinθ)2 + (xsinθ	–	y	cosθ)2 = a2 + b2

  ⇒ x2 (cos2θ	+	sin2θ)+	y2 (sin2θ	+	cos2θ)

   = a2 + b2 ⇒ x2 + y2 = a2.

102.(d) The intersection of the lines x + 3y +1 = 0 and 2x + y – 3 = 0 is (2,–1). 
The equation of a circle concentric with the given circle is x2 + y2 + 
2x – 3y + k = 0 and it passes through (2,–1). So, k = –12.

103.(d) We know that the radius of a circle is 

   r = g f c2 2 4 1 5+ − = + −  = 0 

  ∴ the equation represents a point circle.

 104.(d) The perpendicular distance of (4,4) from the line 3x + 4y = 3 is 
3 4 4 4 3

25
. .+ −

 = 5 unit. 

   

   So the equation of the required circle is 

   (x–4)2 + (y–4)2 = 25

   i.e. x2 + y2– 8x – 8y + 7 = 0 

 105.(a) Let C	(α,β)		be	the	co-ordinates	of	the	centre,		then	2α	–	β	+	4	=	0	.....
(i)

	 	 	 Also,	(α–4)2	+	(β–6)2	=	(α–1)2	+	(β–9)2
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  ⇒	α	–	β	+	5	=	0	....(ii)

	 	 	 Solving	(i)	and	(ii)	we	get	α	=	1,	β	=	6.

106.(c)		 Now	x2 – y2 – 2x + 4y – 3 = 0

  ⇒ (x–1)2 – (y–2)2 = 0

  ⇒ (x+y–3) (x –y +1) = 0

  ⇒ x + y – 3 = 0 

    x – y +1 = 0

  ⇒ the point of intersection of the diameters is (1,2).

    Let the equation of the circle be 

   x2 + y2 – 2x – 4y + k = 0

   Now it passes through (1,1) so k = 4

 107.(c)  The given general equation represents a circle 

  ⇒ co-efficient of xy = 0 ⇒ k = 0

  ⇒ x2 + y2 +  
1
2

x + 2x +
1
2

 = 0 

  ⇒ the radius of the circle is 
1
4

1
1
2

2








 + −  = 

3
4

 .

108.(d)  Let the co-ordinates of the centre be Q(α,β).Then	according	to	figure	
QM	=	β	and	QN	=	α,

   Also AQ2 = r2 =  
a2

4
	+	β2 

  = 
b2

4
	+	α2 = CQ2

Y

D

A

C

O

N Q

B
X

M

b
2

a
2

  ⇒	α2	–	β2 = 
a2

4
 – 

b2

4
  ⇒	4(α2	–	β2) = a2 –b2

 ∴ the locus of Q(α,β)	is	4(x2–y2) =a2 – b2.

	109.(d)		 All	the	circles	are	of	radii	3	units.	Clearly,	the	two	given	circles		
 touch each other at (0,0) and the centres C1, C2, C3 form an  
 equilateral triangle also C1C2	=	6	units.

   So, OC3 = 3 3  units.

C3

Y

O(–3,0) (3,0) X
C1C2

   Hence the co-ordinates of C3 are (0,3 3 ).

  ∴  the equation of the required circle is (x–0)2 + (y–3 3 )2 = 32.

  ⇒ x2 + y2	–	6 3 y + 18 = 0 

110.(b)  Let the equation of the circle be 

   (x–α)2 + (y–a)2 = a2 [ it touches the x-axis].

   Also, it touches 4x – 3y = 0 

  ⇒ 
4 3

5
α − a

  = a ⇒	4α	–3a	=	±	5a

 

  ⇒	α	=	2a [	α	>	0]

   So the equation of the circle is 

   (x–2a)2 + (y–a)2 = a2

   i.e., x2 + y2 – 4ax – 2ay + 4a2 = 0

 111.(b)  The equation of the straight line is (y+1) = tan 45º (x–0) ⇒ y –x +  
 1= 0. The centre of the given circle is (4,f)/

 ∴ f – 4 +1 = 0 ⇒ f = 3.

  The distances of the x-axis and the y-axis from the centre are 3 unit 
and 4 unit respectively, which are less than the radius of the circle. 
So, the option (b) is correct.

112.(d)  The centre and radius of x2 + y2 – 2x – 3 = 0 are (1,0) and 2unit  
 and those of x2 +y2 – 8x – 8y + 28 = 0 are (4,4) and 2 unit.

1

2 5 2
R

(1,0) (4,4)
S

   The distance between the centres is 

   5 unit > r1 + r2 = 4. 

  So, the minimum value of d is 1 unit and the maximum value of d is 
5	+	2.2	=	9	unit.	Thus	1	≤ d ≤	9.

113.(c)  Let (x,y) be a point with integral co-ordinates. Then (x,y) lie  
 within the circle.

  ⇒ –3 ≤ x ≤ 3 and –3 ≤ y ≤ 3 

  ⇒ there are 7 possible values of each of x and y 

  ⇒ there are 7 × 7  possible pairs of values of (x,y) ; but among these 
49	points,	the	points	(–3,3),	(–3,–3),	(3,–3)	lie	outside	the	circle.	Hence	
number of possible points is 45.

114.(d)		 Let	other	end	of	the	diameter	be	(α,β),	then	α	–3β	=	2.	Now,	the		
 co-ordinates of centre are 

   
α β+ −









2
2

1
2

,   = (h,k) (say)
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  ⇒	α	=	2h	–	2,	β	=	2k + 1

  ⇒ (2h –2) – 3(2k +1) = 2

  ⇒ 2h	–	6k – 7 = 0

  So the locus of (h,k) is 2x	–	6y – 7 = 0.

115.(c)  x2 + y2 – 3x +ky – 5 = 0.......(i)

   4x2 + 4y2 – 12x –y	–	9	=	0

  ⇒  
x2

4
 +  

y2

4
 – 3x –  

y
4

 –  
9
4

 = 0.....(ii). As equation (i) and (ii) are 
concentric,	then	the	coefficient	of	y should be same. ∴ the value of k 

will be –  
1
4

.

116.(d)		 The	co-ordinates	of	the	centre	of	the	given	circle	are	(1,–2)	and		
 radius is 2  unit. So the length of a diagonal is 2 2  unit.  
 Hence the length of each side of the square is 2 unit. Since the  
 sides of the square are parallel to the co-ordinates axes,

C(1,–2)
1

1{

 

	 	 the	co-ordinates	of	the	vertices	of	the	square	are	(1±1,–2±1)i.e.	(2,–1)	
(2,–3), (0,–1) (0,–3).

117.(a)  Let the equation of the circle passing through (0,0) be x2 +   
 y2 + 2gx + 2fy = 0. The equation of the circle passing (a,0)   
 be a2 + 2ag = 0.

   2g = – a,g = –  
a
2

. Since it also passes through (0,b) ∴ b2 + 

   2bf = 0 ⇒ 2f =  – b

  ∴  the co-ordinates of the centre will be 
a b
2 2

,








 .

118.(a)  The equation of the given circle 

   x2 + y2	=	γ2 .....(1)

   and the equation of the straight line y = mx + c  or mx – y + c = 0 
.....(2).

  Now the straight line (2) will intersect the circle at two different points 
if the perpendicular distance of the centre from (2) is less than r 

   i.e. 
m c

m

.0 0

12

− +

+
 < r ; i.e., |c| < r m2 1+

   i.e.  – r m2 1+  < c < r m2 1+ .

119.(c)		 A	circle	will	be	a	point	circle	when	

   g f c2 2 4 1 5+ − = + − = 0 

   2x2 + 2y2	–	6x + 8y +k = 0

 or, x2 + y2 – 3x + 4y +k = 0

 or, x2 + y2 – 2. 
3
2

x + 4y + k = 0....(i)

  From equation (i) we get 

   

3
2

4 0
9
4

4 0
2









 + − = ⇒ + − =k k

 ⇒ 
9
4

 + 4  – k = 0 ⇒ 
25
4

 = k

120.(a)  The given equation can be written as 

   x2 – 4x + 4 + y2 + 4y + 4 + c – 8 = 0

  ⇒ (x – 2)2 + (y–2)2 = 8 –c

  The above equation shows that the given circle will touch both the 
axes when 

   8 – c= 22 ⇒ 8 – c = 4 ⇒ c = 4 

121.(c)  Centre O (0,0)

   radius OA = a   

X′

Y′

C

Y

BA
L

O
(0,0)

30º
a

  ∠ OAL   = 30º

 ∴ 
AL
OA

  =  cos30º

  AL  = a × 
3

2
 

  ∴ AB = 2×  
3 a
2  = 3 a

122.(a)  The equation of the given circle 

   r2 = 2  – 4r	cosθ	+	6r	sin	θ	

  or, x2 + y2 = 2 – 4x	+	6y 

  or, x2 – 4x + 4 + y2	–	6y	+	9	=	16	

x r
y r

x y

=
=

+ =

cos
sin

θ
θ

γ2 2 2

  or, (x–2)2 + (y–3)2 = ( 15 )2 

  ∴  centre (2,3).

123. (a)  The equation of two given circle 

   S1	→	x2 + y2 + 4x = 0 

   S2		→	x2 + y2	+	2λy = 0

 ∴  Equation of common chord S1 – S2 = 0

  ∴ 4x	–	2λ	y = 0 ; 2x	–	λ	y = 0 

   The equation of the given common chord 

   2x –3y = 0 ;  ∴	λ	=	3.

124.(a)  Rule : Two circles 

   x2 + y2 + 2g1x  + 2f1y + c1 = 0

   x2 + y2 + 2g2x + 2f2y + c2 = 0 intersect each other perpendicularly  
 if 2g1g2 + 2f1f2

  = c1 + c2

   Here g1 = 1, f1 = k, c1	=	6.

   g2 = 0, f2 = k, c2
  = k 

 ∴  2.1.0 + 2k.k. 	=	6	+	k

 or, 2k2 – k	–	6	=	0	

 or, 2k2 – 4k + 3k –	6	=	0.

 or, 2k (k –2) + 3(k–2) = 0.
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 or, (k –2) (2k + 3) = 0 

 ∴  k = 2 or,  – 
3
2

.

 125.(c)  x2 + y2 = k2 ........(i)

   x	cosα	+	y	cosα	+	β	=	0	....(ii)	

 ⇒  y	sinα	=	–	cot	α	+	β	

 ⇒  y = x	(–	cotα)	+	β	cosesα	

  if (ii) meets (i) at only one point then (ii) is a tangent to (i)

  ⇒  c2 = r2  (1+m2)

  ⇒  p2 cosec2	α	=	k2	[1+cotα]	=	k2 cosec2α

  ⇒ p2 = k2

126.(a)		 x2 + y2 –12x –12y = 0 .......(i)

   Radius of equation (i) will be 

   r1 = g f c2 2 36 36 0+ − = + −

     = 72  = 2 4 9× ×  =	6 2 ......(ii)

   Radius of equation (ii) R2 = g f c2 2+ −

  =  9 9 0+ −  = 3 2  

 ∴ R1  + R2
 	=	6 2  + 3 2 	=	9 2 . Centre of the two circles respectively 

(6,6),	(–3,–3).	

   Distance between two points.

   
x x y y1 2

2
1 2

2−( ) + −( )
 

 =  6 3 6 3 81 812 2+( ) + +( ) = + 	=	9 2 .

 ∴  The two circles will touches externally.

127.(b)  x2 + y2 + 2gx + 2fy + c = 0  make and x-intercept on x- axis whose  

 length = 2 g c2 −  

   so if the length have to real then

   g2   – c > 0 ⇒ g2 > c

128.(a)   x2 + y2 – 8x	–	6y	+	16	=	0

 ⇒  {x2 – 2.4x + (4)2} + {y2–2.3y + (3)2}

	 	 +16	–	16	–	9	=	0	⇒ (x–4)2 + (y–3)2	=	9

 ⇒  (x–4) 2 + (y–3)2 = (3)2 since it's centre is (4,3) and radius is 3, therefore 
it will touch x-axis. 

129.(c)		 x2 + y2 – x + 8y +10 = 0. ∴ Centre 
1
2

4,−








 . Centre of image  

  circle with respect to x-axis 
1
2

4,








  . ∴ equation of image circle.

   x2 + y2 – x – 8y + 10 = 0.

130.(a)  Let the general equation of the circle be x2 + y2 + 2gx + 2fy + c = 
0....(i).	Now,	the	point	of	intersection	of	the	lines	λ	x – y + 1 = 0 and 

x – xy  + 3 = 0 with the coordinates axes are −









1
0

λ
,  , (0,1) 

and (–3,0), 0
3
2

,








  respectively. Hence the 4 points lie on the circle 

(0,1), (–3,0) & 0
3
2

,








   on (1) we get f = – 

5
4

, g =  
7
4

 & c =  
3
2

 & 

  hence the equation of the circle becomes 2x2 + 2y2 + 7x –5y + 3 = 0 
....(ii) 

  which passes through −









1
0

λ
,  also 

 ∴ putting x = – 
1
λ

 & y = 0 in (ii), we get 

	 	 3λ2	–	7λ	+	2	=	0	⇒	λ	=	2,	
1
3

.

131.(b) 	 (2,2) is the centre point and (4,5) is a point on the circumference 

of the given circle. ∴ radius of the circle is 4 2 5 22 2−( ) + −( )  = 
13

  ∴  The equation of the circle will be given by 

    (x–2)2 + (y–2)2 = ( 13 )2 

  i.e. x2 – 4x + 4  + y2 – 4y + 4  = 13

  or, x2 + y2 – 4x – 4y – 5 = 0. 

132.(a)  Equation of circle through AB 

   (x2  + y2 – a2)	+	λ	(x–y +3)  = 0

 ⇒  x2 + y2	+	λx	–	λy	+	(3λ – a2) = 0 

   If AB is the diameter then centre 
−









λ λ

2 2
,    AB.

 ⇒   
–λ
2

 =  
–λ
2

 + 3 = 0 ⇒	λ	=	3

 ∴ The circle is x2 + y2 + 3x – 3y	+	9	–	a2 = 0 

  x–y + 3 = 0  

A

B

  x2 + y2 = a2    

133.(a)  The centre of the circle, is the point of intersection of the given  
 lines i.e. the point (1,–1). If r is the radius of the circle, then its  
	 area	πr2 = 154,

 ∴ r = 7cm. ∴ Eqaution of the circle is 

  (x –1)2 + (y+1)2 = 72

  or, x2+ y2 – 2x + 2y = 47.

134.(c)  Centres of the given circles are c1(5,0) and c2(0,0) and their radii  
 r1 = 3 and r2 = r.

   We know that the two circles touch externally if c1c2 = r1 + r2  
 and internally if c1c2

  = |r1– r2|.

   Thus the two circles will cut at two distinct points if |r1
  – r2| < c1c2

 

< r1 + r2 or, if r – 3 < 5 < r + 3

   or, if r < 8 and r > 2 or if 2 < r  < 8.

135.(c)  Centre of the circle (3,4). The circle touches the line 5x + 12y = 1. 
The	distance	of	the	given	straight	line	from	the	point	is	±		
| |5 3 12 4 1

5 122 2

× + × −

+
 =  

62
13
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     the eqaution of the circle is 

   (x–3)2 + (y–4)2 = 
62
13

2










136.(b)		 	Since	a	circle	makes	intercepts	4,5	with	the	axes.	Therefore		the		
 circle passes through (4,0), (0,5).

  ∴  The common eqaution of the circle is 

   x2 + y2 – 2gx – 2fy = 0 [Since it passes through (0,0).  
    c = 0]∴	16+8g = 0 ⇒ g = –2.

   25+ 10f = 0 ⇒ f = – 
5
2

. ∴ the equation is x2 + y2 – 4x – 5y = 0.

137.(a)  Let P(α,β),	Q	(γ,δ)	are	given	points	and	A(x,y) is moving such that 
PA
QA

 = k (constant). 

 ⇒  PA2 – k2 QA2

 ⇒  (x–α)2 + (y–β)2 = k2 [(x–γ)2 + (y–δ)2]

 ⇒  x2 (1–k2) + y2 (1–k2) – 2x 	 (α  – 2k2γ)	 –	 2y  (p  –2k2δ)	 +	 
(α2	+	β2 – k2	γ2 – k2	δ2) = 0 

	 	 which	is	a	circle	as	coefficient	of	(x2)	=	coefficient	of	(y2)	=	coefficient	
of (xy) = 0

 138.(a)  (x2 – y)2 + (y2	–	9)2 = 0

 ⇒  x2 – 4 = 0 and y2	–	9	=	0	

 ⇒  x	=	±	2;	y	=	±	3

  So the point can be (2,3), (2,–3), (–2,3), (–2,–3), all of which lies on 
x2 + y2 = 13 circle with centre at (0,0).

139.(c)		 Since	the	circle	touches	both	the	co-ordinates	axis	and	the	radius	is	
2, 	the	centre	is	(2,2).	Difference	between	(2,2)	and	(6,5)	is	

 ⇒ 6 2 5 2 4 32 2 2 2−( ) + −( ) = +  = 5

 ∴ radius of 2nd circle is (5–2) = 3 unit.

 ∴ Equation of the 2nd circle is 

  (x–6)2 + (y –5)2 = 32.

 ⇒ x2 – 12x	+	36	+	y2 – 10y	+	25	=	9

 ⇒ x2 + y2 – 12x – 10y + 52 = 0

140.(d)  Given circles is x2 + y2 – 8x – 4y + c = 0 whose centre is (4,2). If  
 (a,b) are the coordinates of the other end of the diameter, then the  

 middle point of the diameter is the centre. ∴ 
1
2

 (–3+a) = 4 and  

 
1
2

 (2+b) = 2 ⇒ a = 11, b = 2.

 ∴  other end of diameter is (11/2).

 141.(d)  Let the centre point be (x, x–1) [  The centre lies on the straight  
 line y = x –1]. Now, (7,3) is a point on the circumference of the  
 circle of radius 3. Therefore, the distance between the centre and  
 the given point is 3.

 i.e.  7 3 12 2−( ) + − +( )x x  = 3

 or,  (7–x)2 + (4–x)2	=	9	⇒ 2x2 – 22x	+	56	=	0

 ⇒  x2 –11x + 28 = 0 ⇒ x = 7,4

   Taking x = 4 we have centre of the circle is (4,3).

 ∴  Equation of the circle of radius 3 is 

   (x–4)2 + (y–3)2 = 32

 ⇒  x2  – 8x	+	16	+	y2		–	6y	+9	=	9

 ⇒  x2 + y2 – 8x	–	6y	+16	=	0

 142.(d)  (2+c) x + 5c2 y = 1 .......(i)

    3x + 5y = 1.....(ii)

   (i)  .....(ii) × c2

  ⇒ (2+c)x + 5c2y = 1

   
3c2x +     +5c2 y = c2

x(2+c – 3c2) = 1–c2 
  

  ⇒ x = 
1–c2

2+c–3c2  ⇒  y = 
1–3x

5
 

  

  = 
1
5

1
3 3

2 3

2

2−
−

+ −













c
c c

 =  
2+c – 3c2 – 3+3c2

5(2+c–3c2)
  

  =  
c–1

5(2+c– 3c2)
 as c	→	1,	x and y does not exists ⇒ no such 

   circle possible.

 143.(a)  The given two circle are represented by the equation x2 + y2	6x – 14y 
= 1....(i)

   x2 + y2 – 4x + 10y = 2....(ii)

   The centre of the circle (i) is (–3,7) and that of the circle (ii) is 
(2,–5). Hence the two ends points of the diameter of the required 
circle are (–3,7), (2,–5). Therefore the centre of the required circle is 

2 3
2

5 7
2

− − +







,  i.e., −











1
2

1,  and the radius 

   of the circle is

    
2 3 5 7

2

2 2+( ) + − −( )
  =  

13
2

    Therefore the required circle is 

   
x y+








 + −( ) =











1
2

1
13
2

2
2

2

 ⇒  4x2 + 4x + 1+ 4y2 – 8y	+	4	=	169

 ⇒  x2 + y2 + x – 2y – 41 = 0

 144.(a)   

D

A B (3)

(1) (2)

C
(4) y = 2

y = 1

  

 

  Let the four straight lines be x = 2....(1)

  x = 3.... (2) y = 1....(3), y = 2 ......(4)

  Coordinates of A = (2,1) from (1) and (3).

  B = (3,1) from (2) and (3) ; C = (3,2) from (2) and (4) ; D = (2,2) from 
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(1) and (4).

 ∴ Length of the diameter

  AC = 2 3 1 12 2−( ) + −( )   = 2

  Midpoint of AC = 
2 3

2
1 2

2
5
2

3
2

+ +







 =









, , .

 ∴ Equation of the circle 

   

x −







 + −









 =











5
2

4
3
2

2
2

2 2 2

 or, 
2 5

4
2 3

4

2 2x y−







 +

−







  =  

2
4

 or, 4x2 – 20x +25 + 4y2 – 12y	+	9	=	2

 or, 4x2 + 4y2 – 20x –12y +32 = 0

 or, x2 + y2 – 5x – 3y + 8 = 0

145.(c)  x2 + y2 + 4x – 2y – 3 = 0 ......(i) Centre of the circle (–2,1), radius = 
4 1 3 8+ + =  = 2 2 .

  Equation of perpendicular striaght line with respect to y = x + 2 is y = 
–x + C, passes through (–2,1).

  ∴  1 = –(–2) +C ⇒ 1= 2 +C ⇒ C  = – 1.

   Putting the value of C, the equation becomes 

   y = –x – 1 or x + y +1 = 0 .....(i)

   x – y + 2 = 0 .....(ii) Solving (i) and (ii) we get 

   x = –  
3
2

; y =  
–1
–2

. ∴ (x,y) = −










3
2

1
2

,



Chapter - 20
parabola

235

1.(c) x + y = 2(t2 + 1), x – y = 2t. Eliminating t, we get, 

                  x + y = 1
2

(x + y)2 + 2 ⇒ x2 – 2xy + y2 – 2x – 2y + 4 = 
0 

	 For	which,	∆	≠	0	and	h2 = ab.
 Hence the given curve represent a parabola.

2.(a) Let P(x1, y1) be a point on the parabola,
 ∴	distance	of	P from	focus	=	distance	of	P from
	 directrix	⇒ 

x y x y
1

2
1

2 1 11 1 4 3 24
16 9

+( ) + −( )




= ±

+ −
+

 

 ⇒ 9 16 24 242 94 526 01
2

1
2

1 1 1 1x y x y x y+ − + + − =
 
 ∴ Locus	of	P(x1, y1).	i.e.,	the	equation	of	the	parabola
 is, 9x1

2 + 16y1
2 – 24x1y1 + 242x1 + 94y1 – 526 = 0.

3.(c)	 Distance	between	the	vertex	and	directrix	
 (which is y-axis)	=	2	=	a (say)
 ∴	Distance	focus	from	the	y-axis	=	2a = 4.
 ∴	Coordinates	of	the	focus	which	is	on	x-axis	are	(4,	

0)

4.(d)	 Equation	of	the	parabola	can	be	written	as	
 (y – 1)2 = (x – 1). Here 4a = 1 i.e., a = 1/4	and
	 vertex	is	(h, k) = (1,1)

 ∴	The	focus	is	(a + h, 0 + k) i.e., 1
4

1 0 1+ +





,

 or, (5/4, 1).

5.(b)	 Axis	is	vertical	i.e.,	parallel	to	y-axis	so	its	equation
	 should	be	(x + 1)2  = 4a(y + 2). It passes through (3, 6)
 so 4a = 2.
	 Hence	the	equation	of	the	required	parabola	is,
 x 2 + 2x – 2y – 3 = 0.

6.(c)	 Equation	of	parabola	can	be	written	as	(x – 3)2 = 3(y + 
1)

 ∴	axis	of	the	parabola	is	x – 3 = 0
 
7.(a)	 Distance	between	the	focus	and	the	directrix
 = 2a = |9 – 12 – 2|/5 = 1.  ∴ Latus rectum = 4a = 2.

8.(b)	 Equation	of	line	joining	(au2,2au)	and	(av2,2av)

 is, y au
a v u
a v u

x au− =
−( )
−( ) −( )2

2
2 2

2

 ⇒ y au
v u

x au− =
+

−( )2 2 2

	 If	the	line	is	focal	chord,	then	focus	(a, 0)lie on it.

 ∴ 0 2 2 1 02− =
+

−( )⇒ + =au
v u

a au uv

9.(d)	 Equation	of	the	parabola	is,
 y2 + 4y + 4x + 2 = 0 ⇒ (y + 2)2 = –4(x – 1/2) whose
	 vertex	is,	(1/2,	–2),	axis	parallel	to	x-axis	
	 and	4a = –4 ⇒ a = – 1.  ∴	Equation	of	the	directrix	is,
 x = –a + h = –(–1) + 1/2 ⇒ x = 3/2.

10.(c) y a a b
a

ac b
a

= +





 +

−









2

4
4

2 2

2

 
⇒ +





 = −

−











x b
a a

y ac b
a2

1 4
4

2 2

2

	 From	the	shape	of	the	parabola,	it	is	clear	that	a < 0.
 x coordinate	of	the	vertex	i.e.,	–b/2a < 0, so b < 0.
 The curve cuts y = 0	in	distict	real	points	so	b2 – 4ac > 

0.
 Also on x-axis,	i.e.,	on	y = 0,	one	root	is	positive	and	
 other is negative.
	 So	product	of	the	roots	i.e.,	c/a < 0, a < 0, we have c > 

0.

11.(c) Let P(at2, 2at) be a moving point on the parabola y2 = 
2ax,

 whose	focus	is	S(a, 0).	If	Q(h, k)	is	the	mid-point	of	SP,

 then h = 1
2

(a + at2),k = 1
2

(0 + 2at)

 Eliminating t between these relations, we get 
 k2 = 2a(h – a/2)
 ∴	Locus	of	mid	point	Q(h,k) is,
 y 2 = 2a(x – a/2).............(1) which is another parabola 

whose
	 vertex	is,	(a/2,0),	axis	y = 0 i.e., x-axis	and	latus
 rectum = 4a1 = a/2.	Shifting	the	origin	at	the	vertex	

(a/2, 0),
 by substituting x = X + a/2	and	y = Y + 0,
	 equation	of	parabola	(1)	reduces	Y2 = 2aX whose 

directrix
 is, X = –a1, i.e., X = –a/2 i.e.,
 x = X + a/2 = 0.

12.(d)	 The	given	equation	of	the	parabola	can	be	written	as	
 (x – 3/2)2 = –(5/3)(y – 7/4).

13.(a) 2a = perpendicular	distance	of	focus	from	the	
	 directrix	=	 −7 17 7 17

 ∴ Latus rectum = 2.2a = 14 17
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14.(c) Let (x1, y1) be a point on parabola.

 ∴ x y x y x1
2

1
2

1 1
2

11 2 1−( ) +




= ⇒ = −

 ∴	Locus	of	P(x1, y1)	i.e.,	equation	of	the	parabola	is	
 y2 = 2x – 1.

15.(b)	 Equation	of	parabola	can	be	written	as	
 (y – 2)2 = 2(x + 7/2) ∴ Latus rectum = 2.
 
16.(d)	 The	equation	of	the	parabola	can	be	written	as
 (y – 3)2  = 2(x + 6) ∴ 4a = 2 ⇒ a = 1/2.
	 The	vertex	(h, k)	of	the	parabola	is	(–6,	3).
 ∴	Coordinates	of	the	focus	are	(a + h,0 + k) i.e., 
 (–11/2,3).
 
17.(b) L,L' are	the	ends	of	the	latus	rectum.	S bisects LL'.
 VSV' is	the	perpendicular	bisector	of	LL'.

  

L

V'SV

L'

 where VS LL V S= =
1
4

' ' . Clearly, two parabolas 
 
 are possible.

18.(c)	 The	vertex	is	the	middle	point	of	the	perpendicular	
dropped	from	the	focus	to	the	directrix.

	 The	equation	of	any	line	perpendicular	to	directrix	is
 x – y = c. Since it passes through (–2,1)  ∴ x – y = – 3
	 Point	of	intersection	of	x + y = 3	and	x – y = –3 is,
 (0, 3).  ∴	coordinates	of	vertex	≡	(–1,	2).

19.(c)	 The	focus	=	
3 3

2
2 2

2
3 0+ −






 = ( ), , .The	vertex

 
 = (2, 0).As MV = VS, M = (1,	0).	Clearly,	the	drectrix	

is
	 perpendicular	to	VS whose equation is v = 0. So, the 

directrix
 is x = k which passes through M(1,	0).	Therefore,	we	

get 
 x = 1.

  

M
V S

(2, 0) (3, 0)

 ∴Equation	of	the	parabola	is,

 x y x y x+( ) + = − ⇒ = −3 1 4 82 2 2

20.(d)	 The	equation	is	(x – 0)2 + (y – 1)2 = x +







2
1

2

 ⇒ (y – 1)2 = 4(x + 1). Clearly, x = t2	–	1	and	y = 2t + 1
	 satisfy	it	for	all	t.

21.(a)	 Here,	the	vertex	=	(a, 0),	the	focus	=	(b, 0).

22.(a) y2 – 2y + 1 = x – 1 ⇒ (y – 1)2 = x – 1.
 Putting x – 1 = X, y – 1 = Y. The equation becomes Y 2 = 

X,

 i.e, Y2 = 4 1
4

. .X

	 So,	the	focus	=	(1/4,0)X,Y = (5/4,1).

23.(c) 9y2 – 12y + 4 = 16x + 61 ⇒ (3y – 2)2 = 4.4 x +







61
16

24.(b) Here, (x – 1)2 + (y – 3)2 = 
5 12 17

5 122 2

x y− +

+ −( )












 
 ∴	the	focus	=	(1,	3)	and	the	directrix	is,	5x – 12y + 17 

= 0.
	 The	distance	of	the	focus	from	the	

	 directrix	=	
5 1 12 3 17

5 12

14
132 2

× − × +

+ −( )
=

 ∴latus rectum = 2 14
13

28
13

× =

25.(c) x a y b
a
y b

a
b
a
c= + +









 − +2

2

2

2

4 4

 ⇒ a y b
a

x b
a
c+






 = + −

2 4

2 2

 ⇒ y b
a a

x b ac
a

+





 = +

−









2
1 4

4

2 2

 ∴ the latus rectum = 
1
a

26.(a) Eliminating t,x = y y x−





 + ⇒ −( ) = −( )1

2
1 1 4 1

2
2

 Putting y – 1 = Y, x – 1 = X, the equation becomes 
 Y2 = 4X. So,	the	equation	of	the	directrix	is,
 X + 1 = 0 ⇒ x = 0
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27.(d)	 Let	y = Y, x – 1 = X. Then the equation is, Y2 = 4X.
 So,	the	focus	=	(1,0)X,Y = (2.0).
	 Any	line	through	the	focus	is,	y = m(x – 2).
 Solving this with y2 = 4(x – 1), we get,
 m2(x – 2)2 = 4(x – 1)
 ⇒ m2x2 – 4(m2 + 1)x + 4(m2 + 1) = 0.
	 If	m ≠ 0, D = 16(m2 + 1)2 – 16m2(m2 + 1)
 = 16(m2	+	1)	>	0	for	all	m.
 But,	if	m = 0 then x does	not	have	two	real	distinct	

values. So m ∈ R except	m = 0.

28.(a) Solving, x – 2y = 1, y2 = kx, we get,
 y2 = k(1 + 2y) ⇒ y2 – 2ky – k = 0
 ∴y1 + y2 = 2k, y1. y2 = – k.
 ∴ 16 = (x1 – x2)2 + (y1 – y2)2

 = y
k

y
k

y y1
2

2
2 2

1 2
2−









 + −( )

 = y y
y y
k1 2

2 1 2
2

2 1−( ) +( ) +












 = y y y y k
k1 2

2
1 2

2

24 4 1+( ) −{ } +












 = 5{4k2 + 4k} = 20k2 + 20k ;   ∴ 5k2 + 5k – 4 = 0

29.(b) 

A

V

B

y2 = 8 px

8p
8p

 Clearly, A = (8p,8p)	and	B = (8p – 8p). Also,
 V = (0,0). m of	AV = 1; m = BV = – 1.
	 Therefore,	AV perpendicular	BV.

30.(a)	 The	equation	of	the	axis	of	the	parabola	is	y – 2 = 0,
 which is parallel to the x–axis.	So,	a	ray	parallel	to	the	

x-axis	is	parallel	to	the	axis	of	the	parabola.	We	know	
that	any	ray	parallel	to	the	axis	of	a	parabola	passes	
through	the	focus	after	reflection.	Here	(0,	2)	is	the	
focus.

31.(d)	 Here	S ≡ y2 – 4x = 0.
 S(1,3) = 32 – 4.1 > 0 ⇒ P(1,3)	is	an	exterior	point.
 S(1,1) = 12 – 4.1 < 0 ⇒ Q(1,1) is an interior point.

32.(b) (a, 2a)	is	an	interior	point	of	y2 – 16x = 0	if	
 (2a)2 – 16a < 0, i.e., a2  – 4a < 0

  

A

V S

B

y2 = 16 x

x = 4
(focus)

(a, 2a)

 V(0,0)	and	(a, 2a)	are	on	the	same	side	of	x – 4 = 0
 So, a – 4 < 0 i.e., a < 4.
 Now, a2 – 4a < 0 ⇒ 0 < a < 4.

33.(b)	 Vertex	=	(0,	0).	The	ends	of	latus	rectum	are	(2,	4),	(2,	
–4).

 ∴	Centre	=	(0	,0),	radius	=	 2 4 202 2+ =

34.(d)	 Here,	y2 + 2by + b2 = b2 – c – 2ax

 ⇒ y b a x b c
a

+( ) = − −
−









2
2

2
2

	 It	represents	a	parabola	and	its	latus	rectum	=	2a.

35.(a)	 With	choice	of	axes	as	shown	in	the	figure,	the	
equations 

	 of	the	parabolas	can	be	taken	as	y2 = 4a(x – k)	and
 y2 = –4b(x + k).	A	line	parallel	to	the	common	axis	is,

 y = h. Then A h
a
k h= +











2

4
, 	and	 B k h

b
h= − −











2

4
,

 ∴	If	P = (α,β)	then	α = + − −










1
2 4 4

2 2h
a
k k h

b
     

   

y2 = 4a(x – k)

y2 = – 4a(x + k)

(0, 0)

B           P         A

 ∴	2α	=	
h

a b

2

4
1 1
−








 ∴	the	locus	of	P is 2
4

2
x y b a

ab
=

−







36.(b) Let B and	C be	the	trisected	points.	B divides	LL' in 1 : 

2	ratio,	then	co-ordinates	of	 B m m l l1 2
1 2

2
3

. . ,+
+

− +







	 if	B(m,l/3).
 Let x1 = m, y1 = l/3  ∴ (m,l) = (x1 , 3y1)

  

L(m, l)

L(m, –l)

B

CA m

 But (m,l) lies on parabola
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 ∴ (3y1)2 = 4ax1 ⇒ 9 41
2

1y ax=

 ∴ Locus is : 9y2 = 4ax 

37.(d)	 Let	l = (x – 3)2 + (y – 1)2	and	m = (x + 3)2 + (y – 1)2

 ∴ m – l = 12x
 ⇒ m l m l x+( ) −( ) =12 ..........(1)

 ⇒ m l x− = 2 .........(2), then, 2 2 3m x= +( )
 Squaring m = x2 + 6x + 9
 ⇒ x 2 + y2 + 6x – 2y + 10 = x2 + 6x + 9
 ⇒ y2 – 2y + 1 = 0 ⇒ y = 1
 From the given equation, we get x = ±3

38.(c) Let P denote	the	distance	from	the	point	(x,x2 + 10x + 
3) to

 the line 4x – 7 = y is given by,

 
P

x x x x x
=

− − + +( )
+

=
+ +4 7 10 3

4 1

6 10

17

2

2

2

 = 
x

R P x x+( ) +
≥ ∀ ⇒ =

+ +3 1

17
0 6 10

17

2
2

 ∴ dP
dx

x= ⇒ = −0 3

	 Required	point	(x.x 2 + 10x + 3) = (–3, –18)

39.(c) Given x = t2 + t + 1	and	y = t2 – t + 1

 ⇒ x – y = 2t  ∴ t = 
x y−

2
. Putting t = 

x y−
2

 in

 x = t2 + t + 1 ⇒ x = x y x y−





 +

−





 +2 2

1
2

 ⇒ 4x = (x – y)2 + 2x – 2y + 4
 ⇒ (x – y)2 = 2(x + y – 2), which represent a parabola 

whose
 latus rectum 2.

40.(c)  
V

S

N

(0, 1)

(0, –1) x + y + 1 = 0

x – y + 1 = 0

(–1, 0)

(4,
 5)

	 Equation	of	directrix	x + y + 1	=	0.	Directrix	and	axis	
of	parabola	are	at	right	angle.	Equation	of	axis	x – y + 
k = 0,

	 it	passes	through	the	vertex.
 ∴ k = 1,(using(4,5) in x – y + k = 0).
	 Required	equation	of	axis	is	x – y + 1 = 0. Now 

vertex	is	mid-point	of	NS. ∴ x x−
= ⇒ =

1
2

4 9  and	
y y
2

5 10= ⇒ =  

 ∴ Focus is at (9, 10).

41.(a) The given parabola is, y 2 = 8x..........(1)
 Here, 4a = 8 ∴ a = 2.	Let	the	required	point	be	(x1, y1)
	 Its	focal	distance	=	a + x1 = 4(given)
 ⇒ 2 + x1 + 4  ∴ x1 = 2.   The point lies on(1)
 ∴ y y1

2
18 2 16 4= × = ⇒ = ±

	 Hence	we	get	two	points	(2,	4)	and	(2,	–4).

42.(b)  

D
ire
ct
rix

M

Z

x + y – 2 = 0

A S

P(x, y)

(3, 4)
Axis

 Let S(3,	–4)	be	the	focus	and	ZM, the	directrix	
 x + y – 2 = 0 ........(1)
 Let P(x, y)be any point on the parabola. Join SP and	

draw	PM perpendicular	ZM.
 Then,	by	definition,	SP = PM ............(2)

 Now SP x y= −( ) + +( )3 42 2 	and	PM = length	of	
perpendicular	from	P(x,y) on (1)

 = 
x y x y+ −

+
=

+ −2
1 1

2
2

 ∴ From (2), x y
x y

−( ) + +( ) =
+ −

3 4
2

2
2 2

	 Squaring	and	cross	multiplying,	we	get
 2(x2 – 6x + 9 + y 2 + 8y + 16)
 = x2 + y2 + 4 + 2xy – 4y – 4x
 ⇒ x2 – 2xy + y2 – 8x + 20y + 46 = 0
	 Which	is	the	required	equation	of	the	parabola.

43.(a) 300

A

a

C

B

300

 Let ABC be	the	equilateral	triangle	inscribed	in	the	
parabola y 2 = 8x...........(1)

 Let l be	the	length	of	the	side	of	equilateral	triangle.
 ∴ AB = BC = CA = l.  ∴ The	coordinates	of	B are

 (lcos300, lsin300), i.e., l l3
2 2

,










 Since the point B lies on (1)

 ∴ l l l
3

8 3
2

16 3
2







 =









⇒ =
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44.(c)	 Equation	of	parabola	is,	x2  + 4x + 4y + 16 = 0......(1)
 ⇒ (x2 + 4x + 4) + 4y + 12 = 0
 ⇒ (x + 2)2 = –4(y + 3).	This	is	of	the	form	X2 = –4aY,
 where Y = y + 3, X = x + 2, 4a = 4
 ∴	Equation	of	the	axis	is	given	by	X = 0 i.e., 
 x + 2	=	0.Also	equation	of	the	directrix	is	Y = a, 
 i.e., y + 3 = 1 or y + 2 = 0

45.(a)	 The	equation	of	parabola	parallel	to	y-axis	is,
 y = ax2 + bx + c.........(1)
	 Since	it	passes	through	the	points	(0,	4),	(1,	9)	and	(4,	

5). 
 ∴ 4 = 0 + 0 + c ⇒ c = 4..........(2)
 9 = a + b + c ⇒ a + b = 5...........(3)   ( c = 4)	and
 5 = 16a + 4b + c ⇒ 16a + 4b = 1...........(4)  ( c = 4) 

	 solving	(3)	and	(4),we	get,	 a b= − =
19
12

79
12

and ......(5)
 
	 Substituting	the	values	of	a, b and	c from	(2)	and	

(5)	in	(1),	we	obtain	the	equation	of	parabola	as,	

y x x= − + +
19
12

79
12

42

   

46.(a) Since y-axis	is	the	directrix	and	(4,0)	is	the	vertex	of	
the parabola.

 ∴	distance	between	the	vertex	and	the	directrix	=	4
 ∴ Distance	of	focus	from	the	directrix	=	2	×	4	=	8.
 ∴	Coordinates	of	the	focus,	which	is	on	x-axis,	are	

(8,0).

47.(a)  

(0, 4)V

S

Y

O

DirectrixM

X
(0, 2)

P(x, y)  

	 It	is	clear	from	the	figure	that	equation	of	directrix	is,	y 
= 6.

 Let P(x, y)be be any point on the parabola. Then, by 
definition,	PS = PM.

 ⇒ PS2 = PM 2 ⇒ (x – 0)2 + (y – 2)2 = (6 – y)2

 ⇒ x2 + y2 – 4y + 4 = 36 + y2 – 12y ⇒ x2 + 8y = 32.
	 which	is	the	required	equation	of	parabola.

48.(c)	 The	equation	of	the	given	parabola	can	be	written	in	the	
form	(x – 1)2 = y – 1,	which	is	of	the	form	x2 = Y, where 
X = x – 1 

	 and	Y = y – 1. Here 4a = 1,
 ∴ a = 1/4.
 ∴	The	coordiantes	of	focus	are	X = 0,Y = a i.e., 

 x y− = − =1 0 1 1
4

,  or, x y= =1 5
4

,  i..e., 1 5
4

,







49.(c)	 Since	the	axis	is	horizontal	and	vertex	is	(–3,	–2).
	 hence	the	equation	of	the	parabola	must	be	of	the	form	
 (y + 2)2 = 4a(x + 3). It passes through (1,2),
 so 16 = 16a. i.e., a = 1.
	 Hence,	the	equation	of	the	required	parabola	is.
 (y + 2)2 = 4(x + 3) ⇒ y2 + 4y – 4x – 8 = 0

50.(c)  

P(a, a)
a

a

Q(a, –a)

 Let PQ be	a	double	ordinate	of	length	2a of	the	parabola	
y2 = ax. Then,	the	coordinates	of	P and	Q are (a, a)	and	
(a, –a)

	 respectively.		Now,	slope	of

 AP m a
a

= =
−
−

=1
0
0

1 	and	slope	of

 
AQ m a

a
= =

− −
−

= −2
0

0
1

 Since m1	×	m2 = –1, hence ∠ =PAQ π 2 ,	i.e.,	the	double
	 ordinate	subtends	a	right	angle	at	the	vertex.

51.(c)	 The	given	parabola	can	be	written	in	the	form

 
y x−






 = − −( )5

2
1
2

4
2

 ∴Length	of	latus	rectum	=		 4
1
2

a =

52.(a)  

Q(h, k)

X
R(at2, 2at)

P(x1, y1)
	 Let	the	coordiantes	of	Q be (h,k). Since the point R lies 

on	the	parabola.	Let	its	coordiantes	be	(at 2, 2at).
 Since R is	mid	point	of	PQ.

 ∴ at x h at y k t x h
a

2 1 1 2 1
2

2
2 2

=
+

=
+

⇒ =
+and  and

 t y k
a

=
+1

4
.	Equating	the	two	values	of	t, we get,

 

y k
a

x h
a

y k a x h1
2

1
1

2
14 2

8+





 =

+
⇒ +( ) = +( )

	 Hence,	locus	of	Q(h, k) is, (y + y1)2 = 8a(x + x1)
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53.(b)	 The	equation	of	the	parabola	is,

 
x y x
+






 + +( ) =

+







3
2

3 2 5
2

2
2

2

 ⇒ 4 9
4

3 4 9 6 4 25 202 2 2x x y y x x+ +




+ + +



 = + +

 ⇒ (y2 + 6y + 9) – 2(x + 2) = 0
 ⇒ (y + 3)2 = 2(x + 2). Clearly, x = 2t2	–	2				and	
 y = 2t – 3	satisfy	it	for	all	t.

54.(a)	 The	given	equation	of	the	parabla	can	be	written	as	

 

x y x y
−( ) + −( ) =

− +

( ) + −( )















2 4 4 3 12

4 3

2 2
2 2

2

 ∴	The	coordinates	of	focus	are	(2,	4)	and	the	equation	
of	directrix	is	4x – 3y + 12	=	0.	The	distance	of	the	focus	
from	the		directrix

 = 
4 2 3 4 12

4 3

8
52 2

( ) − ( ) +
+ −( )

=  

 ∴	The	length	of	latus	rectum	=		 2 8
5

16
5

× =
 
55.(a) Solving the two equations x 2 = ay and	y – 2x = 1,
 we get, x2 = a(2x + 1) ⇒ x2 – 2ax – a = 0.
 ∴ x1 + x2 = 2a and	x1 x2 = – a
 So, the given line cuts the parabola at two points 
 (x1, y1)	and	(x2 ,y2)

 Now 40
2

1 2
2

1 2
2( ) = −( ) + −( )x x y y  [Given]

 ⇒ 40 = x x x
a

x
a1 2

2 1
2

2
2 2

−( ) + −










 = x x
x x
a1 2

2 1 2
2

21−( ) +
+( )











 = x x x x a
a

a a1 2
2

1 2

2

2
24 4 1 5 4 4+( ) −





+











= +( )

 ∴ a2 + a – 2 = 0 ⇒ (a + 2)(a – 1) = 0  ∴ a = 1, – 2

56.(a)	 The	equation	of	axis	of	the	parabola	is,	x – 4 = 0,  which 
is parallel to y-axis.	So	the	ray	of	light	is	parallel	to	the	
axis	of	 the	parabola.	We	know	that	any	ray	parallel	 to	
the	axis	of	a	parabola	through	the	focus	after	reflection.

 ∴ The ray must pass through the point (4, –1).
57.(b)	 We	have,	x = 3 + t2	and	y = 3t – 2
 ⇒ (x – 3) = t2	and	y + 2 = 3t ⇒ (y + 2)2 = 9(x – 3).
	 which	is	a	parabola	with	vertex	at	(3,	–2),	focus	at	

 21
4

2,−





 	and	directrix	=	 x =

3
4

58.(b)	 We	have,	x = sin2t and	y = 2cost

 ⇒ sin2t = x and	cos2t = 
y2

4

 ⇒ x y y x+ = = − −( )
2

2

4
1 4 1or . which represents a 

 parabola.

59.(c) The given parabola is y2 = kx – 8 = k x
k

−







8

 Shifiting	the	origin	to	(8/k, 0), the parabola becomes 
 Y2 = kX  where X = x – 8/k and	Y = y. Directrix	of	this

 parabola is, X k x
k

k
=
−

− =
−

4
8

4
or

	 This	will	coincide	with	x =1	if	 8
4

1
k

k
− =

 ⇒ 32 – k2 = 4k ⇒ k2 + 4k – 32 = 0
 (k + 8)(k – 4) = 0 ⇒ k = –8.4.  Thus k = 4.

60.(b) Here 4a = 20.  ∴ a = 5
 ∴	Coordinates	of	focus	are	:	x + 3	=	5	and	y – 2 = 0
 i.e., x = 2	and	y = 2 i.e., (2, 2).
 
61.(c) Given parabola is y2 = 4ax. Since it passes through (2,–

6)

 ∴36 = 4a(2) ⇒ a = =
36
8

9
2

   ∴ 4 4 9
2

18a = 





 =

 ∴	Length	of	latus	rectum	=	18.

62.(a)	 Let	the	coordinates	of	the	point	be	(h, k).
	 Distance	of	the	point	from	origin

 = h k h k−( ) + −( ) = +0 02 2 2 2

	 Distance	of	the	point	from	the	line	x – 2 = 0 is h – 2.
	 According	to	the	given	condition

 h k h h k h2 2 2 22 4 6+ + − = ⇒ + = −

	 Squaring	both	sides,	we	have,
 h2 + k2 = 36 + h2 – 12h ⇒ k2 = –12(h – 3).
 ∴	The	path	of	the	point	is	y2 = –12(x – 3)

63.(a)	 The	given	equation	of	the	parabola	can	be	written	as	

 
3 2 16 61

16
2y x−( ) = +








 ∴	The	axis	of	the	parabola	is,	3y – 2 = 0

64.(d)	 The	given	equation	of	the	parabola	can	be	written	in	the	
form	

 (y – 3)2 = 2(x + 2) ⇒ (y – 3)2 = 4. 1
2

(x + 2)

 So, a = 1
2

,
 
	 Coordinates	of	vertex	are	x + 2 = 0, y – 3 = 0
 i.e., (–2, 3)
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	 Coordinates	of	focus	are	x + 2 = 
1
2

, y – 3 = 0
 i.e., (–3/2, 3)

	 Equation	of	directrix	is,	x + 2 = – 1
2

 i.e., x = −5
2

65.(b)	 Given	equation	of	parabola	is,
 y2 – 4y – 6x + 13 = 0 ⇒ y2 – 4y + 4 – 6x + 9 = 0
 ⇒ (y – 2)2 – 6(x – 3/2) = 0

 ⇒ (y – 2)2 – 6(x – 3/2) ⇒ (y – 2)2 = 4 3
2

3
2

. x −







 ∴	Coordinates	of	focus	are,	 x y− = − =
3
2

3
2

2 0,  i.e.,
 (3, 2).
 
 
66.(b) (x  – 2)2 = 8(y + 1) ⇒ X2 = 4AY
 Focus X = 0,Y = A ⇒ x – 2 = 0, y + 1 = 2 ∴ (2,1)

67.(a) Y2 = 4.AX where 4A = 2 or A = 
1
2 X = A,Y = ±2.A for	L and	L'

 x + 2 = 
1
2

, y – 1 = ±1 ⇒ x = – 3
2

, y = 0,2
 

 ∴ −





 −







3
2

0 3
2

2, , ,

68.(a) 	Equation	of	directrix	is,	x + 5 = 0  ∴ a = 5
 ∴	Equation	of	the	parabola	is,
 y2 = 4.5(x + 3) = 20(x + 3)

69.(b)	 Axis	is	along	x-axis	and	distance	between	vertex	and
	 focus	is	a1 – a = A.
 ∴Y2 = 4AX ⇒ (y – 0)2 = 4(a1 – a)(x – a)
 
70.(b) x = 2 + t2 , y = 2t + 1.
 Eliminating t we get, (y – 1)2 = 4(x – 2) i.e., a parabola
	 with	vertex	at	(2,	1).

71.(b) 2y1 = 8a ⇒ y1 = 4a ∴ x1 = 4a
 ∴ Extremities	of	double	ordiante	PQ are (4a, 4a)	and
 (4a, –4a)	and	vertex	is	(0,	0).
 m1m2	=	slope	of	OP × slope	of	OQ = – 1.
 ∴ ∠POQ = 900

72.(d)	 m1m2 of	and	OQ = 1 ⇒ 2 2 1 4
1 2

1 2t t
t t. = − = −or

73.(b) The point A 3 0,( )  lies on the given line whose slope
 is 3  ∴	tanθ	=	 3  = tan600

 ∴	θ	=	600	.	Equation	of	line	through	A is, 

 

x y r−
=

−
=

3
60

0
600 0cos sin

	 Where	r is	the	distance	of	any	point	from	A. It intersects 

the parabola y2 = x + 2

 ∴ r r r r3
2 2

3 2 3 2 4 2 3 0
2

2







 = + + ⇒ − + +( ) =

 ∴ r r AP AQ1 2
4 2 3

3
=

+( )
= .

74.(a)	 Focal	distance	=	x + a = 4	and	8	=	4a ⇒ a = 2
 ⇒ x + 2 = 4 ⇒ x = 2   y2 = 16 ⇒ y = ± 4
 Points are (2, 4), (2, –4)

75.(d)	 y2 – 2y = x – 2 ⇒ y2 – 2y + 1 = x – 2 + 1
 ⇒ (y – 1)2 = (x – 1) ⇒ Y2 = 4.AX

 Vertex	(1,	1),	4A = 1 ⇒ A =
1
4

 ∴ Focus X = A,Y = 0

 
x x y y− = ⇒ = − = ⇒ =1 1

4
5
4

1 0 1,

 ∴Coordinates	are,	(5/4,	1).

76.(d)	 y2 + 2y +1 = –x + 1 ⇒ (y + 1)2 = –(x – 1)
 ∴	Vertex	(1,	–1)which	lies	is	in	4th	quadrant.

77.(c)	 Focus	is	(5,	0)	and	latus	rectum	=	4a = 20

78.(c) Here SP
PM

SP PM= ⇒ =1 2 2  

 ⇒ (x + 3)2 + y2 = (x + 5)2

 ⇒ y2 = 4x + 16 ⇒ y2 = 4(x + 4)
 
79.(a) y2 = 4y – 4x ⇒ y2 – 4y + 4 = –4x + 4
 ⇒ (y – 2)2 = –4(x – 1)
 ⇒ Y2 = –4X,4A = –4, A = –1
 ∴	Its	vertex	is	(1,	2)	and	foci	lie	on	 x = 1.
  ∴ Focus = x coordinate	of	vertex	+	A = 1 – 1 = 0
 ∴ Focus is (0,2)

80.(a) x2 + 4x + 4 + 2y – 7 – 4 = 0 ⇒ (x + 2)2 = –2y + 11

 ⇒ x y+( ) = − −





2 2 11

2
2

	 Vertex	is	 −





2 11

2
,

81.(a) x2 = –16y ,4a = –16 ⇒ a = –4. Focus (0, –4)

82.(b) The line y = 2x + λ will	not	meet	if	 λ > a
m

 i.e.,

 λ >
1 2

2
/ . Here a = 1

2
,m = 2 ⇒ λ > 1

4

83.(a)	 The	distance	between	focus	and	directrix	
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SM u

g
= +( )

2

2
1 2cos α

	 Length	of	latus	rectum	=	4a = 2(2a) = 2SM 

 = 2
2

1 2 22 2
2u

g
u
g

+( )











=cos cosα α

84.(d)	 The	vertex	of	the	parabola	y = x 2 – 8x + c is on x-axis
 ∴y = 0  ∴x2 – 8x + c = 0
	 But	it	is	of	the	form	of	a	parabola	(x – α)2 = y
 ∴ x2 – 8x + c is	a	perfect	square,	∴ c = 16
85.(b)	 The	equation	of	parabola	with	X2 = IY
 Shifting	the	vertex	(a, b) to the point
 X = x – a, Y = y – b

 ∴ x a l y b x a l y b−( ) = −( )⇒ −( ) = −( )2 2

2
2 2

86.(a) PQ is	double	ordinate	of	y2 = 4ax.
 Its equation is x = c. Coordinates	of	P and	Q are
 c ac, 4( ) and	 c ac,−( )4 ,	the	coordinates	of	a	point

	 dividing	PQ in the ratio 1 : 2 is (h, k).

 ∴ h
c c c k

ac ac ac
=

+
+

= =
−( ) +

+
=

1 2
1 2

1 4 2 4

1 2
4
3

. . .
.

 ∴ 9k2 = 4ac = 4ah. ∴Locus is, 9y2 = 4ax
 

87.(c)  

(0, 3)
(6, 3)

(0, 0)

(–6, 3)

 4a = 12 ⇒ a = 3, latus rectum = 12
	 Coordinates	of	ends	of	latus	rectum	are	(–6,	3)
	 (6,	3)	and	vertex	is	(0,	0).

	 Area	of	triangle	=	
1
2

.12.3 = 18

88.(b) x 2 + 4x + 4 = – 2y + 4 ⇒ (x + 2)2 = –2(y – 2)

 X2 = –2Y. 4A = –2 ⇒ A = –
1
2

 ∴ Equation	of	latus	rectum	is	y = –
1
2

 ⇒ y – 2 = –
1
2

 ⇒ y = 3
2

89.(c)	 From	(3,	–4)	the	perpendicular	to	the	directrix	

 x + y – 2 = 0 is SZ = − −
=

3 4 2
2

3
2

 latus rectum = 4a = 2SZ = 2 3
2

3 2





 =

90.(a)	 The	 focus	 of	 y2 = 2px is (p/2,	 0)	 the	 desired	 circle	
touches	directrix	x = –p/2.

 ∴	radius	r = p.	The	equation	of	required	circle	is,

 x p y p−





 + =

2

2
2 2  .Putting y2 = 2px  in circle,

 
x p px p x px p p−





 + = ⇒ + + − =

2
2

4
0

2
2 2

2
2

 ⇒ 4x2 + 4px – 3p2 = 0 ⇒ x = p/2, −
3
2
p

 (not acceptable). Since x cannot be negative.
 where x = p/2, y2 = p2 ⇒ y = p, – p.

91.(d)	 If	vertices	are	A(x1,y1),B(x2,y2), C(x3,y3)	and	

 y1 = 1, y2 = 2, y3 = 4, then x x x1 2 3
1
4

1 4= = =, ,

 ∴	area	of	∆ABC = 
1
2

1 4 1 1
1 2 1
4 4 1

 = 
1
2

1
4

2 4 1 1 4 4 1 2−( ) − −( ) + −( )





 = 
1
2

1
2

3 4 3
4

− + −




=

92.(c) y2 = 4ax passes through (–3, 2)

 ∴ 4 = –12a ⇒ a = −
1
3

 Length	of	latus	rectum	=	 4 4
3

a =

93.(b) y2 – 2y = 2x – 5 ⇒ (y – 1)2 = 2(x – 2) ⇒ Y2 = 4AX

 A	parabola	whose	vertex	is	(2,	1),	a = 1
2

. Its	directrix

 is X = –A ⇒ x – 2 = – 1
2

 ⇒ x = 3
2

 and	focus	is,	 5
2

1,







94.(c) y2 – 4y + 4 = 5x + 1 + 4 ⇒ (y – 2)2 = 5(x + 1)
 Latus rectum 4a = 5.

95.(a) Let the variable point be P(x, y), S(a, b)	 and	 PM is 
perpendicular

	 distance	of	P from	directix,	then

 
SP PM x a y b

bx ay ab
a b

2 2 2 2
2

2 2= ⇒ −( ) + −( ) =
+ −( )

+

 ⇒ (ax + by)2 + a4 + b4 – 2a3x – 2b3y + a2b2 = 0
 

96.(c) y x2 4
5

= . here 4 4
5

1
5

a a= ⇒ =
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 ∴	Directrix	is	=	 x x= ⇒ + =
1
5

5 1 0

97.(b)	 We	have	y2 + 6x – 2y + 13 = 0
 ⇒ y2 – 2y = –6x – 13 ⇒ (y – 1)2  = –6(x + 2)
	 Clearly,	the	vertex	of	this	parabola	is	(–2,	1).
 
98.(b) Let (x1,y1)	 be	 the	 mid-point	 of	 the	 line	 joining	 the	

common
	 points	of	the	given	line	and	the	given	parabola.
	 Then	the	equation	of	the	line	is	
 yy1 – 4(x + x1) = y x1

2
18−   [using T = S']

 ⇒ 4x – yy1 – y x1
2

18− – 4x1 = 0 .........(1)
	 Clearly,	(1)	and	2x – 3y + 8 = 0 represent the same line.

 ∴ 4
2 3

4
8

61 1
2

1
1=

−
−

=
−

⇒ =
y y x y 	and	 y x1

2
14 16− =

 ⇒ y1	=	6	and	36	–	4x1 = 16 ⇒ y1	=	6	and	x1 = 5
	 Hence,	the	required	point	is	(5,	6)

99.(d)	 Figure
	 From	the	definition	of	the	parabola	,we	have
 SP = PM.SPM  is	an	equilateral	triangle.	Therefore,
 SP = PM = SM ⇒ ∠PMS = 600 ⇒ ∠SMQ = 300
 In	∆SMQ, we have,

 sin300 = 
SQ
SM

a
SM

SM a⇒ = ⇒ =
1
2

2 4

 Hence, SP = SM = 4a.

100.(d)	 Let	P(at2, 2at) be a point on the parabola y2 = 4ax
 and	S be	the	focus	of	the	parabola.	Then,	SP = a + at2
 [	focal	distance	=	x + a]
 Clearly, SP is	least	for	t = 0.
	 Hence,	the	abscissa	of	P is at2 = a × 0 = 0

101.(c) Focus S : (3,	0),	directrix	l : x + 3 = 0

  

O XS

M

Y

	 Then	if	P(x, y) is any point on it then, SP
PQ

=1

 ⇒ SP2 = PQ2 ⇒ (x – 3)2  + y2 = 
x +( )3

1

2

 ⇒ x2 – 6x + 9 + y2 = x 2 + 6x + 9 ⇒ y2 = 12x

102.(a) Focus S :	(0,	0),	directix	l : x + y = 4

	 If	P(x, y) is any point on the parabola

 then SP = SM ⇒ x2 + y 2 = 
x y+ −( )4

2

2

 
 ⇒ 2(x2 + y2) = x2 + y2 + 16 + 2xy – 8x – 8y 
 ⇒ x2 + y2 – 2xy + 8x + 8y – 16 = 0

103.(a)	 Vertex	A :	(0,	0),	axis	along	v-axis,	passes	through	P(4, 
2)

 Let the parabola, (x – 0)2 = 4a(y – 0) ⇒ x2 = 4ay
 P ∈ x2 = 4ay ⇒ 16 = 4.a.2 ⇒ a = 2
 ∴ The parabola : x2 = 8y

104.(a)	 Vertex	A :(2,	–3),	axis	parallel	to	x-axis	and	latus	
rectum 8 unit. Let parabola, (y + 3)2 = 4a(x – 2)

 But 4a = length	of	latus	rectum	(L.L.R)	=	8
 ⇒ (y + 3)2 = 8(x – 2)

105.(b)	 Vertex	A :	(–3,	4),	axis	parallel	to	v-axis	and
	 length	of	latus	rectum	=	12	∴(x + 3)2 = 12(y – 4)

106.(b) Focus S :	(3,	–2),	vertex	A :	(3,1).	Equation	of	AS
 i.e,	equation	of	axis	x = 3 i.e., parallel to y–axis.
 Also AS = a = 3
 Then the parabola, (x – 3)2 = –4a(y – 1)
 ⇒ (x – 3)2 = –12(y – 1)

107.(b) Focus S :	(–2,3),	vertex	A : (1, 2). Let L ≡ (α,	β)
 Then A is	the	mid	point	of	L.S

  

L A S

 ⇒ 
α β

α β
− +




= ( )⇒ = = − ⇒ −( )2

2
3

2
1 2 4 1 4 1, , , L

	 Slope	of	AS = 
2 3
1 2

1
3

−
+

= − ⇒ slope	of	directrix

 ∴		Directrix	l : y + 1 = 3(x – 4) ⇒ 3x – y = 13
 Now, PS = PM

 ⇒ (x + 2)2 + (y – 3)2 = 
3 13

10

2x y− −( )

 ⇒ x2 + 6xy + 9y2 + 106x – 82y + 9 = 0

108.(b) Focus S :	(2,	–5),	directrix	l : y +1 = 0 

 Then PS = PM ⇒ (x – 2)2 + (y + 5)2  = 
y +( )1

1

2

 ⇒ x2 – 4x + 4 + y2 + 10y + 25 = y2 + 2y + 1
 ⇒ x2 – 4x + 8y + 28 = 0
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109.(a) Focus S :	(–2,	1)	and	l : 3x – y + 2 = 0
 Now SP = PM

 ⇒ (x + 2)2 + (y – 1)2  = 
3 2

10

2x y− +( )
 
 ⇒ x2 + 9y2 + 6xy + 28x – 16y + 46 = 0

110.(b)	 Vertex	A : (–1, 2), passes through P(3,	6)	and	axis
 parallel to x-axis		∴ (y – 2)2 = 4a(x + 1)
 P ∈ the parabola ⇒ (6 – 2)2 = 4a(3 + 1)
 ⇒ 42 = 4a.4 ⇒ a = 1 ⇒ (y – 2)2 = 4(x + 1)
 ⇒ y2 – 4y + 4 – 4x – 4 = 0 ⇒ y2 – 4x – 4y = 0

111.(d)	 Vertex	A : (2,3), passes through P(4,	5)	and	axis	
parallel to 

 v-axis.
 Let parabola, (x – 2) 2 = 4a(y – 3)
 Now P belongs to this parabola

 ⇒ (4 – 2) 2 = 4a(5 – 3) ⇒ a = 1
2

 ∴ Equation	of	the	parabola	(x – 2)2 = 4. 1
2

(y – 3)

 ⇒ x2 – 4x – 2y + 10 = 0

112.(a) y2 = x + 4y + 3 ⇒ y2 – 4y + 4 = x + 3 + 4
 ⇒ (y – 2)2 = x – (–7) ⇒	vertex	A : (–7, 2)

113.(a) x2 + 8x + 12y + 4 = 0
 ⇒ x2 + 8x + 16 = –12y – 4 + 16
 ⇒ (x + 4)2 = –12y + 12 ⇒ [x – (–4)]2 = –12[y – 1]
 ⇒	Vertex	A : (–4, 1)

114.(d)	 x2  + 12x – 4y + 2 = 0 ⇒ x2 + 12x + 36 = 9y + 36
 ⇒ [x – (–6)]2 = 9[y –(–4)]
	 Vertex	A : (–6, –4)

115.(d)	 y2 – x – 2y + 2 = 0 ⇒ y2 – 2y + 1 = x – 2  + 1

 ⇒ (y – 1)2 = 4. 1
4

(x – 1) ⇒	α	=	1;	β	=	1;a = 1
4

 Focus S : (a :	α,β)	=	
1
4

1 1 5
4

1+





 =







, ,

116.(b) x2 – 2x – 8y – 23 = 0 ⇒  x2 – 2x + 1 = 8y + 23 + 1
 ⇒ (x – 1)2 = 4.2(y – (–3)) 
 ∴	α	=	1;β	=	–3;a = 2
 Focus S :	(α,β	+	a) = (1, –3 + 2) = (1, –1)

117.(b) x2 – 4y – 8x – 4 = 0 ⇒ y2 – 4y + 4 = 8x + 8
 ⇒ (y – 2)2 = 4.2(x –(–1)) ∴	α	=	–1,β	=	2,a = 2
 Focus S :	(α	+	a,β)	=	(–1	+	2,2)	=	(1,2)

118.(c) y2 + 8x – 2y + 17 = 0 ⇒ y2  – 2y + 1 = –8x – 16
 ⇒ (y – 1)2 = – 4.2(x + 2)
 ∴	Length	of	latus	rectum	=	8	unit

119.(a) y2 – 12x + 6y + 21 = 0
 ⇒ y2 + 6x + 9 = 12x – 21 + 9
 ⇒ (y + 3)2 = 12x – 12 ⇒ [y – (–3)]2 = 4 : 3(x – 1)
 ∴	α	=	1;β	=	–3;a = 3
	 Equation	of	latus-rectum	:	x = α + a = 1 + 3 ⇒ x = 4
120.(b) y2 = 16x ⇒ (y – 0)2 = 4.4(x – 0)
	 Directrix	l : x = –a ⇒ x + 4 = 0

121.(c) 2x2 + 9y = 0 ⇒ x2 = − ⇒ − 







9
2

4 9
8

2y x y
 

	 Directrix	l : y = a ⇒ y = 
9
8

8 0⇒ =y

122.(a) y 2 – 2x – 6y – 5 = 0 ⇒ x2  – 6y + 9 = 2x + 14

 ⇒ (y – 3)2 = 4. 1
2

[x – (–7)]

	 Directrix	l : x = α – a = (–7) – 1
2

 = 

− ⇒ + =
15
2

2 15 0x  

 
123.(d)	 (y + 1)2 = a(x – 2), P(1, –2) ∈ the parabola

 ⇒ 1 = a(–1) ⇒ a = – 1   ∴ (y + 1)2 = 4. 1
4

(x – 2)

	 α	=	2,	β	=	–1,	a = 
1
4

	 Directrix	:	x = α + a = 2 + 1
4

⇒ 4x – 9 = 0

124.(c)	 Vertex	A : (2, 0), y-axis	is	the	directrix.
 	Distance	between	directrix	and	vertex	=	Distance	

between
	 vertex	and	focus	=	2
 ∴ x-coordinate	of	S = 2 + 2 = 4, which lies on x-axis
 ∴	coordianate	of	S = (4, 0)

  
O X

Y

S(4, 0)

125.(d)	 y2 + 4x – 2y + 3 = 0 ⇒ y2 – 2y + 1 = – 4x – 4
 ⇒ (y – 1)2 = – 4.1(x –(–1))   ∴	α	=	–1,β	=	1,	x = 1
	 axis	:	y = β ⇒ y = 1

126.(c) x2 – 3y – 6x + 6 = 0 ⇒ x2 – 6x + 9 = 3g + 3

 ⇒ (x – 3)2 = 4. 3
4

(y –(–1)) (parallel to y-axis)
 

	 α	=	3;β	=	–1;	a = 3
4
,	Axis	:	x = α ⇒ x = 3

127.(a)  a ≠ 0, y2 = 4ax, x2 = 4ay
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 ⇒ point	of	intersection	(4a, 4a),(0,0)
 ⇒ 2b(4a) + 3c(4a) + 4d = 0 ⇒ 2ba + 3ac + d = 0
 For (0,0), d = 0 ⇒ 2b + 3c = 0 ⇒ a(2b + 3c) = –d
 ∴ (2b + 3c)2 + d2 = 0

128.(c)	 Mid	point	(x1, y1); S : y2 – 4x = 0
	 Chord	:	S1 = S11 ⇒ yy1 – 2(x + x1) = y x1

2
14−

 ⇒ x(–2) + y(y1) + 4 2 01 1
2

1x y x− −( ) =
 Comparing the above with, x + y – 1 = 0, we get

 
− = =

−
−

1
2

1 1
21 1 1

2y x y

 ⇒ y x y y x1 1 1
2

1 12 2 2 4 2= − − = − ⇒ − =;  
 ⇒ 2x1 = 6 ⇒ x1 = 3 ⇒ (3, 2)

129.(c)	 Let	mid	points	(x1,y1), y2 = 4ax
 Chord	:	S1 = S11 ⇒ yy1 – 2a(x + x1) = y x1

2
14− 4ax1

	 Which	passes	through	vertex	(0,0)
 ⇒ –2ax1 = y x1

2
14− – 4ax1 ⇒ y x1

2
14− = 2ax1  ∴	Locus	of

 (x1,y1) is y2 = 2ax.

130.(d)	 Let	mid	points	(x1,y1),y2 = 4ax
 Chord	:	yy1 – 2a(x + x1) = y x1

2
14− 4ax1

 ⇒ Slope = 
2 2

1
1

a
y

m y a
m

= ⇒ =

 ∴ Locus	of	(x1,y1) : y = 
2a
m

131.(c) ∴ P b b y ax3
2 2

42,








∈ =

 ⇒ b a b b a
2

4
4 3

2
8 3= ⇒ =. .

 

300

O

a

Q

P

X

bsin300 = b2

bcos300 = b
  2

3

132.(b) y2 = 4ax. End	of	focal	chords	are

 (at2, 2at) = (x1,y1)	and	
a
t

a
t

x y2 2 2
2, ,−






 = ( )

 Then, x1x2 + y1y2 = a2 – 4a 2 = –3a2

133.(c) PQ is	a	focal	chord	⇒ t1t2 = – 1. (Known result)

  

O

Y

X

P(t1)

Q(t2)

S

134.(d)	 y2 = 8x, the given parabola is = 4.2.x ⇒ a = 2
	 Then,	if	PQ is	a	focal	chord,

 ⇒ P at at at2 2 1
2

2 2 2, ,( ) = −





⇒ = −

 ⇒ t Q a
t

a
t

= − ⇒ −







1
2

2
2 ,

 = 
2

1 4
2

1 2
2 8 8, . ,−

−( )








 = ( )

135.(b)	 If	y2 = 4ax is the parabola, PQ is	a	focal	chord

  

O

Y

X

P

Q

S

 then, 1 1 1
SP SQ a

+ = (Remember it)

136.(d)	 At	PQ	be	the	focal	chord	of	the	parabola	y2 = 4ax

 Then, P at at Q a
t

a
t

2
2

2
2 2, , ,( ) −








 ∴ PQ at a
t

at a
t

= −





 + +








2
2

2 2
2 2

 = a t
t

t
t

2
2

2 21 4 1
−






 + +








 = a t t
t
t

a t
t

+





 −





 + = +








1 1 4 12 2

137.(c) Let, in the parabola y2 = 4ax, PQ be	the	focal	chord	
which

	 makes	angle	0	with	it's	axis.	Then	slope	of	

 
SP at

a at
t

t
=

−
−

=
−






=

2 2
12 2 tanθ

  

O

Y

X

P

Q

S θ

 ⇒ cot cotθ θ=
−

⇒ =
−( )t

t

t

t

2
2

2 2

2
1

2

1

4
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 ⇒ cot2
2 2

2

2 2

2

2
1

1

4
1

1

4
1
4

1
θ + =

−( )
+ =

+( )
= +





t

t

t

t
t

t

 ⇒ 4 12
2

cosec .θ a a t
t

PQ= +





 =

138.(a) Let the circle be, x2 + y2 + 2gx + 2fy + c = 0...(i)
	 and	the	parabola,	given	by

 y2 = 4ax ⇒ x2 = 
y
a

4

216
.....(ii)

	 From	(i)	and	(ii)	we	get,
y
a

4

216
+ y2 + 2gx + 2fy + c = 0

 
 ⇒ y1 + y2 + y3 + y4 = 0 (y1, y2, y3, y4 are roots)

139.(b)	 We	know,	 1 1 1 2
2

2
SP SP a a SL

+ = = =

 ⇒ SP, SL, SP' are in H.P.

  

O

Y

X

P

P'

S

L

140.(d)	 The	parabola	is,	y2 = x2 + 7x + 2	and	the	line	is	
 y = 3x – 3. By observation the point (–2, –8) only on 

the parabola.

141.(c)	 Equation	of	chord	of	contact	of	tangent	drawn	from
 a point (x1,y1) to parabola y2 = 4ax is
 yy1 = 2a(x + x1) so that 5y = 2	×	2(x + 2)
 ⇒ 5y = 4x + 8.	Point	of	intersection	of	chord	of	

 contact with parabola y2 = 8x are 1
2

2 8 8, , ,





 ( )

 so that length = 
3
2

41

142.(c)	 Semi-latus	rectum	is	harmonic	mean	between	segments	
of	focal	chords	of	a	parabola.

 ∴ b ac
a c

a b c=
+

⇒
2 , ,  are in H.P.

143.(a)	 The	combined	equation	of	the	lines	joining	the	vertex	
to	the	points	of	intersection	of	the	line	lx + my + n = 0

	 and	the	parabola	y2 = 4ax is y ax lx my
n

2 4= +
−









 or, 4alx2 + 4amxy + ny2 = 0
	 This	represents	a	pair	of	perpendicular	lines,	if	
 4al + n = 0

144.(c) Let y = mx + c is	chord	and	c is variable.

 ⇒ x y c
m

=
−






  by y2 = 4ax 

	 For	getting	points	of	intersection,	y2 = 4a y c
m

=
−








 ⇒ y ay
m

ac
m

2 4 4 0− + =

 ⇒ y y a
m

y y a
m1 2

1 24
2

2
+ = ⇒

+
=

	 which	is	a	constant;	independent	to	c.

145.(a)	 The	co-ordinates	of	the	ends	of	the	latus	rectum	of	the	
parabola y2 = 4ax  are (a, 2a)	and	(a, –2a) respectively.

	 The	equation	of	the	normal	at	(a, 2a) to y2 = 4ax is

 
y a a

a
x a− = − −( )2 2

2

 [using y – y1 = − −( )y
a
x x1

12
] or, x + y – 3a = 0

 
	 Similarly,	the	equation	of	the	normal	at	(a, –2a) is
 x – y – 3a = 0	.........(ii)	The	combined	equation	of	
	 (i)	and	(ii)	is	x2  – y2 – 6ax + 9a2 = 0

146.(d)	 As	we	know,	t1	×	t2 = 2 ⇒ 2at1 × 2at2 = 8a2

147.(a)	 The	equation	of	the	normal	to	x2 = 4ay is	of	the	
form		

 x = my – 2am – am3.	Therefore	c = –2am – am3

148.(c)	 Since	the	semi-latus	rectum	of	a	parabola	is	the	
harmonic	mean	between	the	segments	of	any	focal	
chord	of	a	parabola,	therefore	SP, 4, SQ are in H.P.

 ⇒ 4 2 4
2 6

6
3=

+
⇒ = ( ) ( )

+
⇒ =. . .SP SQ

SP SQ
SQ
SQ

SQ  

149.(d)	 The	equation	of	a	normal	to	y2 = 4x at
 (m2, –2m) is y = mx – 2m – m3.	If	the	normal	

makes	equal	angles	with	the	co-ordinates	axes,	then	

m = =tan π
4

1 .
	 Thus,	the	required	points	is	(1,	–2)

150.(d)	 Let	normal	at	(h,k) be y = mx + c, then k = mh + c
 also k2 = 4a(h – a).	Slope	of	tangent	at	(h, k) is m1
 then	on	differentiating	equation	of	parabola.

 2km1 = 4a ⇒ m1 = 
2a
k

also mm1 = –1
 

 ⇒ m
k
a

= −
2

,	solving	and	replacing	(h,k)

 by (x,y) ⇒ y = m(x – a) – 2am – am3

151.(d)	 The	tangents	(all	the	end	points	of	focal	chord)	cut
	 orthogonally	at	the	directrix	i.e.,	x = –a or, x + a = 0
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152.(a) Normal to parabola will be, y = mx – 2am – am3

	 for	three	values	of	m. There	normal	can	be	drawn
 on parabola y2 = 4ax. So	three	feet	of	normals	can	be	

obtained.	hence	centroid	of	triangle	lies	on	axis	of	
parabola.

153.(d)	 According	to	question,	equation	of	circle	with	points	
(3,6)	and	(27,	–18)	on	diameter	will	be	

 (x – 3)(x – 27) + (y – 6)(y + 18) = 0
 ⇒ x2 + y2 – 30x + 12y – 27 = 0

154.(a) Normal at P t t1
2

12,( )  on the parabola

 y2 = 4x.........(i) meets it again at the point

 Q t t1
2

12,( ) , where t t
t2 1
1

2
= − = − ......(ii)

	 If	PQ subtends	a	right	angle	at	the	vertex	(0,0)	then
	 (slope	of	OP)	(Slope	of	OQ) = –1
 ⇒ 2 2 1 41

1
2

2

2
2 2

1

t
t

t
t

t
t

. = − ⇒ = − .......(iii)

	 From	(ii)	and	(iii),	 − − = −t
t t1
1 1

2 4

 ⇒ − − ⇒ = ⇒ = ± ∴ =t
t

t t t1
1

1
2

1 2
2 2 2 2 2; 

 ∴ P and	Q are 2 2 2,±( ) 	and	 8 4 2,( )

 ∴ PQ = −( ) + ( + )8 2 4 2 2 22 2


 = 36 72 108 6 3+ = =

155.(b) Any normal is y + lx = 6t + 3t3

	 It	is	identical	with	 x + y = k  if	 t t t
k1

1
1

6 3 3
= =

+

 ∴ t = 1	and	1 6 3 9=
+

⇒ =
k

k

156.(a) t t
t2 1
1

2
= − − 	[It	is	a	fundamental	theorem]

 
157.(a)	 From	diagram,	θ	=	450 ⇒ Slope = ±1

 

(4, 0) θ

2
2

2 (6, 2)

 

158.(d)	 We	have	 t t
t2 1
1

2
= − −

 Since a = 2, t1 = 1  ∴ t2 = –3

 ∴ The	other	end	will	be	 at at2
2

22,( )  i.e., (18, –12)

159.(c) S : y2 = 4ax ⇒ Focus : (a, 0) Polar : S1 = 0
 ⇒ y.0 = 2a(x + a)
 ⇒ x + a = 0 ⇒ x = –a ⇒ directix

160.(b)	 Equation	of	diameter	of	parabola	is	 y a
m

=
2

 Here a m y y= = ⇒ =
×

⇒ =
1
4

1
2 1

4
1

2 1,

161.(c)	 ∆	=	
1
2
(12	×	3)	=	18	sq.	unit

 (0, 0)

(6, 3)(–6, 3)
(0, 3)

162.(d)	 Let	co-ordinates	of	vertices	=	(a,1),(b,2),(c,4);

 a =
1
4

, b = 1, c = 4.	Area	of	triangle	formed	by

 

1
4

1 1 2 4 4 1
2

1
4

1 1

1 2 1
4 4 1

3
4

, , , , ,





 ( ) ( ) =is

163.(b) L1 = 3 0y x− = , solving L1	and

 S1 = y2 – 4ax = 0 then y a= 4 3  and	x = 12a

 Hence, L a a a a= + = =144 48 192 8 32 2  

 

300

300O

164.(c) Points are y
a
y y

a
y y

a
y1

2

1
2
2

2
3
2

34 4 4
, , , , ,





























	 Use	area	formula	and	get

	 ∆	=	
1

8 1 2 2 3 3 1a
y y y y y y−( ) −( ) −( )
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165.(b)	 Chord	of	contact	of	(–1,2)	is	yy1 = 2a(x + x1)
 or, y = x – 1

166.(c)	 Competitive	method	:	Checking	from	options,
 point (±2,2) is nearest. Hence option (c) is correct.

167.(d)	 The	given	point	(–1,–60)	lies	on	the	directrix	x = –1
	 of	the	parabola	y 2 = 4x. Thus the tangents are at right 

angle.

168.(c)	 Equation	of	conic	is	x2 + 10x – 16y + 25 = 0
 i.e., (x + 5)2 = 16y  ∴ Conic	is	parabola	with	focus	(–5,	

4)
 	focus	is	mid	point	of	latus	rectum
 	only	points	given	in	option	(c)	can	be	end	points	of	

the latus rectum.

169.(c)	 Equation	of	tangent	at	(1,7)	to	y = x2 + 6 is

 1
2

(y + 7) = x.1 + 6 ⇒ y = 2x + 5 .....(i)

 This tangent also touches the circle
 x2 + y2 + 16x + 12y + c = 0 .....(ii)
	 Now	solving	(i)	and	(ii),	we	get
 ⇒ x2 + (2x + 5)2 + 16x + 12(2x + 5) + c = 0
 ⇒ 5x2 + 60x + 85 + c = 0
 Since, roots are equal so b2 – 4ac = 0
 ⇒ (60)2 –	4	×	5	×	(85	+	c) = 0 ⇒ 85 + c = 180

 ⇒ 5x2 + 60x + 180 = 0 ⇒ x = − = − ⇒ = −
60
10

6 7y

	 Hence,	point	of	contact	is	(–6,	–7)	

170.(d)	 From	figure,	it	is	clear	that	angle	between	the	
 curve = angle between the x-axis	and	y-axis	=	

π
2

   

X' X

Y

Y'

y2 = 8x
x2 = 8y

 
171.(c) Given m = 2, c = k,a = 1. Hence, k = –4
 
172.(c) Given x + y = 0......(i); x2 + y2 + 4y = 0 .....(ii)
	 Solving	(i)	and	(ii),	x = 0, y = 0; x = 2, y = –2
	 which	means	parabola	passes	through	(0,0)	and
	 (2,–2)	these	points	satisfy	the	parabola	y2 = 2x

173.(c) Given parabola is y2 = 2ax  ∴ Focus a
2

0,







	 and	directrix	is	given	by	x = −
a
2

, as circle touches the 

	 directrix.		∴	Radius	of	circle	=	distance	from	the	point

 a
2

0,





  to the line x a

a a

a= −





 =

+
=

2
2 2

1

   

(a/2,0)a
2– , 0( (

 ∴	Equation	of	circle	be	 x a y a−





 + =

2

2
2 2 ......(i)

 also y2 = 2ax........(ii);	solving	(i)	and	(ii)	we	get	

x a a
= − −

2
3
2

, . Putting these values in y2 = 2ax

	 We	get	y = ±a and	 x a
= −

3
2

 gives imaginary

	 values	of	y  ∴ Required	points	are	 a a
2

,±







174.(c)	 Let	equation	of	line	is	y = ax + b ∴ dy
dx

a= =1 (given)

 Also y = ax + b passing through (0,1) ∴ b = 1
	 so	required	line	be	y = x + 1.	Now	point	of	
	 intersection	of	the	line	and	parabola	gives	x2 + 2x + 1 = 

4x
 ⇒ x2 – 2x + 1 = 0 ⇒ x = 1 ∴ y = 2 ∴ Line touch
 that parabola  ∴	length	intercepted	is	equal	to	0.

175.(c)  

 m = tan(1200) = − 3  
	 =	Slope	of	the	line	which	passes	through	(–1,	0)
	 Required	equation,	
 y – 0 = − 3 (x + 1) ⇒ y + − 3 (x + 1) = 0

176.(b)	 Only	two	parabola's	can	be	drawn	with	a	given	latus-
rectum.

  

X

Y
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1.(b) 

P(5cosϕ, 4sinϕ)

M S(3, 0)S'(–3, 0)

 
x y e e

2 2
2 2

25 16
1 16 25 1 9

25
+ = ∴ = −( )⇒ =

 ∴ e = 
3
5

 ∴ S(3,0),S'(–3,0)
 

 A = 
1
2

SS' × PM = 
1
2

× 6 × 4sinϕ = 12sinϕ

 Maximum area = 12 sq.units.

2.(c)  

B

F' FO X

Y

900

 Let the ellipse be x
a

y
b

2

2

2

2 1+ = .Then coordinates of F.

 B and F' are (ae, 0), (0, b) and (–ae, 0) respectively.

 Then slope of BF b
ae

b
ae

=
−
−

= −
0

0
 and slope of 

 
BF b

ae
b
ae

' = −
− −

=
0

0
  ∠FBF' = 900.
 ⇒ slope of BF × slope of BF' = 1.

 ⇒ − = − =
b
a e

b a e
2

2 2
2 2 21 or, 

 or, a2(1 – e2) = a2e2, ∴ e = − 1
2

3.(a) ax 2 + by2 + 2fx + 2gy + c = 0

 or, a x fx
a

b y gy
b

c2 22 2 0+






+ +







+ =  

 or, a x f
a

b y g
b

f
a

g
b

c+





 + +






 = + −











2 2 2 2

 or, x f a
f
a

g
b

c a

y g b
f
a

g
b

c b

+( )

+ −










+
+( )

+ −










2

2 2

2

2 2

 if a be eccentricity then

 

f
a

g
b

c

b

f
a

g
b

c

a
e

2 2 2 2

21
+ −

=
+ −

−( )

 or, 1 – e2 = a
b

 or, e b a
b

e b a
b

2 =
−

=
−or,

4.(a) 

P

S SC

 ∴ SP + S'P = 10 or, 2a = 10 or, a = 5
 2ae = 8 or ae = 4,   e = 4/5.

 
b a e2 2 21 25 1 16

25
9= −( ) = −






 =

 ∴ Area = πab = π.5.3 = 15π

5.(b)  

P(α)

Q(β)

S (ae, 0)

 Equation of PQ is 

 

x
a

y
b

cos sin cosα β α β α β+





 +

+





 =

−





2 2 2

 which passes through (ae, 0). 

 ∴ ecos cos
cos

cos

α β α β
α β

α β
+






 =

−







−







+







=
2 2

2

2

or, ee
1

 or, 
cos cos

cos cos

α β α β

α β α β

−





 −

+







−





 +

+







=
−2 2

2 2

1e
ee +1

 [By componendo and dividendo]

 or, 2 2 2
2 2 2

1
1

sin sin
cos cos

a e
e

( ) ( )
( ) ( )

=
−
+

β
α β
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 or, tan(α/2)tan(β/2) = 
e
e
−
+

1
1

6.(b) 

P(x, y)

B(a, 0)A(–a, 0)
O

  PA + PB = 4
 or, x a y x a y+( ) + + −( ) + =2 2 2 2 4 .............(1)

 Let (x + a)2 + y2 = l and (x – a)2 + y2 = m
 ∴ l – m = 4ax  from (1), l m+ = 4 ...............(2)
 l m l m ax+( ) −( ) = 4 .............(3)
 
 l m ax− = ...............(4)  [from (2)]
 Adding(2) and (4), 
 2 l = (4 + ax)  or, 4l = 16 + a2x 2 + 8ax
 or, 4(x2 + y2 + 2ax + a2) = 16 + a2x2 + 8ax
 or, (4 – a2)x2 + 4y2 = 16 – 4a2  i.e., ellipse.

7.(b) For  centre x + y – 2 = 0 and x – y = 0  ∴ x = y = 1

8.(a) 

B

B'

P

SS' C AA'

 AA' = 6, BB' = 4   ∴ a = 3 and b = 2.
 ∴ SP + S'P = 2a = 6 and 

 SS' = 2ae = 2a 1 2
2

2
2 2− = −

b
a

a b

 = 2 9 4 2 5− =

9.(d) Eccentric angle = ∠OQA

  

O S
A

Q

P

10.(b) 

P

C(0, 0)

√ √6 cosθ,  2 sinθ( (

 Since 6 2cos , sinθ θ( )  lie on the ellipse

 x y2 2

6 2
1+ = .   ∴|CP| = 2,  6cos2θ + 2sin2θ = 2

 or, 3(1 + cos2θ) + 1 – cos2θ = 2
 or, 2cos2θ + 2 = 0 ⇒ cos2θ = –1
 2θ = π,3π,5π,7π  ∴ θ = π/2, 3π/2, 5π/2, 7π/2

11.(a) x2tan2α + y2sec2α = 1 ⇒ x y x y2

2

2

2

2

2

2

21 1
cot cos cot cosα α α α

+ = ⇒ + =

  sin2α = 1 – e2 ,e2 = cos2α
 ∴ e = cosα(α ≠ 900).
  latus rectum = 1/2 = 2b2/a

 ⇒ a b= ⇒ = ⇒ =4 4 1 42 2cot cos
sin

cosα α
α

α
 

 ⇒ sin ,2 1
2

2 1
6

α α π
π

= = + −( )m n

 

 ⇒ α
π π

= + −( )n n

2
1

12
  for n = 1, α π π π

= − =
2 12

5
12

 

12.(a) Foci are (–1, 0) and (7, 0). Coordinate of the centre is 
(3,0).

 Distance between foci

 = − −( ) + =1 7 0 82 , 2ae = 8∴ ae = 4 

 Here e = 
1
2

 ∴ a = 8. ∴ b2 = a2(1 – e2) = 64 1 1
4

−







 = 64 – 16 = 48.
 Equation of ellipse with centre (3, 0) is

 x y−( ) + =
3

64 48
1

2 2
. Parametric co-ordinates are

 
3 8 4 3+( )cos , sinθ θ

13.(d) Now according to condition a > 1.
 b2 – 10b + 25 = a > 1 ⇒ b2 – 10b + 24 > 0
 ⇒ (b – 4)(b – 6) > 0 i.e., b < 4 and b > 6
 ⇒ b ∉ [4,6]

14.(a) Equation of ellipse centred at (1, 2) is

 x
a

y
b

−( ) +
−( ) =

1 2
1

2

2

2

2 . Using (4,6) on it we get

 9 16 12 2a b
+ = ............(1). Again distance from centre

 
 to focus = 6 – 1 = 5 = ae.
 Also b2 = a2(1 – e2) ⇒ a2 = b2 – 25 ..........(2)
 Solving (1) and (2) for a 2 and b2 we have
 a2 = 45, b2 = 20  ∴ Required equation of ellipse is 

 
x y−( ) +

−( ) =
1

45
2

20
1

2 2
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15.(d) The equation can be written as 
 4(x – 2) 2 + 5(y – 3)2 = 1

 ⇒ x y x
a

y
b

a b
−( ) +

−( ) = ⇒ + = >( )2
1
4

3
1
5

1 1
2 2 2

2

2

2

 Length of major axis = 2 × 
1
2

 =1 = 2a

 Length of minor axis = 2 1
5

2
5

2× = = b

 
e b

a
b
a

2
2

2

2 2
1 1 2

2
1 2

5
1
5

= − − 





 = − 






 =

 ∴ e =
1
5

16.(a) Given x
a

y
a

2 2

14 9
1

−
+

−
=

 the equation will represent itself an ellipse if 
 14 – a > 0  and 9 – a > 0 ⇒ a < 14  and a < 9
 ⇒ a < 9.
 A hyperbola if 14 – a > 0 and 9 – a < 0
 ⇒ –a > –14 and a > 9 ⇒ 9 < a < 14
 or, 14 – a < 0 and 9 – a > 0
 ⇒ –a < –14 and a < 9 ⇒ a < 9 and a > 14 which is 

not true.

17.(d)  

Y

X

x + y = 7

 Given equation of ellipse x y2 2

6 3
1+ =

 Slope of the tangent at any point P(x1,y1) to

 x y2 2

6 3
1+ =  is given by

 
2 4 0 2

2
x y dy

dx
x y dy

dx
x
y

+ = ⇒ = =
−



 Putting this in the equation of ellipse we have y = ±1.
 Evidently the point lies in the 1st quadrant.  ∴ y = 1
 and x = 2
 Hence required point is (2, 1)

18.(b) From given equations we have x y2 2

4 9
1+ =

 ∴ e x y e1
2

2 2

2
29 4

9 4 9
1 4 9

4
=

−
− = ∴ =

+and

 Now, e e1
2

2
2 5

9
13
4

137
36

3+ = + = >  but < 4

 ∴ 3 41
2

2
2< + <e e

19.(a) (3x2 – 6x) + (4y2 – 8y) = –4
 ⇒ 3(x2 – 2x) + 4(y2 – 2y) = –4
 ⇒ 3(x – 1)2 + 4(y2 – 2y) = –4
 ⇒ 3(x – 1)2 + 4(y – 1)2 = 3

 ⇒ x y x
a

y
b

a b
−( ) +

−( ) = = + = >
1

1
1

3
4

1 1
2 2 2

2

2

2 ,

 ∴ e a b
a

=
−

=
−

=
2 2

2
1 3 4

1
1
2

20.(a) From the given relations, we have
 x2/32 + y2/42 = 2  or, x2/18 + y2/32 = 1,
 which is an ellipse.

21.(b) The equation of the ellipse can be written as
 x2/9 + y2/5 = 1  ∴ a2 = 9,b2 = 5
 ∴ L.R = 2b2/a = 10/3

22.(b)  

P(x, y)
M

S C

 Let P(h,k) be any point on the ellipse. Here,

 S = (6, 7), e = 
1
3

 and equation of directrix is
 
 x + y + 2 = 0
 ∴ From SP = e.PM we get,

 
6 7 1

3
2

1 1
2 2

2 2
−( ) + −( ) =

+ +

+
h k h k

 ⇒ (6 – h)2 + (7 – k)2 = 
1
3

1
2

. .(h + k + 2)2

 ⇒ 6(36 – 12h + h2 + 49 – 14k + k2)
 = h2 + k2 + 4 + 2hk2 – 76h – 88k + 506 = 0
 ∴ the locus of P(h, k) is
 5x2 – 2xy + 5y2 – 76x – 88y + 506 = 0; which is the 

required equation.

23.(a) The equation of the ellipse can be written as

 x y+( ) +
+( ) =

1
3

2
5

1
2

2

2

2  ∴ a2 = 52, b2 = 32 and centre is

 (h,k) ≡ (–1,–2).
 Now, e2 = 1 – b2/a2 = 16/25 ⇒ e = 4/5
 ∴ Coordinates of the foci are (h,k ± ae) i.e., 
 (–1, –2 ± 4) i.e., (–1, 2) and (–1, –6)

24.(d) The given equation of the ellipse can be written as

 x y2 2

16 9
1+ =   ∴a2 = 16,b2 = 9 ⇒ a = 4.

 Sum of the focal distances from any point on the 
ellipse 

 = 2a = 8.
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25.(c) PF PF x y x y1 2
2 2 2 23 3+ = −( ) +




+ +( ) +





 = x
x

x
x

−( ) +
−( )

+ +( ) +
−( )

3
400 16

25
3

400 16

25
2

2
2

2

 = 
1
5

25 3 25 3 10−( ) + +( )  =x x

  For given ellipse, x ≤ 5, y ≤ 4

26.(b) Let the equation of the ellipse be
 x2/a2 + y2/b2 = 1 which passes through the points
 (7,0) and (0,–5). So a2 = 49 and b2 = 25.
  a2 > b2

 ∴ b2 = a2(1 – e2) ⇒ 25 = 49(1 – e2) ⇒ e = 
2 6

7

27.(d) Major axis = 3(Minor axis)
 ⇒ 2a = 3(2b) ⇒ a2 = 9b2 = 9a2(1 – e2)
 ⇒ e = ( )2 2 3

28.(b) L.R. = (1/3) (Major axis)
 ⇒ 2b2/a = 2a/3 ⇒ a2 = 3b2 = 3a2(1 – e2)
 ⇒ e = ( )2 3

29.(b) Let eccentric angle of the point be θ, then its coordinate 
are

 
6 2cos , sinθ θ( )

 Hence 6cos2θ + 2sin2θ = 4  or, cos2θ = 1/2
 So, cosθ = ±1 2 .   ∴ θ = π/4  or, 3π/4

30.(c) Here a2 = 25,b2 = 16   e2 = 1 – b2/a2

 ∴ e2 = 9/25 ⇒ e =
3
5

31.(c) Here a2 = 25,b2 = 16, PS + PS' = 2a = 10

32.(d) Minor axis = (1/2) Major axis

 ⇒ 2b = a ⇒ a2 = 4b2 = 4a2(1 – e2) ⇒ e = 3
2 L.R. = 2b2/a = 3 ⇒ 2b2/(2b) = 3

 ⇒ b = 3, a = 6
 ∴ The distance between the foci = 2 4 3ae =

33.(d) Let the third vertex be (h,k) then

 h k h k+( ) + +( ) + +( ) + −( ) + =2 3 2 3 6 202 2 2 2

 Squaring and simplifying, we get
 49(h + 2)2 + 40k2 = 40 × 49

 ∴ Locus of (h,k) is x y+( ) + =
2

40 49
1

2 2

34.(a) Let P(x1, y1) be a point on the ellipse

 ∴ x y
x y

1
2

1
2 1 1

2 2

2
3

1

1 1
+( ) = + +( )

+( )
.

 
 ⇒ 7 7 4 4 4 2 01

2
1
2

1 1 1 1x y x y x y+ − − − − =
 ∴ Locus of P(x1,y1) i.e., the equation of ellipse is 
 7x2 + 7y2 – 4xy – 4x– 4y – 2 = 0

35.(b) Equation of ellipse is x y−( ) +
−( ) =

1
36

2
4

1
2 2

 ∴ a2 = 36 and b2 = 4  ∴ e
b
a

e2
2

21 8
9

2 2
3

= − = ⇒ =

36.(b) 5x2 + 9y2 = 45 ⇒ x y2 2

9 5
1+ =

 L.R. = 2 2 5 10
3

2b
a a

=
×

=

37.(a)  M

O L A

0

0

B
b

x

y
a

P(x, y)

 AB = l = a + b. Let PA = a, PB = b
 x = bcosθ, y = asinθ. Squaring and adding we get 

 

x
b

y
a

2

2

2

2 1+ =

38.(b) S1 = 4 × 12 + 9.22 – 16.1 – 54.2 + 61
 = 4 + 36 – 16 – 108 + 61 < 0
 ∴ Point is in the ellipse and the equation of the ellipse

 is 4 2
36

9 3
36

1
2 2x y−( ) +

−( ) =  the point (1, 2) does not

 lie either on major axis y – 3 = 0 or on minor axis x – 2 
= 0

39.(c) 2 3 2 1
3

1
3

2a
e

ae e e= ( )⇒ = ⇒ =

40.(b) 4(x2 – 4x) + 9(y2 – 6y) + 61 = 0
 ⇒ 4(x2 – 4x + 4) + 9(y2 – 6y + 9) + 61 – 16 – 81 = 0
 ⇒ 4(x – 2) 2 + 9(y – 3)2 = 36

 ⇒ x y−( ) +
−( ) =

2
9

3
4

1
2 2

   ∴ Centre is (2, 3)
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41.(a) b e a
b
be e= = − = ⇒ =5 1 3 5 32

2

2, ,

 ⇒ 5 1 9 5 1
5

92
2

2
2

2

2−








 = ⇒ −









 =

a
b

a

 
 ⇒ 52 – a2 = 9 ⇒ a2 = 52 – 9 = 16

 ∴ Required equation is x y2 2

16 25
1+ =

42.(c) Latus rectum = 
2 8 1

2

2b
a

e= =and

 ⇒ b
a

e b
a

a
a

2
2

2

2 24 1 1
2

1 4
= = − ⇒ = −and

 ⇒ 1
2

4 2 8 8 642=
−

⇒ = − ⇒ = ⇒ =
a

a
a a a a

 ∴ b2 = 32.  ∴ the equation is x y2 2

64 32
1+ =

43.(c) Focal distance
 = a + ex = a + eacosϕ = a(1 + ecosϕ)
 
44.(c) Let (acosϕ,bsinϕ) be the coordinates of an end of latus

 rectum. Its coordinates are ae b
a

,±










2

 ∴ ae = acosϕ, and ± =
b
a

b
2

sinφ

 ∴ tan tanφ φ= ± = ± ⇒ = ±







−b a
e

b
ae

b
ae

1

45.(c) The length of latus rectum of an ellipse x
a

y
b

2

2

2

2 1+ =

 is 2 2b
a

 and distance between foci = 2ae

 ∴ 2 2 2 2

2ae b
a

e b
a

= ⇒ =

 ∴ e2 = 1 − ⇒ = − ⇒ + − =
b
a

e e e e
2

2
2 21 1 0

 ⇒ e e=
− ±

∴ =
− +1 5

2
1 5

2
 since e < 1

46.(a) Distance between foci = 2ac = 8

 and distance between directrices = 
2 18a
e

=

 ∴ 
8 18 4

9
2
32

2

e
e e= ⇒ = ⇒ =

 ∴ 2 2
3

8 6 1 4
9

1
36

2
2

2

2
a a e b

a
b. = ⇒ = = − ⇒ = −and

 ⇒ 16 = 36 – b2 ⇒ b2 = 20
 The required equation is

 
x y x y

2 2
2 2

36 20
1 5 9 180+ = ⇒ + =

47.(c) a2 = 36, b2 = 20

 ∴ e
b
a

e2
2

21 1 20
36

16
36

4
6

= − = − = ⇒ =

 ∴ distance between directrices = 
2 2 6 6

4
18a

e
=

× ×
=  

48.(a) The eccentricity of  
x2

16  +  
y2

9   =  1 is 
 

  e2 = 1–  
9
16

 ⇒ e =  
7
4

  Foci are (ae,0) = 
4 7

4
0 7 0, ,









 = ( )  and (– 7 ,0)

 

  Radius of desired circle = 7 0 0 3
2 2−( ) + −( )  = 4

49.(d) Since r > 1, 1 – r < 0, 
x2

–P
 + 

y2

–q
 = 1

50.(c) For real intersection 
  c2 ≤ a2m2  + b2 ⇒ a2m2 ≥ c2 – b2

51.(d) Centre C : (0,0), e = 
1
2

. One directrix is x = 4 which is parallel 
  

  to y-axis ∴ 
x2

a2  + 
y2

b2  = 1(a > b)
 

 ⇒ directrix  : x =  
a
e   = 4 ⇒  

a
1   = 4 ⇒  a = 2

  Then, b2 = a2 (1–e2) = 4 1
1
4

−








   = 3

 ⇒  
x2

4
 +  

y2

3   = 1 ⇒ 3x2 + 4y2 = 12
 

52.(b) Focus S : (4,0), e =  
4
5

 ⇒ (4,0) = (ae,0) ⇒ ae = 4 ⇒ a,
4
5

 = 4 ⇒ a = 5

  Then, b2 = a2 (1–e2) = 25 1
16
25

−








  = 9

 

 ∴ The equation ellipse is  
x2

25
 + 

y2

9
 = 1.

53.(b) Foci (±3,0) , e =  
3
4

 ⇒  (±3,0) = (ae,0) ⇒ ae ± 3 ⇒ a , 
3
4  = ± 3  ⇒ a = ± 4.
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  Then, b2 = a2 (1–e2) = 16 1
9

16
−









  = 7  

 

 ∴ The equation of  ellipse is  
x2

16
 + 

y2

7
 = 1.

54.(a) Centre : C(2,3), vertex  : A (5,3)
 ⇒ axis AC : y = 3 (parallel to X-axis)

 ⇒  
(x–2)2

a2  + 
(y–3)2

b2  = 1(a > b)
  
   But, AC = a = 3. Given minor axis = 4 = 2b  ⇒ b = 2  

 ∴   
(x–2)2

9
 + 

(y–3)2

4  = 1
55.(c) Major axis = 4 = 2a ⇒ a = 2
  Minor axis = 2 = 2b ⇒ b = 1

 ∴ The equation of the ellipse is  
x2

4
 + 

y2

1  =1 

56.(b) e =  3
2

 , length of minor axis = 8 
  
  ⇒ 2b = 8 ⇒ b = 4, b2 = a2 (1–e2)

  ⇒ 16 = a2 1
3
4

−








 ⇒ a2 = 64

 

 ∴  
x2

64  + 
y2

16  = 1

57.(a) Length of latus rectum  (L,L,R) = 15

 ⇒ 
2b2

a  = 15 ⇒ 
b2

a  = 
15
2  ⇒ 

b2

a2  = 
15
2a

  
  Distance between the foci = 10
 ⇒ 2ae = 10 ⇒ ae = 5.

  Now, 1 – 
b2

a2  = 1– 
15
2a ⇒ e2 = 1 –  

15
2a ⇒ = 1 –e 2 =  

15
2a

 ⇒ 1 –  
25
a2  =  

15
2a ⇒  

a2 –  25
a2  =  

15
2a 

 
 ⇒ 2a2 – 15a – 50 = 0 ⇒ a = 10

  b2 =  
15
2 a =  

15×10
2  = 75. ∴  

x2

100  + 
y2

75 = 1

58.(a) 9x2 + 25y2 – 18x – 100y – 116 = 0
  fx = 18x –18 = 0 ⇒ x = 1; 
  fy = 50y – 100 = 0 ⇒ y = 2. ∴ Centre (1,2)

59.(b) (x+y–2)2

9
 + 

(x–y)2

16  = 1
 ∴ x + y – 2 = 0, x – y = 0 ⇒ (1,1).

60.(a) 
(x+1)2

25  + 
(y+3)2

16  = 1
 
  α = –1; β = 3; a = 5, b = 4(a >b)

 ⇒  Vertices : (α ± a,β) = (–1 ± 5,3) = (4,3) and (–6,3).
61.(a) 3x2 + 4y2 + 6x – 8y –5 = 0 
  fx = 6x + 6 = 0 ⇒ x = –1 = α
  fy = 8y –8 = 0 ⇒ y =1 = β, (a2 = 4 ⇒ a = 2; b = 3)
  Vertices (α ± a,β) = (–1±2, 1) = (1,1) and (–3,1)

62.(b) Minor axis = 2b = 8 ⇒ b  = 4, e = 
5

3

  b2 = a2 (1–e)2 ⇒ 16 = a2 1
5
9

−








  = a2 

4
9

 ⇒ a2 = 36 ⇒ a = 6. Major axis = 2a = 12.

63.(c) The given equation will be, 
x2

16  +  
y2

9  = 1

 ⇒ e = 1
9

16
7

4
− =

64.(a) 5x2 + 9y2 = 1 ⇒ e = 1
5
9

−  = 
2
3

65.(d)  9x2 + 4y2 = 36 ⇒ e = 1
4
9

5
3

− =

66.(b) 9x2 + 5y2 – 18x – 20y –16 = 0

  ⇒ e = 1
5
9

− = 
2
3

67.(b) 9x2 + 5y2 – 30y = 0 ⇒ e = 1
5
9

− = 
2
3 .

68.(a) 36x2 + 144y2 – 36x – 96y –119 = 0

  c = 1
36

144
−  = 1

108
144

−  =  
3

3

69.(d) Length of latus rectum =  
1
2 (minor axis)

 ⇒  
2b2

a   =  
1
2  (2b) = b ⇒  

b
a   =  

1
2

 

 ∴ e = 1 1
1
4

3
2

2

2− = − =
b
a 

70.(b) Length of latus rectum =  
1
3  (Major axis)

 

 ⇒  
2b2

a  =  
1
3  (2a) ⇒  

b2

a2  = 
1
3

 

 ⇒ e = 1 1
1
3

2
3

2

2− = − =
b
a

71.(c) Distance between  the foci = 6 ⇒ 2ae = 6 ⇒ ae  = 3.
  Minor axis = 8 = 2b ⇒ b = 4.

 ⇒  
b
ae  =  

4
3  ⇒  

b
a  =  

4e
3  ⇒  

b2

a2 =  
16
9 e2

 

 ⇒ e2 = 1 – 
b2

a2 = 1 – 
16
9 e2
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 ⇒  
25
9

 e2 = 1 ⇒ e2 =  
9
25

 ⇒ e =  
3
5

72.(a) Major axis = 3(minor axis) ⇒ 2a = 3 (2b)

 ⇒  
b
a  =  

1
3

  ⇒ e = 1 1
1
9

2

2− = −
b
a

 =  
2 2

3

73.(c) Given, Δ BST is equilateral ⇒ ST = BS

 ⇒ 2ae  = a e b2 2 2+
 ⇒ 4a2e2 = a2e2 + b2 ⇒ 3a2e2 = b2 

x' x

y'

T O S   (ae,0)

y

B(0,b)

 ⇒  
b2

a2   = 3e2 ⇒ 1 –  
b2

a2  = 1  –3e2 = e2

 ⇒ e2 =  
1
4  ⇒  e =  

1
2 

74.(b) Equation of the circle with BB' as the diameter is 
  (x –0) (x–0) +(y –b) (y+b) = 0

x' x

y

S SO

B' (0,–b)

B(0,–b)

y'
 ⇒ x2 + y2– b2 = 0 ⇒ x2 + y2 = b2

  S(ae,0)  x2 + y2 = b2 ⇒ a2e2 = b2 ⇒ 1 – 
b2

a2  = e2.

 ⇒ e2 = 1 – e2 ⇒ e = 
1

2

75.(c) 4x2  + 9y2 – 24x + 36y – 72 = 0
  fx 

  = 0 ⇒ 8x –24 = 0 ⇒ x = 3 = α
  fy

  = a ⇒ 18y + 36 = 0 ⇒ y = –2 = β

  a = 3; b = 2, e = 1
4
9

5
3

− =

  Directrices  : x = α ±  
a
e  ⇒ x = 3 ± 

3

5
3

 = 3 ±  9

5

76.(b) PS + PS' = 2a (known result)

77.(b) 9x2 + 36y2 = 324 ⇒ 
x y2 2

324
9

324
36

+  = 1

 ⇒  
x2

36  + 
y2

9  = 1, a = 6; b = 3  ∴ PS + PS'  = 2a  = 12

78.(c) Let he point on  
x2

6  +  
y2

2  = 1 be 

  P( 6 cosθ , 2 sinθ) ; centre : C(0,0)
  CP = 2 ⇒ 6cos2 θ + 2sin2θ = 4 ⇒ 4cos2θ = 2

 ⇒ cos2 θ =  
1
2  ⇒ cosθ = ±  

1

2
 

 ⇒ 0 =  
π
4  (one possible value of θ) .

79.(d)  
x2

a2  +  
y2

b2  = 1, α and β are the eccentric angle of end of a focal 
 
  chord.
  Chord equation PQ : 

  

x
a

y
b

cos sin cos
α β α β α β+







 +

+







 =

−







2 2 2

  Putting (ae,0), ecos
α β+







2  = cos 

α β−







2

 ⇒ e = 
cos

cos
cos .sec

α β

α β
α β α β

−









+









⇒
+









−









2

2
2 2

2 2

  

  =  
1
e2  = 

1
2 2

2
a b
a
−

 = 
a

a b

2

2 2−

80.(d) S(SP), S(QS) = –1(S = slope)

 ⇒ 
b

a
b

a
sin

(cos )
sin

(cos )
α

α
β

β−








 −








1 1  = –1

 ⇒  
sinαsinβ

(cosα–1)(cosβ–1)  = –  
a2

b2

 ⇒ 
2

2 2
2

2 2
2

2
2

2
2 2

sin cos . sin cos

sin . sin

α α β β

α β  = –  
a2

b2
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x' x

y'

O
90º

S(a,0)

y

P(acosα,bsinα)

Q(acosβ,bsinβ)

 ⇒ cot  
α
2 .cot

β
2  = – 

a2

b2  ⇒ tan 
α
2 . tan 

β
2  = – 

b2

a2

81.(b)  
2b2

a  = b ⇒  
b
a  = 

1
2  ⇒  b2

a2   =  
1
4

  Hence e = 1
3

2

2

2− =
b
a

82.(c) According to the condition,  2b
e  = 6ae  ⇒ e =  

1
3

83.(b)  
x2

a2 + 
y2

b2 = 1. Since it passes through (–3,1) and (2,–2), so 

    
9
a2 + 

1
b2 = 1 and   

1
a2 + 

1
b2 =  

1
4

 

 ⇒ a2 =  
32
3  , b2 = 

32
5

 . Hence required equation of ellipse is  

  3x2 + 5y2 = 32.

84.(a) a = 
10
2 5
8
.  = 8, b = 8 1

25
64

8
39
8

− =

  latus rectum = 
2b2

a  = 
2×39

8  = 
39
4

85.(d) ae = 1, a = 2,e =  
1
2  ⇒ b = 4 1

1
4

−








  = 3

  Hence minor axis = 2 3 . 

86.(d) 
x2

25 + 
y2

16  = 1 ⇒ e = 1
16
25

−  = 
3
5. Therefore, directrices are  

  x ± 

5
3
5

 = 0, or , 3x ± 25 = 0.

87.(b) 
2
3

2








 = 1 –  

b2

a2  and  
2b2

a  = 5 ⇒ a =  
81
4 , b =  

45
4 .

  

  Hence the equation is  
4x2

81 +  
4y2

45  = 1.

88.(a) Given  
2b2

a  = 10 and 2b = 2ae

  Also, b2 = a2 (1–e2) ⇒ e2 = (1–e2) ⇒ e =  
1
2

 ⇒ b = 
a

2
or, b = 5 2 , a = 10

  Hence equation ellipse is  
x2

(10)2  +  
y2

(5 2 )2  = 1
  i.e. x2 + 2y2 = 100.

89.(c) a = 6, b = 2 5 , b2 = a2 (1–e2) ⇒  
20
36  = (1–e2)

 ⇒  e = 
16
36

 =  
2
3 . But directrices are x = ±  

a
e

  Hence distance between them is 2. 6
2
3

  = 18.

90.(b) 
x y2 2

48
3

48
4











+










 = 1

 

 ∴ a2 = 16, b2 = 12 ⇒ e = 1
2

2−
b
a

 = 
1
2

  

  Distance is 2ae = 2.4
1
2  = 4 unit.

91.(a) Vertices (±5,0) = (±a,0) ⇒ a = 5

   Foci (± 4,0) ≡ (±ae,0) ⇒ e = 
4
5  ∴(5) 

3
5








  = 3

  Hence equation is 
x2

25  + 
y2

9  = 1
 i.e. 9x2 + 25y2 = 225.

92.(d) e = 
1
2

; Latus rectum =   2b2

a  =  2a2

a 1
1
2

−








  = a

  
  i.e. semi-major axis.

 93.(d) Here the ellipse is  x2

9  + y2

5  = 1.
  

  Latus rectum =  2b2

a  =  2.5
3  =  10

3 .

94.(d)  a
e  –ae = 8. Also, e =  12 ⇒ a =  8

(1–e2)

 =  
8.4
2(3)  =  16

3   ∴ b = 16
3  1

1
4

−








 = 16

3  . = 
3

2
  = 8 3

3  

  Hence the length of minor axis is = 16 3
3

 .
95.(b) Foci are (±ae,0). Therefore according to the condition, 2ae = 

2b or ae = b.

  Also, b2 = a2 (1–e2) ⇒ e2 = (1–e2 ) ⇒ e = 
1
2

 

96.(a) Let the eqaution of ellipse be 
x2

a2  + 
y2

b2  = 1
 

  It passes through (–3,1). So, 
9
a2  + 

1
b2  = 1

 ⇒ 9 + 
a2

b2  = a2 .......(1). Given eccentricity is 2
5

 

  So, 2
5 = 1– 

b2

a2  ⇒ 
b2

a2  = 
3
5 ....(ii). From equation (i) and (ii),  
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  a2 =  
32
3 , b2 =  

32
5 . Hence required equation of ellipse is  

  3x2 + 5y2 = 32.
97.(b) Here given that 2b = 10, 2a = 8 ⇒ b = 5, a = 4. Hence the 

required eqaution is  x2

16  +
y2

25  = 1
98.(a) Centre (0,0), focus(0,3),b = 5.

  Focus (0,3) ⇒ be = 3 ⇒ e =  
3
5 ⇒ a = b 1 2− e  = 4.

  Hence the required equation is  x2

16  + 
y2

25  = 1.

99.(b) Vertex (0,7), directrix y = 12, ∴ b = 7

  Also  
b
e   = 12 ⇒ e = 

7
12 , a = 7

95
144 .

   Hence  equation of ellipse is 144x2 + 95y2 = 4655

100.(b) 
x y2 2

30
2

30
3











+










 = 1 ⇒ x2

15  +  y2

10  = 1

 
  which represent an ellipse.

101.(c)  2b2

a  = 8, e =  
1
2

 ⇒ a2 = 64, b2 = 32.

  Hence required equation of ellipse is  x2

64  +  y2

32  = 1

102.(b)  2b2

a  = 2ae ⇒ b2 = a2e or, e =  b2

a2

 

  Also, e  = 1
2

2−
b
a  or, e2 = 1 – e or, e2 + e –1 = 0

  

  Therefore, e =  
–1± 5

2  . As e < 1 ∴ e  =  5 –1
2

 103.(b)  x2

4  +  y2

3  = 1; Latus rectum = 2b2

a  = 3

104.(a) e2 = 1 –  b2

a2  ⇒ e2 =  36
64  ⇒ e =  3

4
105.(d) Major axis = 3 (Minor axis)

 ⇒ 2a = 3(2b) ⇒ a2 = 9b2 = 9a2 (1–e2) ⇒ e =  2 2
3

106.(b) Latus rectum =  13  (Major axis)

 ⇒  2b2

a  = 2a
3  ⇒ a2 = 3b2 = 3a2 (1–e2) ⇒ e = 

2
3

107.(b)  x2

2–r
  +  y2

r – 5
 + 1 = 0 ⇒  x2

r–2
  +  y2

5–r
 = 1

  Hence r > 2 and r < 5  ⇒ 2 < r < 5.
108.(c) Let point be (h,k) then pair of tangent will be 

  

x
a

y
b

h
a

k
b

hx
a

yk
b

2

2

2

2

2

2

2

2 2 2

2

1 1 1+ −












+ −











= + −










  Pair of tangents will  be perpendicular, if co-efficient of x2 + 
co-efficient of y2 = 0.

 ⇒  
k2

a2b2 +  
h2

a2b2 =  
1
a2 + 

1
b2 ⇒ h2 + k2 = a2 + b2.

  
   Replace (h,k) by (x,y) ⇒ x2 + y2 = a2 + b2

109.(b) Here a2 = 36, b2 = 49. Since b > a, so the length of the lactus 
rectum =  

2a2

b  = 2 × 
36
7  =  

72
7 . 

110.(c) Focal distance of any point P(x,y) on the ellipse is equal to SP  
= a + ex. Here x = a cosθ.

  Hence SP  = a + aecosθ = a (1+ecosθ)

111.(b) Here ae = 4, and e =  
4
5   ⇒ a = 5.

  Now b2 = a2 (1–e2) ⇒ b2 = 25 1
16
25

−








  = 9

  

  Hence equation of the ellipse is  x2

25
 + 

y2

9  = 1

112.(a) The equation of the ellipse is 16x2 + 25y2 = 400

  or, 
x2

25  + 
y2

16 . Here, a2 = 25,b2= 16 ⇒ e = 
3
5

  Hence the foci are (±3,0).

113.(b) the ellipse is x2

25  + 
y2

9  = 1 ∴ e = 1
2

2−
b
a

  i.e. 1
9
25

−  = 
4
5 .

114.(c) x2

4
 + 

y2

25
4











 = 1. Here a = 2, b  = 
5
2

 ∴ b > a, therefore a2 = b2 (1–e2) ⇒  4 = 
25
4 (1–e2)

 ⇒ 
16
25  = 1 – e2 ⇒ e2 = 1 – 

16
25  = 

9
25  ∴ e = 

3
5

115.(c) Given ellipse is 
x y2

2

2

21
3

1
2











+










  = 1
  
   

   Here, b > a  ∴ Lactus rectum =  
2a2

5  =  
2

1
9

1
2

×
 =  

4
9

116.(a) Let point P (x1,y1). So, x y x1
2

1
2

12
2
3

9
2

+( ) + = +










 ⇒ (x1 + 2)2 + y1
2 = 

4
9

x1

29
2

+










 ⇒ 9[x2
1 + y1

2 + 4x1 + 4] = 4 x x1
2

1
81
4

9+ +
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 ⇒ 5x1
2 + 9y1

2 = 45 ⇒  x y1
2

1
2

9 5
+  = 1, Locus of (x1,y1) is

  

   
x2

9  +  
y2

5   = 1, which is equation of an ellipse.

117.(c) Equation of the curve is  
x2

52  + 
y2

42   = 1
 ⇒ –5 ≤ x ≤ 5, –4 ≤ y ≤ 4.

  PF1 + PF2 = x y x y−( ) +




+ +( ) +





3 32 2 2 2

 = x
x

x
x

−( ) +
−

+ −( ) +
−

3
400 16

25
3

400 16
25

2
2

2
2

 

 =  
1
5

9 625 150 9 625 1502 2x x x x+ −( ) + + +( ){ }
 = 10( 25 – 3x > 0, 25 + 3x > 0)
118.(b) SP + S'P = 2a = 2.6 = 12 
119.(a) Given, equation of ellipse is 4x2 + 9y2 =  36.

  Tangent at point (3,–2) is  
(3)x 

9  +  
(–2)x 

4  = 1

 or,  
x 
3  –  

y 
2  = 1.  ∴ Normal is  

x 
2  + 

y 
2  = k and it passes through 

  point (3,–2).  ∴  3 
2  – 2 

3  = k ⇒ k = 
5 
6

 

 ∴ Normal is x 
2  + 

y 
3  = 

5 
6 .

120.(d) We know that the equation of the normal at point (acosθ, bsinθ) 

on the curve x2 + 
y2 
4  = 1 is given by ax sinθ – bycosecθ = a2 

–b2 .....(i). Comparing equation (i) with 2x – 
8 
3 λy = –3 we get, 

 a sinθ = 2, b cosecθ =  
8 
3 λ or, ab =  16 

3
λ....(ii)

  a = 1, b = 2; ∴ 2  = 16 
3

λ or, λ =  
3
8 .

121.(b) We know that equation of polar at point (h,k) is  hx 
a2  + ky 

b2  = 1 
⇒   hx 

4  + ky 
1  = 1 ⇒ hx +4ky = 4...(i) which is similar to given 

  
  straight line x + 4y = 4...(ii), comparing (i) and (ii) we get  

h = 1,k = 1. Hence the point is (1,1).

122.(a) y =  
–b
a  x (Two diameter y = m1x and y = m2x will be conjugate 

  diameter, if m1m2 = – b2 
a2  )

123.(c) ∠ F ' BF = 90º, F'B ⊥ FB i.e.
  Slope of (F'B) × Slope of (F'B) = –1

 ⇒ b 
ae  × b 

ae  = –1, b2 = a2e2......(1)
  We know that 

  e = 1
2

2−
b
a

 = 1 1
2 2

2
2− = −

a e
a

e

 ⇒  e2 = 1 – e2 ⇒ 2e2 = 1 ⇒ e2 = 
1 
2  ⇒ e = 

1 

2

X' X

Y'

OF ' P

B

Y

124.(b)  ae = ± 5  ⇒ a = ± 5
3

5








  = ± 3 ⇒ a2= 9

  ∴ b2 = a2 (1–e2) = 9 1
5
9

−








  = 4. Hence equation of ellipse is 

  x2 
9  + y2 

4  = 1 ⇒ 4x2 + 9y2 = 36.

125.(a) For any point P on the ellipse have focus S and S' 

  SP + S'P = 2a  ∴ For x2 
25  + y2 

16  = 1
  Sum of focal distance = 2×5  = 10

126.(c) Equation of tangent at (a cosθ , b sinθ) is x 
a cosθ + y 

b sinθ = 1; 

P = 
a

cos
,

θ
0









 . Q = 0,

sin
b
θ











 

Q

(a cosθ,bcosθ)

O P

Y

X ' X

  Area of Δ OPQ = 1 
2

a b
cos sinθ θ


















  = 

ab
sin 2θ

 ∴ (Area)min = ab

127.(c) 25(x–3)2 + 16y2  = 400 ⇒ 
x y−( )

+ =
3

16 25
1

2 2

  e = 1
16
25

−  =  3 
5

128.(c)  Using the condition the point (x1, y1) lies 

  (i) On the ellipse  
x2

a2 +  
y2

b2  –1 = 0, if  
x1

2

a2  + 
y1

2

b2  – 1 = 0
  

  (ii) Outside the ellipse if  
x1

2

a2  + 
y1

2

b2  – 1> 0
  

  (iii) Inside the ellipse if   
x1

2

a2  + 
y1

2

b2  – 1< 0
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   Given ellipse is 
x y2 2

1
4

1
5

1+ =

 ∴ 
16
1
4

9
1
5

+ –1 = 64 + 45 –1 > 0 .

 Point (4,–3) lies outside the ellipse.

 129.(b)  In question, PS =  
2
3

 PM(given). Focus S : (–2,0). Equation 
of directrix 2x– 9 = 0.

M
2x= –9

S (–2,0)

P (h,k)

  (PS)2 =  
4
9  (PM)2 ⇒ (h+2)2 + (k)2 =  

4
9  

2 9
2

2h −







  

 

 ⇒ 9[(h+2)2 + (k)2 ] = 
4(2h –9)2

4 
 
 ⇒ 9h2 + 9k2 + 36h + 36  =  4h2 + 81 + 36h

 ⇒  
5h2

45  +  
9k2

45  = 1 ⇒  
h2

9  +
k2

5  = 1 ⇒1
  

  Locus of point P(h,k) is   
x2

9
 +  

y2

5
 = 1, which is an ellipse.



Chapter - 22
hyperbola

260

 1.(b) Let the equation of the hyperbola is 
x2

a2 –  
y2

b2 = 1 where  

  e2 = 1+ 
b2

a2 

  =  
a2+b2

a2   and conjugate hyperbola is  
y2

b2 – 
x2

a2 = 1 where  

  e'2 = 1 +  
a2

b2 = 
a2 + b2

b2    

 ∴	  
1
e2  +  

1
e'2

 =  
a2

a2 + b2   +  
b2

a2 + b2  = 1

 2.(b) A hyperbola  
x2

a2 –  
y2

b2 = 1 passes through (3,0) and (3 2 ,2).

 ∴  
9
a2   = 1 ⇒ a2 = 9 ⇒ a = 3

 

  
3 2

9
42 2

2
( )

−
b

 = 1 ⇒ 2b2 – 4 = b2

 
 ⇒ b2 = 4  ⇒ b = 2

  e2 = 1 +  
b2

a2  = 1+  
4
9  –  

13
9

 ⇒ e = 13
3

 3.(a)  
SP
PM

 = 2 ⇒ SP2 = 4PM2

 ⇒ (x–2)2 + (y–1)2 = 4 
x y+ −









2 1

5

2

  

 ⇒  5(x2 + y2 –4x – 2y + 5) = 4(x2 + 4y2 + 1 + 4xy – 2x–4y)
 
 ⇒ x2 –11y 2 –16xy –12x + 6y +21 = 0 

 4.(d) Multiplying  
x
a

 + 
y
b

 = m and 
x
a

 – 
y
b

 = 
1
m

, 
 

  
x
a

y
b

x
a

y
b

+








 −








 = m.

1
m

 = 1 ⇒ x
2

a2  –
y2

b2  = 1

 5.(a) In x2 – y2 = 25.a2 = b2 = 25.

 ∴ e2 = 1 +  
b2

a2  = 2 ⇒ e = 2

 6.(c)  The foci of 
x2

16
 + 

y2

b2   = 1are (4e, 0) , (–4e,0) where e2 = 1 – 
h2

16
 

  
x2

144
 – 

y2

81
  = 

1
25  ⇒ 

x2

122/52  –  
y2

92/52   = 1

  e2 = 1 +  
b2

a2 = 1 +  
81/25
144/25  =  

225
144  

 ⇒ e = 
5
12  = 

5
4  > 1 a2 = 

144
25

  Foci are  = (± ae, 0) = (±3,0)

  4e = 3 ⇒ 16 1
16

2
−













b
 = 9 ⇒ 16 – b2 = 9 ⇒ b2 = 7

 7.(b) 2ae = 16 and e = 2

 ∴ a = 
8

2
 = 4 2  and b = 4 2

 ∴ the equation is 
x2

32
 – 

y2

32
 = 1 ⇒ x2 –y2 = 32.

 
	 8.(b)	 Here,	Δ	≠	0,h2 < ab
  The given equation will represent a rectangular hyperbola if 

coefficient	of	x2	+	coefficient	y2 = 0.
  ∴	λ	=	–5.
 9.(b) Vertices are A(0,0) and A ' (10,0) , AA' = 2a
  ⇒ 10 = 2a ⇒ a = 5.

  Focus is ac  –a = 8 ⇒ e –1 = 
8
5   ⇒ e = 1+  

8
5  =  

13
5

 ∴ b = a e2 1−  ⇒ b = 5 
169
25

1−  = 5. 
12
5

 = 12.
  Centre is (5,0). Required equation is 

  (x–5)2

25
 – 

y2

144
 = 1

 10.(b) 2a = 7 ⇒ a = 
7
2  

  In  
x2

a2  –  
y2

b2  = 1, putting x = 5, y = 2 we get 
  

   
4(25)

49
 –   

4
b2  = 1⇒  

100
49

 – 1 =  
4
b2  ⇒  51

49
 × 

1
4   = 

1
b2

 ∴ the required equation is 
4x2

49
 –  51y2

196
 = 1
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 11.(a) 9x2 – 16y2 = 144 ⇒  
x2

16
 –  

y2

9
 = 1

  Difference of focal distance is = 2a = 8.
 12.(d) 9(x2–2x + 1) – 16(y2 +2y + 1)  = 144

 ⇒  
(x–1)2

16
 – 

(y–1)2

9
  = 1

  Latus rectum = 
2b2

a  = 2 × 
9
4  = 

9
2

 15.(d) 
x2

5/2
 – 

y2

5/8
  = 1

  e2 = 1 + 
b2

a2  = 1 + 
5/8
5/2

 = 1 + 
5
8

 × 
2
5

 = 
5
4

 ⇒ e = 
5

2  . Foci 

  are  (± ae, 0) = ±








 = ±











5
2

5
2

0
5

2 2
0. , ,

 16.(b) We have, x2–y2 – 4x + 4y +16 = 0
 or, (x2  – 4x) – (y2 – 4y) = –16
 or, (x2 – 4x + 4) – (y2 – 4y + 4) = –16
 or, (x–2)2 – (y – 2)2 = –16.

 or, 
(x–2)2

42  – 
(y–2)2

42  = –1
  

  Shifting the origin at (2,2), we obtain 
X2

42  –  
Y2

42   = –1
  
  where x = X + 2, y = Y + 2
  This is a rectangular hyperbola, whose eccentricity is 

always 2 .
 17.(d) We have, 16(x2 – 2x) – 3(y2 – 4y) = 44
 ⇒ 16(x–1)2 – 3(y –2)2 = 48

 ⇒  
(x–1)2 

3
  –   

(y–2)2 
16

= 1. This equation represents a 

  hyperbola with eccentricity given by 

  e = 1 1
4
3

19
3

2 2

+








 = +









 =

Conjugate axis
Transverse axis

 18.(c) The required locus is obtained by eliminating the variable m  
from the given equations of the lines. We then have 

  

x y x y
m
m3 2 3 2
1

−








 +








 =











 ⇒   
x2 
9

 –  
y2 
4

 = 1.
  
  This is clearly a hyperbola.
 19.(b) The equation of the hyperbola is 

  

2 4
5

1 2

2 3
5

1 3

2 2x y x y− +








−

+ −









/ /
  = 1

 or,  
2 
5

 (2x –y + 4)2 – 
3 
5

 (x+2y –3)2 = 1

 20.(c) We have  
2b2 
a

 = 8 and 2b = 
1 
2

(2ae)
 

 ∴  
2 
a  

ae
2

2








  = 8 ⇒ ae2 = 16......(i)

  

  Now, 2 
b2 
a

 = 8 ⇒ b2 = 4a
 ⇒ a2 (e2 –1) = 4a ⇒ ae2 – a = 4....(ii)

  From (i) and (ii), 16 –  
16 
e2  = 4

 ⇒  
16 
e2  =12 ⇒ e = 

2

3

 21.(a) The given equation can be written as – 
x 
4  +  

y2 
3  = 1. The 

  
  eccentricity of this hyperbola is given by 

  e = 1 1
4
3

7
3

2

2+ = + =
a
b

 22.(c)  
x2 
a2  +  

y2 
b2  = 1 ⇒  dy 

dx
 = –  

b2x 
a2y

  And, x2 –y2  = c2 ⇒  dy 
dx

 =  
x 
y

  The two curves will cut at right angles if 

  

dy
dx

dy
dxC C









 ×









 = −

1 2

1

 ⇒	 –  
b2x 
a2y

 · 
x 
y

 = –1 ⇒  
x2 
a2  =  

y2 
b2

 ⇒  
x2 
a2  =  

y2 
b2  =  

1 
2  [Using  

x2 
a2  +  

y2 
b2  = 1]

  Substituting these values in x2 –y2 = c2 . We get  
a2 
2  – 

b2 
2  = 

c2 ⇒  a3 –b2  = 2c2.
 23.(c) Since the difference of the focal distances of any point on a 

hyperbola is constant and equal to its tranverse axis, therefore 
the locus of P is a hyperbola. 

 24.(b) We have, 9(x2 – 4x + 4) – 16 (y2 – 6y + 9) = 144
 

 ⇒  
(x–2)2  

42  –  
(y–3)2  

32  = 1
  

  Shifting the origin at (2,3), we have 
X2  
42  – 

Y2

32  = 1
  where x = X + 2, y = Y + 3
  The coordinates of the vertices are (X = ±4, Y = 3) 
  i.e. (x = 6, y = 3) and (x = –2, y = 3).
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 25.(a) We have, 
2b2  
a

 = 12, b = 2 3  ⇒ a = 2.
 

 ∴ e = 1
2

2+
b
a

 = 1
12
4

+  = 2.

 26.(c) The difference of the focal distances of any point on the 
hyperbola is equal to its transverse axis.

 27.(a) Eliminating t from x = t2 + 1, y = 2t ,we obtain y2 = 4x –4.

  Substituting x = 2s, y = 
2 
s

 in  y2 =  4x  –4 ,  we obta in  

  2s2 – s2 – 1= 0 ⇒ (s–1) (2s2 + s +1) = 0 ⇒ s = 1.

  Putiing s = 1 in x = 2s, y = 
2  
s

 , we obtain x = 2, y = 2.
 28.(c) The equation of the line is x –3y = 1....(1) and that of the 

hyperbola is x2 – 4y2 = 1.....(2). Let (1) meets (2) in P  and Q. 
The coordinates of P and Q are obtained by solving (1) and 
(2) simultaneously. From (1), x = 3y +1 ....(3)

 ∴ From(2), (3y +1)2 – 4y2 = 1
 ⇒ 9y2 + 6y +1 –4y2 = 1 ⇒ 5y2 + 6y = 0

 ∴ y = 0, – 
6 
5

  When y = 0, from (3), x = 0 + 1= 1.

  When y = –  
6 
5

 , from (3), x = –  
18 
5

 + 1 = –  13 
5

 ∴ Coordinates of P and Q are (1,0) and − −










13
5

6
5

,

 ∴ PQ = 1
13
5

0
6
5

324
25

36
25

2 2

+








 + +









 = +

  =  
360
25

6 10
5

=

 29.(a)  
A' AO

Q

Q
(–a, 0) (–a, 0) 

N(asecθ,0)

P(asecθ
,b tan 0)

 

 

  Let P	≡	(asecθ ,b	tan	θ).	Then	N	≡	(a	secθ,0)
  Since Q divides AP in the ratio a2 : b2.

 ∴ Coordinates of Q are  = 
ab a
a b

a b
a b

2 3

2 2

2

2 2
+

+ +













sec
,

tanθ θ

  Slope of A'P = 
btanθ

a(secθ+1)

  Slope of QN  = 
a2b	tanθ		

ab2 + a3	secθ	–	a3	secθ–	ab2secθ

  =  
a2btanθ

ab2(1–	sec	θ)

 ∴ Slope of A ' P × Slope of QN

   
a2b2 tan2	θ

–a2b2 tan2	θ
 = –1 ∴ QN is ⊥ to A'P. 

 30.(a) The equation of given hyperbola can be written in the form  
x2

1
 –  

y2

(1/3)  = 1
  
  Here a2 = 1 and b2 = 1/3.

  Since b2 = a2 (e2 –1) ⇒  
1
3  = 1 (e2 –1) ⇒ e =  

2

3

  If e' is the eccentricity of the conjugate hyperbola.

  then  
1

e '2   = 1 –  
1
e2   =1  –  

3
4   =  

1
4  ⇒ e ' = 2.

 31.(b) We know that the equation 
  ax2 + by2 + 2hxy + 2gx + 2fy  + c = 0 represents a rectangular 

hyperbola	if	Δ	≠	0,	h2 > ab and a+b = 0. 
 ∴ The given equation represents a rectangular hyperbola if 4 +k 

= 0 i.e. k = –4
 32.(c) Let the two given perpendicular lines be the coordinates and 

let the equation of variable circle be 
  x2 + y2 + 2gx + 2fy + c = 0.....(i)

  Then,  5 = 2 g c2 −  and 3 = 2 f c2 −
 
  Squaring and subtracting these, we  get 
  4(g2 – e) – 4(f 2 – c) = 25 – 9
 ⇒ g2 = f 2 = 4, or (–g)2 – (–f)2 = 4
  Hence, locus of the centre (–g, –f) of circle is x2 – y2 = 4, which 

is a rectangular hyperbola.
 33.(c) Let the vertices of the triangle  be 
  A(ct1, c/t1), B(ct2, c/t2) and C(ct3, c/t3).
  Therefore, A,B,C  lie on the rectangular hyperbola xy = c2.

  Now, the slope of AB =   
c/t1– c/t2
c/t1– c/t2

 =  
1

t1t2  
  Therefore, the equation of the altitude through C and 

perpendicular to AB is y – c/t3 = t1t2(x – ct3)
 or, yt3 – c = t1t2t3(x – ct3)....(1)
  Similarly, the equation of he altitude through A and 

pependicular to BC is 
  yt1

 –  c  = t1t2t3(x– ct1) .....(2)
	 	 The	orthocentre	of	Δ	ABC  is given by the intersection of (1) 

and (2).
  Subtracting (2) from (1), we get y = – ct1t2t3.

  Substituting this value of y in (1) , we get x = –  
c

t1t2t3
 

  
	 	 Hence,	the	orthocentre	of	the	Δ	ABC is 

  
−

−










c
t t t

ct t t
1 2 3

1 2 3, . This obviously lies on xy = c2.



263chapter - 22 hyperbola

JMMC RESEARCH  FOUNDATION PUBLICATION

a collection of  problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

in association with :  

coMplete solutIon  to 

 34.(c) We have 2x2 + 3y2 – 8x – 18y + 35  = k
 ⇒	 2(x2 –4x) + 3(y2 – 6y) + 35 = k
 ⇒ 2[(x–2)2 –4] + 3[(y–3)2–9] + 35 = k
 ⇒ 2(x–2)2 + 3(y–3)2 = k
  For k = 0. we get 2(x – 2)2 + 3(y –3)2 = 0 which represents the 

point (2,3).

 35.(a) Equation of hyperbola is 
x y2 2

3 1999 3 1999/ /
−  = 1

   

  Here, a2 – b2 = 3 1999/   

 ∴ Eccentricity  is e = 1 1 1 2
2

2+ = + =
b
a

 36.(a) For ellipse or parabola e2 + e ' 2	≤	2	≠	3.
  For hyperbola, it is possible [  e > 1, e' > 1]

 37.(b) The equation of hyperbola 
  f = 2x2 + y2 – 3xy – 5x + 4y + 6  = 0

  The centre is given by  
δf
δx  = 4x – 3y – 5  = 0  and  

δf
δy   = 2y – 

3x + 4 = 0. Solving, the centre is (2,1). 

 38.(c) Equation of the hyperbola is  
x2

32  –  
y2

22  = 1
 ∴ a2 = 32 and b2 = 22. The centre is (0,0).

  And e2 = 1 +  
b2

a2  =  
13
9  ⇒ 

13
3

  Hence the foci are (± ae,0) i.e. [± 13( ) , 0].
 39.(a) Hyperbola is x2/9 – y2 /4 = 1

 ∴ a2 = 9, b2 = 4.  ∴ 4 = 9 (e2 –1) ⇒ e = 
13
3

  and  coordinates of foci are (4ae,0) i.e. (± 13 , 0).

40.(a)  According to problem,   

(–x,y)

(x,–y)

– + 

+ –  – – 

+ + 
  xy < 0 ⇒ R2  – 16  < 0 ⇒ |R| < 4

41. (b) Given x2 – y2sec2	θ		=	4		⇒   
x 2

4  –  
y

4cos2θ  = 1 and  
x2

16cos2θ +  
y2

16   = 1. According to problem,
  

   
4 + 4cos2θ

4  = 3 
16 16

16

2−











cos θ

 ⇒  1 + cos2	θ	=	3	(1–cos2θ)

 ⇒ 4cos2θ	=	2.	cosθ	=	±		
1
2
,	θ	=		

π
4 , 3π

4
. 

42. (b)  Let the equation of the rectangular hyperbola be x2 – y2 = a2. 
Then the co-ordinates of the foci are (±a 2,0) and the centre 
C is the origin. Let (x' y') be the coordinates of P. 

 ∴	 x'2– y'2 = a2.......(1)
  Also, SP2 = (x' – a 2 )2  + y'2 = x' 2  – 2a 2 x' + 2a2 + y' 2

  =  x' 2  – 2a 2x' + 2a2 + x' 2 – a2 [from (1)]
 = x' 2  – 2a 2x' + a2 =  ( 2x' – a)2  ∴ SP = 2x' – a 
  Similarly, S'P = 2x' + a. Also, CP2 = x' 2 + y'2
 ∴ SP.S'P = ( 2x' – a)( 2x' + a) = 2x' 2 – a2

 = x' 2 + x'2 – a2 = x' 2 + y'2 = CP2 [from (1)]

43.(a)  Using y = 4x2 or  
1
4 y = x2.

  in 
x2

a2 – 
y2

16 = 1 we get 
1

4a2 y – 
y2

16 =1 
 
 ⇒	 4y – a2y2 = 16a2 ⇒ a2 y2 – 4y + 16a2 = 0
 ⇒ D	≤	0	for	intersection	of	two	curves.
 ⇒ 16 – 4a2 (16a2)	≥	0	⇒ 1 – 4a4	≥	0.
 ⇒ (2a2)2 ≤ 1 ⇒ | 2 a|	≤	1	⇒ – 1

2
	≤	a	≤	 1

2
 .

44. (c) For rectangular hyperbola a –2 = –a  ∴a = 1

45.(d)    

P

l
lO

Q

M

a
b
b

l l2
2

+






.

a
b
b l l2 2+ −









,

 

	

	

	  PQ is the double ordinate. Let MP = MQ = l.	Given	that	Δ	
OPQ is an equilateral then 

  OP = OQ = PQ ⇒ (OP)2 = (OQ)2 = (PQ)2

 ⇒ a2

b2 (b2 + l2) + l2 = 
a2

b2 (b2 + l2) + l2 = 4l2
 

 ⇒ a2

b2 (b2 + l2) = 3l2 ⇒ a2 = l2 3
2

2−












a
b  

 

 ⇒ l2 = 
a2b2

(3b2 – a2)  > 0  ∴ 3b2 – a2 > 0 
 

 ⇒ 3b2 > a2 ⇒ 3a2 (e2 –1) > a2 ⇒ e2 > 
4
3   

  ∴ e > 
2
3

.

46.(a)  From the equation of the given hyperbola we have 
 y2 – x2  = 1, which is rectangular hyperbola whose centre is 
at (0,0) and the transverse axis is along the y axis.

  Here, a2 = b2 = 1 

 ∴ the eccentricity e = 1
2

2+
b
a

 = 2
 
 ∴	 the coordinates of foci are (0,±ae) = (0, ± 2 )
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47.(b)  Since, the coordinates of foci are (5,0) and (–5,0), both of 
them lie of the straight line y = 0 i.e. the x-axis.

 ∴ the transverse axis of the hyperbola is along the x axis.  Also, 
the mid point of the segment joining the foci (± 5,0) is (0,0).

 ∴ The centre of the hyperbola is (0,0).
 ∴ the conjugate axis of the hyperbola is along the y-axis. Thus 

the equation of the hyperbola is of the form 

   x2

a2 – 
y2

b2 = 1.
  According to the question

  e2 = 1 + 
a2

b2 = 25 ⇒ b2 = 24a2.
  Also, ae = 5 ⇒ a2. 25  = 25 ⇒ a2 = 1, hence b2 = 24 
 ∴ the required equation of the hyperbola is 

  x2 –  
y2

24 = 1⇒ 24x2– y2 = 24.

 48.(d) 3 x–y – 4 3 k = 0 ⇒ k =  3 x –y
4 3

 ....(1)
  

  3 kx +ky – 4 3  = 0 ⇒ k =  
4 3
3 x +y ....(2)

  A point P(x,y) is on the locus if the coordinates (x,y) of P 
satisfy both the equations(1) and (2).

 i.e.  if (x,y) satisfy the equation 3 x –y
4 3

 =  
4 3
3 x +y

 
 ⇒ ( 3 x – y) ( 3 x + y) = (4 3 )2 ⇒ 3x2 –y2 = 48
  which is the required equation of the locus, and it clearly 

represents a hyperbola. The eccentricity of the hyperbola is 

e = 1
48

48 3
+

/  = 1 3+  = 2

49.(a)  Let P(h,k) be the Cartesian coordinates of the point represented 
by	(5+3cosθ,4	+	5tanθ)

 ∴ h	=	5	+	3secθ	⇒	 h–5
3

		=	sec	θ	
  
  k	=	4	+	5tanθ	⇒  k–4

5
		=	tan	θ.

  Thus 
h k−







 −

−









5
3

4
5

2 2

 = sec2	θ	–	tan2θ	=	1
 

 ∴ the locus of P(h,k) is 
x y−( )

−
−( )5

9
4

25

2 2

 = 1 which is a 
hyperbola. 

50.(d)  Here the equation of the hyperbola is  
x2

16 –  
y2

9   = 1
 ∴ The parametric coordinates of any point on the hyperbola is 

(4secθ,	3tanθ).	For	the	point	
8 3

3
3,









 ,	4secθ	=	

8 3
3 ⇒ 

	 	 secθ	=		
2
3

....(1)
  

	 	 Also,	3tanθ	=	 3  ⇒	tanθ	=		
1
3

.....(2)
  

	 	 Since	 secθ,tanθ	 are	 both	 positive,	 θ	 is	 an	 angle	 in	 the	 1st	
quadrant,	again	(1)	and	(2)	are	satisfied	by	θ	=	30º	only.

 

 ∴ the parametric coordinates of  
8 3

3
3,









 are	 (4sec30º,	3tan30º)

51.(b)  Here 9.72 – 16.2 2 = 441 –64 = 377 > 144.
  So, the point (7,2) lies inside(i.e. inside the regions bounded 

by the two branches of the hyperbola) the hyperbola 9x2 – 16y2 
= 144.

52. (a) Given that x = a.  
1–t2

1+t2  ⇒  
x
a  =  

1–t2

1+t2

  y = b ,  
2t

1+t2  ⇒  
y
b  =  

2t
1+t2

 ∴ 
x
a

y
b

t
t

t
t









 +









 =

−

+












+

+










2 2 2

2

2

2

21
1

2
1

 = 
1 4

1

1

1

2 2 2

2 2

2 2

2 2

−( ) +

+
=

−( )
+

t t

t

t

t( ) ( )  = 1

 ∴ The locus of P is the ellipse   
x2

a2  +  
y2

b2  = 1
53.(c)  Focus : S (1, –1), directrix l : x – y +1  = 0, e = 2

L = 0
90º

P(x,y)

S

   
PS
PM  = e ⇒ PS2 = e2PM2

 ⇒ (x–1)2 + (y–1)2 = 2 
x y− +( )











1
2

2

 ⇒ 2xy – 4x + 4y +1 = 0
 54.(a) Focus : S (0,0), directrix . l : 3x + 4y + 1 = 0, e 5 , then  

PS2  = e2 PM2

 ⇒ 4x2 + 11y2 + 24xy  + 6x + 8y +1 = 0.

 55.(b) Foci (± 4, 0), e = 
4
3 , ae = 4 ⇒ a,  4

3
 = 4 ⇒ a = 3

  

  Again, b2 = a2 (e2 –1) = 9 
16
9

1−








  = 7 ∴	 

x2

9  –  
y2

7  = 1

 56.(c) Centre  : C (3,5) , Vertex : A(9,5)
  Length of conjugate axis = 2b = 16 ⇒ b = 8
  Axis AC : y –5, parallel to X-axis, AC =  6 = a

 ∴  
(x–3)2

62  – 
(y–5)2

82  = 1

 57.(a) Centre : C (6,2), focus S : (4,2),e = 2
  CS = axis : y = 2 (Parallel to X-axis).
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  CS = 2  = ae ⇒ a = 1
 ∴ b2 = a2 (e2 –1) = 1(4–1) = 3

 ∴   
(x–6)2

1
 – 

(y–2)2

3
 = 1 ⇒ 3(x–6)2 – (y –2)2 = 3

 58.(a) Centre : C (1,2), focus : S(6,2) transverse axis 
  2a = 6 ⇒	a	=	3	; Axis CS : y = 2 (parallel to x-axis) 

  CS = ae = 5 ⇒ e = 
5
3

 . Then b2 = a2 (e2 –1)

 = 9
25
9

1−








  = 16   ∴  

(x–1)2

9
–  

(y–2)2

16
 =1

 
 ⇒ 16(x–1)2 – 9 (y–2)2 = 144.

 59.(a) Latus rectum =  
2b2

a  =  
9
2

  ⇒  
b2

a  =  
9
4

 ⇒  
b2

a2 =  
9
4a  

  e = 
5
4  ⇒ e2 =  

25
16 ⇒e2 –1 =  

25
16   –1 =  

9
16  

 ⇒  
b2

a2  =  
9
16  ⇒  

9
4a  =  

9
16   ⇒ a = 4

  

  Then b2 =  
9a
4  = 9  ∴  

x2

16  –  
y2

9  = 1

 60.(d) foci (± 5,0), e =  
5
4 , ae = 5 ⇒ a = 4.

  b2 = a2 (e2 – 1) = 16 
25
16

1−








   = 9 ⇒  

x2

16  –  
y2

9  = 1.

 61.(b) Vertices  : A (2,0) , A ' (–2,0) ; foci ; S(3,0), S ' (–3,0)
  Centre (0,0); AA' = 2a = 4 ⇒ a = 2.

  SS' = 2ae = 6 ⇒ ae = 3 ⇒ e = 
3
2

  b2 = a2 (e2 –1) = 4 
9
4

1−








 = 5  ∴ 

x2

4  – 
y2

5  = 1
 62.(b) 9x2 –16y2 + 36x + 96y – 252 = 0
  fx = 18x + 36 = 0 ⇒ x	=	–2	=	α	
  fy =  –32y + 96 = 0 ⇒ y	=	3	=	β	
 ∴ Centre : C(α,β)	=	(–2,3)
 63.(a) The equation of hyperbola 9y2 – 4x2 = 36.

  here a = 9, b = 4 ⇒ 
x2

9  – 
y2

4  = –1(along y-axis)
 

 ∴ 1 1
9
4

13
2

2

2+ = + =
a
b

 ∴ Foci (0, ± be) = 0 2
13
2

,±








  = (0, ± 13 ).

 64.(c) 9x2 – 16y2 + 18x + 32y – 151= 0

  a2 = 16, b2 = 9 , e = 1
9

16
+  =  

5
4  

	 	 α	⇒ 18x + 18 = 0 ⇒ x	=	α	=	–1
	 	 β	⇒ –32y + 32 = 0 ⇒ y	=	β	=	1

 ∴	 Foci	(α±ae,β)	=	 − ±








1 4

5
4

1, ,  = [–1±5,1]
 = (4,1), (6,1).

 65.(c) 9x2 – 16y + 72x – 32y – 16  = 0.
  a2	=	16(co-efficient	of	y2) ; b2	=	9	(co-efficient	of	x2)
  ⇒ b = 3 ⇒ length of conjugate axis = 2b = 6.

 66.(b) x2 – 4y2 = 4 ⇒  
x2

4  –  
y2

1  = 1

  a = 2, b =1, Length of latus rectum =  
2b2

a  =  
21
2  = 1

 67.(a) 9x2 – 16y2 + 72x – 32y – 16  = 0 
  a2	=	16(co-efficient	of	y2) ; b2	=	9	(co-efficient	of	x2 )

 ⇒ e = 1 1
9

16

2

2+ = +
b
a

 =  
5
4

 68.(d) 4x2 – 9y2 = 2ax + b2 ⇒ a2  = 9; b2 = 4.

 ⇒ e = 1
13
3

2

2+ =
b
a

 

 69.(c) 1. Remember it (a known result).

 70.(c) We know that  
1

e2
1
 + 

1
e2

2
  = 1 ⇒ e1

2 + e2
2  = e1

1e2
2 

 71.(b) xy = c2 ; x2 – y2 = c2. Both represents rectangular hyperbola, 
e = 2   ; e1 = 2  (known result) ⇒ e2 + e1

2 = 2 + 2 = 4.
 72.(d) 5x2 + 9y2 = 45 and 5x2 – 4y2 = 45

 ⇒	    
x2

9  + 
y2

5  = 1;  
x2

9  –  y2

  45
4

 = 1, e = 1
5
9

−  = 
2
3

  e '  = 1

45
4
9

81
6

+ =  =  
9
6  =  

3
2   ∴ ee '  = 1.

 73.(a) S(5,12), S ' (24,7)  are the foci of a conic through P(0,0). PS 
+PS' = 2a ⇒ 13 +25 = 2a ⇒ a = 19

  PS – PS ' = 2a ⇒ 25 – 13 = 2a ⇒ a = 6
  2ae = SS ' = 576 25 144 49 386−( ) + −( ) =

 ∴ e  = 
386
38

386
12

 or,  

 74.(a) x2 – 4x + 3y –1= 0 

  a = 1; b = 0; h = 0; g = –2; f =  
3
2  , c = –1

	 	 Δ	=	1.0	(–1)	+	2.	
3
2 (–2).0 –1. 

3
2

2








  – 0 – (–1).0

 = –  
9
4  < 0 ⇒		Δ		≠	0,	D  = h2 – ab = 0 – 0 ⇒ Parabola.

 75.(b) –2x2 – 3y2 + 2xy + 4x –7 = 0
  a = –2, b = –3, h = 1, g = 2, f = 0, c = –7
	 	 Δ	=	(–2)	(–3)	(–7)	+	0	–(–3).	4	–	(–2).	0	–(–7)	
	 	 =	–42	+12	+7	≠	0
  D = h2 – ab = 1 – (–2) (–3) < 0 ⇒ ellipse
 76.(c) x2 – y2 + 5x + 8y – 4  = 0

  a = 1, b = –1, h = 0, g =  
5
2 , f = 4, c = –4.

	 	 Δ	=	1	(–1)	(–4)		+	2.0	–	1.16	–	(–1)		
25
4  – (–4).0

 = 4 – 16 +  
25
4 		+	4	≠	0.
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  D = h2 – ab = 0 –(1) (–1) = 1 > 0 ⇒ hyperbola
 77.(b) 16x2 + y2 + 8xy – 74x – 78y + 212 = 0
  a = 16, b = 1, c = 212, h = 4, g = 37, f = –39, 
	 	 Δ	=	(16.212)	+	2(–39)	.(–37).4	–	16	(39)2
    – 1.(37)2 – 212.42	≠	0.
  D = h2 – ab = 16 – 16 = 0 ⇒ parabola
 78.(d) xy = 1 represents a rectangular hyperbola.
 79.(b) x = 3(cost + sint), y = 4(cost – sint)

  x y
3 4

2 2








 +









  = 2 ⇒  

x2

18  +  
y2

32  = 1⇒ ellipse.

 80.(c) x = 2(cost + sint),y = 5(cost – sint)

  
x y
2 5

2 2








 +









  = 2 ⇒ 

x2

8  +  
y2

50  = 1⇒ ellipse.

 81.(a) x = a(coshθ+sinhθ);	y = b (coshθ	–	sinhθ)
  [We know : cosh2θ	–	sinh2θ	=	1]

 ⇒ 
x
a

y
b









 −











2 2

 = 1 ⇒ hyperbola.

 82.(b) x = sin2t ; y = 2cost ⇒  
y
2  = cost

 ⇒ x + 
y
2

2








  = sin2t + cos2t  =1 ⇒ 4x +y2 = 4

 
 ⇒ a parabola.

 83.(b) A point on the curve  
x2

A2  –  
y2

B2  = 1 is (A	secθ	,	Btanθ).

 84.(a) e = 1
2

2+
b
a  ⇒ e2 =  

a2 + b2

a2  
  

  e1 = 1
2

2+
a
b

 ⇒ e1
2 =  

b2 + a2

b2  ⇒   
1

e1
2 +  

1
e2 = 1

 85.(b)  
x2

32  –  
y2

42  = 1. Therefore, PS1 ~ PS2 = 2(3) = 6

 86.(a)  2b2

a
 = 8 and  3

5
 = 1

2

2+
b
a

 or,  
4
5  =  

b2

a2

 ⇒ a = 5. b = 2 5 .Hence the required equation of hyperbola  
x2

25
–  

y2

20  = 1⇒ 4x2 – 5y2 =100

 87.(b)  
9
a2  = 1⇒ a = 3 and  

18
a2  – 

4
b2  = 1 ⇒ b2'   = 4

  

  Therefore, e = 1
4
9

13
3

+ =  

 88.(a) Conjugate axis is 5 and distance between foci = 13 ⇒ 2b = 
5 and 2ae  = 13. Now, also we know for hyperbola b2 =a2  
(e2 – 1).

 ⇒ 
25
4  = (13)2

4e2 (e–1) ⇒ 
25
4  = 169

4
 – 

169
 4e2

  

  or, e2 = 169
144

 ⇒	e =  13
12

 or a = 6, b =  
5
2  or 

  

  hyperbola is  
x2

36   –  y2

 
25
4

 = 1 ⇒ 25x2 – 144y2 = 900

 89.(c) 2a  = 7 or  a  =  7
2

 .Also,  (5,–2) sat isf ies i t ,  so  

   4
9

 (25) – 51
196

 (4) = 1 and a2 = 
49
4  ⇒  a =  

7
2

	 90.(c)	 Vertices	(±	4,	0	)	≡	(±	a, 0) ⇒ a = 4.

	 	 Foci	(±	6,	0)	≡	(±	ae, 0) ⇒ e =  
6
4  =  

3
2 .

 91.(a)  x2

25
 –  

y2

25
 = 1. Eccentricity = 2  as a = b.

 
 92.(c) The given equation can be written as 
  (4x + 8)2 – (y –2)2= – 44 + 64 – 4

 ⇒  
16(x+5)2

16
 –  

(y–2)2

16  = 1
  
  Transverse and conjugate axes are y = 2, x = –2.
 93.(a) 2a = 8, 2b = 6. Difference of focal distances of any point of 

the hyperbola = 2a = 8.

	 94.(c)	 Foci	(0,±4)	≡	(0,±be) ⇒ be  = 4
	 	 Vertices	(0,	±	2)	≡	(0,	±b) ⇒ b = 2 ⇒ a = 2 3

  Hence equation is 
−

( )
+
( )

= − =
x y y x2

2

2

2

2 2

2 3 2
1

4 12
1or,  

 95.(c) Multiplying both, we get (bx)2 – (ay)2 = (ab)2

  ⇒	
x2

a2  – 	
y2

b2  =1, which is the standard equation of 
  
  hyperbola.
 96.(d) Squaring and subtracting, we get 
  a2x2  – b2y2 = a2 – b2, which is the equation of hyperbola.
100.(c)  Centre (0,0), Vertex (4,0) ⇒ a = 4 and focus (6,0) ⇒ ae = 4 

⇒ e = 	
3
2 . Therefore, b = 2 5 . 

  Hence required equation is 	
x2

16  – 	
y2

20  = 1i.e.5x2 – 4y2 = 80.

101.(b)  Since e > 1 always for hyperbola and 	
2
3  < 1

  Hence 2 1
9

 i.e. , 	
2
3  cannot be the eccentricity of a 

  hyperbola.

102.(a)  Let the equation of hyperbola is 	
x2

a2  – 	
x2

b2 = 1. But it passes 
through (3,2) ⇒ 	

9
a2  – 	

4
b2  = 1....(i)

  Also its passes through (–17, 12).

  ⇒ 	(–17)2

a2  – 	 (12)2

b2 .  = 1...(ii)
  Solving these, we get a = 1 and b = 2 . 
  Hence length of transverse axis : 2a = 2.
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103.(c)  Multiplying both, we get 3x2 – y2 = 48

 or, 
x2

48
3











	– 
y2

48
 = 1, which is a hyperbola.

104.(a)  The hyperbola is 	
x2

16  – 	
x2

9 = 1. We have, difference of focal 
distance = 2a = 8.

 

105.(c)  Given equation of hyperbola , 	
x2

4  – 
y2

16
9











= 1,

 ∴ a = 2, b = 	
4
3 . As we known b2 = a2 (e2 –1)

 ⇒ 	
16
9  = 4(e2 –1) ⇒ e2 = 	

13
9  . ∴ e = 

13
3  

106.(d)  Given conic is 	
x2

(1)2 – 
y2

21
2











 = 1
 

 ∴ b2 = a2 (e2 –1) ⇒ 	
1
4  + 1 = e2 ⇒ e = 	

5
2

107.(c)  We know that when a circle touches externally to the two 
given circles, then the locus of the centre of the circle will be 
hyperbola. 

108.(a)  The given equation is 2x2 – 3y2 = 5 ⇒ 
x y2 2

5
2

5
3

−  = 1
  

  Now, b2  = a2 (e2 –1) ⇒ 	
5
3   = 

5
2  (e2–1)

 ⇒ e = 5
3

.The foci of hyperbola (± ae ,0)
 

  = ±








 = ±









 = ±











5
2

5
3

0
5

6
0

5

6
0, , , , .

109.(b)  The given equation of hyperbola is 

  16x2 – 9x2 = 144 ⇒ 
x2

9  – 
y2

16
 = 1

 

 ∴ Latus rectum = 
2b2 
a  = 

2.16
3  = 

32
3

110.(c)  The given equation is 9x2 – 16y2 = 144
 

 ⇒ 
x y2 2

144
9

144
16

−  = 1

 

  Now, b2 = a2 (e2 –1) ⇒ 144
16

  =  144
9

  (e2 –1)

 ⇒  9
16

 = e2 –1 ⇒ e =  5
4

  The foci are (± ae, 0) = ±










12
3

5
4

0, ,  = (± 5,0).



Chapter - 23
function

268

1.(b) Replacing x–1 by x in the given function, we get, 
  f (x) = (x+1)2 – 2(x+1)+ 3
  ⇒ f(x) = x2 + 2......(1)
  ∴ f(x+2) = (x+2)2 +2.
2.(c) ∴ φ (x) = x2  ∴ φ (3) = 32 = 9
     f(x) = log3x ∴ f{φ(3)} = f(9) = log3  9 = 2. 

3.(b)  f(x) =  
1–x
1+x  ∴ f 

1
x









  = 

1
1

1
1

−

+

x

x

 =  
x–1
x+1

 

  ∴f{f(1/x)} = f 
x
x

x
x
x
x

−

+









 =

−
−

+

+
−

+

1
1

1
1
1

1
1
1

 =  
1
x

4.(b) Given f(x) =  
|x|
x ,(x ≠ 0).

   If c > 0, f(c) =  
c
c  = 1; f (–c) =  

c
–c = –1.

   ∴ |f(c) – f(–c)| = | 1– (–1)/ = 2.

   If c < 0, f(c) =   
c
–c  = –1; f(–c) =   

c
c  = 1

  ∴ |f(c) – f (–c) | = | –1 –1| = 2.
5.(c) The function f(x) is defined if log10(x–2) > 0 which is possible if x – 2 

> 1, i.e. x > 3.
 ∴ domain of f is , D = {x|x > 3}

6.(a) f(x) = sin log
4
1

2−

−















x
x

 is defined if 1 – x > 0 and also 4–x 2 > 0  

  i.e. if x < 1 and at the same time –2 < x < 2.
  Hence the domain of definition of f is, 
  D = {x| – 2 < x <1}.
7.(a) f(x) = 2(x+1)2 + 4 ≥ 4
 ∴ x2 ≤ 9 ( – 3 ≤ x ≤ 3)
 ∴ 2x2 ≤ 18 ⇒2x2 + 6  ≤ 24
 ⇒ 2x2 + 4x + 6 ≤ 24 + 12 ( 0 ≤ x ≤ 3).
 ⇒ 2x2 + 4x + 6  ≤ 36.
  Hence if x2 ≤ 9, then 4 ≤ f(x) ≤ 36.
  Then the range of f is, R = {y|4≤y≤36}.
8.(b) f(x) + f(–x)

  = log (x+ 1 2+ x ) + log (–x +  1 2+ x ) = log 1 = 0.
  ∴ f (–x) = –f (x).
  Hence f(x) is an odd function.
9.(c) 2f(x)f(x) – {f(xy) + f(x/y)}
  = 2cos(logx) cos (logy) – [cos{log(xy)} + cos{log(x/y)}].
  = 2cos(logx) cos (logy) – [cos{logx + log y) + cos (logx – logy)]
  = 2cosA cosB – [cos(A+B) + cos(A–B), where A = logx, B = logy.
  =  2cosA cosB – 2cosA cos B = 0.

10.(b) f(f(x)) = f(y), where y = f(x)
  = (a–yn)1/n = {a–(a–xn)}1/n = (xn)1/n = x
  [ y = f(x) = (a–xn)1/n ∴ yn = a–xn].
11.(c) f(x) is defined on [0,4] and g(x) is defined on ]–∞,∞[. Therefore boh 

f(x) and g(x) will be defined on [0,4]. 
  Case I : When 0 ≤ x < 2, f (x) = g(x)
  ⇒ x + 4 = 3x – 2 ⇒ x = 3 (rejected as 0 ≤ x < 2).
  Case II : When 2 ≤ x ≤ 4, f(x) = g(x)
  ⇒ x+4 = 5x – 4 ⇒ x = 2 (acceptable).
 12.(b) Since sin2x is a periodic function with period π, therefore sin22x 

will be a periodic function with period π/2. Hence f(x) is a periodic 
function with period π/2.

 13.(b) f(x) = |sinx|+|cosx| = | sin | | cos |x x+( )2
  

   = sin cos | sin || cos |2 2 2x x x x+ +
 

   = 1 2 1 2+ = +| sin cos | | sin |x x x  
  Since |sinx| is a periodic function with period π, therefore |sin2x| is a 

periodic function with period π/2.  Hence f(x) is a periodic function 
with period π/2.

14.(b) Given f(1/x) =  
f(x)

f(x)–1. 

   Let f(x) = xn +1, then f(1/x) =  
1
xn  + 1 =  

1+xn

xn =  
f(x)

f(x)–1.
   Now, f(3) = 28 ⇒ 3n +1 = 28 ⇒ 3n = 27 = 33.
  ∴ n = 3.
  ∴ f(x) = x2 +1.  ∴ f(5) = 52 +1 = 126.

 15.(a) f(g(x)) = |sinx| = sin2 x , g(f(x)) = sin2 x
 ∴ f(x) = x  and g(x) = sin2x

 16.(d) f(x)2 f(y2) = cos(logx2 ) cos(logy2)

  =  
1
2 [cos(logx2 + logy2 )] + cos (logx2 – logy2)].

  

  =  
1
2 [cos(logx2 .y2 )] + cos log(x2 /y2)].

 

  = 
1
2 [f(x2 .y2) + f(x2 /y2)].

  ∴ Given expression = 0.
17.(b)  loga α ≥ 

 0 if (a >1, α ≥ 1) or 
    (0 < a < 1, a < α ≤ 1).
   ∴ f(x) is real if log16

 x 2 ≥ 0. 
   Here a = 16 > 1, 
  ∴ log16 x2  ≥ 0 if x2  ≥  1 ⇒ |x| ≥ 1.
18.(a) y is real and exists if 
   |x| –x > 0 ⇒ |x| > x ⇒ x < 0.
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 ∴ Domain of function y is (–∞, 0).
19.(c) Let z  = x + 1/x then 
   f(x) = f(x+1/x) = x2 + 1/x2 = (x +1/x)2 – 2
  = z2 – 2, ∴ f(x) = x2 –2.

20.(d) f(x) =  
αx

x+1  , x ≠ –1   

   f(f(x)) = f 
α x
x +









1

=  
α[αx/x(x+1)]
αx/(x +1)+1 = 

α2x
αx+x+1 

   
  f(f(x)) = x ⇒ α2 = (α+1)x + 1 ∀ x ≠ –1
 ⇒ α +1 = 0, 1–α2 = 0 ⇒ α = –1.
21.(d) Let cosx 2 be periodic having period p then cos(x+p)2 = cos(x2).
 ⇒ (x+p)2 = 2nπ ± x2 ⇒ 2xp + p2 = 2nπ
 or, 2x2 + 2px + p2 = 2nπ, which is not possible ∀ x  R as right side of 

both the expressions are even multiple of π while left sides need not 
be so.

22.(c) tan (3x + 2) = tan (π + 3x + 2) = tan[3(x+π/3)+2]
 ⇒ f(x) = f(x + π/3)∀ x  R.
  So, π/3 is the period of f(x).
  Since π is fundamental period of tanx. So, π/3 is the fundamental 

period of tan(3x +2).

23.(b) In (a), f (–x) = 
a–x+1
a–x–1   =  

1+ax

1– ax  = –f(x).
   So it is not even.

   In (c), f(–x) = (–x)  
a–x–ax

a–x+ax  = – f(x).
   So not even.
   In (d), f(–x) = sin(–x) = – sinx = f(x).
   So it is also not even.
   Hence only (b) is correct answer.
24.(a) For n = 2, f(x) = sin(2x) /sin (x/2)

  = 4 sin(x/2) cos(x/2)  
cosx

sin(x/2)
  = 4cos(x /2) cosx.

  Period of cosx is 2π and that of cos(x/2) is 4π, so period of  
sin2x

sin(x/2) 
is 4π.

  For n = 3. 

   
sin{3(x+4π)}
sin{(x+4π)/3}  =  

sin3x
sin(x+3+4π/3)  ≠  

sin3x
sin(x/3)

  
  So, 4π is not the period for n = 3.

  Similarly we can see that 4π is not period of  
sinnx

sin(x/n) for n = 4 and 
5.

25.(c) The given inequality is equivalent to 1< |x– 3| +|4–x| ⇒ 1 < |x–3|+|x–4|...
(1)

  For x < 3, we have, 3–x + 4–x = 7 – 2x > 1
  i.e x < 3,  which is true in the domain.
  For 3 ≤ x < 4, (1) gives x–3+4 –x = 1>/ 1...(2)
  For 4 ≤ x we have, 2x –7 > 1 ⇒ x > 4....(3)
  From (1), (2), (3) we have the solution of the inequality as x < 3 or 

 x > 4.
  i.e.,x  ] – ∞, 3[] 4, ∞ [which is equal to R –(3,4).
26.(a) Let f(x) be periodic with period λ, then sin(x+λ) + cosp(x+λ) = sinx+ 

cospx, ∀ x  R.

  Putting x = 0  and –λ, we have,
  sinλ + cospλ = 1 and – sinλ + cospλ = 1.
  Solving these we get sinλ = 0, so λ = nπ and cospλ =1 i.e. pλ = 2mπ
  As λ ≠ 0, m and n are non zero integers.
 ∴  p  = 2mπ / λ, which is rational.
27.(b) Since period of |sinx| + |cosx| = π/2.
   It is possible when λ =1.
28.(a) Putting y = 1, f(x+1)=f(x) + f(1) – x – 1
  ⇒ f(x+1) = f(x) –x [ f(1) = 1]
 ∴ f (n+1) = f(n) – n < f(n) ⇒ f(n+1) < f(n)
  So, 
  f(n) < f(n–1) < f(n–2) ....< f(3) < f(2) < f(1) = 1.
 ∴ f(n) = n holds only for n = 1.
29.(a) Let f(x) = ax2 + bx + c.
 ∴ f (–3) = 9a–3b +c = 6, f(0) = 0 + 0 +c = 6
  and f(2) = 4a + 2b + c = 11.

 ∴ a = 
1
2  , b =  

3
2  , c = 6, ∴ f(x) = 

1
2 x2 +  

3
2  x + 6

 ∴ f(1) =  
1
2 +  

3
2 + 6 = 8    ∴ Point is (1,8).

30.(a) f(x) =  
ax + a–x

2 , f (x+y) = 
ax+y + a–(x+y)

2
  

   and f(x–y) =  
ax–y + a–(x–y)

2
 ∴ f(x+y) + f(x–y)

 =  
1
2  [ax+y + ax–y + a–x–y + a–x+y]        

 

  =  
1
2  [ax(ay + a–y) + a–x(ay + a–y)]  

  =  
1
2  [(ay + a–y)(ax + a–x)] 

  

  =  
1
2  (ax + a–x) + (ay + a–y)

 

  =  
1
2 .2f(x). 2f(y) = 2f(x)f(y).

31.(d) f(x) = cos(logx), f (x2 ) = cos(logx2 ) and f (y2)  = cos(logy2) 

   Now, f (x2) (y2) – 
1
2 f

x
f
x
y

2 2

22












+

























 
  

 = cos(logx2) cos(logy2) – 
1
2 cos log cos log

x x
y

2 2

22












+

























  
 

 = 
1
2 [cos(logx2 + logy2) + cos(logx2 – logy2 )]

 = –
1
2 [cos( log

x2

2 )] + cos(logx2 – logy2)]

 = –
1
2  [cos(logx2 + logy2) + cos log

x2

2













].
32.(b) f(x) = bx2 + cx + d 
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 ⇒ f(x+1) = b(x+1)2 + c(x+1) +d
 ∴ f(x+1) –f(x) = 2bx + b + c = 8x + 3.
 ⇒ 2b = 8, b+c = 3 ⇒ b = 4, c = 3–4 = –1

33.(b) f(x) = log
1
1
+

−











x
x

, g(x) = 
3x + x2

1+3x2

  

  f [g(x)] = log  
1+g(x)
1–g(x)  = log 

1
3
1 3

1
3
1 3

3

2
3

2

+
+

+

−
+

+



















x x
x

x x
x

 
 

 = log 
(1+x2 + 3x + 3x2)
(1–x2) + 3x2 – 3x)  = log 

1
1
+

−











x
x

3

 = 3log
1
1
+

−











x
x

  = 3f (x).

34.(a) f(x) = x2 –  
1
x2

 ⇒ f 
1
x









  =  

1
x2  –  

1
(1/x)2  = 

1
x2  – x2

 
  

  
= – x

x
2

2
1

−








 = f (x)

 
  ⇒ f(x) = –f(1/x).

35.(b) y =  
x+2
x  –1  ⇒ xy –y = x + 2 ⇒ x(y–1) = y+2

 

  ⇒ x =  
y+2
y  –1  = f(y)

 36.(d) f (x) =  
1

1–x  ⇒ f{f(x)} =   
1

1–f(x)
  

  ⇒ f {f(x)} =  
1

1–1/(1–x)  =  
1–x
–x

  ⇒ f [f{(x)}] = 
1

1
1

−
−

−










x
x

 =  
–x
–1 = x

37.(c) The inverse of f(x) = loge, x is g(x).
   If f[g(x)] = I(x) ⇒ loge g(x) = x ⇒ g(x)2 = ex. 
  ∴ The inverse of loge x. is ex.
38.(c) x < –1 ⇒ x +1 < 0 ⇒ |x+1| = –(x+1) and 
   x < –1 ⇒ 2x + 1 > 0 ⇒ |2x + 1| = 2x +1
 ∴ f(x) = –x – 1 +2x +1 = 2x –x,x < –1
  and x ≥ –1 ⇒ x + 1 ≥  0 ⇒ |x+1| = x+1
 ∴ f(x) = x +1 +2x + 1 = 2x + x + 2, x ≥ –1.

39.(a)  f(x) =  
x–1
x , x ≠ 0  ⇒ f(1) =  

1–1
1  = 0  

  
   g(u) = u2 + 1 ⇒ g(–1) = (–1)2 +1 = 2
   Now g [f (1)] ⇒ g(0) = 0 + 1 = 1 and 

   f [g(–1)] = f(2) =  
2–1
2  =  

1
2 .

40.(a) f(x) =  
x2 +2
x–1 , x < 3, f(x) =  

sinx
x–3 , x < 3.

  
   For x = 1, and x = 3, the function is not defined.
 41.(a) f(x) = 1 + x, 0 ≤ x ≤ 2 = 3 – x, 2 < x ≤ 3.
   0 ≤ x ≤ 1, 0 + 1 ≤ 1 + x ≤ 1 + 1 ⇒ 1 ≤ f(x) ≤ 2
  ∴ f[f(x)] = 1+ f(x) = 1+1 +x = 2 + x, 0 < x ≤ 1
   1 <x ≤ 2 ⇒ f(x) = 1 + x
 ⇒ 2 < 1 + x ≤ 3 ⇒ 2 < f(x) ≤ 3
 ⇒ f[f(x)] = 3–f (x) = 3 –(1+x) = 2 –x , 1< x ≤ 2.
  Again, 2 < x ≤ 3 ⇒ f(x) = 3– x
   2 < x < 3 ⇒ – 2 > –x > –3 ⇒ 3 – 2 > 3 –x > 3 – 3.
 ⇒ 1 > f(x) > 0 ⇒ 0  < f(x) < 1
 ∴ f [f(x)] = 1 + f(x) = 1 + 3 – x = 4 –x, 2 < x ≤ 3.
42.(c) f(x) = sin4x + tan2x.

  The period of sin4x =  
1
4  (2π) = 

π
2  and the period of tan2x ≡ 

1
2  

(π )  =  
π
2  .

43.(d) Let λ be the period of the function.
 ∴ cos t + λ  = cos t  ⇒ t + λ  = 2nπ ± t

 ⇒ t + λ ± t   = 2nπ 
  t + λ  – t   = 2nπ and  t + λ  + t  = 2nπ, t = 0 and t = λ.
 

  λ   = 2nπ and λ  ( 2 +1) = 2nπ .

  On dividing them,  2  + 1 = 1  which is absurd hence it is not 
periodic.

44.(c) f(x) = 
1–x
1+x

  

  f(cos2θ) =  
1–cos2θ
1+cos2θ  =  

2sin2θ
2cos2θ  = tan2 θ 

 

  f[f(cos2θ)] = f(tan2θ) =  
1–tan2θ
1+tan2θ  = cos2θ.

45.(d) f(y) = 
y

y–1  = 

x
x

x
x

−

−
−

1

1
1

 = 
x–1
–1  = (1–x)

  

   since y = 
x–1
x .

46.(b) f(x) = x2 + x + sinx – cosx + log(1+|x|), 0 < x < 1
  –f (x) = –x2 – x = sinx + cosx – log (1+|x|)
  From [0,1] to [–1,1], g (–x) = –f(x)
 ∴ g(x) = –x2 + x + sinx + cosx – log (1+|x|)

47.(a) f(x) = sin 
π x
2









  + cos

π x
2









  =  2  sin 

π πx
2 4
+











 ∴ The period of f(x) =  
2π
π/2   = 4.

48.(d) f(x) = sin 
πx
2  + 2cos

πx
3  – tan

πx
4  is periodic.

   The period of sin  
πx
2  =  

2π
π/2 = 4
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   The period of cos 
πx
3  =  2π

π/3
 = 6

   The period of tan 
πx
4  =  

2π
π/4 = 4

49.(a) f(x) is an even function, f(x) = f(–x) and f(–x) = f 
− +

− +











x
x

1
2

 and 

f(x) = f 
x
x
+

+











1
2 

 ∴ f(x) = f
− +

− +











x
x

1
2

 ⇒ x =  
–x+1
–x+2    ....(1)

  

  and f(–x) = f  
x
x
+

+











1
2

 ⇒ –x =  
x+1
x+2  ....(2)

  
  On solving (1) and (2),

  x =  
3± 5

2  and x = 
3± 5

2  which lie in (–5,5).

 50.(b) y = f(x) =  e
x –e–x

ex –e–x+ 2 ⇒  
ex –e–x

ex +e–x = y – 2.

 ⇒  2ex 
–2e–x  =  

y–1
y–3  ⇒ e2x =

y–1
3–y

  2x = log 
y

y
−

−











1
3 

 ⇒ f –1 (y) =  
1
2 log

y
y

−

−











1
3

 ⇒ f –1 (x) =  
1
2 log

x
x

−

−











1
3

 = log 
x

x
−

−











1
3

1/2

51.(c) f(x)  =  
x

x–1  , then f(a) = 
a

a–1
  

   f(a +1) =  
a+1

a+1–1  =  
a+1

a

    
f

f(a+1)  = 
a

a −








1
/ a

a
+









1
 = 

a2

a2–1 = f(a2)
 

52.(c) ex = y + 1 2+ y  ⇒ (ex – y)2 = 1+y2

 ⇒ e2x + y2 – 2exy  = 1 + y2

 ⇒ e2x –1 = 2exy  ⇒ ex(ex – e–x) = 2exy

 ⇒ y  = 
ex –e–x

2 .
 53.(b) The domain of f(x) = logx2 is 
   Df

  = {|xR| x ≠ 0} = R – {0} and the domain of 2log|x| is R – {0}.
 ∴ f(x) = logx2 = 2log|x|

54.(c) f(x) = log 
1
1
+

−











x
x

  
  

  f
2

1 2
x
x+









  = log 

1
2

1

1
2

1

2

2

+
+

−
+



















x
x
x
x

 = log 
(1+x)2

(1–x)2

 = 2log
1
1
+

−











x
x

 = 2f(x).

55.(a) φ (x) = ax  ∴φ (p) = ap ⇒ {φ(p)}3 = (ap)3

  =  a3p = φ (3p) 

56.(b) g(x) = 1+ x  and f [g(x)] = 3 + 2 x  + x.

   Let g(x) = 1 +  x  = y  ∴ (1+ x )2 = y2

  ⇒ 1 + x + 2 x = y2, f(y) = 3 + y2 –1 = 2 + y2  
  ⇒ f(x) = 2 + x2.
57.(b) f(0) = c =  integer and f(1) = a + b + c = integer.
   Therefore, a + b  = integer.

58.(c) f(x) =  
x–1
x+1  

   By componendo and dividendo, 

     
1+f(x)
1–f(x)  = 

x+1+x –1
x+1–x +1   = x .......(1)

  

 ∴ f (ax) =   
ax–1
ax+1  = 

a
f x
f x

a
f x
f x

1
1

1

1
1

1

+

−
−

+

−
+

( )
( )
( )
( )

 

  =   
a+af(x) –1+ f(x)
a+af(x) +1–f(x)   =  

f(x) (a+1)+a–1
f(x)(a–1)+a+1 

59.(c) f(n) = 2{f(1) + f(2) + ......+ f(n–1)} 
 ∴ f(n+1) = 2{f(1) + f(2) + ......+ f(n)}
 ⇒ f(n+1) = 3 {f(n) } for n ≥ 2.
  Also, f(2) = 2f(1) = 2. ∴ f(3) = 3f(2) = 2.3 etc.

 ∴ Σ
m

n =1
f(n) = f(1) +f(2) + .....+ f(m)

 =  1 + 2 + 2.3 + 2.32 + .....+ 2.3m–2

 =   1+ 2(1+3+32 +.......+ 3m–2) = 3m–1

60.(a) Putting x = 1,
   f(2) + f(0) = 2f(1) ⇒ f(2) = 2f(1).
   Putting x = 2, f(3) + f(1) = 2f(2).
  ⇒ f(3) = 2× 2f (1) – f(1) = 3f(1), etc.
 ∴ f(x) = nf(1), for n = 1,2,........n
  f(n+1) + f(n–1) = 2f(n)
 ⇒ f(n+1) + (n–1)f (1) = 2nf (1)
 ⇒ f(n+1) = (n+1)f(1) ⇒ f(n) = nf(1).

 61.(a) af(x+1) + bf 
1

1x +








  = (x +1) –1 ....(1)

  ∴ af  
1

1x +








  +bf (x+1) =   

1
x+1  – 1....(2)

  
  (1) × a –(2) × b

 ⇒ (a2 – b2)f(x+1) = a(x+1) –a – 
b

x+1  +b
  Putting x = 1,

  (a2 – b2) f(2) = 2a –a –
b
2 +b = a +

b
2   = 

2a+b
2 .
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62.(b) Putting x = 1, y =1 we get,
   f(2) = f(1) + f(1) = 2f(1) = 2k
   Putting x = 2, y =1 we get,
   f(3) = f(2) + f(1) = 3f(1) = 3k, etc.
63.(d) Clearly, 1–x2 ≥ 0. 

   1– 1 2− x  ≥ 0 , 1– 1 1 2− − x ≥ 0
   1–x2 ≥ 0 ⇒ x2 ⇒ –1 ≤ x ≤ 1. For these values, the other two hold.
64.(c) g(x) = f(x+1) = |x–1| + |x–2| + |x–3|
   If x < 1, g(x) = –x +1 – x + 2 –x + 3 = –3x + 6
   If 1 ≤ x < 2, g(x) = x–1 –x +2 –x + 3 = –x+4
   If 2≤x < 3, g(x) = x–1+ x – 2 – x + 3 = x
   If x ≥ 3, g(x) = x – 1 +x – 2 +x – 3 = 3x –6 
65.(b) Here, f(x) = x|x|, x ≤ –1
  =  x2 sin(πx /2) , –1 < x < 1
  = x|x, x ≥1
   Let k ≥ 0. Then f(–1–k) = (–1–k) | –1–k |  = –(1+k)2

  and f(1+k) = (1+k)|1+k| = (1+k)2

  Therefore, f(1+k) = –f(– 1+k).

  f(–1 + k) = (–1+k)2 sin 
π 
2 (–1+k).

 = –(1–k)2 sin
π 
2  (1–k) = – f(1–k)

 = –f {–(–1+k)}
 ∴ f(x) = –f(–x) for all x. Also none of the pieces of definition are periodic.

 66.(a) sin
x
2

 is a periodic function of period 2π and |cosx| is a periodic 

  function of period π.
67.(b) f(x) = f(x+k)  ⇒ f(kx+a+k) = f{k(x+1)+a}. So, the period is 1.
68.(c) Let φ (x) = 4cos2x

   Now period of cos2x = 
2π 
2  = π 

 ∴ φ (x) = φ (2x + π)  ∴ φ (2x +3) = φ (2x+3 + π )
 ⇒ Period of 4 cos(2x + 3) is π.

69.(c) cos3x has the period 2π 
3  and sin 3 x has the period 

2π 

 3
.

  

   As  2π 
3  and  

2π 

 3
 do not have a common multiple, f(x) is not 

   periodic. 

70.(c) f{f(x)} =  1 
1–f(x)  =  

1 
1–{1/(1–x)}  =  1–x 

–x  =   x–1 
x  

   

   f{(f(x))} =  
1 

1–f{f(x)}  =   
1 

1–{(x–1)/x}  = x
 ∴  the graph has the equation y = x.
71.(d) We have,

   f(x)2 = x2 – 1 
x2 x

x
x

x
−









 + +











1 1
 = x

x
+











1
f(x)

   
   Clearly, (a), (b) and (c) cannot be true.

72.(c) We have : f(2) = 6,f(1) = 0  and φ (π/12) = 
1 
2  

  ∴ φ (f(2)) = sin12, φ (f,(1)) = 0,

   f(φ(π/12)) = –3/8 and f(f /(1)) = 0

73.(a) The function f(x) = log10

25
4

x x−









  exits for 5x2–x2 

4  ≥ 1⇒ 
 
   5x –x2 – 4 ≥ 0 ⇒ x  [1,4].

74.(b) We have : f(x) = log(x+ x2 1+ )

 ∴ f(–x ) + f(x) = log(x+ x2 1+ ) + log ( –x + x2 1+ )
 = log(–x2 + x2 +1) = log 1 = 0 for all x.
 ⇒ f(–x) = –f(x) for all x.
 ⇒ f(x) is an odd function.

75.(b) We have, f(x) = |cosx| = 
1 2

2
+ cos x

   
  Since cosx is periodic with period 2π, therefore f(x) is periodic with 

period (2π/2) = π
76.(c) We have, f(x) = ax + b , g (x) = cx +d
  ∴ f(g(x)) = g(f(x)) ⇒ f(cx + d) = g(ax+b)
  ⇔ a(cx+d) + b = c(ax+b) + d
  ⇔ ad + b = cd + d ⇔ f(d) = g(b)  

 77.(b) We have, f(x) =  sin 4 x + cos4x
x+x2 tanx  = – sin 4 x + cos4x

x+x2 tanx 
 

  ⇒ f(–x)  =  sin 4 x + cos4x
x+x2 tan(–x)  

  ⇒ –f(x). 
  So, f(x) is an odd function.
  Obviously, f(x) is not a periodic function due to the presence of x in 

the denominator. 
78.(a) We have, f(x) = x, g(x) = |x| for all x  R  and φ (x) satisfies
     [φ(x) – f(x)]2 + [φ(x) –g(x)]2 = 0 
  ⇒ [φ(x) – f(x) = 0  and φ (x) – g(x) = 0
  ⇒ φ(x) = f(x) and φ (x) = g(x)
 ⇒  f(x) = g(x)  = φ(x) 
  But f(x) = g(x), for all x ≥ 0
  [  |x| = x for all x ≥ 0].
  ∴ φ(x) = x for all x  [0,∞]
79.(b) f(x) = sin(logx)

  ⇒ f(xy) + f 
x
y









  – 2f(x) cos(logy)

 

  = sin{log(xy)} + sin{log x
y } – 2sin(logx) cos(logy)

  = sin (logx + logy) + sin(logx – logy) – 2sin(logx) cos(logy)
  = 2sin(logx) cos(logy)–2sin(logx) cos(logy) = 0 .
80.(b) On the interval [0,2π] the function f(x) can be represented as follows:

   f(x) = 

tan , /
, /

tan , /
/

x x
x

x x
x

0 2
0 2

3 2
0 3 2 2

≤ <
< ≤

− ≤ <
< ≤











π
π π
π π

π π

 
  So, f(x) is a periodic function with period 2π.

81.(d) Period of sin  πx
2  =  2π

π/2  = 4
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   period of cos  πx
3  = 2π

π/3  = 6 and period of tan  πx
4  = π

π/4   = 4
 ∴ period of f(x) = LCM of (4,6,4) = 12.

82.(a) We have, f(n+1) = 
2f(n)+1

2  and f(1) = 2.

  ∴ f(101) = f(1) + 100 ×  12  = 2+50  ∴ f(101) = 52.
83.(c) We have,af(x) + g(x) = 0, a > 0.
   Since minimum values of g(x) is 1/2/
 ∴ g(x) > 0 and af(x) > 0 
 ∴ af(x)  + g(x) > 0, ∀/  x.
  Hence number of solutions is zero.
 84.(b) cosx is a periodic function with period 2π, therefore, 7 cos(3x +5) 

will be a periodic function with 2π/3.
85.(b) f(x) = asin kx + bcoskx.

  = a b2 2+  
a

a b
kx

b

a b
kx

2 2 2 2+
+

+









sin cos

 

  =  a b2 2+ (cosθsinkx + sinθcoskx)
 

   where cosθ = 
a

a b2 2+  

   a b2 2+ sin(kx+θ), which is periodic function of period  2π
|k| .

86.(a) Let f(T+x) = f(x) ⇒ tan( ) tanT x x+ = ⇒tan(T+x) = tanx ⇒ 
T+x = nπ +x, n  I.

  Clearly, from here, the least positive value of T independent of x is 
π . Therefore,f(x) is a periodic function of period π.

87.(d) Since cos 2πx
5 

  is a periodic function with period  
2π

2π/5  = 5 and sin
πx
4 

 is periodic function with period  
2π
π/4  = 8.

 ∴ f(x) is periodic with period = L.C.M (5,8) = 40.
88.(c) tan(3x –2) is a periodic function with period π/3. The function f(x) = 

{x} is periodic with period 1. The function in (d) can be written as 

  f(x) = 1 –  cos2x
sinx + cosx  – sin2x

sinx + cosx 
  

  = 1 –  sin3x  + cos3x
sinx + cosx 

  

  = 1 –  (sinx  + cosx) (sin2x + cos2x–sinxcosx)
sinx + cosx  

  

  = 1 – 1
1
2

2−








sin x   =  1

2  sin2x.
   
   which is periodic with period π. The function x +  cosx is non 

periodic as x is non periodic.
89.(b) We have,

   f(x) =  2sin8x cosx–2sin6x cos3x
2cos2x cosx–2sin3x sin4x

   =   
(sin9x +sin7x) –(sin9x +sin3x)
(cos3x +cosx) + (cos7x – cosx

   =   
sin7x –sin3x 

cos7x + cos3x = 2cos5x sin2x 
2cos5x cos2x  

   = tan 2x, which is periodic with period π/2.

90.(b) We have, f(x+2a) = f((x +a) +a)

   =    1
2  – f x a f x a( ) { ( )}+ − + 2

  

   =   1
2  – 

1
2

1
2

2 2
2

− − − − −








f x f x f x f x( ) ( ( )) ( ) ( ( ))

  

   =  1
2 –

1
4

1
2

1
2

2− − = − −








 =f x f x f x f x( ) ( ( )) ( ) ( )

   
   Hence,f (x) is periodic with period 2a.

91.(d) Σ
n

r =1
f(r) = f(1) + f(2) + f(3) + ....+ f(n)

  = f(1) + 2f(1) + 3f(1) +...+ nf(1)
   [ f(x+y) = f(x) + f(y)] 

  = (1+2+3+.....+n) (f(1)) =  n(n+1)
2  .7 = 7n(n+1)

2 . 

92.(c) We have, f(a) = 64a3 + 1
a3  = (4a)3 + 1

a3  
  

  = 4
1

3 4
1

4
13

a
a

a
a

a
a

+








 − +









.

  = (3)3 – 12.3 = 27 – 36 = –9

   [ a,b are roots of 4x + 1
x  = 3 ∴ 4a + 1

a  = 3] 
   Similarly, f(b) = 9.   ∴ f(a) = f(b) = –9.

93.(b) We have, f(x) =  4x

4x+2 ⇒ f(1–x) =  41–x

41–x+2
  

  =   4.4–x

4.4–x+2 =  4
4+2.4x  =  2

2+4x
 

  ∴ f(x) + f(1–x) =  4x

4x+2  +  2
4x+2  = 1

   Now, f 
1

1997








  +f 

2
1997








  + ......+ f

1996
1997










  Σ
1996

n =1
 f 

n
1997








  =  Σ

998

n =1
f  

n
1997








 + Σ

1996

n = 999
f  

n
1997










 

   Σ
998

n =1
f   

n
1997








  + Σ

998

n =1
f 1997

1997
−









n

  =   Σ
998

n =1
f

n
f

n
1997

1
1997









 + −



















  =  Σ

998

n =1
 1 = 998 

94. (c) Since 2,3 are the roots of the equation f(x) = 0.
  ∴ f(2) = 0 i.e., 4m + n – 10 = 0...(1)
  and f(3) = 0 i.e. 9m + n + 15  = 0 .....(2)
  Solving (1) and (2), we get, m = – 5 and n = 30.
95.(d) Since f(x) is an odd periodic function with period 2.
  ∴ f(–x) = –f(x) and f(x + 2) = f(x)
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  ∴f(2) = f(0+2) = f(0) and 
   f(–2) = f(–2+2) = f(0) 
  Now, f(0)= f(–2) = –f(2) = –f(0)
  ⇒ 2f(0) = 0 i.e., f(0) = 0 
 ∴  f (4)  = f(2+2) = f(2) = f(0) = 0
  Thus, f(4) = 0

96.(a) Let y =  
x2 –x+1

x–1  ⇒  xy  –y = x2 – x +1
   ⇒ x2 –(y +1) x + (y+1) = 0 
   For x to be real, (y+1)2 – 4(y–1) ≥ 0
  ⇒ (y+1) (y–3) ≥ 0 ⇒ y ≤ –1 or, y ≥ 3
 ∴ y cannot lie between –1 and 3.
97.(b) We have, 

   f 
2

1 2
x
x+









  = log 

1
2

1

1
2

1

2

2

−
+

+
+



















x
x
x
x

 = log
1 2
1 2

2

2
+ −

+ +













x x
x x

  

 = log
1
1

2−

+











x
x

 = 2log
1
1
−

+











x
x

 = 2f(x).

98.(a) We have, f(x) =  
2x + 2–x

2  

 ∴ f(x+y). f(x–y) =  1
2 

 (2x+y  + 2–x–y), 1
2 

 (2x+y  + 2–x+y)

 =  1
4 

[(22x + 2–2x) + (22y + 2–2y)] =  1
2 

[f (2x) + f(2y)]
99.(d) We have, 

   f[f(x)] =  
α.f(x)
f(x)+1   =  

α
α

α

.
x

x
x

x

+

+
+

1

1
1

 =  
α2x

αx+x+1 
 

  ∴ x =  
α2x

(α+1)x+1  ⇒ x{(α+1)x + 1 – α2} = 0  
 
  ⇒ (α+1)x2 + (1–α2) x = 0
   This should hold for all x.
 ⇒ α +1 = 0, 1–α2 = 0 ∴ α = –1.
100.(d) Since the function is constant ∀/ x  R, therefore, the value of the 

constant is obtained by assigning any suitable value to x.
  Choose x = 0, the desired value of the constant

  = cos2 0 + cos2  
π
3  – cos0.cos 

π
3  = 1 + 

1
4  –  

1
2  =  

3
4 

101.(c)  φ (a) + φ (b) = log 
1–a
1+a  + log 

1–b
1+b 

  

   = log 
(1–a) (1–b)
(1+a) (1+b)  =  

1–a–b +ab
1+a+b+ab 

 
   Hence by the option test we have

   φ 
a b
ab
+

+









1

 = log
1

1

1
1

−
+

+

+
+

+

a b
ab

a b
ab

 = log 
1–a–b+ab
1+a +b+ab  = φ (a) + φ (b)

  i.e. (c) is the correct answer.
102.(a) f [φ(x)] = f[x3] = logx3 = 3logx

  ∴ f [φ(2)] = 3 log2

103.(a) y =  
x+2

3x +5  = f(x)
 

 ∴ f(y) =  
y+2

3y +5  = 

x
x
x
x

+

+
+

+

+
+

2
3 5

2

3 2
3 5

5
( )  =  

7x + 12
18x + 31  

104.(a) y  =  
2x +3
5x–a

 
 or,  5xy – ay  = 2x + 3 or x(5y–2) = 3 + ay 

 ∴ x =  
3+ay
5y–2  but f(y) =  

2y+3
5y–a

 ∴ according to given condition  
3+ay
5y–2  = 

2y+3
5y–a

 or, (3 +ay) (5y –a) =(5y –2) (2y + 3)
 or, 5ay2 + y (15–a2) – 3a = 10y2 + 11y – 6
 or, 5(a–2)y2 + y(2–a) (2+a) = 3(a–2) = 0 
 or, (a–2) {5y2 – (a + 2)y –3} = 0 
   which gives a = 2. 
 105.(b) f(x+1)= x3  ∴ f{(x–1)+1} = (x–1)3

 or, f(x) = (x–1)3

 ∴ f(3–x) = (3–x –1)3 = (2–x)3

106.(b) f(x) =  
1

1–x ∴f 
1+









x
x

  = 
1

1
1

−
+ x
x

=  –x.

107.(d) We have, 2f(x–1) – f 1−









x
x

   = x .....(1)
   

   Replacing x by  
1
x  in (1) we get,

   2.f 
1

1
x
−









  –f 

1
1

1

−


















x

x

 = 
1
x  

or,  2f. 
1−









x
x

 –f (x–1) = 
1
x ......(ii)

  
  Multiplying (i) by 2 and adding to (ii) we get,

  3f(x–1) = 2x + 
1
x

 or, f(x–1) =
1
3  2

1
x

x
+









  ....(iii). Replacing x by x +1 in (iii) we get the 

  required function : 

  f(x) =   
1
3 2 1

1
1

( )x
x

+ −
+









108.(a) We have, af (x) + bf 
1
x









  = 

1
x  – 5....(i)

   

   Replacing x by 
1
x  in (i) we get,

  af   
1
x









  +bf (x) = x – 5....(ii) We eliminate 
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  f  
1
x









  from (i) and (ii) and solve for f(x) and obtain  : (a2 – b2) 

  f(x) = a 
1

5
x
−









  – b (x–5)

109.(b) f1 k
a
k

f k
a
k

−











+ +













2

2

2

 = k
a
k

a k
a
k

a−











+ + +












−

2
2

3
24 4

 = k
a
k

k
a
k

−











+ +













2 2 2

 

 = k
a
k

k
a
k

k
a
k

k
a
k

+ + − = +











+ −












2 2 2 2

 =   
k a k

a
k

k
a
k

2 2
2 2

0> > ∴ − = −










  = 2k

110.(b) f(–x) = 
2(–x) – 5
2(–x) – 5  = –  

2x + 5
2x – 5  =  

1
f(x)

 ∴  the required relation is f(–x) .f(x) = –1
111.(c) Putting t = tanθ 

   x = 
a( tan )

tan
1

1

2

2
−

+

θ

θ
= –a cos θ ...(1) and 

   

   y = b.  
2tanθ

1+tan2θ   = b sinθ ...(ii). From (i) and (ii), 

   y = b sinθ = b 1 2− cos θ  = 1
2

2−
x
a

  =  
b
a  a x2 2−   ∴ y =  

b
a
a x2 2− which  expresses y as a function 

of x.
 112.(d) f(1) = 1 gives 1+a+b = 1 or a+b = 0 and f(2) = 2 gives  4+2a + b 

= 2 or 4+2a + b = 2 or 2a + b =  –2 on substraction a = –2 and then 
   b = 2 ∴ f(x) = x2 – 2x + 2 
 ∴ f(3) = 32 – 2.3 + 2  = 5

 113.(a) f {f(x)} = f 
x

x1 2+











 = 

x

x
x

x

1

1
1

2

2

2

+

+
+

 = 
x

x1 2 2+











 ∴ f f f x f
x

x
( ){ }  =

+









1 2 2

 

 = 

x

x
x

x

x

x
1 2

1
1 2

1 3

2

2

2

2
+

+
+

=
+

114.(c) f(–x) = 9 (–x) sin6 (–x) –2 (–x) 
  = –9x (sin6x) – 2(–x5 ) = –9x sin6 x + 2x5

  = –(–9x sin6x–2x5) = –f(x) 
   ∴  f is an odd function.
115.(c) We have, 3sin3x + 4cos3x +1
   = 3sin(3x + 2π) + 4cos(3x + 2π) +1

   = 3 sin3 x +









2
3
π

 + 4cos3 x +









2
3
π

+ 1

   which show the period of the given function is  2π
3

116.(c) Since f(x) is an even function of x,
  ∴ f(x) = f(–x) ⇒ {(x – 2)2 + k (x–2) + 5}cosx
  = {(–x–2)2 + k (–x – 2) + 5 } cos(–x)
  or, [{(x–2)2 – (x+2)2} + k {(x–2) + (x+2)}] cosx = 0
  ⇒ – 8x +2kx = 0 ( cosx ≠ 0  ∴ if cosx = 0.
   then f(x) = 0, and k is indeterminate) or k = 4 
  ∴ the required value of k is 4.

 117.(d)  g(x) = 
x b
a

1
3

1
2

−


















  satisfies the relation
  

 f[g(x) = g[f(x)] ⇒ f[g(x)] = f x b
a

1
3

1
2

−








































 = a
x b
a

b

1
3

1
2

2

−


















+



























.

  

   = x;
   Also g[f(x)] = g[(ax2 + b)3]

  = 
ax b b

a

2 3
1
3

1
2

+( ) −


















×

 = x
 
118.(a) Since |x–3| ≤ 2, we have – 2 ≤ x – 3 ≤ 2 

|x–3| ≤ 2

0 1 2 3 4 5 6
   i.e. either –2 +3 ≤ x ≤ 2 + 3 i.e., 1≤ x ≤ 5.
119.(d) We have |x+2| > 3 i.e. 3 < |x+2| i.e. either 3 < x + 2 or x + 2 < –3 

i.e. 1 < x or x < – 5
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 –6 –5 –4 –3 –2 –1 0 1 2

120.(a) y =  
lx+ m
nx–l  or, nxy –ly = lx +m

 or, nxy – lx = ly + m or, x(ny–1) = (ly+m)

 or, x =  
ly+ m
ny–l  =f(y)  f x

lx m
nx l

( ) =
+

−











  Hence, f(y) = x
121.(b) f(a) f(b) f(c) = epa+q .epb+q . epc+q. 
  = epa+pb+pc+3q = ep(a+b+c) +q + 2q

  = f(a+b+c).e2q.
122.(a) We have φ (x) = tanx + sinx ....(i)
   Now, φ (–x) = tan(–x) + sin(–x)
  = –tanx – sinx = – (tanx + sinx) = –φ (x) ...by (i)
   Hence φ(x) is an odd function.

123.(b) 3  is an irrational number.
124.(a) Let x is a rational number and y is an irrational number. We are to 

prove that the value of (x+y) cannot be a rational number. If possible, 
let x + y  = rational number = z(say).

  Then y = z –x  = rational ( x and z both are rational) . It does not 
satisfy the condition ( y is an irrational number). So, our assumption 
is not true i.e. the value of (x+y) cannot be rational number.

 125.(a) Given, x 2 – y 3  = 0 . So, x 2 = y 3
  or, x 2 . 2  = y 3 . 2  or, 2x = y. 6 .....(i)

  Clearly, if y ≠ 0  then   
2x
y  = 6 . So, a rational number = a irrational 

number, which is impossible. ∴ y = 0. Now putting the value of y = 
0 in equation number (1),  we get x = 0

126.(c) Given, 4f(x) + 3f(–x) = 7 – 3x ....(1)
   Let us replace x by –x on both side of the equation (1), we get
   4f(–x) + 3f(x) = 7 + 3x ......(2)
   Now, multiplying the equation number (1) by 4 and multiplying  

 the equation number (2) by 3.
   We get 16f(x) +12f(–x) = 28 –12x
   and  9f (x) + 12f(–x) = 21+ 9x
   Substracting, 7f(x) = 7 –21x
  or, f(x) = 1 –3x
127.(c) Given g(x) = xb2 .So, g[f(x)] = [f(x)]b2

  =  [ex+a] b2 [  f(x) = ex+a]

  ∴ g[f(x)]
h(x)  = [e

x+a]b2

eb2x  =  
eb2x +ab2

eb2x  

 = eb2x+ ab2 – b2x = eab2.

128.(a) Let, f(x) = x. 3x–1
3x+1 

 ∴ f(–x) = (–x) 3–x–1
3–x+1 

  =  –x 
3 1

3 1

1

1

x

x

−

+

 = –x 1–3x

1+3x  or, f(–x) = –x –(3–x–1)
3–x+1  

  

  = –x 3–x–1
3–x+1   = f(x)  f(–x) = f(x)

   

   So f(x) = x. 3x–1
3x+1  is an even function.

129. (a) Given,ey – e–y = 2x or z – 1
z  = 2x [where, z = ey]  or z2 –1 = 2, xz  

or, z2 – 2xz – 1 = 0 

 ∴ z = 2x ± 4 42x +
2  or, ey = x+ x2 1+

  [y real] or,y = loge (x+ x2 1+ ) [taking log both side].
130.(d) Let, r sinα = 12and r cosα = 9 
   Then r2 = r2 cos2 α  + r2 sin2 α = 92 + 122

  or, r2 = 81 + 144 = 225 = 152  ∴ r = 15 and tan α =  rsinα
rcosα  =  12

9  
=   4

3   ∴ α = tan–1 4
3  ∴ α = tan–1  4

3 
  ∴ f(x) = 12cos 3x

2 
 + 9 sin 3x

2 
 + 2

  = r sin α cos  3x
2 

 + r cos α sin 3x
2 

+ 2

  = r sin 
3
2
x
+









α  + 2 = 15 sin 

3
2
x
+









α + 2

   Now, if the period of f(x) is t then

   f(x+t) = f(x). ∴ 15 sin 
3
2
x t+( ) +







α   + 2 

 = 15sin 
3
2
x
+









α + 2 = 15 sin 2

3
2

π α+ +










x
 + 2

   

  [Since the period of the function sin 
3
2
x
+









α is 2π] ∴  3t

2 
 = 2π  or, 

  t =  4π
3 

. So, the period of function f(x) = 4π
3 

 .
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1.(d) lim
x→0

 
1 2 1 2/ cos( ) −( )x

x =  lim
x→0

  |sinx|
x 

  ∴ L.H.L. = –1 and R.H.L. = 1.

2.(c)  lim
n→∞ 

 
1 4 9

1

2

3
+ + + +

+













... n
n

   lim
n→∞ 

n(n+1)(2n+1)
6(n3 + 1) 

   lim
n→∞ 

  

n
n n

n

+








 +










+










1
2

1

6 1
1
3

 = 1×2
6×1   = 

1
3

3.(c)  lim
x→∞ 

 
x x x x x x

x x x

+ −( )× + +( )
+ +( )

 = lim
x→∞ 

 
x

x x x+ +
 = lim

x→∞ 
 

1

1 1 1+ +/ x
 =  

1
2

4.(a) lim
x→∞ 

x cos
π

4x








  sin 

π

4x








  =  lim

x→∞ 
 
x
2 sin 

2
4
π

x










 

  = lim
x→∞ 

  
π
2  × 

1
2

sin (π/2x)
π/2x

  Let,  π
2x  = y, as x → ∞, y → 0.

 ∴  lim
x→∞ 

  π
4

. sin y
y  = π

4

5.(c) Let y = 
b
ax , x → ∞,  y → 0.

  

   lim
x→∞ 

ax  sin 
b
ax









   = lim

y→0 
 
b
y  siny = b 

6.(a)  lim
x→0 

 
1 1+( ) − −( )sin sinx x

x  

   lim
x→0 

 
1 1

1 1
+( ) − −( )
+( ) + −

sin sin
sin sin

x x
x x x

  

  =  lim
x→0 

 
2sinx

x  lim
x→0 

 
1

1 1+ + −sin sinx x   = 1

7.(b) Let (1+sinx)1/3 = a, (1–sinx)1/3 = b

   
3 1 3 1+ − −sin sinx x

x
= 

(a–b)(a2 + ab + b2)
x(a2 + ab+b 2)

  

 =  
(a3– b3)

 x(a2 + ab+b 2)

 ∴ lim
x→0 

   
(1+sinx) – (1–sinx)

 x[(1 +sinx)2/3 + 1 2−( )sin x + (1–sinx)2/3]

 = lim
x→0 

  
2sinx

x   
1

[(1+sinx)2/3 +  1 2−( )sin x +(1– sinx)2/3 = 
2
3

8.(c) lim
x→π

 
2 1

2
+ −

−

cos
( )

x
xπ  = lim

y→0
 

2 1
2

+ − −cos(π y
y

  Let π –x = y and x → π ⇒ y → 0.

 = lim
y→0

 
2 1

2
− −cos y

y
 = 

lim 
y→0   

(2– cosy) – 1
y2 ( 2− cos y + 1)

 =   
lim 

y→0  
2sin2(y/2)

y2 ( 2− cos y +1)

 = 
lim 

y→0   
1
2  

sin( / )
/ cos
y

y y
2

2
1

2 1

2








 − +

 =  
1
4

9.(a) 
lim 

x→0  
(1–cos2x) sin5x

x2 sin3x 
  

  =  
lim 

x→0  2sin2x
x2  .  sin5x

5x
 .  5x

sin3x
.  3x

3x

  =  lim 2
x→0

 
sin sin

sin
.

x
x

x
x

x
x





























2 5
5

3
3

5
3  = 10

3  .

10.(c)  lim
x→0

 
sin( ) sin( ) sin

sin
x a a x a

x x
+ + − −









2

  =  lim
x→0

–2sina cosx – 2sina
xsinx  

 

  =   lim
x→0

–2sina (1–cosx)
x2sin x

2
 cos x

2
  =  lim

x→0
 

–2sina2 sin2 
x
2

x2sin x
2

 cos x
2

 

  = –  lim
x→0

 sina 
tan( / )

/
x

x
2

2








 = – sina.

11.(c)  lim
x→∞

x2 – 3x + 2
2x2 + x –3  =  lim

x→∞
 

1 3 2

2
1 3

2 3

2 3

x x x

x x

− +

+ −
 = 

0
2  = 0

12.(c)   
lim

0→π/2  
(1–sin3θ)

cos2θ  
  

  =    
lim

0→π/2 
(1–sinθ) (1+sin2θ+ sinθ)

(1–sinθ) (1+sinθ)  
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  =    
lim

0→π/2  
1+sin2θ + sinθ 

1+sinθ  =  1+1+1
1+1  = 

3
2

13.(a)  lim
x→∞

 x ax a x a2 2 2 2+ + − +





  

  =   lim
x→∞

( ) ( )x ax a x a

x ax a x a

2 2 2 2

2 2 2 2

+ + − +

+ + + +  

  =  lim
x→∞

ax

x ax a x a2 2 2 2+ + + +

  =  lim
x→∞

a

a
x

a
x

a
x

1 1
2

2

2

2+ + + −

 = 
a
2  

14.(a)  lim
x→0

 
1 1

12x x
x− +









log( )  

  =   lim
x→0

 
1 1

2 3 42

2 3 4

x x
x

x x x
− − + −

























........

  =   lim
x→0

1
2 3 4

2
− + +













x x
.....  =  

1
2

15.(a)  lim
x→∞

 
x
x

x+

+











+2
1

3

 =  lim
x→∞

1
1

1

3

+
+











+

x

x

 

    lim
x→∞ 1

1
1

1 2

+
+











+ +

x

x( )
 =  lim

x→∞ 1
1

1
1

1
1

1 2

+
+









 +

+











+

x x

x

  = e.

16.(d) lim
x→∞

x
x

x+

−











+3
1

3( )

 = lim
x→∞

1
4

1

3

+
−











+

x

x

  = lim
x→∞

1
4

1

1 4 4 3 1

+
−























− + −

x

x x x( )/ ( )/( )

 = e4 .
 

    lim
x→∞

  4(x+3)
x–1  =  lim

x→∞
  4(1+3/x)

1–1/x  = 4.
 

17.(c) lim
x→∞

(1+x)1/3x  =  lim
y→∞

 1
1

3

+








y

y /

 ⇒   lim
y→∞

1
1

1 3

+






















y

y /

 = e1/3.

18.(d) Here f (+0) = lim
h→0

 f(0+h)
  

  =   lim
h→0

e1/h  =  ∞ ( e∞ = ∞ )
    

   f(–0) =  lim
h→0

 f(0–h) =  lim
h→0

e
1

0–b  = 0 ( e– h = 0)  
 
  f(+0) ≠ f (–0)  
  Hence the limit does not exist.

19.(d)  f(+0) = lim
h→0

 f(0+h) = lim
h→0

 |0+h|
0+h  = 1

  

  and f (–0) =  lim
h→0

|0+h|
0+h  = –1

 
  ∴ f(+0) ≠ f(–0)

  ∴ lim
x→0

 |x|
x   does not exist.

20.(d)  lim
x→1

1 2 1
1

− −

−

cos ( )x
x

 lim
x→1

 
2 1

1

2sin ( )x
x

−

−

  =   lim
x→1

2  
|sin(x–1)|

x–1   = 2  
lim

x→1
|sin(x–1)|

(x–1)  
 

  = ( 2 )(±1).

   f(1+0) = 2 and f(1–0) = – 2 .
  ∴ The limit does not exist.

21.(c)  lim
h→0

  
log(1+2h) – 2log(1+h)

h2  

  =   lim
h→0

2
4
2

8
3

2
2 3

2 3 2 3

2

h
h h

h
h h

h

− + −











− − + −













....... .....
 = 1.

22.(a) lim
x→1

  
(2x–3) ( x –1)

(2x+3) (x–1)  

   lim
x→1

  (2x–3) 
(2x+3) ( x +1)

 =  
2–3

(2+3) (1+1)  = – 1
10

23.(d)  lim
x→0 

 sin2x 
x  lim

x→0 
2

sin 2
2

x
x









  = 2

24.(d)  lim
x→0 

 sin2x+sin6x 
sin5x–sin3x  

 

  =   lim
x→0 

 

2
2

2
6

6
6

5
5

5
3

3
3

sin sin

sin sin

x
x

x
x

x
x

x
x

+

−
 = 2+6 

5–3  = 4

25.(c)   lim
x→0 

 (a+b)2 sin(a+h)–a3sina
h 

  

  =   lim
h→0 

 
a a h a

h
ah h
h

a b
2 22[sin( ) sin

sin
+ −

+
+











+( )












  =    lim
h→0 

 
a a

h h

h
a h a h

2 2
2 2 2

cos sin
( )sin( )

+



















+ + +
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  =   lim
h→0 

 a a
h

a h a h2

2
2cos ( )sin( )+









 + + +











  = a2 cosa + 2a sina

26.(a)  lim
x→3 

x
x x

−

− − −









3
2 4

  = lim
x→3 

 
x x x

x x

−( ) − + −





−( ) − −( )
3 2 4

2 4

  = lim
x→3 

x x x

x

−( ) − + −





−( )
3 2 4

2 3
  

  = lim
x→3 

 12  
x x− + −



2 4  = 1

27.(c)  lim
x→1 

 1 x
(cos–1x)2

   
   Let cos–1 x = y  or, x = cosy  x → 1, y → 0

  =  lim
y→0 

1
2

− cos y
y

  =   lim
y→0 

 
1 1

12

−( ) +( )
+

cos cos

( cos )

y y

y y

  =   lim
y→0 

 
1
12
−

+

cos
( cos

y
y y

  =   lim
y→0 

 
1

2
−( )cos y

y  lim
y→0 

 
1

1+ cos y
 

  = lim
y→0 

sin /
/
y

y
2

2

2








 . 

1
2

lim
y→0 

1
1+ cos y  =  

1
2 . 

1
2  = 

1
4

28.(b)  lim
x→0 

  
x2 – tan2x

tanx  = lim
x→0 

x x
x

x
x

−








2

2
2

tan

tan

  =  lim
x→0 

 
x

x
x

x
x

=
2 2

2
tan

tan  = 0 – 2 = –2

29.(a)  lim
θ→0 

  
5θcosθ–2sinθ

3θ+tanθ
lim

θ→0 

5 2

3

cos
sin

tan

θ
θ

θ
θ

θ

−

+

  =  
5–2
3+1  =  

3
4  

30.(c)  lim
x→0 

 sin(2+x)– sin(2–x)
x

 =  lim
x→0 

 2cos(2) sin–x
x  = 2cos2

31.(b)  lim
h→0 

2 3
6 6

3 3

sin cos

( cos sin )

π π
+









 − +





















−

h h

h h h
 

  =  lim
h→0 

2
3

2 6
1
2 6

3
3

2
1
2

sin cos

cos sin

π π
+









 − +























−





h h

h h h





  

  = lim
h→0 

 

2
3 6 6

6

sin

cos

π π

π

+ −










+










h

h h 
   

  =  lim
h→0 

2
3

1

6

2 2
3 3

sin

cos

h
h h

π
+











=
×

×
 =  

4
3  

32.(c) lim
x→∞ 

  (2x+1)40 (4x –1)5

(2x+3)45

  =  lim
x→∞ 

 

x x
x

x
x

x
x

40
40

5
5

45
45

2
1

4
1

2
3

+








 −











+










   =  lim
x→∞ 

  

2
1

4
1

2
3

40 5

45

+








 −











+










x x

x

 =  2
40.45

245  = 25 = 32.

33. (a)  lim
x→0 

 3sinx – sin3x 
x3  =   lim

x→0 
3sinx – (3sinx –4sin2x) 

x3

 =   lim
x→0 

4 
sin x

x










3

= 4

34.(b)  lim
n→∞ 

1
1

2
1 12 2 2−

+
−

+ +
−









n n

n
n

......

 

 =  lim
n→∞ 

1 
(1–n2)  (1+2+......+n)

 =  lim
n→∞ 

1 
(1–n2)  n(n+1) 

2  =  lim
n→∞ 

 1 
2  

1
1

1
12

+

−

n

n

 = – 1 
2
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35.(a) lim
x→0 

etanx – ex 
tanx –x  = lim

x→0 
 e

x(tanx–x–1)
tanx–x   = e0× 1 = 1

36.(c)  lim
x→∞ 

 x x x x2 28 3 4 3+ + − + +
 

  =   lim
x→∞ 

 
x x x x

x x x x

2 2

2 2

8 3 4 3

8 3 4 3

+ +( ) − + +( )
+ + + + +

   =  lim
x→∞ 

4

1
8 3

1
4 3

2 2

x

x
x x

x
x x

+ + + + +

  

   =  lim
x→∞ 

 
4

1
8 3

1
4 3

2 2
x

x x
x

x x
+ + + + +

 = 2

37.(c)   lim
x→∞ 

 
x
x

x−

+











3
2

 =   lim
x→∞ 

1
5

2
+

+









x

x

  =    lim
x→∞ 

1
5
2

2
5

5
2

+
−

+











+

−

−

+










x

x x
x
( )

 = e–5

38.(b)   lim
x→∞ 

 
x+x2 + x2 + ....+xn–n

x–1  = 5050.
  

  ⇒   lim
x→∞ 

 
(x–1)+(x2 –1) + (x3–1)+ .....+...+(xn–1)

x–1   = 5050.
 

  ⇒  lim
x→∞ 

(x–1)+[1+(x +1) + (x2+x +1)+ .....+(xn–1 + x2 +x +1)
x–1  

   = 5050.

  ⇒   lim
x→1 

 [n+(n–1) x + (n–2)x2 +.......+ xn–1] = 5050.
  
  ⇒ [n+(n–1) +(n–2) + .......+ 2 + 1] = 5050.
  ⇒ 1 + 2 + 3 +......+n = 5050.

  ⇒ 
n(n+1)

2  = 5050
 
  ⇒ n(n+1) = 10100 = 100 ×  101 ⇒ n = 100

 39.(d)  lim
x→0 

2 – 1+ cos x
sin2 x

  =  lim
x→0 

( 2 – 1+ cos x ) ( 2 + 1+ cos x )

sin2 x( 2 + 1+ cos x )

  =  lim
x→0 

2–1– cosx

(1–cos2x) ( 2  + 1+ cos x )

  =  lim
x→0 

 
1

(1–cosx) ( 2  + 1+ cos x )
 =  

1

4 2
 =  

2
8

40.(c) Let θ = ax2 + bx+ c = a (x– α)(x–β)
   θ → 0 as x → α

   and 1  – cosθ = 2sin2  
θ
2

   
   and  lim

θ→0 
sinθ = θ .....(i)

  =  lim
x→α 

  
2

2
2

2

sin
( )( )

( )

a x x

x

− −

−

α β

α  

  =  lim
x→α 

2 

a x x

x

( )( )

( )

− −









−

α β

α
2

2

2 by (i)
  
  
  =  2 

a2

4 (α – β)2 = 
1
2

a2 (α–β)2.

41.(a) lim
x→α 

 
e(x–α) (x–β)–1
(x–α)(x–β)

  (x– β)
  
   lim

y→0 
 

ey–1
y  .  lim

x→α 
 (x– β)

 = logee(α–β) = α – β
42.(b) sin(π cos2 x) = sin[π (1–sin2x)]
  = sin(π – π sin2 x) = sin(πsin2x]

   lim
x→0 

 sin(πsin2x)
x2  =  lim

x→0 
sin(πsin2x)

(πsin2x)
 π

sin x
x









  

2
= π

43.(d)  lim
x→1 

5
6











1–cos(x–1)
(x–1)2

 .........(i)
 
   Put x –1 = t  where t → 0 as x → 1

    lim
t→0  

1–cost
t2

 lim
t→0  

2sin2(t2/2)
t2

 
 

 =   lim
t→0  

 2
t2

 
t
2

2








  = 1

2
  ∴ lim

x→1  
 

5
6











1/2
 =  

5
6

 

44.(d) Put 8 + h = a3.  8 = b2 or 2 = b
   As h → 0 , b → a or, b–a  → 0 

   lim
h→0  

  1
h

1 1
a b
−









  = lim

h→0  
b–a
h.ab

  Multiply above and below by b2 + ab + a2

  lim
h→0  

 b3–a3

hab
. 1

b2 + ab + a2
 
  lim

h→0  
 8–(8+h)

hab
. 1

b2 + ab + a2

 = 1
b2 .3b2  = – 1

3.16
  = – 1

48

45.(b) lim
x→0  

  (4x –1)(3x–1)
(2cosx + 7) –9 

 lim
x→0  

( 2 7cosx+ + 3)

 =  lim
x→0  

  (4x –1)(3x–1).6
(2cosx –1)   

 = 6 lim
x→0  

  (4x –1)
x

 .  (3x –1)
x

.  x2

–2(1–cosx)
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 = –6log4. log3. lim
x→0  

 x2

4sin2(x/2)

 = – 6log4. log3.

46.(c) lim
x→∞  

 1 2

22

+
+

























+

+

ax b
x

x
ax b

ax b
x

 

 

 = e 
lim

x→∞  
a
b
x

+








 .2

 = e2a  = e2 (given)
 ∴ a = 1 could be any real constant  as lim

x→∞  
  b

x
 = 0.

  for any b  R.

47.(c) 

lim ( tan )

lim( sin )

tan

tan cos

sin

x
x

x x

x
x

x

x

→

→

+












+

0

1

0

1

1

1

ec

 =  e
1

e1  = 1

48.(d) R.H.L. =  lim
h→0

  3+h – 3
[3+h–3]

  =  h
|h|

 =   h
h

 = 1

   L.H.L.  =  lim
h→0

 3–h –3
[3–h–3]

  =  –h
|–h|

 =  – h
h

 = –1

   Since R.H.L. ≠ L.H.L
  ∴ Limit does not exist.

49.(a) Limit =   lim
x→2

 
1

2
2

42x
x

x+
+

−

−











   
   =  1

2
 + lim

x→2
  x–2

x . 2
  1

x x+( ) −( )2 2

   =  1
2

 + lim
x→2

 
x
x x x

−

+ +( ) −( )
2

2
1

2 2
.

   =  1
2

 + lim
x→2

x
x

x
x

−

+

−

+

2
2

2
2

.  =  1
2

50.(b) Limit =  lim
n→∞

 
1

1

+










−










b
a
b
a

n

n  = 1 because 0 < b
a

 < 1 implies 
b
a

n










   → 0 as n → ∞.
51.(a) Limit =  lim

x→0
 exloge3–1

x
  . x + +( )1 1

  =  lim
x→0

 1 3
3

2
1+ +

( )
+








−x

x

x

elog,
log

!
.....  × x + +( )1 1

  = (loge3) × 2  = loge9.

52.(a) Limit =  lim
x→0

 loge(1+x) +x2 –x
x2

    lim
x→0

 
x x x x x

x

− + −








 + −

1
2

1
3

2 3 2

2

.....
 = 1

2

53.(c) tr = 1
2

. 2r
(r2 +1)2 –r2  =  1

2

   
1

1
1

12 2r r r r− +
−

+ +









   

   =   1
2

1
1 1

1
1 1r r r r( )− +

−
−( ) +













 ∴ Σ
n

r = 1
tr Σ

n

r = 1
  1

2
 {f(r)} – f(r+1)}

  where f(r) =   1
r(r–1) + 1  

   =   1
2

 [f(1) – f(n+1) =  1
2

 1
1
1 1

−
+ +











( )n n
 
  →  1

2
 as n → ∞ .

54.(a) Limit  =   lim
x→0

 1–cosx
x2 . x

2x –1

  =  lim
x→0

 
2

2

4
2

1

2

2 2

sin
. log .

x

x

x
ex









− 
 

  =  lim
x→0

1
2

 
sin

.
log

log
!

........

x

x
x

x
x
ne
e

2

2
1 2

2
1

2














 + +

( )
+








−

 =  1
2

.  1
loge2

 =  1
2

logee

55. (b) Limit = (2–1)log1 = 10 = 1

56.(b)  lim
h→0

 sin
sin( )

h
h
+

+

0
0

 

 

    lim
h→0

 sin h
h









 h

1
sin h
h



















 
1

h  = 1

57.(b)  
lim

x→2 – 0 f(x) =   
lim

x→2 – 0 (x2 –1) = 22 –1 = 3 

   
lim

x→2 + 0 f(x)  =  
lim

x→2 + 0(2x + 3) = 7

 ∴ the required equation is x2 – (7+3)x + 7 × 3 = 0
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 ⇒	  x2 – 10x + 21 = 0
58.(b) g{f(x)} = {f(x)}2 +1, f(x) ≠ 2
               = 3,  f(x) = 2
  
  ∴ g{f(x)} = sin2 x + 1, x ≠ nπ
                 = 3,    x = nπ

   R.H. Limit  =   
lim

x→0 + 0g{f(x)}
  

 =   
lim

h→ 0 g{f(0+h)} =   
lim

h→ 0  {sin2 (0 + h) +1} = 1

59.(b) RH limit =   
lim

h→ 0 f(1+h) =  
lim

h→ 0 a (1+h) = a
   

   LH limit =  
lim

h→ 0  f(1–h) =  
lim

h→ 0  1
2

1+ −






a

h( )  = 1+ 2
a

   
lim

x→ 1  f(x)  exists ⇒ RH limit  = LH limit 
  
  ⇒ a = 1 +  2

a
 ⇒  a = 2, –1

 60.(a)  
lim

n→ ∞  an(1+n) –(1–n2)
1+n

  =   
lim

n→ ∞  (a–1)n2 + an –1
n+1

 = ∞, if a –1 ≠ 0
   

   If a –1 = 0,   
lim

n→ ∞  an–1
n+1

 = a = b
 
  ∴ a = b = 1.
61.(a) Solving the equation,  
  
   x =  αcos α – sinα

sinα–α 
 and y = α–xtanα

sinα

  ∴  
lim

α → 0 x =  
lim

α → 0   cos α – αsinα– cosα
cosα–1  

   [By L'Hospital's rule, when expression is in  0
0 

 form, then limit = 
d d N
d d D

/ ( )
/ ( )
α

α

′

′
].

 =   lim
α→0

 
α α

α
.sin

sin2
2

2
 lim
α→0

4
2

2
2

2

2

α α

α
α





















sin

sin .
 = 2

 
=   lim

α→0
 y = lim

α→0
 α–xtanα

sinα

=    lim
α→0

 
α

α αsin cos
−











x
 = 1 = 2  –1

 ∴ In the limiting position, P = (2,–1).

 62.(d)  lim
x→2

f(x) =  lim
x→2

   sin(ex–2–1)
log(x–1)

 
  =  lim

t→0
 sin(et–1)

log(1+t)
, putting x = 2 + t

  
  =   lim

t→0
 sin(et–1)

et–1
.  et–1

t
 .  t

log(1+t)
  =  1.1.1 = 1 (as t → 0, e' – 1 → 0)
63.(b) Putting cos–1 x ≡ y the given limit 
  

  =  lim
y→z

  
π −

+( )
y

ycos 1
 =  lim

y→z
π −











y

y2
1
2

cos

 =  lim
y→π

  π

π

−

−










y

y2
1
2

1
2

sin

 

 =  lim
y→π

 2
2

1
2

1
2

1
2

1
2

π

π

π+( )
−

−










y

y

y
.
sin

 

 =  
2

2 2
1

1
2.

.
π π

=

 
  [ as y → π.  1

2
 π –  1

2
y → 0].

64.(a) Putting x =  1
t

, the given limit 
   
   lim

t→0
  (sint) /t–1

t–1  =  1–1
0–1

 = 0 

65.(a) Given limit 
   

 =  lim
x→0

e e ex

x

x x( / ) log( )1 1

2

1
2

+ −

 =  lim
x→0

e e ex

x

x x x x x( / )1
1
2

1
3

1
4

2

2 3 4
1
2

− + −









− +

=    lim
x→0

e e x

x

x x x− + −( ) − +












/ / / ........2 3 4

2

2 3

1
1
2

= lim
x→0

  e x x x x x x1 2 3 4 2 3 2 1 22 3 2 2+ − + − + − + + − +


( / / / ....) ( / / .....) / ! .... / 
x2

=  lim
x→0

e [(1/3+1/8) + Terms containing x and its powers ] =  11e
24

66.(a) Putting x = y + π
4

   Given limit  =  lim
y→0

sin cosy y

y

+








 − +





























π π

4 4
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 =   lim
y→0

 2.
sin y

y








  = 2

67.(d) As x → 0, x is very small + ve or –ve 
  ∴ x +1 > 0 and x – 1 <  0
  ⇒  |x+1| = x + 1 and |x–1| = – (x–1) = 1 – x
  ∴ Given limit =  lim

x→0
  x+1 +(1–x) –2

x 
 = (0) = 0

68.(b) Given limit  =  lim
n→∞

 (4n  + 5n) 1/n

  = lim
n→∞

  5[{1(4/5n}(5/4)n] (1/n) (4/5)n

 
  = 5.e0 = 5 ( (4/5)n → 0 as n → ∞)

69.(b) Limit  =   lim
n→2

 1
2

 1
1
3

1
3

1
5

1
2 1

1
2 3

−








 + −









 + +

+
−

+



















.....

n n
 

 =  lim
n→∞

 1
2

 1
1

2 3
−

+









n

  =  1
2

. 1 = 1
2

.

70.(a)  lim
x→0

x

x

2

2

1 1

9 3

+ −

+ −
 lim
x→0

 x2 + 1 –1
x2 + 9 –9

 × 
x

x

2

2

9 3

1 1

+ +

+ +

    lim
x→0

 
x

x

2

2

9 3

1 1

+ +

+ +
  6

2
 = 3

71.(a)  lim
x→0

ex2 – cos x
x2 

=  lim
x→0

e

x
x

x

x2
1 1

2 2

−

 



+

−( )
















cos

   lim
x→0

ex2 –1
x2 

+ lim
x→0

 1–cosx
x2 

 = 1 + lim
x→0

 
2

2

4
2

2

2

sin

.

x

x






 

  = 1 + 1
2

 = 3
2

.

72.(b) lim
x→0

 
2 2 6

2 2

3

1

x x

x x

+ −

−

−

− −
 = lim

x→2
 

2 6 2 2

2 2

2 3x x

x

( ) + +

−−

.

  [Multiplying N' and D' by 2x]

  lim
x→2

2 4 2 2 2 2

2 2 2 2

x x x

x x

−( ) −( ) +( )
−( ) +( ) 

  lim
x→2

  
2 4 2 2 2 2

2 4

x x x

x

−( ) −( ) +( )
−( )

  lim
x→2

(2x –2) ( 2 x + 2)  = (22 – 2) (2+2) = 8

73.(c) lim
x→0

 1–cos2x
xsinxcosx

   lim
x→0

 (1–cosx) (1+cosx + cos2x)
xsinxcosx

   lim
x→0

2 2

2
2 2

12 2sin /

. sin cos

cos cos

cos
x

x
x x

x x

x
( )





















×
+ +( )

 =  lim
x→0

 
2

2

2
2

1

2

2sin cos cos

cos cos

x

x
x x
x

x





















×
+ +











 =  1
2

×3 = 3
2

74.(a)  lim
x→0

1–cosx (1–cosx)
x4 = lim

x→0
1–cos(2sin2x/2)

x4

 =  lim
x→0

2sin2(2sin2x/2)
x4   = 2 lim

x→0
 

sin(sin / )2

2

2
2x

x













 = 2 lim
x→0

 
sin(sin / )

sin /
sin /

/

2

2

2

2

2
2

2
2

4
1
4

x
x

x
x

× ×












 = 2
1
4

2








 =

1
8

75.(c)  lim
x→∞

x tan tan− −+

+
−

+











1 11
2 2

x
x

x
x

  =  lim
x→∞

xtan–1

x
x

x
x

x
x

x
x

+

+
−

+

+
+

+ +



















1
2 2

1
1
2 2

.

  

  =  lim
x→∞

xtan–1
x

x x
+

+ +











2
2 5 42

  =  lim
x→∞

tan−
+

+ +










+

+ +



















1
2

2

2
2 5 4

2
2 5 4

x
x x
x

x x

× x(x+2)
2x2 +5x+4

  = 1× 1
2 = 1

2

76.(b) lim
x→∞

 sinxn 
(sinx)m = lim

x→0
sin

sin
x
x

x
x

x
x

n

n

n

m

m
































  =  lim
x→∞

xn–m  = 0 [m < n]

77. (c)  lim
x→1

(1–x)  tan 
π x
2









  =  lim

h→0
 – h  tan

π π

2 2
+











h
 

  

 =  lim
x→1

h cot 
πh
2









  =  lim

h→0
h

h
tan

π

2
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 = 2

π  lim
h→0

 πh/2 
tan(πh/2)

= 2
π

78.(b)  lim
x→0

x(5x–1)
1–cosx

 = lim
x→0

5 1

1
2

x

x
x

x

−









− cos
= 2 log5

79.(d) Let f(x) =  e1/x–1
e1/x+1   

  Then  lim
x→0

f(x)  =  lim
h→0

 f(0+h) =  lim
h→0

 e1/h–1
e1/h+1

 =   lim
h→0

 1–e1/h

1+ e–1/h  = 1

  and  lim
x→0

f(x) =  lim
h→0

 f(0–h) =  lim
h→0

e1/h–1
e1/h+1  = –1

  Hence,   lim
x→0

f(x) does not exist.

80.(a)  lim
x→∞

 x x x x+ + −





   = lim
x→∞

 x x x x

x x x x

+ + −

+ + +
   

   =  lim
x→∞

  x x

x x x x

+

+ + +
   

   =  lim
x→∞

 
1

1 1

1 2

1 3 2

+

+ + +

−

− −

x

x x

/

/
 = 1

2

81.(a) We have,  lim
x→0

 ax –bx

x

     lim
x→0

a
x

b
x

x x−










−

−























1 1

   = log(a)  – log(b) = log 
a
b









  

82.(d) We have f(x) =  |x+π|
sinx

 ∴ lim
x→–π f(x) f(–π–h) =  lim

h→0  |π–h + π |
sin(–π –h)

 = –  log
h→0  h 

sin(π +h)  =  lim
h→0

h 
sinh   = 1

 

 and  
lim

x→–π+f(x) = lim
h→0 f(–π+h)

  
 =  lim

h→0  |–π–h + π |
sin(–π –h)  = –  lim

h→0
h

sinh  = –1
   
  Hence,  lim

x→–πf(x)  does not exist.

83.(c) We have,  lim
x→0  

1
1

2−

−

cos x
cox

lim
x→0  2 2

2 2

2 2

2
sin ( / )
sin /

x
x

 = 
1
2

   lim
x→0  

sin /
/

sin /
/

x
x

x
x

2

2
2

2
2

2





















. x 2/2
x 2/4   = 2

84.(c)   lim
x→0  

logx –1
x–e    lim

h→0  log(e + h)– loge 
e+h –e

 

 =   1
e   lim

x→0  
log

/

1+








h
e

h e
 =  1

e  = e–1

 85.(a)   lim
x→0   etanx – ex 

tanx –x
 =  lim

x→0    ex[etanx – x –1] 
tanx –x

    lim
x→0  ex . lim

x→0  etanx – x 
tanx –x

 = e0× 1 = 1

86.(c)  lim
n→∞ (1+x) (1+x2) ......(1+x2n )

 

 =  lim
x→∞

1
1

1 1 1 12 2

−
− + + +







x

x x x x n( )( )( ).....( )

 =  1
1–x  lim

n→∞ (1–x4n) =  1
1–x (1–0)

 
 =  1

1–x  [  lim
n→∞x4n = 0 ]

87.(b) lim
n→∞    1–2+3–4+5+ 6+......–2n

n n2 21 4 1+ + −
   

  =  lim
n→∞  

1 3 5 7 2 1 2 4 6 2

1
1

4
1

2 2

+ + + + + −[ ]− + + + +

+ + −

.... ( ) ( .... )n n

n
n

n
n 

 

  =  lim
n→∞  

n
n

n
n

n
n n

2
2 1 1 2

2
2 2 1 2

1
1

4
1

2 2

. ( ). [ . ( ). ]+ −[ ]− + −

+ + −










  

  =  lim
n→∞

n

n
n n

1
1

4
1

2 2+ + −












 
  

  =  lim
n→∞  

−

+ + −

1

1
1

4
1

2 2n n

  = –1 
1+2   = –1 

3   

88. (c)  lim
n→∞  x + cosx

x+sinx  =  lim
h→0  

1 1

1 1
h h

h h

+




















cos

_ sin  
  [Putting x =  1 

h , as x  → ∞, h → 0]
 

  =   lim
h→0

1
1

1
1

+

+

h
h

h

cos

sin
 = 1+0

1+0  = 1
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  [ –1 ≤ sin 1 

h  ≤ 1 and –1 ≤ cos 1 
h  ≤ 1

  [ when h → 0 , h cos 1 
h  → 0  and h sin  1 

h  → 0]
89.(a)   lim

n→∞   n! 
(n+1) ! –n!   lim

n→∞   n! 
(n+1) n! –n!  

 =   lim
n→∞   1 

n+1–1   =  lim
n→∞   1 

n   = 0

90.(a)  lim
n→∞  

1
1
2

1
2

1
2

1
1
3

1
3

1
3

2

2

+ + + +

+ + + +

.....

.....

n

n

 =  lim
n→∞

1
1

2
1

1
2

1
1
3

1
1

3

1

1

−

−
×

−

−

+

+

n

n

  lim
n→∞   4 

3 . 
1

1
2

1
1
3

1

1

−










−










+

+

n

n
 = 4 

3 . 1– 0 
1+0   = 4 

3 

 
 = [ xn+1 → 0 as n → ∞  if 0 <  x < 1] 

91.(c) lim
n→∞

1 1 2 1

n
e
n

e
n

e
n

n n n n
+ + + +













−. / ( )/
.....

   

   lim
n→∞  

1 1 1 1 1+ + + +











−e e e
n

n n n n n/ / /( ) ..... ( )

   lim
n→∞

1 1

1

1

1

. /

/

e

n e

n n

n

( ) −





−( )
 = (e–1) lim

n→∞
1

1
1

1e
n

n/

/
−









 

 = (e–1) × 1  = (e–1)
92.(c) lim

n→∞ (sin x +1  – sin x )

  =  lim
x→∞  2 cos x +1  +  x  

2
. sin x +1  –  x  

2

  =  lim
x→∞  2cos x +1  +  x  

2
  sin 

1
2 1x x+ +( )

  = 2 × (some number between – 1 and 1) ×  sin θ = 0.

93.(b) For x > 0  x < x < 1, ∴  x
x+1  <  1 

 

  ∴ sec–1 
x

x +








1

 is not defined.
  

   Hence   lim
x→∞  sec–1 

x
x +









1

  does not exist.

94.(b) lim
n→∞  (1+x) (1+x2) (1+x4) ......(1+x2n)

  
   lim

n→∞  (1–x) (1+x) (1+x2) (1+x4) .......(1+x2n)
1–x

  lim
n→∞  

(1–x2) (1+x2) (1+x4)......(1+x2n) 
1–x

   lim
n→∞

1–x4n

1–x  = 1
1–x , for |x| < 1.

95.(c)  lim
x→y  x

9/2 – y9/2

x5/2 – y5/2  = 

lim

lim

/ /

/ /
x y

x y

x y
x y

x y
x y

→

→

−

−
−

−

9 2 9 2

5 2 5 2

  [  x → y ∴ x – y ≠ 0]

  

9
2
5
2

2
1

5
2

1

y

y

a
−

−
 [∴ lim

x→a   xn – an

x – a  = n.an–1]

 

  =  9
5 y 

a
2  

–
 

5
2  =   9

5 y2

96. (c)  Let 1+ x = z. Then z→ 1 when x → 0.
  ∴ lim

x→0   (1+x)1/2 –1
(1+x)1/2–1   =  lim

x→1  z1/2 –1
z1/3–1  

  =  lim
z→1  

z
z

z
z

1 2

1 3

1
1
1

1

/

/

−

−
−

−

 [  z → 1, ∴ z –1 ≠ 0]
 
  
  

  = 
lim

lim

.

.

lim

/ /

/ /
z

z

x

z
z

z
z

→

→

−

−

−

−
−

−

= ∴1

1 2 1 2

1

1 3 1 3

1
2

1

1
3

1

1
1
1
1

1
2

1

1
3

1
→→

−−

−
=











a

n n
nx a

x a
na 1

 

 
 

 =  

1
2
1
3

 =   3
2

97.(b)  lim
x→y  sin2x – sin2y

x2 –y 2

    lim
x→y  (sinx + siny) (sinx – siny)

(x+y)(x–y) 

  =   lim
x→y

(sinx + siny) 
x+y .   lim

x→y

2 cos  x+y
2

 sin  x–y
2

x–y 

  (siny + siny) 
y+y . lim

x→y  cos  x+y
2   lim

z→0   sinz
z

  [Where z =  x–y
2 , clearly z → 0 when x → y ] 

  
 =  2siny

2y .cos y+y
2 .1  =  2sinycosy

2y  = 2siny
2y .

98.(a) lim
x→0  sinx

loge(1+x)1/4 = lim
x→0

sinx
 14loge (1+x)

  

  = 4 lim
x→0

sin

log ( )

x
x
xe 1+

[  x → 0  ∴ x ≠ 0]
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  = 4. 
lim

sin

lim
log ( )

x

x
e

x
x
x

x

→

→

+
0

0

1  = 4. 
1
1  = 4.

99.(b) lim
h→0   cos(x+h) – cosx

h  =  lim
h→0

2
2

2 2
sin sin

x h h

h

+
−










  = – lim
h→0  sin x

h
+









2

 .  lim
h→0   sin 

h
2

 h
2

 = – sinx  lim
z→0  sinz

z 
  [ where z = 

h
2  clearly, z → 0  when h → 0]

  = – sinx.1 = – sinx

100.(b) lim
x→0   

cosecx – cotx 
x  = lim

x→0  
1
x

1
sin

cos
sinx

x
x

−










 

   lim
x→0  1–cosx

xsinx  = 
lim

cos

lim
sin

x

x

x
x

x
x

→

→

−
0 2

0

1

 = lim
x→0   ∴

2
2 1

2

2 0

sin
lim

sin
x

x
x

xx
∴ =








→

 

 =  lim
sin

x

x

x→

















0

2
2

2

2

. 1
2  = lim

sin
x

u
u→











0

2

. 1
2  

  [where u = x
2 ; clearly, u → 0 when x → 0 ]

 = 12 . 1
2   = 1

2  .

101.(c) lim
x

x
−

−








π

π

2
2

tanx.

   
   Let, π

2  –x = z. ∴ x =  π
2  – z . So, x →  π

2 , z → 0

 =   lim
z→0  z tan

π

2
−









z

 =   lim
z→0 z cotz =    lim

z→0  
cosz 
sinz  

z
 =  1

1  = 1

102.(b)  lim
x→a   x sina – a sin x

x–a  

  = lim
x→a   x sina – a sin a + a sina – asinx

x–a

  = lim
x→a   sina – a lim

x→a   sinx – sin a
x–a

  = sina – a lim
x→a  2cos x+a 

2
  sin x–a 

2
 

x–a
 

  =  sina – acosa

103.(b)  lim
x→∞ 1 2+ + −





x x x  

  Let, x =  1
z    ∴ z =  1

x , x → ∞ , z → 0

  =   lim
z→0 

1
1 1 1

2+ + −










z z z

  =   lim
z→0 

z z

z

2 1 1+ + −( )

  =   lim
z→0  

z z

z z z

2

2

1 1

1 1

+ + −( )
+ + +( )

 =  lim
z→0  

z z

z z z

+( )
+ + +( )

1

1 12

 

  =   lim
z→0 

z

z z

+

+ + +

1

1 12
[  z ≠ 0] = 1

2

104.(b)  lim
x→4  

3 5
1 5
− +

− −

x
x

  =  lim
x→4  

3 5 3 5 1 5

3 5 1 5 1 5

− +( ) + +( ) + −( )
+ +( ) − −( ) + −( )

x x x

x x x
  

  =  lim
x→0  

9 5 1 5

3 6 1 5

− −( ) + −( )
+ +( ) − +( )

x x

x x

  =  lim
x→4  

− + −( )
+ +

1 5

3 5

x

x
	 = –2

6  = – 1
3

105.(d)  lim
x→0  

cos9x – cos7x
cos7x – cos5x

  = lim
x→0  

2sin8x sin(–x)
2sin6x sin(–x)  =  lim

x→0 

sin8x
8x .8

sin6x
6x .6

 =  8
6  =  4

3 .

106.(a)  lim
x→0   

ex2 –cosx
x2  =  lim

x→0 
ex2 –1 + 1– cosx

x2
 
  =  lim

x→0   
ex2 –1

x2  +  lim
x→0 

1– cosx
x2

  =  1 +  lim
x→0 

1–1+ 2sin 2x
2

 x2 

 = 1+ lim
x→0 

sin x
2
x
2

. 
sin x

2
x
2

 . 1
2  = 1 + 1

2  = 3
2

107.(d) Right hand limit lim
x→1+ f(x) =  lim

x→1+  
x2 –1
|x–1|  

 = lim
x→1+ 

(x+1)(x–1)
(x–1)  (  x –1 > 0)

  
 = lim

x→1+ (x+1) = 2
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  Left hand limit  = lim
x→1– f(x)

 
 = lim

x→1–  
x2–1
|x–1| = lim

x→1–  
(x+1)(x–1)

–(x–1)  
 
 = lim

x→1–  (x+1) = – 2
 
   Left hand limit ≠ Right hand limit 
 
 ∴ lim

x→1 f(x) does not exist.

108.(d) Given limit is equal to lim
x→0 

x

x x

2

2 2

9 9

9 3

+( ) −
+ +( )

 

 =  lim
x→0  

1

9 32 2x x + +
 = 1

6

109.(b)  
lim

x→ –1  
cos2 – cos2x

x2 – |x|  =  
lim

x→ –1  
cos2 – cos2x

x2 + x

 =   
lim

x→ –1 
2sin(x+1)sin(x–1)

x(x+1)

 =   
lim

x→ –1 
sin(x+1)

x+1   
lim

x→ –1 
2sin(x–1)

x

 =  1. 2sin(–2)
(–1)

 = 2sin2.

110. (a)  lim
x→0 

sin(x2 + 4x)
x3 –5x2 + 2x

 =   lim
x→0 

sin(x2 + 4x)
(x2 + 4x) . lim

x→0  
x2 + 4x

x3 –5x2 + 2x

 =   1. lim
x→0 

x(x + 4)
x(x2–5x+ 2)  [Since x → 0 ∴ x ≠ 0]

  
 =  0+4

0–5.0+2  =  4
2 = 2

111.(c) Let A = lim
y→0 

e x
x

x − −











1
2 ; let us put x = 2y 

 

  ∴ A =  lim
y→0 

e y
y

y2

2
1 2

4
− −











 
 =  lim

y→0  
(ey –1)2 + 2ey – 2 – 2y

4y2

 =  1
4   lim

y→0  
e
y

y2 2
1−











 +  1
2  lim

y→0   
ey –1–y

y2
  
 ∴ A = 1

4  (1)2 + 1
2 A. i.e. A = 1

2 .

112.(c) Putting x =   1
t ;  lim

x→∞ f(x) = lim
t→0  

1 1

1 12

t t

t t

−









+



























sin

cos

   = lim
t→0  

1 1

1 12

t t

t t

−









+



























sin

cos
 

  

  = 
1 0
1 0
−

+











.(a finite value)

.(a finite value)
 = 1

 

  [Since sin 
1
t







  and cos

1
t







   tend to a finite value between –1 and 

  1 when t → 0 ].

113.(a) Putting x = 1
t , the given limit 

  =  lim
t→0  

 (sint)
t  –1

 t–1
 = 1–1

0–1  = 0

114.(d) Given limit  =  lim
t→∞  

1
1

2
1

1 0
2 0

2−










+
=

−( )
+

x

x

 = 1
2  .

115.(a) Putting x = y + π
4 ; the given limit 

  

 =  lim
y→0 

sin cosy y

y

+








 − +





























π π

4 4

 
 
 =  lim

y→0 ( 2  .sin y
y ) = 2 .

116.(b) The given limit  = lim
t→∞   sin n

n
π 1

1
2

1
2

+


























  = lim
n→∞   sin n

n n
π 1

1
2

1
82 4+ − +






















......  

 

  = lim
n→∞   sin n

n n
π

π π
+ − +







8 3 ....

  = lim
n→∞   (–1)n sin π 

1 1
8 3n n

− +








....   = 0

117.(b)  lim
h→0+ 

A
p3 = lim

h→0+  
h hr h

hr h hr

2

2 2

2

2
3

−

− +



 

 =   lim
h→0+ 

h h r h

h h r h r

2

2 2
3

−

− +



.

 =  lim
h→0 

2

2 2

2
8 2 23 3

r h

r h r

r
r

−

− +





=
( )

 = 1
128r   



288chapter - 24 limit

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

coMpLeTe soLuTIon  To 

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

118.(b)  lim
n→∞ 

3n + 2n

3n – 2n   =  lim
n→∞  

1
2
3

1
2
3

+










−










n

n
 [Dividing by 3n]

  
    

  = 1+0
1–0  [  2

3  < 1∴ 
2
3











n

 → 0 as n → ∞] = 1

119.(a) We have,  lim
x→∞  

x
x

ax b
2 1

1
+

+
− −













 = 0

  

 ⇒   lim
x→∞  

x ax b x

x

2 1 1

1

+( ) − +( ) +( )
+

 = 0

 
 ⇒  lim

x→∞   
x2 (1–a) – (a+b)x–b+1

x+1  = 0
 
 ⇒  1 – a = 0 and a+ b = 0 ⇒ a = 1 and b = –1

120. (b)  lim
x→0  

27x  –9x – 3x +1
2  – 1+ cos x  

  =  lim
x→0 

9x.3x – 9x – 3x +1

2 – 2  cos x
2

  

  =  lim
x→0  

9 1 3 1

2 1
2

x x

x
−( ) −( )
−









cos

  

  =  lim
x→0 

9 1 3 1 1
2

1

2
4

2

2

x x

x x
x x

−











−











. . . .
sin

 

  =  lim
x→0 

9 1 3 1 1
2

16

4

2

2

x x

x x

x

x
−











−





























. .
sin

.8

 
  

  =   8
2

(log 9) (log 3) = 8 2  (log3)2.

121.(a)  lim
x→3 loga

x
x
−

+ −











3
6 3

  

  =  lim
x→3 loga

x x

x

−( ) + +( )
−( )















3 6 3

3
  
  =  lim

x→3  loga  ( x + +6 3 ) = loga
6.

122.(b)  lim
x→2  

3 10 2
2

− −

−

x
x

=  lim
x→2 

10 8
2

1
3

1
3−( ) −

−

x
x

  =  lim
x→2 

( )10 8

10 8 8 10
2
3

2
3

1
3

1
3

− −

−( ) + + −( )

x

x x

. 1
x–2

   
  [Using a – b = a3 – b3

a2 + b2 + ab ] 

 = – 
1

8 8 8
2
3

2
3

2
3+ +

 = – 1
12

123. (a)  lim
x→–1 

x

x x

+

+ +

1

6 3 32

  = lim
x→–1  

x+1
3(1–x)2  6 3 32x x+ −





  = lim
x→–1  

x+1
3(1–x)  6 3 32x x+ −





  = 1
3.2 (3+3) = 1

124.(a)  lim
x→ 0  co .cot cot cos

cot
sec

sec ec3 3
4

2x x x x
x

− +












 

  =  lim
x→ 0 

cos
sin

cos
sin

cos
sin

x
x

x
x

x
x4

3

4

5

4
2

− +










  

  

  =  lim
x→ 0  

cosx(1–cos2x)2

sin4x  = lim
x→ 0  cosx = 1

125.(d)  lim
x→ 0 f(x)

 = lim
x→ 0  

a ax x a ax x
a x a x

2 2 2 2− + − + +

+ − −
 

 = lim
x→ 0 

(a2 – ax + x2) – (a2 + ax  + x2)
(a+x) – (a–x) × 

a x a x

a ax x a ax x

+ + −

− + + + +2 2 2 2

 = lim
x→ 0 

–2ax
2x 

 × 
a x a x

a ax x a ax x

+ + −

− + + + +2 2 2 2

 = –a 
2
2

a
a

 =  – a

126.(a) Since lim
x→0  f(x) exists

 ∴	  lim
x→0+  f(x) =  lim

x→0–  f(x)  

 ⇒  lim
x→0  

sin(2k –3)x
4x  =  lim

x→0 
tan(3k –4)x

2x  

 ⇒ 2k – 3
4  = 3k –4

2  i.e. 4k – 6 = 12k – 16 

 ∴ k = 5
4  

127.(b)  lim
x→1

x7 – 2x5 + 1
x3 –3x2 + 2 
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 =  lim
x→1

x5 (x2– 1)–(x5–1)
x2 (x2– 1)–2(x2–1)

 =  lim
x→1

x5 (x + 1)–(x4+ x3 + x2 + x +1)
x2–2(x2–1)

 

 = 1(1+1) – (1+1+1+1)
1–2(1+1)

 = –3
–3 = 1

128.(a)  lim
x→3  

x
x x

−

− − −











3
2 4

  =  lim
x→3  

x x x

x x

−( ) − + −





−( ) − −( )
3 2 4

2 4
  

  =  lim
x→3  

x x− + −
=

− + −2 4
2

3 2 4 3
2

  =   1+1
2  = 1

129.(a)  lim
x→0  x

tan–12x  = 1
2   lim

x→0
2x

tan–12x  =  1
2  × 1 =  1

2  

130.(a)  lim
x→0  2x2 – 4x + 7

3x2 + 5x – 4

  = lim
x→∞  

2
4 7

3
5 4
2 3

3

− +

+ −

x x

x x

 2–0+0
3+0–0  =  2

3



Chapter - 25
continuity

290

1.(d) f(x ) = |x–2| , f(2) = |2–2| = 0

   f (2+0) =  lim
h→0 f (2+h) = lim

h→0 | 2+h – 2| = 0  
   
   f (2–0) =  lim

h→0  | 2–h–2| = 0
 
 ∴	 	 f(2+0) = f(2–0) = f (2) = 0
   Function is continous at x = 2.
2.(d) The function f will be continuous at x = 0
   If f(0) = lim

x→0 f(x) = lim
x→0

log(1+ax) –log(1–bx
x  

 =  lim
ax→0

log(1+ax)
ax  (a)+ lim

hx→0 log(1–bx)
–bx   (b) = a+b

3.(b) The function f(x) = (1+x)1/x will be continuous at x = 0 if 
     lim

ax→0f(x) =   lim
x→0 (1+x)1/x = f(0)

  

  ⇒ e
lim

x→0  
1
x  log(1+x) = f(0) ⇒ e

lim
x→0  

1
x  

x
x

− +












2

2
.....

  = f(0) ⇒ e = f(0)

4. (c) f(x) = 
x x

x
x
x

2

2
4 3

1
2 1

1
− +

−
=

≠.

  f(1+0 ) = lim
x→ 1+0  f(x) = lim

h→ 0  f(1+h)

   lim
h→ 0  

(1+h)2 – 4(1+h) + 3
(1+h)2 –1

 

   lim
h→ 0 

h2 + 2h +1– 4–4h + 3
1+h2 +2h –1

  lim
h→ 0 

h(h–2)
h(h+2)

  = –1
  

  and f(1–0) = 
lim

h→ 1→ 0  =  lim
h→ 0 f(1–h)

  
 =  lim

h→ 0  
(1–h)2 – 4(1–h) + 3

(1+h)2 –1
 = lim

h→ 0  
1+h2–2h–4+4h + 3

1+h2–2h –1

 =  lim
h→ 0 

h(h+2)
h(h–2)

 = –1
 
 ∴ f(1+0) = f(1–0) = –1 ≠ f (1) = 2
 
 ∴	 f(x) is discontinuous at x = 1.

 5.(c) f(x) = 
sin

cos ,
x

x
x x

x

+ ≠

=







0

2 0
 ∴ f(0) = 2.

 

  f(+0) =  lim
h→ 0 f(0+h) =  lim

h→ 0 
sin(0+h)

0+h  + cos(0+h)
  
 =  lim

h→ 0  
sinh

h
 + cosh = 2.

   
  f (–0) =  lim

h→ 0 f(0–h) =  lim
h→ 0 

sin(0–h)
(0–h)  + cos(0–h)

 =  lim
(–h)→ 0  

sin(–h)
(–h)  + cosh = 2

  

 ∴ f (+0) = f (–0) = f(0) =  2
 ∴ f(x) is discontinuous at x = 0.

6. (c) f(x) = 

x x

x

x x

− <

=

>











1 0
1
4

0

02

,

,

,
   
   f (+0) =  lim

h→ 0  f (0+h) =  lim
h→ 0 (0 +h)2 = 0

   f (–0) =  lim
h→ 0  f (0–h) =  lim

h→ 0 (0 –h)  =  – 1
  
 ∴ f(+0) ≠ f(–0) ≠ f(0).
 ∴ f(x) is discontinuous at x = 0.

 7.(b) f(x) = 
sin

,

,

2
5

0

0

x
x

x

k x

≠

≠







  f(x) is continuous at x = 0, then  lim
x→ 0 

sin2x
5x

  = f(0)
 

 ⇒  lim
x→ 0 

2
5

  
sin 2

2
x

x








   = k ⇒ k = 2

5
 .

8.(b) f(x) = 
| |x a
x a

x a

x a

−

−( )
≠

=







 1

  

   lim
x→ a f(x)  = lim

x→ a  
|x–a|
(x–a)

  = lim
x→ a 

± (x–a)
(x–a)

 = ± 1
 
 ∴ lim

x→ a f(x) does not exist.
 
 ∴ f(x) is a discontinuous at x = a.

9.(c) f(x) = 
1 0

3
4

2
2
9

3
4

,

sin

< <

< <










x

x x

π

π
π

   f(x) is not defined at x = 0  and x = π. 

  f 
3
4
π







   =  1 and 

  f 
3
4

0
π
+











lim
h→ 0  f 

3
4
π
+









h  = lim

h→ 0   2sin 2
9

  
3
4
π
+









h  

 

  =  lim
h→ 0  2 sin 

π

6
2
9

+








h   =  2sin π

6
 =  2. 1

2
 =  1 and 

  

   f 
3
4

0
π
−









  = lim

h→ 0  f 
3
4
π
−









h   =  lim

h→ 01= 1
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  ∴f(x) is continous at x  = 3π
4

.

10. (a) f(x) = 
x x x

x x

sin

sin( )

0
2

2 2

< ≤

+ < <










π

π
π

π
π

 
  f(x) is not defined at x = 0 

  f
π

2








  = π

2
 sin π

2
 =  π

2

  

  f
π

2
0+









 = lim

h→ 0 f 
π

2
+









h  =  lim

h→ 0
π
2

sin π
π

+ +








2

h

 =  lim
h→ 0

π
2

(–cosh) = – π
2

.
 

  f 
π

2
0−









  = lim

h→ 0 f 
π

2
−









h   =  lim

h→ 0
π

2
−









h   sin

π

2
−









h   

 

 =   lim
h→ 0  

π

2
−









h cosh = π

2

 ∴	  f 
π

2








  = f 

π

2
0−









   ≠ f 

π

2
0+











  f(x) is discontinuous at x = π
2

.

11.(a) f(x) = 

1 4
0

0

16 4 0

2
−

<

=

+ − >
















cos

,

( )

x
x

x

x
a

x

x x

 
   If f(x) is continuous at x = 0, then 

    
lim

x→ 0–f(x) =  
lim

x→ 0+f(x) = f(0) = a

  ∴  
lim

x→ 0– 1– cos4x
x2   = a ⇒  

lim
x→ 0  2sin22x

x2  = a

  ⇒   
lim

x→ 0 8 
sin 2

2

2x
x









  = a ⇒	a = 8

 

  and  
lim

x→ 0+
x

x16 4+( ) −
  = a 

  

  ⇒	
lim

x→ 0  
x x

x

16 4

16 16

+( ) +





+ −
 = 8 ⇒ a = 8.

12.(d) f(x) = 

ax b x
x

x x

2 0 1
2 1

1 1 2

− ≤ <
=

+ < ≤









,

  If f(x) is continuous at x = 1.
  f(1+0) = f(1–0) = f(1) = 2

 ∴ f(1–0) =  
lim

h→ 0  f(1–h) = 2

 ⇒  
lim

h→ 0 a (1–h)2 – b = 2 ⇒ a–b = 2.
   
  All options satisfy a – b = 2.

 13.(b) f(x) = 
x x

x x

x

−
≠

=







| |
,

,

0

2 0

 
 

   
lim

x→ 0  f(x) =  
lim

x→ 0
x–|x|

x
   

lim
x→ 0

x ± x
x

  = 0.2

   
lim

x→ 0  f(x) does not exist.
 
 ∴ f(x) is discontinuous at x = 0.
14.(b) If f(x) = x4–16

x–2
 , x ≠ 2

   
    = 16,  x = 2.

   
lim

x→ 2 f(x) =  
lim

x→ 2  x4–16
x–2

 =  
lim

x→ 2  (x2+4) (x+2) (x–2)
x–2

 

 =  
lim

x→ 2 (x2 + 4) (x +2) = 32. ∴  
lim

x→ 2 f(x) ≠ f(2)
 
 ∴ f(x) is discontinuous at x = 2.

15.(b) f(x) = 
x x

x x

2 1
5 1
,

,
≤

− >







  f(1+0) = 
lim

h→ 0  f(1+h) =  
lim

h→ 0 (1+h – 5) = – 4
 

  f(1–0) =  
lim

h→ 0  f(1–h) = 
lim

h→ 0 (1–h)2 = 1. f(1) = 1. 
 
 ∴ f(1+0) ≠ f(1–0) = f(1)
 ∴ f(x) is discontinuous at x = 1.

16.(d) f(x) = 

x x
x

x x

+ <
=

− >









λ 3
4 3

3 5 3
,

,

   If f(x) is continuous at x = 3, then

    
lim

x→ 3– f(x) = f(3) ⇒  
lim

h→ 0 f(3–h) = 4
 

 ⇒   
lim

h→ 0 (3–h+λ) = 4 ⇒ 3+ λ = 4 ⇒ λ = 1.
 

17. (b) f(x) =  

( | sin |) | sin |
,

tan
tan

1 6 0

0

0 6

2
3

+ − < <

=

< <














x
a
x x

b x

e
x
x

π

π
π
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  If f(x) is continuous at x = 0, then 
  f(+0) = f(–0) = f(0) = b
  f(+0) = b ⇒ 

lim
h→ 0  (0+h) = b ⇒ 

lim
h→ 0 etan2h/tan3b = b

 ⇒  
lim

h→ 0 e
h
h

h
h

tan
tan

2
2

1
3

3
3


















  = b ⇒	e2/3 = b

  f(–0) = b ⇒  
lim

h→ 0 f(0–h) = b
 ⇒  

lim
h→ 0 (1+|sin(0–h)|)a/sin(0–h)| = b

 ⇒  
lim

h→ 0 (1+|–sinh)|)a/–sinh)| = b

 ⇒  
lim

h→ 0 (1+sinh)|)a/sinh)| = b ⇒	 
lim

h→ 0  [(1+x)1/x]a
  = b,

  
  [Put sinh = x] ⇒ ea = b = e2/3 ⇒ a = 2/3.

18.(d) f(x) = 
sin

1
0

0
x x

k x

≠

=







  If f(x) is continuous at x = 0.

   
lim

x→ 0  f(x) = f(0) = k ⇒  
lim

x→ 0 sin 1
x

 = k ⇒ ± 1 = k

19.(a) f(2) = 2 × 2 – 3 = 1.

   f(2+0) =  
lim

h→ 0  f(2+h) = 
lim

h→ 0 2(2+h)–3 = 1
   

  f(2–0) =  
lim

h→ 0  f(2–h) = 
lim

h→ 0 (2–h–1) = 1

  f(x) is continuous for all x.
20.(c) The function f(x) is continuous at x = 1, 3.
   f(1) = 1 + sin π

2
. 1 = 2

 

   f(1+0) = 
lim

h→ 0 f(1+h) = 2 ⇒  
lim

h→ 0 a(1+h) + b = 2 

 ⇒	 a + b   = 2 .....(1)
  f(3) = 6tan π

12
 .3 = 6.

  f(3–0) =  
lim

h→ 0 f(3–h) = f(3) ⇒   
lim

h→ 0 a(3–h) +b = 6
 ⇒ 3a + b = 6 .....(2)
  On solving (1) and (2), a = 2, b = 0.
21.(c) If f(x) is continuous at x = 0.

    
lim

x→ 0 f(x) = f(0) ⇒	
lim

x→ 0  x sin 1
x

 = k ⇒ 0 = k

 22.(c) We have, f(x) = 4–x2

x(4–x2)
 . Clearly, there are three points of 

   discontinuity viz. 0,2,–2 because f(x) does not exist for these  
 three values of x.

23.(a) For f(x) to be continuous at x = 0, we must have 

    
lim

x→ 0 f(x) = f(0) ⇒  
lim

x→ 0
9 1 4 1

2 2 22

x x

x

−( ) −( )
− cos /

 = k
  

 ⇒   
lim

x→ 0
9 1 4 1

2 2 42

x x

x

−( ) −( )
. sin ( / )

 = k

 

 ⇒  
lim

x→ 0  =

16
9 1 4 1

2 2
4

4

x x

x x

x
x

−









−



















sin /
/

    

 

 ⇒ 
16

2 2   log9.log4 = k
 
 ⇒ k = 4 2 log9.log4 ⇒ k = 16 2  log3.log2.

24.(c) Clearly, f(x) is continuous for all x except possibly at x = π
6

 .

   For f(x) to be continuous at  x = π
6

.

   We must have 

    
lim

x→  π
6

– f(x) =  
lim

  x→  π
6

+ f(x) ⇒
lim sin2x

  x→ π
6

= 
lim

x→ π
6

ax +b
  

 ⇒ sin(π/3) = 
π
6









 a+b ⇒ 

3
2  = π

6
 a + b ......(1)

  
  For f(x) to be differentiable at x = π

6
, we must have (L.H.D at x = 

  π
6

) = R H D at x =  π
6

) 

 ⇒  
lim

x→  π
6

 2cos2x =  
lim

x→  π
6

 a ⇒ 2 cos π
3

  = a ⇒ a = 1

  Putting a = 1 in (1) we get b =  
3

2  – π
6

.

25.(d) We have
  

   f(x) =  

x x
x x

x x

x x

x x
x

x
x

2

2

2

2

1 0 1

1 0 1

1 0
1 1

−

−
= < >

−
−( )
−

= < <

=
− =





 if  or

if

if
if 











 
 

   = 
1 0 1

1 0 1
,if or

 if, 
x x

x
≤ >

− < ≤




 

  Now, lim
x→0–

f(x) = lim
x→0

1 = 1 and 
  
   lim

x→0+
f(x) =  lim

x→0
 – 1= –1

   
  Clearly,  lim

x→0–
f(x) ≠  lim

x→0+
f(x).

  So, f(x) is not continuous at x = 0. 
  It can be easily seen that it is not continuous at x =1 also.
26.(c) For f(x) to be continuous at x = 0, we must have,  lim

x→0
(1+x) cotx  =  

f(0) ⇒  e
lim

x→0  xcotx  = f(0).

 ⇒ e
lim

x→0  
x

tanx  = f(0) ⇒	e = f(0).
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27.(b) We have,
     lim

x→0–
f(x)   =   lim

x→0
f(–h) =  lim

x→0
e–1/h–1
e–1/h+1

 = –1 

 and  lim
x→0+

f(x)   =   lim
h→0

f(h) 

   lim
x→0

e–1/h–1
e–1/h+1

 = lim
x→0

1–e–1/h

1+e–1/h  = 1

 ∴	  lim
x→0–

f(x) ≠  lim
x→0+

f(x).
  
  Hence f(x) is not continuous at x = 0 .

28.(d) We have,
    lim

x→4–
f(x) =  lim

h→0
f(4–h) =  lim

h→0
4–h–4
|4–h–4|

 + a

  =   lim
h→0

 – h
h

 +a = a –1
 
     lim

x→4+
f(x) =  lim

h→0
f(4+h) =  lim

h→0
4–h–4
|4–h–4|

 +b = b + 1
   
   and f(4) = a +b
   Since f(x) is continuous at x = 4, therefore  lim

x→4–
 f(x) = f(4) =   

 lim
x→4+

f (x)

 ⇒  a –1 = a + b = b + 1 ⇒  b = –1 and a = 1.
29.(b) For f(x) to be continuous at x = 0, we must have  lim

x→0
 f(x) = f(0).

  
  ⇒  lim

x→0
 (cosx)1/x = k ⇒   lim

x→0
[1+(cosx –1)]1/x  = k

  

  ⇒ e 
lim

x→0
cosx –1

x   = k

  ⇒ e 
–lim
x→0

2sin2x/2
x   = k ⇒ e0 = k ⇒ k = 1.

30.(a) We have, f(x) = |x| + |x–1|.

  = 

− + <
− + ≤ ≤ =
+ − ≥









− + <
≤ <

− ≥

2 1 0
1 0 1
1 1

2 1 0
1 0 1

2 1 1

x x
x x x
x x x

x x
x

x x

,
,

,
,






   Clearly, lim
x→0–

f(x) =  lim 
x→0+

 f(x)  = 1
   
   lim 

x→1–
 f(x)  = 1 and lim 

x→0+
 f(x)  = 1

   So, f(x) is continuous at x = 0, 1.
 
31.(c) We have :  lim

x→0–
f(x) =  lim 

h→0
 f(0–h)  = 1

  lim
h→0

= –sin(a+1)h – sinh
–h

 = lim
h→0

 sin( ) sina h
h

h
h

+
+











1

  =  (a +1) + 1 = a +2
  

   
lim

x→ 0+   f(x) =   lim
h→ 0  f(0+h) =  

lim
h→ 0

h bh h
bh
+ −2

3 2/   

   
lim

h→ 0  
h bh h

bh h bh h

+ −

+ +( )
2

3 2 2/
=  

lim
h→ 0  

1

1 1+ +bh  =  1
2

  Since f(x) is continuous at x = 0, therefore 
lim

h→ 0– f(x) = 
lim

h→ 0+ f (x) 
= f(0). 

 ⇒	 a + 2 =  1
2

 = c ⇒ c =  1
2

,a = – 3
2

 and b  R– {0}.

32.(c) As f(x) is continuous at x = π
2

 , therefore
 

  lim
x→  π–

2
 

 f(x) = lim
x→  π

+

2
  

 f(x) 

  ⇒	m π
2

 + 1 = sin π
2

+n ⇒ m π
2

 +1 = 1 + n  ⇒ n = mπ
2

33.(c) As f(x) is continuous at x = 0 ,therefore  
lim

x→ 0  f(x) = f(0).

  ⇒ f(0) =  lim
x→ 0

 
a ax x a ax x

a x a x

2 2 2 2− + − + +

+ − −

  ⇒ f(0) =  lim
x→ 0

− + + −( )
− + + + +( )

2

22 2 2 2

ax a x a x

a ax x a ax x x
 

         = 
−a a

a
.2
2  = – a  

34.(c) Since f(x) is continuous at x = 0, therefore, 

   f(0) =  lim
x→ 0

x sin 
1
x









  = 0.

35.(a) Since f(x) is continous at x  = 1, therefore lim
x→ 1– 

f(x) = 

    lim
x→ 1+ 

f(x) ⇒ A –B = 3  ⇒ A = 3 + B...(1) If f(x) is continuous at  

  x = 2, then lim
x→ 2– 

f(x) = lim
x→ 2+ 

f(x) ⇒ 6  = 4B –A........(2)

  Solving (1) and (2) we get B = 3.
  As f(x) is not continuous at x = 2, therefore B ≠ 3.  Hence, A = 3 +B 

and B ≠ 3.
36.(b) We have, f(x) = 1

2
 x –1 for 0 ≤ x ≤ π 

  ∴ [f(x)] = 
− ≤ <

≤ ≤




1 0 2
0 2

,
,

x
x π

 

 ⇒ tan[f(x)] = 
tan( ) tan( ),

tan ,
− = − ≤ <

= ≤ ≤




1 1 0 2
0 0 2

x
x π 

  It is evident from the definition of tan[f(x)] that lim
x→ 2– 

tan [f(x)] = 
–tan1 and lim

x→ 2+ 
tan[f(x)] = 0

  So, tan[f(x)] is not continuous at x = 2.
  Now, f(x) = 1

2
 x –1 ⇒ f(x) = x –2

2
 ⇒ 1

f(x)
 = 2

x–2  Clearly, f(x) is not continuous at x = 2.

  So, tan[f(x)] and tan.
1
f x( )









 are both discontinuous at x = 2.

37.(d) We have, 

    lim
x→ 1–

f(x) =  lim
h→ 0

f(1+h) = lim
h→ 0

 log(4+h2)
log(1–4h)

 = – ∞

   
 and   lim

x→ 1+
f(x) =  lim

h→ 0
f(1+h) 
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 = lim

h→ 0
log(4+h2)
log(1+4h)

  = ∞ .

  So, f(1–) and f(1+)  do not exist.

38.(b) f(0–0) = lim
h→ 0

1 1
0

−( ) − +( )
−

ph ph
h

  = lim
h→ 0

−

− − + +





2
1 1

ph
h ph ph  = p

 ∴ f(x) is continuous at x = 0 in [–1, 1].
  if f(0+0) = f (0–0) = f(0) ⇒ p =  –1

2
.

39.(d) f(x)is continuous at x = 1.

 ∴ f (1–0) = f(1) = f(1+0) ⇒  1
a

  = a ⇒ a ⇒ a = ± 1.
 
  f(x) is continuous at x = 2  

 ∴ f ( 2 –0) = f ( 2 ) = f ( 2 + 0).

 ⇒  a – (2b2–4b) / 2 ⇒ b2–2b = a 

  When a = –1, b2 – 2b = –1 ⇒	(b–1)2 = 0 ⇒ b =1.
	 	 i.e. a = –1, b = 1.
  When a = 1, b2 = –2b = 1⇒  b2 – 2b – 1= 0

 ⇒ b =1 ± 2   i.e. a = 1, b = 1 + 2

40.(d) For f(x) to be continuous at x = 0, we should have  lim
x→ 0

f(x) = 
f(0) = 12(log4)3

  
  Now,
    

  lim
x→ 0

f(x) = lim
x→ 0

 
4 1

1
1
3

3 2

2

x

x
x p
x p

p x

x

−










×

( )
( )

+










/
sin /

.
.

log

 = (log4)3.1p. lim
x→ 0

 
x

x x

2

2 41
3

1
18− +















......

 = 3 p (log4)3.

  Hence p = 4.

41.(c) Here we use the expansions
   sinx = x – x3 /3! +x5/5! – ....... and 
   cosx  = 1 –x2 /2! + x4 /4!..........
   Then we have, f(x) =  lim

x→ 0
x(1+acosx) –b sinx

x3

 =  lim
x→ 0

 
x ax x x

x
b x x x

x
+ − +

−
− +









( / ! / !......) ( / ! / !.....)1 2 4 3 52 4

3

3 5

3




 =  lim
x→ 0

 (1+a–b)x + (b/6–a/2)x3 + (a/24–b/120)x5 + ....
x2

 
 =  lim

x→ 0
 (1+a–b)x + (b/6–a/2)x2 + (a/24–b/120)x4 ....

x2

   Since the limit is given as 1,  a finite  quantity, we must have 1 
+a – b = 0 ....(1) and b/6– a/2 = 1....(2)

   a = –5/2, b = –3/2.
42.(c) We apply the test for continuity at x = π

4
 and x =  π

2
 to get the values  

of a and b.
  At x =   π

4
 , L = R = V; 

 ∴	   π
2

+ b = a + π
4

 ⇒ a–b = π
4

 .....(1)
   

  At x = π
2

 , L = R = V; f
π
2









  = 2  π

2
, cot  π

2
+ b = b

  

  f 
π
2 0−









  =  lim

h→ 0
2 2 2
π π
−









 −









 +









h h bcot  = b

  f 
π
2 0+









  =  lim

h→ 0
a h b hcos sin2 2 2

π π
+









 − +





















 = –a –b.  ∴ b = –a–b ⇒ a + 2b = 0.......(2)
  Solving (1) and (2), we get a =  π

6
,b = –  π

12
. 

43.(a) For continuity,  lim
x→  π

4
 f(x) = Value at x =  π

4
,

   f(x) =  1–tanx
1+tanx

.  2–tanx
1–tan2x

  When tanx = t → 1 as x → π
4

 .

  limf(x) = lim
t→ 1  2t

(1+t)2  =  
2
4 = 1

2
.

44.(b) For continuity, lim = value 

   f(0) = lim
x→ 0

2

2

1

1

−

+

−

−

sin

tan

x
x

x
x

= 
2–1
2+1  = 1

3
.

45.(a) For continuity, lim = value = 2(given)
   lim

x→ 2 f(x) = lim
x→2

x2 –(A+2) x+A
x –2  [taking x–2 = z]

  
  =  lim

z→ 0
 

(z+2)2 – (A+2)(z +2)+A
z  

  =  lim
z→ 0

z2 + 4z +  4 – Az–2A –4–2z+A
z  

  =  lim
z→ 0

z2 + 2x – Az – A
z

  =  lim
z→ 0

 [z+2–A] +  lim
z→ 0

A
z

 

  = 2 – A +  lim
z→ 0

A
z

 
  
   Since f(x) is continuous at x = 2 and f(2) = 2, then A must be zero.
46.(c) For continuity at x = π

2
, we must have 

   Limit = Value.

   f(x) = 
1

4 2 1 4 2

2 2
−

−








 + −























sin
.

logsin

log

x

x

x

x
π π

 

  Put  π
2

 –x = t ⇒ x =  π
2

 –t. As x → π
2

, t → 0 

 ∴  
lim

x→ π/2 f(x) =   lim
t→ 0

 1–cost
4t2

.  lim
t→0

logcost
log(1+4t2)
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 =  lim
t→ 0

2sin2 t
2

4t2 .  lim
t→ 0

 

log ! ...

log( )

1 2

1 4

2

2

− +










+

t

t
 

 =  lim
t→ 0

sint/
/

2
2

2

t








 .  1

8
 

lim
t→ 0

− −










− ( )

t t

t t

2 2 2

2 2

2
1
2 2

4
1
2 4 ......

 = 1
8 −










1
8

 =  –  1
64. Hence f 

π
2









  – 1

64
.

47.(c) f(x) = x – |x|.|1–x|
   We know that x,|x|,|1–x| are continuous everywhere. As the product 

and algebraic sum of continuous functions are continuous, f(x) is 
continuous everywhere. 

48.(b) As f(x) is continuous in [1,3], f(x) will attain all values between f(1) 
and f(3).

  As f(x) takes rational values for all x and there are innumerable 
irrational values between f(1) and f(3), f(x) can take rational values 
for all x if f(x) has a constant rational value at all points between x = 
1 and x = 3. So, f(2) = f(1.5) = 10.

49.(b)  f(x) is continuous at x =  π
2

 ,
  

  ∴  
lim

h→ 0  

1 2

2 2

− +










+










sin

sin

π

π

h

h

lim
h→ 0

1 2

2 2

− −










−










sin

sin

π

π

h

h  = f  
π
2









 .

   Now,  
lim

h→ 0  

1 2

2 2

− +










+










sin

sin

π

π

h

h
 

 = 
lim

h→ 0

1 2

2 2 1 2
2

− +










+








 − +











sin

sin . sin

π

π π

h

h h
 

 = 
lim

h→ 0

1 2

2 2 1 2

− +










+








 + +











sin

sin . sin

π

π π

h

h h
 = 0 ∴  f 

π
2









 = 0.

50.(a) R.H. limit  =  lim
h→ 0

 cos{sin(0+h)} – cos(0+h)
(0+h)2

 

  =  lim
h→ 0

 
cossinh – cosh

h2

  =  lim
h→ 0

2 2 2
2

sin
sin

sin
sinhh h h

h

+









−









  = 2 lim
h→ 0

 
2 2

2

sin
sin

sin

h h

h h

+









+









. lim
h→ 0

 

2 2

2

sin
sin

sin

h h

h h

−









−









  ×  lim
h→ 0

 
sin

.
sin

.
h h h h

h
+









−

















2 2

1
2

 

 =   1
2

.  lim
h→ 0

 
sin sinh

h
h

h+








 −


















1 1  = 0 

   
   Similarly, L.H. Limit  = 0 .As f(x) is continuous at x = 0, f(0) = 0.

51.(c) As f(x)  is continuous in [0, π /2), it is continuous at x = π
4

. 

   ∴   lim
h→ 0

 
1 4

4 4

− +










+








 −

tan
π

π
π

h

h

  =  
lim

h→ 0

1 4

4 4

− −










−








 −

tan
π

π
π

h

h
 = f 

π
4









 = λ

 

 ∴ λ  = 
lim

h→ 0

1
1
1

4

−
+
−

tan
tan

h
h

h =  
lim

h→ 0   –2tanh
(1–tanh)4h  = – 1

2
.

52.(b) Here, 
lim

h→ 0
sin

( / )π
π π

2

2
1
2

+






















− +
h

h

  = 
lim

h→ 0
sin

( / )π
π π π

2

2
1

2 2
−























− − −
h

h
 = f

π
2









 .

  Now, 
lim

h→ 0 (cosh)1/(–2h)  = e 
lim

h→ 0  
1

(–2h)
logcosh

 =  e0 = 1

 ∴ f 
π
2









  = 1.

53.(d) f(x) is continuous at x =  1 if 
  
  lim

h→ 0
 f(1+h) = lim

h→ 0
 f(1–h) = f(1) = 2

  lim
h→ 0

 f(1+h) = lim
h→ 0

 f(1+h+1) = 2

  lim
h→ 0

 f(1–h) = lim
h→ 0

 {p(1–h)2–q}= p – q

 ∴ f(x) is not continuous at x = 1 if p – q ≠ 2.

54.(c) Let f(x)  = tan x.
  The points of discontinuity of f(x) are those points  where tan x is 

infinite.
 ∴ tanx = ∞ i.e. tan x = tan  π

2 ∴ x = (2n+1)  π
2

, n  I.

55.(c) Since logax is continuous where x > 0 and a > 0, a ≠ 1, therefore 
log(1+x) is continuous when 1 + x > 0 i.e. x > 1. ∴ interval =  
(–1, +∞).



296chapter - 25 conitnuity

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

coMPlete solutIon  to 

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

56.(b) We have, f(x) =  1
1–x

 . As at x = 1, f(x) not defined, x = 1 is a point 

   of discontinuity of f(x).  

   If x ≠ 1, f[f(x)] = f 
1

1−








x   =  1

1–1/(1–x)
 =  x–1

x

 ∴ x = 0, 1 are points discontinuity of f[f(x)].

  If x ≠ 0, x ≠ 1.

   f{f(x)}] = f 
x

x
−









1
 =  1

1– x–1
x

 = x

57.(b) We have, f(x) = 
lim

n→ ∞  (sinx)2n

   = 
0 2 2

1 2

, sin . .

, sin ,

if | | <1

if | | =1i.e.

x i e n x n

x x n n

− + < < +

= + ∈

 π
π

π
π

π
π

I







   Here the definition of f(x) changes at x = nπ ±  π
2

, n  is an integer, 
which are clearly discontinuous of f(x).

58.(b) f is continuous at x =  π
4

, if  lim
x→ π/4 f(x) = f(π/4).

  Now,  L =   lim
x→ π/4 = tan22x logsin2x.

  =    lim
x→ π/4

  logsin2x
cot22x

   Put y = x =  π
4

. Then y → 0 as x →  π
4

.

 ∴ Limit = lim
y→ 0

 
logsin

cot

2 4

2 4
2

y

y

+










+










π

π
lim

y→ 0
 logcos2y

tan22y

 
  = lim

y→ 0
 log(2cos2y–1)

sin22y
 .cos2 2y

  
  =  lim

y→ 0
log(2cos2y–2+1)

(2cos2y–2)  . (2cos2y–2)
sin22y  cos2 2y

  =  lim
y→ 0

–2sin2y
4sin2y cos2y  . cos2 2y  =  –  1

2

  ⇒ L = e–1/2  ∴ f  
π
4









 = e–1/2.

59.(b) At x = 1, 

   L.H.L  = lim
h→ 0

f(1–h) =  lim
h→ 0

1
5

[2(1–h)2 + 3] = 1

   R.H.L =  lim
h→ 0

f(1+h) =  lim
h→ 0

[6–5(1+h)] = 6–5 = 1

   and f(1) = 1
5

 (2+3) = 1.
  
  Since L.H.L = R.H.L = f(1).
  ∴ f(x) is continuous at x –1.
  At x = 3. 
  L.H.L  = lim

h→ 0
(3–h) =  lim

h→ 0
[6–5(3–h)] = –9

 

  f(3) = 3 – 3 = 0. Since L.H.L. ≠ f(3), ∴ f(x) is discontinuous at x = 3. 
Therefore, the only point of discontinuity is x = 3.

60.(c) The doubtful points are x = –2 and x = 0 only. 
   At x = –2.
   L.H.L = lim

h→ 0
f(–2–h) = lim

h→ 0
2(–2–h) + 3 = 1

   R.H.L = lim
h→ 0

f(–2+h) = lim
h→ 0

2(–2+h) +1 = –1, 
    
   and f(–2) = –2+1 = –1
   Since L.H.L = R.H.L = f(–2)  ∴ f(x) is continuous at x = –2.  

 At x = 0:
   L.H.L = lim

h→ 0
f(0–h) = lim

h→ 0
(–h+1) = 1

   R.H.L = lim
h→ 0

f(0+h) = lim
h→ 0

(h+2) = 2
  
  Since L.H.L. ≠ R.H.L. ∴ f(x) is discontinuous at x = 0. Hence, the 

function f(x) is continuous on the interval (–3,1)\{0}.

61.(a) The only doubtful point is x = 0.

   L.H.L  = lim
h→ 0

f(0–h) = lim
h→ 0

(–h+1)2–
1 1
h h−











  = 
lim

h→ 0 (1–h)2 = 1

  R.H.L  = lim
h→ 0

f(0–h) = lim
h→ 0

(1+h)2–
1 1
h h+











    
    lim

h→ 0
(1+h)2– 2

h   = lim
h→ 0

(1+ h)2 [(1+h)1/h]–2

  = 1× e–2 = e–2.
   Since L.H.L ≠ R.H.L. ∴ f(x) is not continuous at x = 0.

62. (b) Since f(x) is continuous at x = 
π
2 .

  ∴ L.H.L = R.H.L = f 
π
2











 ⇒  
lim

x→ π/2
x < x /2

 1– sin2x
3cos2x

 =  
lim

x→ π/2
x < x /2

b(1– sinx)
(π–2x)2   = a

 

 ⇒  lim
x→ π/2

cos2x
3cos2x

 = lim
h→ 0

 
b h

h

1 2

2 2

2

− +




















− +




















sin
π

π
π

 = a

 
 ⇒   

1
3  =  lim

h→ 0
b(1– cosx) 

4h2  = a

	 ⇒   
1
3  =   

b
8   = a ∴ a =  

1
3  and b =  

8
3

63.(c) Since f(x) is continuous at x = 0, 

  ∴  lim
x→ 0

f(x) = f(0).
 
  Take any point x = a, then at x = a/
   lim

h→ 0
f(x) =  lim

h→ 0
f(a+h)

 = lim
x→ 0

f(a) +f(h)] [  f(x+y) = f(x) + f(y)]  
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 = f(a) + lim
h→ 0

 f(h) = f(a) +f(0) = f(a+0) = f(a)

 ∴ f(a+0) = f(a). ∴ f(x) is continuous at x = a. Since x = a is any arbitrary  
point, therefore f(x) is continuous for all x.

 64.(b) If possible, suppose f(x) + g(x) is continuous.
   Now, g(x) = [f(x)+ g(x)] – f(x)
   Since difference of two continuous functions is continuous,  

 therefore g(x) is continuous, which is a contradiction.
   Hence f(x) + g(x) must be discontinuous.
 65.(c) Since f(x) is continuous in [0,1], therefore 

   lim
h→ 0

 f  
n

n2 1+













 = f lim
n

n
n

f
→∞ +












=









2 1

1
2  = 2.

66.(c) We have, 
 

   f(x) = lim
n→ ∞

(2sinx)2n

3n –(2cosx)2n  = lim
n→ ∞

2

3 2

2

2 2
sin

( ) cos

x

x

n

n n
( )
− ( )

 

  f(x) is discontinuous when 3
2( ) n

 – (2cosx)2n  = 0

  i.e. cosx = 
3

2  ⇒  x =  
π
6 .

67.(b) We have  lim
h→ 0

f(0+h) = lim
h→ 0

h

h625 25+ −

   lim
h→ 0

h h

h

625 25

625 625

+ +





+ −
lim

h→ 0
625 25+ +





h

 = 25 + 25 = 50.

  
lim

h→ 0 f(0–h) = 
lim

h→ 0
1–cos10h

h2  =  
lim

h→ 0
2sin25h

h2  

  2
lim

h→ 0
sin 5

5

2h
h









 × 25  = 50 and f(0) = a.

  
  Since f(x) is continuous at x = 0.
 ∴ 

lim
h→ 0 f(0+h) = 

lim
h→ 0 f(0–h)  = f(0) ⇒ a = 50.

68.(b) Since f(x) us continuous at x = π 
 
 ∴ 

lim
x→ π f(x) = f(π) ⇒ 

lim
x→ π f(π–h) = k 

  
 ⇒ k  = 

lim
h →0

1+ cos(π–h)
(π–π+h)2  × 

sin2(π–h)
log[1+π2 –2π(π–h) +(π–h)2]

 = lim
h →0

1– cosh
h2

. sin2h
log(1+h2)

 = lim
h →0

1
2

. 
sin /

/
h

h
2

2

2








 . h2

log(1+h2)
 . sin h

h










2
 = 1

2

 ∴ k =  1
2  .

69. (a) Since f(x) is continuous at x =  π
2

 ∴ lim
x→ π

2

f(x) =  f 
π
2











 ⇒ k = lim
h →0

sin cos cos
π π

π
π

2 2

2 2

2

−








 − −





















− −




















h h

h  

   = lim
h →0

 sin(sinh) – sinh
4h2

  

  =  lim
h →0

sin(sin )
sin .sin sin

h
h h h








 
1

4h2

  =  lim
h →0

sinh – sinh
4h2  = 0  ∴ k = 0 

70.(b) For f(x) to be continuous everywhere, we must have, f(0) =  lim
x →0f(x).

  = lim
x →0

 = (256–8x)1/4 –4
16 – 4(64+3x)1/3 lim

x →0

1
4(256–8x)–3/4 (–8)

– 43 (64+3x)–2/3.(3)
 

  [Using L Hospital's rule, 
d
dx (N')
d
dx (D')

] 

 

 = 

1
4 .4–3(–8)
 –4

3
4–2(3)  = 

8
64  = 

1
8

71.(d) We have,  lim
h →0

 f(1–b) = lim
h →0

a(1–h)2 + b = a + b,

   lim
h →0

f(1+h) = lim
h →0

(1+h) + 3 = 4 and f(1) = 4.

  ∴ f(x) will not be continuous at x = 1 if a + b ≠ 4.
72.(c) Since the function f(x) is continuous at x = 0, therefore,  

lim
h →0

f(0–h) = f (0) = lim
h →0

f(0+h) 

 ⇒	 lim
h →0

(1–|tanh|)– a
|tan|h   = b lim

h →0
 e

sin3h
sin2h  

 ⇒ lim
h →0

 [(1–|tanh|) –1/|tanh|] –a = b = lim
h →0

e sin3h/3h
sin2h/2h

. 3
2

 

 ⇒ e – a = b = e3/2 ⇒ a = – 3
2

  and b = e3/2

73.(b) Clearly, the function t = 
1

x–2  is discontinuous at x = 2 and the 
function y =  

1
t2– t –6  is discontinuous at the points where  

t2– t – 6 = 0 
  i.e. (t+2)(t–3) = 0 ⇒ t = –2,3
  But t = –2  ⇒  

1
x–2  = –2 ⇒ x =  

3
2  and t = 3 ⇒	 

1
x–2  = 3 ⇒ x = 

7/3.
  Therefore, the values of x which make the function y discontinuous 

are x = 2,  
3
2  and 7/3.
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74.(a) For f(x) to be continuous at x = 0, we must have f(0) = lim
x→0

  
3 41 1+ − +−x x

x

lim
x→0  

1
1
3

13 23
2

1
1
4

14 34
2

2 2+ +
−

+








 − + +

−
+




x x x x

( ) ( )
!

....
( ) ( )

!
.....






x

 = lim
x→0

 

x
x

x

1
12

1
9

3
32

2

+
−

+










+



 terms containing and higher powers













x
 
 =  1

12
 ∴ f(0)  = 1

12
.

75.(b)  The function u = 1
x–1 suffers a discontinuity at the point x = 1. 

   
   The function f(x) =  1

u2 + u –2
 suffers a  discontinuity at the  

 
   points where u2 + u – 2 = 0 i.e. u = –2 and u = 1.
   Using these values of u, the corresponding values of x are   

 obtained by solving the equations – 2=  1
x–1 and 1 =  1

x–1 i.e.  
 x = 1

2
  and x = 2. Hence, the composite function is discontinuous 

   at the points x = 1/2, x = 1and x = 2.

76.(b) Since  lim
x → 1

 x–1
|x–1|

  do not exist.
    
   
   therefore, lim

x → 1
f(x) and lim

x → 2
f(x) do not exist.

 
 ∴ f(x) is not continuous at x = 1, 2.
  At all other points f(x) is continuous 
	 ∴ f(x) is continuous on R\{1,2}.
77.(a) For f(x) to be continuous at x = 2, we must have lim

x → 2
 f(x) = 

f(2). 

  ⇒ f(2) = lim
x → 2

x3 + x2 –16x + 20
x–2

 

  =  lim
x → 2

(x –2) (x2 + 3x–10)
(x–2)

  =  lim
x → 2

(x2 +3x–10) = 0 ∴  f(2) = 0

78.(a) Since φ(x) is continuous at x = 0/
 
  ∴  lim

x → 0
φ(x) = φ(0) ⇒  lim

x → 0
1–cosλx

xsinx   = 
1
2

 ⇒ lim
x → 0

2sin2 λx
2

 

x2  . 
x

sinx  = 
1
2

	 ⇒	 lim
x → 0 2.

sin
λ

λ

x

x
2

2

2















.	 λ

2

4
.  x

sinx = 
1
2

 
 ⇒   

λ2

2  = 
1
2  ⇒ λ2 = 1 ⇒ λ = ± 1.

79.(d) Since f(x) is continuous at every point of its domain, therefore it is 
continuous at x = 1.

  ⇒ lim
h →0

f(1–h) = f(1) = lim
h →0

f(1+h)

  ⇒ lim
h →0

5 (1–h) – 4 = 5 – 4 = lim
h →0

4(1+h)2 + 3b (1+h)

  
  ⇒ 1 = lim

h →0
4(1+h)2 + 3b(1+h)

 
  ⇒ 4 + 3b = 1 ⇒ b = –1
 80.(b) lim

x →a–
f(x) g(x) = lim

x →a–
f(x). lim

x →a–
g(x) = ml

   
   and lim

x →a+
f(x). g(x) = lim

x →a+
f(x). lim

x →+
 g(x) = lm

 
  ∴ lim

x →a+
f(x). g(x) = lm.

 
 81.(c) Since sin x and cosx are continuous functions, f(x) is continuous 

except possibly at x = –  π
2

 and x = π2  . For f to be continuous at x 

= – π
2

, we must have 0 = cosπ
2

 = f (π /2) = 
lim

x →π/2–  f(x).

  = lim
x → π

2

 (A sin x + B) = A+B
 
   Hence B = 1 and A = –1.

82.(a) For f to be continuous at x =1, we must have 2 = f(1) = lim
x →1+

 f(x) 
= lim

x →1
(3– ax2) = 3  – a

 
  Thus, a = 1.
83.(d) Clearly, f is continuous except possibly at x = 0. For f to be 

continuous at x = 0, we must have 

   f(0) = lim
x →0

f(x) = lim
x →0

 1 1+ − −sin sinx x
x

  = lim
x →0

 1+sinx –(1–sinx)
x

. 
1

1 1+ + −sin sinx x
 

  =2 lim
x →0

 sinx 
x

. 
1

1 1+ + −sin sinx x
 = 1

84.(c) The function log |x| is not defined at x = 0, so x = 0 is a point to 
discontinuity.  

  Also, for f(x) to be defined, log|x| ≠ 0, that is x ≠ ±1. Hence 1 and 
–1 are also points of discontinuity.

  Thus there are three points of discontinuity of f(x). 

85.(a) Since f is continuous at x = 2, the only possibility is that x – 2 is a 
factor of x2 – (A +2)x + A.

  ∴  4 – 2(A + 2) +A = 0 ⇒ –A = 0 ⇒ A = 0.
 86.(c) Since tanx = sinx/cosx, the given function is not defined at  

 (2n +1)π
2

 , but it is continuous everywhere else.

87.(a) Both numerator and denominator are zero at x = 0, but we can 
write.

 

  f(x) = 
2

1
2 2 2

2

4

2 2

4

sin
cos

sin sin ( / )
−








=

{ }
x

x

x

x
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  =  
2 2

2
2

16 2

2 2

4

4

4

sin sin ( / )

sin ( / )
sin /

( / )

x

x
x

x
{ }













( )











  

  =  18

sin sin ( / )

sin ( / )
sin /

( / )

2

2

2

2

42

2
2

2

x

x
x

x
{ }













( )









  
   Now the limit of sinθ

θ  as θ → 0 is 1.
   
   So, we get f(0) = lim

x →0
f(x) =  18.

88.(b) The given function can be written as, 

2 2 2 2 2
2 2 2 2 2

2 2

2

2

2

sin sin cos

sin sin cos

sin cos

sin co

x x x

x x x

x x

x
+

−
=

+

− ss
x
2

  enabling the limit as x → 0  to be calculated as f(0) = –1.
89.(d) Rewriting the denominator as 
   cos2x = cos2x – sin2x = (cosx + sinx) (cosx – sinx), the required 

value can be easily evaluated as f 
π
4









 = lim

x → π
4

 1
cosx + sinx  = 

1
2 .

90.(c) The exponent can be written as 

   1
2x   = 

1
2tan2 x

tan2 x
x











  =  

1
2tan2 x

tan2 2
x

x











 . 

  The limit as θ  →  0 of  tan θ/θ is 1, so putting y = tan2 x , the 
required value of f(x) is f(0) = lim

x →0
 f(x) = lim

y →0
 (1+y) 1/2 = e1/2. 

91.(a) At the point x  = –1, it s given that g(–1) = 3, while lim
x →–1

 g(x) = 
lim

x →–1
(–x2) = –1.

   Therefore g is not continuous at x = –1. 
   Next, at the point x = 1, it is given that g(1) = 1, while lim

x →1+
g(x) 

   
   =   lim

x →1+
x2 = 1  and limg(x) =  lim

x →1–
(2–x) = 1.

   That is, both the limits equal to each other and the functional 
value is 1.

92.(b) The given function can be written as 

  
a2 [sin(a+ x) – sina]+ x2 sin(a+x) +2axsin (a+x)

x

 =  

2 2 2
2a

x
a

x

x

sin cos +










 +x sin(a+x) + 2a sin(a+x)

 = a2 cos a
x

+








2

sin( / )
( / )

x
x

2
2











 = +x sin (a +x) + 2a sin(a+x) 

  Since sinθ/θ  approaches 1 as θ → 0, the limit of each of the above 
terms can be evaluated, and we get f(0) = lim

x →0
  f(x) = a2 cosa + 

2asina. 

93.(a) At the rational point x = 0, we have f(0) = 0, 

   while lim
x →0

f(x) = 
lim

lim( )
x

x

x

x
→

→

=

− =









0
2

0
2

0

0
 

  
 
  Thus f is continuous at x = 0. However, the limit as x → 1+

2
 of f(x) 

 
  does not exist, because if x approaches 1/2 through the rationals , 

the limit will be 1
4

 , while it will  be – 1
4

 if x approaches 1
2

 through 
the irrationals.

94.(b) lim
x →0

f(x)  = lim
x →a

x= a (through rational values)
  
   lim

x →a
f(x) lim

x →a
(1–x) = 1 – a (through irrational values).

   
   lim

x →a
f(x) will exist if it is unique i.e. if 

   

  1 – a = a ⇒ a = 1
2  .When a = 1

2 , lim
x →a

f(x) =  1
2   and f

1
2









  = 1

2
 

[ 1
2

 is rational].
 
 ∴	 f(x) is continuous at x = 1

2
 only.

95.(b) Since f(x) is continuous at x = 0.
  
 ∴ lim

x →0
f(x) = f(0) = 8

  

  Now, lim
x →0

f(x) = lim
x →0

 
e

x x

x −( )








 +











1

1 2

4

2

2

2
sin log

λ  
 

 =  
lim

x →0

e
x

x

x

x

x −





























+










1

1 2

4

2

2

2

2

2
sin

.
log

λ

λ
xx2 2

2

1
2









.
λ 

 ∴ 2λ2 = 8 ⇒ λ = ± 2.

96.(c) f(x) is continuous at x = 1
  ∴ f(1–0) = f(1) = f(1+0) ⇒  1

a
  = a ⇒ a =  ± 1.

   
   f(x) is continuous at x = 2

 ∴ f( 2 – 0 )  f( 2 ) = f ( 2 + 0)

 ⇒ a =  (2b2 –4b) 
2

 ⇒ b2 – 2b = a
   
   when a = –1, b2 –2b = 1
 ⇒ (b–1)2 = 0 ⇒ b = 1 i.e. a = –1, b = 1,

   which are given in (c), when a = 1, b2 –2b = 1
 ⇒		 b2 – 2b – 1 = 0 ⇒ b =1 ± 2   



300chapter - 25 conitnuity

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

coMPlete solutIon  to 

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

   i.e. a = 1, b = 1 + 2 , which are not given in any of (a), (b). 
Hence the correct answer is (c). 

97.(b) f(x) = tanx log(x–2)
x2 – 4x + 3   being product and quotient of functions 

   tanx, log(x–2) and polynomial (x2 – 4x + 3) must be continuous 
in its domain of definition tanx is discontinuous in 

  2 1 2n n Z+( ) ∈








π
: , log (x–2) is discontinuous for x ≤ 2 and 

   x2 – 4x + 3  = 0 for x = 1 and 3. Hence f(x) is discontinuous in 

  (–∞, 2] 3 2, :n n zπ
π

+ ∈








.

  If n ≤ 0,  nπ + π
2

 < 2 so the set of points of discontinuties f(x) can 
be written as 

  (–∞ , 2]  3 2 1, :n nπ
π

+ ≥








.

98.(c) We have left hand limit of f(x) at x = 7 
 
  ⇒ lim

x →7–

x2 –49
x –7  lim

x →7–
 (x + 7) = 14 [ x ≠ 7]  

   and right hand limit of f(x) at x = 7
 
  =  lim

x →7+
x2 –49
x –7  = lim

x →7+
 (x +7) = 14 [  x ≠ 7] and f(7) = 14.

  
   Hence the function is continuous at everywhere.
99.(b) We have, left hand limit of f(x) at x = 1
 
 = lim

x →1–
f(x) = lim

x →1
(x–1) = 0 and right hand limit of f(x) at x = 1= 

  lim
x →1+ 

f(x) = lim
x →1 

(ax2 + bx) = a + b. Also, f(1) = a + b 
  

 ∴ f(x) will be continuous at x = 1 if a + b = 0 because then we have, 

  lim
x →1– 

f(x) = lim
x →1+ 

f(x) = f(1).

  Thus the required condition is a + b = 0 , which is satisfied by  
a =1 and b = –1. 

100.(b) f(x) = x–|x|
x    ∴ for x > 0, f(x) = x–x

x    = 0; for x < 0, f(x) = x+x
x   

= 2 and at x = 0, f(x) is undefined. ∴ f(x) is continuous for all x 
except at x = 0.

101.(a) f(x) = |x|
x   = 

x
x x f x

x
x x

= >

− = − <















1 0

1 0

; ( )

;

and is

undefined for  

   x = 0.
 

Y

(0,1)

(0,–1)
X

  From the graph it is clear that f(x) is not defined at x = 0 and moreover 
f(x) = 1  for values of x slightly less than 0. Consequently the function 
f(x) is not continuous at x = 0.

102.(c) We have, lim
x →0

φ(x) = lim
x →0

 tan3x
4x  

 

 
 =   lim

x →0
=  tan3x

3x  
. 34   = 34   [ x →0 ⇒ 3x → 0  and 

 
  lim

x →0
=  tanx

x  
= 1] But φ (0) =  43   

	 	  lim
x →0

φ (x) ≠ φ(0) ∴ the function φ(x) is not continuous at  

   x = 0.

103.(a) We have lim
x →a

 f(x) = lim
x →0

x – a
3 x – 3 a   

  = lim
x →a

x – a
x–a  

 . x–a
3 x – 3 a   

 

 = 
lim

lim

x

x a

x a
x a

x a
x a

a

a
a→

→

−
−

−
−

= =0

1
2

1
2

1
3

1
3

1
2

2
3

1
6

1
2
1
3

3
2

  
  [using lim

x →a
 xn–an

x –a  
 = nax –1]

 
  Also, f(a) = k (Given) ∴ for f(a) to be continuous at x = a, we 

have, 

  
lim

x →a f(x) = f(a) ⇒ k =  
3
2   a  

1
6    

104.(c) We have, f(x) = |(x–2)(x–3)|, x < 3.
   = ax –b.   x ≥3
   But when x < 3, |(x–2)(x–3)| = |x–2||x–3|
   = –(x – 2)(x–3).

  ∴ f(x) = –(x–2)(x–3),  x <3.
    = ax –b.   x ≥ 3
  Now assume that the function is continuous at x = 3. We have, 

lim
x →3– 

f(x) = 0 and 

  lim
x →3+ 

f(x) = 3a –b and f(3) = 3a – b
 
 ∴  by assumptions of continuity 3a –b = 0.
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 ∴ a and b should be so chosen that they satisfy the relation  
3a – b = 0. 

105. (b) The graph as sketched has no break at x = 0 but has a break at x 
=  32  . Hence f(x) is continuous at x = 0 but is discontinuous at x = 32  .

y =
 3+

2x

y = –3–2x

y = 3–2x

(0,3)

X

Y

x =  3
2  

(0,0)O

3
2 6,−











106.(b) Left hand limit of f(x) at x = 1 is lim
x →1–

f(x) at x = 1 is lim
x →1–

   f(x) = 
e

e

e
e

x

x

1
1

1
1

2

2

2
2

−

−

−∞

−∞
−

+

=
−

+
  = –1

   Right hand limit of f(x) at x = 1 is 
  lim

x →1+
f(x) =  e∞ – 2

e∞ + 2   =  1– 2e–∞ 

1+ 2e–∞   = 1

  Since lim
x →1–

 f(x) ≠ lim
x →1+

f(x)

 ∴ f(x) is discontinuous at x = 1

107.(a) Let f(x) =  1
log|x|  .The points of discontinuity of f(x) are those 

   points where f(x) is undefined or infinite. It is undefined when x 
= 0 and is infinite  when log |x| = 0, |x| = 1, i.e. x = ± 1.

 ∴ Set of log|x| = 0, |x| =1, i.e. x = ± 1
108.(a)  As the function log |x| is not defined at x = 0, therefore the set of 

points of discontinuity is {0}.

109.(b) The function  |sinx|
sinx   is not defined for x = nπ, nI. Hence the 

  set of points of discontinuity is {nπ : n  I}.

110.(b) We have, for x ≠ 0,

   f(x) =  x
1+x|  +  x

(x+1)(2x+1)  +  x
(2x+1)(3x+1) + .....∞ 

 = Σ
∞

n = 1
= 

x
[(x–1)x+1][nx+1] 

 = Σ
∞

n = 1

1
1 1

1
1n x nx−( ) +

− +










 

 = lim
n →∞

1
1

1− +








nx  = 1. For x = 0, f(x) = 0.

  

   Thus f(x) = 
1 0
0 0
,
,

x
x
≠
=









  Clearly, lim
x →0–

f(x) = lim
x →0–

f(x) = 1 ≠  f(0).

  So, f(x) is discontinuous at x = 0.
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 1.(a) lim ( ) ( )
t x

t f x x f t
t x→

−
−

2 2

 = 1

 

  lim ( ) ( )
t x

tf x x f t
→

− ′2
1

2

 = 1 [L' = Hospital Rule] 

 

 ⇒ 2x f(x) – x2 f ' (x) =1

 ⇒ f ' (x) =  
2 1

2
xf x
x
( ) −

 

 ⇒ 
dy
dx

xy
x

=
−2 1

2  , where y =  f(x).

  

  Put xy = t i.e. y = 
t
x

 ∴ 
dy
dx x

dt
dx

t
x x

dt
dx

t
x

t
x

= − ⇒ − =
−1 1 2 1

2 2 2

 ⇒ 
dt
dx

t
x

=
−3 1

  Integrating, 1
3 1

1
t

dt
x
dx

−
= ∫∫  [Variables Separable]

 ⇒ 
1
3  log | 3t–1| = log |x| + c

 

 ⇒	 3t–1 =  k x3

 ⇒ 3xy –1 = kx3  ...(i)

  Now, y(1) = 1 ⇒ 3 –1= k ⇒ k  = 2.

  Putting  in (1),  3xy –1 = 2x3 ⇒  y = 
2
3

x2 + 
1
3x .

 2.(c) Since f(x) = x is one such function 

 ∴ A is not true.

  Consider  the equation : 

  ax + (1+a)x2 = 0  ⇒ x = 0 and x =  
a

a −1
.

  When a < 0 , then  the other root lies between 0 and 1.

  Thus (B)  is not true.

  When  a > 0, a
a a
− +
−

= +
−

1 1
1

1 1
1

 , which lies between  1 and 2.  

  

  Hence (C) is true.

 3.(a) Consider the function f(x) = x2 sin 
π
4 .

	 	 This	satisfies	given	conditions.

  f(0) =  lim
x→0  x2 sin 

π
4  = 0,  f ' (0) =  lim

h→0

h2sin 
π
4

h
  

  Thus f '  (0) =  f (0) = 0.

	 4.(c)	 We	have	:	

  f(x)   =  

x x
x x

x x
x x

− ≥
− ≤ ≤

− − < −
+ − ≤ <











1 1
1 0 1

1 1
1 1 0

;
;

( );
;

 

  Clearly, f  is continuous.

  Now, f '(x) = 

1 1
1 0 1
1 1

1 1 0

;
;
;

;

x
x

x
x

>
− < <
− < −

− ≤ ∠














  Hence, f (x)		is	not	derivable	at	x = 0 , ± !.

  5.(a) lim ( ) ( )
x y

f x f y
x y→

−
− 	 ≤	 lim

x y→
 

|x–y|

 

 ⇒	  |f ' (x)|	≤	0	 ⇒ f ' (x) = 0 

 ⇒ f(x) is constant.

  Since  f(0) = 0,  ∴ f(1) = 0

JMMC RESEARCH  FOUNDATION PUBLICATION

Chapter - 26

in association with :  



303chapter - 26 differentiability

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
b.biswas &  s.biswas

coMPlete solutIon  to 

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

	 6.(d)	 We	have		 lim ( )
h

f h
h→

+
0

1
 = 5

  

 ⇒ lim ( )
h

f h
h→

′ +
0

1
 = 5  [By L' Hospital Rule] 

 

  Putting h = 0, f ' (1) = 5.

 7.(c) lim ( ) ( )
( ) ( )h

f h h f
f h h f→

+ + −
+ − −0

2

2
2 2 2
1 1  

 

 = lim ( ) ( )
( )( )

( )
( )h

f h
f h→

′ +
′ −

=
+
−

=
0

2 2
1 1

6 0 2
4 1 0

12
4   = 3.

 8.(c) Let f (x)= ax2 + bx + c

  f(1) =  f(–1) ⇒ a + b +c = a–b+c ⇒ 2b = 0 

 ⇒	 b = 0 

 ∴ f '(x) =  ax2 + c ∴ f ' (x) = 2ax

 ∴ f ' (a) = 2a2, f ' (b) =  2ab, f ' (c) =  2ac

  Since a,b,c are  in a.P.

 ∴ f ' (a), f ' (b), f ' (c) are also in a.P.

9.(a)	 	 We	have	:	f(x) =  

x x
x

xe x

,
,

,

<
=

>











 −

0
0 0

0
2
5

 

 

 

  lim
x→ −0  f(x) = lim

x→ −0   x  = 0

  

  lim
x→ +0

 f (x) = lim
x→ +0

xe 
−

2
x  = 0 

  Hence f (0) = 0  is continuous for all x.

  Now, L.H.D = lim ( ) ( )
h

f h f
h→

− −
−0

0 0
 

 = lim ( )e
h

h hh
h→

−







− −
−0

1 1

0 0
 = 1

  R.H.D =  lim ( ) ( )
h

f h f
h→

+ −
0

0 0

 = lim ( )
h

h hh e
h→

− +







+ −
0

1 1

0 0  = 0

	 10.(d)	 We	have	:	 f x

x if x

if x

x if x

if x

x if

( )

( )

tan

( )

=

− − < −

− = −

− < <

=

−

−

1
2

1 1

4
1

1 1

4
1

1
2

1

1

π

π

xx >

















 1

 

  Clearly f is not continuous at x = –1 and x = 1

  and f ' (x) = 

− < −

+
− < <

>















1
2

1

1
1

1 1

1
2

1

2

if x

x
if x

if x

 

  Since f is not continuous at x = ± 1.

 ∴ f	is	not	derivable	at	x = ± 1.

	 	 Hence	the	domain	of	the	derivable	of	the	function	is	R –{–1,1}.

 11.(c) lim ( ) ( )
x

xf f x
x→

−
−2

2 2
2

 =  lim ( ) ( ) ( ) ( )
x

xf f f f x
x→

− + −
−2

2 2 2 2 2 2
2

 = lim ( ) ( ) ( ( ) ( ))
x

x f f x f
x→

− − −
−0

2 2 2 2
2
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 = lim ( ) ( ) lim ( ) ( )
x x

x f
x

f x f
x→ →

−
−

−
−
−2 2

2 2
2

2 2
2

 = f(2) – 2f ' (2) =  4 –2(4) = 4–8 = –4.

 12.(d) cos (| x |) = 
cos
cos
x if x
x if x

<
>





0
0

 ⇒ cos (| x |) = cosx ∀  x  R

  cos (| x |) = cosx, which is differentiable at x = 0 and  | x | is not 
differentiable at x = 0

 ∴ cos (| x |) + | x |  and  cos (| x |) + | x | – (| x |) –  | x | are not 
differentiable at x = 0.

  again 

  f (x) =  sin (| x |) +  | x | = 
sin( ) ( )
sin( )

− + − <
+ ≥





x x if x
x x if x

0
0

 

 = 
sin( )

sin( ) ( )
− − <
− ≥





x x if x
x x if x

0
0

 = 
− + <

+ ≥




sin
sin

x x if x
x x if x

0
0

  Here, L f ' (0) = –2 and R f ' (0) = 2

 ⇒ f (x) = sin (| x |) +  | x |  is not differentiable at x = 0. 

  Lastly, f(x) = sin (| x |) –  | x |

 = 
− <
− ≥





sin
sin

x if x
x x if x

0
0  

 ∴ Lf ' (0) = Rf ' (0)= 0 

  Hence  sin (| x |) –  | x | is differentiable  at x = 0.

13.(d)	 	 We	have		f (x) = 

− ≤ −

− − ≤ <
≤ <

≥













x if x

x if x
x if x

x if x

1

1 0
0 1

1

3

4

 

y

O X
–1

1

	 	 In	the	figure,f is not differentiable at x = –1,0  and 1.

 14.(b) f ' (x) =  
d
dx

 f (x) =  
d
dx

  elogf(x)

 = elogf(x) =  
d
dx

 logf (x) = f(x) 
d
dx

  log f (x).

 

 15.(a) f ' (x) = 2x g(x) + x2 g' (x)

  and f ' (x) = 2 g(x) + 2x g'(x) + 2x g' (x)+ x2 g'' (x)

  =  2g (x) + 4x g' (x)+ x2 g'' (x).

	 16.(b)	 We	have	:	f (x) = 

x x
x

x x

>
=

− <











1
0 0

0
,
,

 

  
lim ( ) lim ( ) ( )
x x

f x f x f
→ →− +

= = =
0 0

0 0

 ⇒ f is continuous at x = 0.

  also f	is	continuous	for	all	other	values	of	x.

  Hence f is continuous for all x.

  Now, Lf '  (0) =  –1 and Rf ' (0) = 1

 ⇒ f is not differentiable at x = 0.

 17.(b) f ' (a) = lim cos
x a x a→ −









1
, which  does not exist. But f(x) is 

  continuous  at x = a .    lim ( ) ( )
x a

f x f a
→

= =





0

18.(a)(b) lim ( ) ( ) lim sin
x x

xg x g
x

x
x→ →

−
−
−

=
0 0

2
1 0

0
0

 =  lim sin
x

x
x→0

1
 = 0 
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 ⇒ g (x) is differentiable at x  = 0  such that g '  (x) =  0.

  For x ≠ 0 .

  g' (x) =  xf ' (x) + f (x)

  = x2 cos 
1 1 1 1

2x x
x

x
x

x













 + +· sin sin

  = 2x sin 
1 1
x x
− 






cos

  Now,  lim ( ) lim sin lim cos
x x x

g x x
x x→ → →

′ = − 





0 0 0

2 1 1

  = 0 – lim cos
x x→







0

1
  which does not exist.

  

 ⇒	  g ' is not continuous.

  also f is not differentiable.

19.(a)  lim ( ) lim ( )
x x

f x
→ →− −

= =
0 0

0 0

  
lim ( ) lim ( )
x x

f x x
→ →+ +

= =
0 0

2 0

 ∴ lim
x→0  f (x) = 0 = f (0)

 ∴ f (x) is continuous at x = 0 .

  also f (x)  is a polynomial if x  ≠ 0. 

 ∴ f(x) is continuous for all x.

 ∴ f is continuous.

20.(a)  g (0) = 0 f(0) = 0

  g ' (0) =  lim ( ) ( ) lim ( )
x x

g x g
x

xf x
x→ →

−
=

−
0 0

0
0

0
 

 = lim
x→0 f (x) =  0.

  again g' (x) =  xf ' (x) + f (x) · 1

  = x f ' (x) + f (x), 

 ∴ lim
x→0 g' (x) =  lim

x→0  [xf ' (x) +f ' (x)]

 = 0  + f(0) =  0 + 0 = 0 =  g' (0). 

  Hence g is differentiable but g'  is continuous. 

21.(a)  Here f (x) =  max {(1–x), (1– x), 2}

  

1 1
2 1 1

1 1

− ≤ −
− ≤ ≤

+ ≥









x if x
if x
x if x

,
,

  at x = –1,  

  lim
x→− −1

 f(x) = lim
x→− −1

(1–x) = 2

 

  lim
x→− +1

  f (x) =  lim
x→− +1

 2 = 2  

  lim
x→− −1

 f(x) =  lim
x→− +1

 f (x) =  f (–1)

 

 ⇒ f is continuous at x = –1.

  Similarly f is continuous at x =1. 

  also f is a polynomial for x	≤	–1	and		x	≥	1	and	a	constant	
function	for	–1	≤	x	≤	1.

  Hence f is continuous for all x.

  Now, Lf ' (–1) = –1, Rf ' (–1) = 0 

 ⇒ f is not differentiable at x = –1

  and Lf ' (1) = 0 , Rf '  (1) = 1

 ⇒ f is not differentiable at x = 1

  Hence f is not differentiable at x = ± 1.

 22.(a) f (x) is differentiable at all x  R –1.

 23.(b) lim
x→ −1

 f (x) = lim
x→ −1

(x–1) = 0

 

  lim
x→ +1

 f (x) = lim
x→ +1

 (x3–1) = 0

  also, f(1) = 0 

  Thus lim
x→ −1

 f (x) = lim
x→ +1

f(x) = f(1)

 

 ⇒ f is continuous at x =1.

  and Lf ' (1) = 2,  Rf ' (1) = 1 ⇒ f is not differentiable at x =1.

 24.(c) lim ( ) ( ) ( ) ( )
x a

g x f a g a f x
x a→

−
−
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 = lim [ ( ) ( )] ( ) ( )[ ( ) ( )]
x a

g x g a f a g a f x f a
x a→

− − −
−

  

 = g ' (x) f(a) – g (a) f ' (a) = 2.2 –(–1)(1)

 = 4 + 1 = 5.

 25.(a) lim
x→− −1

 f (x) = lim
x→− −1

 1= 1

 

  lim
x→− +1

f (x)  = |–1| = 1

 

 ∴ lim
x→−1

 f (x) = 1 = f (–1)

 ∴ f(x) is continuous at x = –1.

 26.(c) f ' (x) =  lim ( ) ( )
h

f x h f x
h→

+ −
0

  
lim ( )· ( ) ( )
h

f x f h f x
h→

−
0

   [  f (x+y)  + f(x) + f(y)]

 = f(x) lim ( )
h

f h
h→

−
0

1

 

 = f (x) lim (sin )g( )
h

h h
h→

+ −
0

1 2 1

 

 = 2f(x) = lim sin
h

h
h→0

2
2

 · lim
h→0

g(h)  [ g(x) is continuous at x = 0]

 

 = 2f(x) =  g (0).  lim ( ) ( )
x

g x g
→

=



0

0  .

 27.(c) Since f (x)  is odd, ∴ f (–x) = –f (x)

  Diff. f '  (–x) (–1) = –f  ' (x)  ⇒	f ' (– x)  = f ' (x)

 ∴ f ' (–3)= f ' (3) = 2.

	 28.(a)	 We	have	:	f (x) = 

x
x

x

x
x

x
x

1
0

0 0

1
0

+
>

=

−
<













,

,

,

 

 

  Here, Lf ' (0) =  Rf ' (0) = 0 ⇒	f is differentiable at x = 0.

  and f is differentiable at other point

  Hence f	is	differentiable	everywhere.	

 29.(b) Since f	is	even,	∴ f (–x)  = f(x)

  Difference  f ' (–x) (–1) =  f ' (x) ⇒ f '(–x) = – f ' (x)

 ⇒ f ' is an odd function.

 30.(a) Since f (x) is odd, ∴ f (–x) = –f(x)

  Difference  f ' (–x) (–1) =  – f ' (x) ⇒ f '(–x) =  f ' (x)

 ⇒ f '	is	an	even	function.

	 31.(a)	 When	–1	≤	x <1.

  f (x) = | |t dt tdt tx x x

− − −
∫ ∫= = −











1 1

2

1
2

 = –
1
2

(x2 –1).

  

  When x	≥	0	

  f(x) =  − + = +
− −
∫ ∫
1

0

0

21
2

1tdt tdt x
x

( )

  Thus,  f (x) = 
− − − ≤ <

1
+ ≥










1
2

1 1 0

2
1 0

2

2

( )

( );

x x

x x

  at x = 0, lim
x	→0–

 f (x) = lim
x	→0

= – 
1
2

 (x2 –1) = 
1
2

   lim
x	→0+

 f (x) = lim
x	→0

=  
1
2

 (x2 +1) = 
1
2

  

  = f (0) = 
1
2

 

 ∴ f(x) is continuous at x = 0

  Thus f is continuous for all x > –1.

  Now, Lf ' (0) = 0 = Rf ' (0) ⇒ f is differentiable at x  = 0 .

 ∴ f ' (x) = 
− − < <

=
>









x x
x

x x

1 0
0 0

0
,
,
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 ⇒ f ' (x)  is continuous at x = 0.

 ⇒ f is continuous for all x > 1, i.e.  for x,+ 1 >0.

  Hence f and f '   are continuous for x +1 > 0.

 32.(c) lim
x→ −2

 f (x) = lim
x→ −2

 (3x2 + 12x –1)

 

  = 12 + 24  –1= 35

  lim
x→ +2

  f (x) =  lim
x→ +2

 (37 – x) = 35

 

 ∴ lim
x→ −2

 f (x) =  lim
x→ +2

 f(x) =  35 = f(2)

 

 ∴ lim
x→2   = f(x) =  f(2)

 ∴ f is continuous at x  = 2.

  Since f(c)	is	a	polynomial		for	–1	≤	x	≤	2	and	for	2	<	x	≤	3.

 ∴ f(x) is continuous on [–1,3].

33.  (a,C,D). Here f(x) = min {x,x2} =  

x x

x x
x x

,

,

<

≤ <
>









0

0 1
1

2

  Its graph is shown as : 

y

O x1

  Clearly, h is continuous for all x but not differentiable at x = 0 
and x =1

  also, h' (x) = 1 for all x > 1.

 34.(b) f '  (a) = lim cos
x a x a→ −









1
 which does not exist.

 35.(c) lim ( ) ( ) ( ) ( )
x a

g x f a g a f x
x a→

−
−

 

 36.(b) Lf ' (0) =  lim ( ) ( )
x

f h f
h→ −

+ −
0

0 0
 

  = lim
h

h
h→

− −
0

2 0
 = 0

  Rf ' (0) =  lim ( ) ( ) lim
h h

f h f
h

h
h→ →+ +

+ −
=

0 0

20 0
 = 0

 ∴ f '  (0) = 0 ⇒ f	is	derivable	at	x = 0.

 37.(d) f ' (x) =  lim ( ) ( )
δ

δ
δx

f x x f x
x→

+ −
0

 = lim ( ) ( ) ( )
8 0x

f x f x f x
x→

+ −δ
δ

   [  f(x+ y) = f (x) + f(y))]

  = lim ( )
δ

δ
δx

f x
x→0

 = lim ( ) ( )
δ

δ δ
δx

x g x
x→0

2

 

   

    [  f(x) = x2g(x)]

  lim
δx→0

	δx g(δx) = 0 × g(0) = 0.

 

 38.(c) Clearly,  [x]2 ≠	–1,	and	sin	4π	[x] = 0,  ∀ x

 ∴ f(x) =  0 ⇒ f ' (x) = 0 for all x.

	 39.(d)	 Obvious

 40.(d)  f (x) = x | x|, which is product of two continuous functions , ∴ f 
is continuous for all x  R. 

  also, f '  (x) =  x 
x
x| |

  + |x|,. 1 = |x| + |x|

  


d
dx

x d
dx

x x x
x

x x
x

| | ( ) ·
| |

/= = = =










−2 2 1 2
2

1
2

2 1

2
2

 41.(a)  Lf ' (1) = lim
x → 1–

 f(x)– f (1)
x–1

 

 

 = lim
x → 1–

 ax2 +b – (a+b)
x–1

 = lim
x → 1–

a(x2 –1)
x–1
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 = lim
x → 1–

 a(x+1) = 2a

  Rf ' (1) = lim
x → 1+

 f(x)– f (1)
x–1

 

 

 = 
lim

x → 1+  
bx2 +ax +c –(a+b)

x–1  

 =  lim
x → 1+

 b(x+1)+a + 
c

x–1
 = 2b + a if c = 0

 = Since f is differentiable at x =1.

 ∴ 2a = 2b +a ⇒ a = 2b

  Thus the result holds if a = 2b, c = 0.

 42.(c)  f(x) =1 + |sinx|	is	continuous	everywhere	(being	the	sum	of	two	
continuous functions).

 43.(b) (fog)' = 1 ⇒ f(g(x)) = x, for all x

 ∴ f ' (g(x)) g' (x) = 1

 ⇒ f ' (g(a)) g' (a) = 1, f ' (g(a)) =  
1

g'(a)
 =  

1
2

 ⇒ f ' (b) =  
1
2

.

 

 44.(c) lim
x → 0–

f(x) = 0 = lim
x → 0+

f(x) = 0 = f(0)

 

 ⇒ f is continuous at x = 0.

  

lim
  x → 0– [x] = –1, lim

x → 0+ [x] =0; etc 

 45.(d) x + |y| - 2y ⇒ x = 3y if y < 0 

   
dy
dx

 =  
1
3

 

 46.(b)  Lf ' (0) = lim
x → 0–

 f(x)– f (0)
x–0

 

 

 = lim
x → 0–  

–x – 0
x  = –1

  Rf ' (0) = lim
x → 0+

 
f(x)– f (0)

x–0   =  lim
x → 0+

  x– 0
x

 = 1 

 

  Since Lf '	(0)	≠	Rf ' (0).

 ∴ f (x) is not differentiable at x = 0.

  Now,  
lim

x → 0–  f (x)=  
lim

x → 0–  (–x) = 0 

   lim
x → 0+

 f(x) =  lim
x → 0+

x = 0.

  

  also, f(0) = 0 .

  Thus  lim
x → 0–

 f(x) =  lim
x → 0+

f(x) = f(0).

 

 ∴ f is continuous at x = 0 .

 47.(b)  lim
x → 0+

 f(x) = 0 =  lim
x → 0–

f(x) = f(0).

 

 ∴ f(x) is continuous at x = 0.

  Lf ' (0) =  lim
x → 0–

f(x)– f (0)
x–0

 

  

 

 =  lim
x → 0–

 x x– x+1)– 0
x

 = –1 = R f ' (0).

 ∴ f(x) is differentiable at x = 0.

48.(c) f(x) =  |x – 0.5| + |x –1| + tanx ; 0 <x < 2.

 

 = 

− + + < <
+ ≤ <

− + ≤ <









2 1 5 0 0 5
0 5 0 5 1

2 1 5 1 2

x x x
x x

x x x

. tan ; .
. tan ; .

. tan ;
 

  Here, Lf ' (0.5) ≠ Rf ' (0–5) and  Lf ' (1) ≠ Rf ' (1)

  and f is not  continuous at x  =  
π
2

 ⇒ f is not differentiable  at x = 
π
2

  Hence the required number of points = 3.

49.(c)   lim
x → 1–

 f (x)  =  lim
x → 1–

x2

4
–

3x
2

+ 13
4

 = 
1
4  – 

3
4  + 

13
4  = 2

  lim
x → 1+

 f (x)  = lim
x → 1+

 |x –3| = 2.
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 ∴ lim
x → 1

 f (x)  = 2 = f (1)

 

 ∴ f(x) is continuous at x =1.

  Lf ' (1) =  lim
x → 1–

f(x)– f (1)
x–1

 

  =  lim
x → 1–

 
x2

4
– – 2

3x
2

+ 13
4

x –1

  =  lim
x → 1–

x2– 6x + 5
4(x–1)

 

 

  =  lim
x → 1–

x – 5
4

  = –1 

  Rf ' (1) =  lim
x → 1+

f(x)– f (1)
x–1

 

  =  lim
x → 1+

 3–x– 2
x–1

 = –1

 ∴	 f(1) = –1

 ∴ f(x)	is	derivable	at	x = 1.

 50.(d) Since f(x) = 0  for all x,  ∴ f ' (x) = 0 for all x

  [	tan	(π[x	–	π])=	tan	n	π,	where	n is an integer as [x	–	π]	=	an	
integer n ].

 51.(a) f '(a) =  lim
h → 0

 f(a+h)– f (a)
h

  

  =  lim
h → 0 h2cos

1
h  – 0

h

 

 

 =  lim
h → 0

h · lim
h → 0

 cos 1
h

 = 0

 

 52.(d) Book work.

 53.(c) lim
x → a

(x –a) sin 
1

x–a

  lim
h → 0

h sin 
1
h

 = 0 f (a).

 

  

1
h

lim
h → 0

h= 0 and sin ≤	1  h ≠ 0

 ∴	 f is continuous at a.

	 	 However,	 lim
h → 0

f(a+h)– f (a)
h

 

   lim
h → 0

hsin
1
h

h
 lim

h → 0  sin 
1
h

  

  which does not exist.

 54.(c) f(x) = x3 if x ≠ 0

 = 0, iff, x = 0

 = –x3, if x < 0 

  Clearly f is continuous at x = 0

  Lf ' (0) =   lim
x → 0–

f(x)– f (0)
x–0   = lim

x → 0–
–x3– 0

x
 = 0

  Rf ' (0) =   lim
x → 0+

f(x)– f (0)
x–0   = lim

x → 0+
–x3– 0

x
 = 0

 

 ∴ f(0) = 0 ⇒ f 	is		derivable	at	x = 0.

 55.(c)  lim
x → 1–  f(x) = lim

x → 1– (x–1) = 1 –1 = 0

   lim
x → 1+  f(x) = lim

x → 1+ (x3–1) = 1 –1 = 0

 \  lim
x → 1  f(x) = 0 f(1)

 \ f (x) is continuous at x =1.

  Lf ' (1) =   lim
x → 1–

f(x)– f (1)
x–1   = lim

x → 1–
x– 1 – 0

x–1
 = 1

  Rf ' (1) =   lim
x → 1+

f(x)– f (1)
x–1   

              = lim
x → 1+

x3– 1
x–1

 =   lim
x → 1+

3x2

1
 = 3

  Lf '		(1)	≠		Rf ' (1)

 \ f(x) is not differentiable at x = 1.

56.(b)  Lf ' (k) =   lim
x → 0

f(k–h)– f (k)
–h   

  Since h > 0, ∴ k – h < k
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  We take h such that 0 < h <1 ⇒ k –1 < k –h < h

 ⇒ f (k–h) = [k –h]	sin	{π(k – h)}

  = (k	–1)	sin	(πh	–	πh)

  = (k –1)(–1)k sin	(πh)

  also, f(k) = [k](πk) = 0

 ∴ Lf ' (k) =   lim
h → 0  

(k–1)(–1)k sin	(πk)–0
–h   

 

 = (k –1) (–1)k–1  lim
h → 0

sinπ
π

h
h







 	π

 

 = (k –1) (–1)k–1(1)π

 = (k –1) (–1)k–1	π	=	(–1)k–1(k	–1)π

  Thus f (x) = 
1

2
2

5 7 2

2
+ >

− ≤







x if x

x if x

 ∴  lim
x → 2– f(x) =  lim

x → 2–  (5x –7) = 10–7 = 3

 

   lim
x → 2– f(x) =  lim

x → 2–  1
2

2
+











a
  = 1 +  

4
2

 = 1+2 = 3

  

  also,  f (2) = 5(2) –7 = 3.

  Thus f is continuous at x = 2.

  Ag+ a f ' (2–) =  lim
h → 0  

5(2–h) –7 –3
–h   = 0

 

  f ' (2+) =  lim
h → 0  

1 1
2

2 32+ + −( )h

h
 = 2

  

  Thus f is not differentiable at x = 2.
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1.(a) y = sec–1 
x
x
+

−











1
1

 + sin–1 
x
x
−

+











1
1

  
   

  =  cos–1 
x
x
−

+











1
1

+ sin–1 
x
x
−

+











1
1

=  π2  

  ∴  dy
dx   = 0 

2.(b) x = ey+x ⇒ logex = y +x

  ∴  1x   =  dy
dx  + 1 ⇒  dy

dx    =  1–x
x  

3.(c) Putting x = sinθ, y = sinφ
  ∴ cosθ + cosφ = a(sinθ– sinφ)

  ⇒ cot 
θ φ−







2  = a ⇒ θ – φ = 2cot–1 a

 

 ∴ sin–1x – sin–1 y = 2cot–1a  ∴  dy
dx   = 

1
1

2

2
−

−

y
x

4.(c) x2 + y2 = t –  1t  

  x4 + y4 = t2 +  1t2   = t t−










1 2

 + 2 = x4 + y4 + 2x2y2 + 2
  
 ∴ x2y2 = –1 ⇒ x2 .2y  dy

dx  +y2. 2x = 0

 ⇒	 x2y dy
dx   = –x2 y2 = 1

5.(a) f(x) = cot–1 
x xx x−











−

2  

  = cot–1 
( )

tan
x

x
x

x
x x

2
1

2

2
1

2
2

1

−










=

− + ( )

















−

  = –2tan–1 xx

  ∴ f ' (x) = –  2
1+(xx)2   × xx(1+logex)

  ∴ f ' (1) = –  –2
2   × 1= –1.

6.(a) φ (x) = ax2 + bx + c
    φ(1) = φ(–1) ⇒ a + b + c = a –b + c ⇒ b = 0 
  ∴ φ(x) = ax2 + c ⇒ φ' (x) = 2ax  
  ∴ φ'(a1) = 2aa1.φ'(a2) = 2aa2 , φ' (a3) = 2aa3.
    a1, a2,a3 are in A.P.
  ∴ φ'(a1), φ'(a2), φ'(a3) are also in A.P.

7.(b) y = sin x y+  ⇒ y2   – y = sinx

  ∴ (2y –1)  dy
dx   = cosx or,  dy

dx   =  cosx
2y–1  .

8.(c) x y2 2+( ) = aetan–1(y/x).........(1) 

  or, 
1

2 2 2x y+
(2x + 2yy') 

 

  = a.etan–1(y/x) × 
1

1
2

2+










y
x

 ×  xy'–y
x2  

 

 

 ⇒ 
x yy

x y

+ ′

+2 2
 = x y2 2+( )  ×   

x2

(x2+y2)× 
xy'–y

x2  

 ∴ x + yy' = xy' –y ⇒ y' = dy
dx  

 = x+y
x–y  

9.(d) f ' 2 2
2x +











π
 = 

df x

x

2 2

2 2

2

2

+










+










π

π

 = sin 2 2
2x +











π
 + sin 4 2 2

2x +










π
 cos 2 2

2x +










π
 

 ⇒ f ' 2 2
2x +











π
 = 4x [cos4x2–sin8x2 .sin2x2] at x = √ π

2  

  

  f ' 2 2
2x +











π
= 4  √

π
2   {cos2π –sin4π.sinπ} 

   
  = 2 2 √π

10.(d) f ' (x) = nxn–1

 
	 ∴	 	 n(a+b)n–1 = nan–1 + nbn–1

 ⇒  n{(a+b)n–1 – an–1 – b n+1} = 0 
 ∴ n = 0 or (a+b)n–1 = an–1 + bn–1 which is true for n = 2.

11.(b) y = tan–1 
1

1 1
1

1 1 2
1

+ +( )







+

+ +( ) +( )








−
x x x x

tan  + tan–1 

  
1

1 2 3+ +( ) +( )






x x  + .......+ tan–1 

1
1 1+ + −( ) +( )






x n x n

 

 = tan–1 
x x

x x
x x

x x
+( ) −

+ +( )











+

+( ) − +( )
+ +( ) +( )






−1

1 1
2 1

1 2 1
1tan







 + tan–1 

  
x x

x x
+( ) − +( )

+ +( ) +( )












3 2
1 3 2

+...... + tan–1 
x n x n
x n x n
+( ) − + −( )

+ +( ) + −( )












1
1 1

 = tan–1(x+1) – tan–1x + tan–1 (x+2) – tan–1 (x+1) + tan–1(x+3)–  
tan–1(x+2) + ....+ tan–1(x+n)– tan–1(x+n–1) = tan–1 (x+n) –tan–1x

 ∴ y' =  1
1+(x+n)2  –  1

1+x2
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 ⇒ y' (0) =  1
1+n2  –1 =  –n2

1+n2

12.(b) f ' (–x) (–1) = f ' (x) ⇒ f ' (–x) =  – f ' (x)

13.(a) y = 
1 1

1 1

2 2

2
2

2
2

+ − −( )
+( ) − −( )

t t

t t
 
 

 =   2–2 1 4− t
2t2  

 = 1– 1 4− t
2t2  

 ∴ 
dy
dt   = 

t
t

t t t

t

2
4

3 4

4

0
1

2 1
4 1 1 2−

−
×−












− − −{ }×

 = 

2
1 4

2 1 1
2 1 1

1

5 4

4

4

3 4

t
t

t t

t

t

t t
−

− − −{ }
=

− −{ }
−

 = 
dx
dt   = 

–2t3
  

1 4− t
 ∴ 

dy
dt   = 

1 4− t –1
t6   =  –1

t2 {1+ 1 4− t } 

14. (d) xcosy + ycosx = 5 ⇒ e cosylogx +   e cosylogx  = 5. Differentiate it.

15.(c) 
d
dx   

1 1

1

2 2

2

+ +( ) − +

+ +













x x x x

x x

(
 = ax + b

 
  ⇒ 

d
dx  (1–x +x2 ) = ax + b ⇒ –1 + 2x = ax + b

  
  ∴ a  = 2,b =–1.
16.(c) Put x = cosθ

  ∴ y = tan–1  
cosθ

1+sinθ   + sin[2tan–1 
1
1
−
+











cos
cos

θ
θ ]

  = tan–1  
sinφ

1+cosφ  + sin 2 2
1tan tan−









θ

   where φ = 90º – θ 
  = tan–1 tan(φ/2) + sin(2.θ/2) = (φ/2) + sinθ 

  = π/4 –  θ/2 + 1 2−( )cos θ
 

  =  π/4 – 1
2  

 cos–1x + 1 2−( )x

  ∴  
dy
dx   = 1

2  
  1

 1 2−( )x   

  +  
1

 2 1 2−( )x   
 (–2x) =  

1–2x

2 1 2−( )x   
.

17.(c) y =tan–1   
5x–x

1+5x.x   + tan –1 

2
3

1
2
3

+

−

x

x
  
    = y tan–1 5x – tan–1x + tan–1 2

3  
 + tan–1x

 or,  y = tan–1 5x + tan–1 2
3  

 
   

  ∴   
dy
dx   =  

1
1+25x2  .5 =  

5
1+25x2  

18.(a) Put x = tan θ. 
  ∴ y = sin–1 (cos2θ) =  π

2  –2θ =   π
2  – 2tan–1x

  ∴	  
dy
dx   = – 2

1+x2  

19.(b) y = cos–1 
x
x

2

2
1
1

−

+











 =  cos–1 −

−

+













1
1

2

2
x

x   

 =  π – cos–1 −
−

+













1
1

2

2
x
x   = π – 2tan–1 x

  ∴  dy
dx  

 = – 2
1+x2  

20.(a) dy
dx  

 = – 1
1+cos2x  

. 1

2 cos 2x   
  (–2sin2x)

   
  
   Now put x =  π

6

 ∴	 cos2x =  1
2

 and sin2x = 
3

2

 ∴  dy
dx  

 = – 
1

1
1
2

1

2
1
2

2
3

2
2
3

1 2

+ −
−








 =









. .

/

21.(b) Put x = cos θ  ∴ y = 2θ   ∴ z = sinθ
  

   dy
dx   = dy

dθ  / dz
dθ  

 = 
2

cosθ   = 2
x  

 = 4  at x = 1
2  

 

22.(d) y = tan–1 
cos sin

cos sin

x x

x x
2 2

2 2

+

−
 = tan–1 tan π

4 2+










x

  
  or, y = π

4  
 +  x

2  
 .  ∴ dy

dx   =  1
2  

 23.(d) Put x2 = cos2θ .1 + cos2θ = 2cos2θ
   1 – cos2θ = 2sin2θ.   ∴ y = tan–1  cosθ+sinθ

cosθ– sinθ   
 = tan–1 tan(π/4+θ) =  π

4   + θ

 ∴ y =  π
4   +  1

2   cos–1 x2

 ∴  dy
dx   =  1

2   
−

−( )
= −

−

1

1
2

12 4x
x

x

x
.

24.(b) Putting x = tan θ, we have 
   y = tan–1 tan θ

2   = θ
2   = 1

2  tan–1x

  ∴ dy
dx   = 12   · 

1
1+x2   = 1

2   at x = 0.
   
  Again putting x = sinφ, we have

  z  =  tan–1( 2sinφcosφ
1–2sin2φ  )= tan–1 sin2φ

cos2φ   

   
  = tan–1 tan2 2φ = 2φ = 2sin–1x.  
  ∴  dz

dx   =  2

1 2− x   
 = 2 at x = 0.
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  ∴  dy

dz   =  dy
dx   ÷  dz

dx   =  12   ÷ 2 =  14  .

25.(a)  dx
dt  = a − +









sin sint t

1
 = a(1sin2t)

sint   =  acos2t
sint   

 
    dy

dt  = acost  ∴ dy
dt  = acost. sint

acos2t  
 = tant

 26.(a)   dy
dt  = 2x + 2t  dt

dx .......(1)
   
   t = x

1+x2   ∴   dt
dx  = 1–x2

(1+x2)2  

  Putting for t and  dt
dx  in (1), we get 

   dy
dx  = 2x + 2x

1+x2 
 .  1–x2

(1+x2)2 
 

  Now put x = 2.
   dy

dx  = 2.2 + 2.2
1+22 

 .  1–22

(1+22)2 
  = 4 + 4

5  . (–3)
52  

  = 4 – 12
125  

 = 488
125 

27.(b) x 1+ y  + y 1+ x   = 0 ∴		x 1+ y = – y 1+ x  
   Squaring, x2 (1+ y) = y2 (1+x) 
  or, ( x2   – y2)  + xy (x–y) = 0
  or, (x–y) (x+y+xy) = 0 
   Since y = x does not satisfy the given equation we have x + y + 

xy = 0 , y = – x
1+x   =  – 1

1
1+ +









x

 

 ∴  dy
dx  = – 1

(1+x)2 

28.(a) siny = x sin(a +y). ∴ x =  siny
sin(a+y)  

   Differentiate with respect to x.
  ∴ I =  sin(a+y) cosy – siny cos(a+y)

sin2(a+y)  . dy
dx 

  ∴ dy
dx

 =  sin2(a+y) 
sin(a+y–y)  =   sin2(a+y) 

sina  

29.(b) 2y logx = x–y.  ∴ y(1+2logx) = x
  or,   

x 
1+2logx . ∴ dy

dx
 =   2logx –1 

(1+2logx)2 .

30.(a) The function y = log|x| is defined for all real x except x = 0 and 

log|x| = 
log

log( )
x x
x x

if
if 

>
− <





0
0

  

  Hence  d
dx  = log|x| = 

1
0

1
1

1
0x x x x x, ;> = −









 −( ) = <












 if 

  ∴ dy
dx  =  1

x
, x ≠ 0, thus  d

dx  log|x| =   1
x

, x ≠ 0.

31.(d) y = f(x) = log(logx)
logx2  = logt

2t
 where t = logx

  

   
 log

log
logb a
a
b=











   y =  1
2   logt

t  and logx = 1because x = e. 
   
   dy

dt  =  1
2

  t.1/t–logt.1
t2

 
  
 =  

1
2   

1–log1
12  =  

1
2 at x = e i.e. t = 1

 
 ∴	 	

dt
dx 	= 1x = 

1
e at x = e. ∴  	dy

dx 	= 	dy
dt .	

dt
dx 	=		

1
2e .

32.(c) 	dy
dx 		=	f '  

2 1
12

x
x
−

+








 	

d
dx

2 1
12

x
x
−

+










	 	 = f ' 
2 1

12
x

x
−

+








 . 2 2 2

1

2

2 2
+ −

+( )
x x

x
  

 ∴ 	 	
dy
dx 	atx = 0  = f ' (–1) .2 = 2 sin(–1)2 = 2sin1.

33.(c) By given condition, φ (x) = f –1(x)

  ∴ f[φ(x)] = x. 
   Differentiating with respect to x. f ' [φ (x)] φ' (x) = 1

  or, φ' (x) = 
1

f x′( ( ))φ  = 1 + [φ (x)]n by definition of  f ' (x).

34.(a) yz  = log10 x.logx10 = log10 10 = 1
  

  ∴	y =   1
z
  ∴ 	dy

dz 	 = – 	 1
z2 	 = – (log10x)2 = – 

log
log

x
10

2










35.(c) 2xlog2+ 2y + 2x log2. 	dy
dx 	= 2x+ylog2 1+











dy
dx

  ∴ 2x (2y–1) = 2y(1– 2x) 	dy
dx   ⇒ 	dy

dx 	= 2x–y 	
2x –1
1–2x .

36.(b) y = (xx)x

  ∴  log y = x logxx = x2 logx
  ∴ 1y 	

dy
dx 		= 2x logx + x2 . 1

x
 = x (1+2logx)

  ∴ dy
dx 	 = x.y (1+2logx)

 
37.(a) y = 	 (1–x) (1+x) (1+x2).....(1+x2n) 

1– x = 	1–x2n+1

1–x  

  ∴  dy
dx 	= 	

–2n+1 (x2n+1 –1)(1–x) + 1 – x2n+1

(1– x)2

	 	 	 at x = 0  dy
dx 	= –2n+1. 0.1+1–0

12 	= 1

38.(c) Around x = 2π
3 	, |cosx| = – cosx and |sinx| = sinx

  ∴ y = – cosx + sinx.  ∴ dy
dx  = sinx + cosx

   
  At x =  2π

3 , dy
dx 	= sin2π

3 	÷	 cos2π
3 	= 1

2 ( 3 –1)

 39.(c) f (log,x) = loge(logex)
  ∴ df(logex)

dx  =   1
logex

·1
x
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40.(a) f(x) = 	
2sinx cosx cos2x cos4xcos8xcos16x 

2sinx
	 	

	 	 =	 
sin32x
25sinx

	 	 ∴	f ' (x) =  1
32 	

32cos32x . sinx – cosx.sin32x
sin2x

	 	 ∴		f ' 
π
4









  = 

32
1
2

1
2

0

32
1
2

2

. .

.

−











 = 2

41.(b) Differentiating with respect to x,

   exy + x.exy y x
dy
dx+









  –  dy

dx  = 2 sinx cosx
  
  or,   dy

dx  {x2 . exy–1} = sin2x  – exy – xy.exy

    
   when x = 0, 0 – y, i.e. y = 0
  ∴  dy

dx  =  0–1–0
0 –1  = 1

42.(a) y = f(x2) ⇒ dy
dx  = f ' (x2).2x = 2x 2 12 2

x( ) −
   
   At x = 1,  dy

dx  = 2.1 2 1−  = 2

43.(d) Let x = tanθ 

   Then tan–1 
1 12+ −x

x  = tan–1  secθ–1
tanθ 

 = tan–1  1 – cosθ
sinθ  =  θ

2  =  12 tan–1x.
 

 ∴ 

d
x
x

d x

tan

tan

−

−

+ −













( )

1
2

1

1 1

 = 12

44.(a) Let x = cosθ . Then 
   y = cosec–1  1

2x2 –1 = cosec–1 sec2θ 
   

   cosec–1 cosec
π

θ2 2−





















 = π2 – 2θ.

  

   z = 1 2− cos θ  = sinθ 
  
  ∴ dy

dx  =  dy/dθ
dz/dθ  =  –2

cosθ  =  –2
x 

  ∴ dy
dx  = – 4 at x =  1

2

45.(a) du
dy  = 

du
dx
dy
dx

 = f '(x3). 3x2

g ' (x2).2x  = cosx3.3x2

sinx2.2x  

  
   = 3

2 x cosx3.cosecx2.

46.(b) 5f.(x) + 3f 
1
x









  = x + 2 ⇒ 5f  

1
x









 +3f(x) =  1

x + 2
  

   From these, 16f(x) = 5x = –  3
x + 4

  ∴16f ' (x) = 5 +  3
x2  ∴ y = xf(x)

 ⇒    dy
dx  = f (x) +xf ' (x)

  =    1
16

5
3
4 4x − +









 + x.   1

16  5
3
2x

x
+











  ∴ at x = 1.
     dy

dx  = 1
16  (5–3+4) +  1

16  (5+3) =  78.

47.(c) f(x) = tan2x tan3x tan5x

  ∴ f ' (x) = 2sec22x .tan3x.tan5x + 3sec2 3x.tan2xtan5x + 5sec25x, 
tan2x tan3x.

  ∴ f ' (π) = 0. As tan nπ = 0.

48.(c) y = f x f x f x( ) ( ) ( ) ....+ + + ∞

 ⇒  y = f x y( ) +  ⇒  y2 – y = f(x)
 ⇒   (2y –1) dy

dx  = f ' (x) ∴  dy
dx  =  f '(x)

2y–1

49.(c) sin(x+y) = log (x+y)
   Differentiating both sides with respect to x,
  

   cos (x+y) 1+










dy
dx  =  

1
x+y 1+











dy
dx

  ⇒ 1+










dy
dx

cos( )x y x y+ − +










1
 = 0 

   
  ⇒1	+	 dy

dx = 0. ∴   dy
dx  = 1.

50.(c) Given y(x) = f(ex) ef(x)
  ∴ y' (x) = ef(x) [f(ex) f ' (x) + f ' (ex)ex]
  ∴ y' (0) = ef(0) [f(1) f ' (0) + f ' (1).1]
  =  e0[0+f ' (1)] = f ' (1) = 2 (which is given).
51.(b) Let 

   y y y x x x− − ∞ = + + + ∞..... .....  = v

 ⇒	 y – v = x + v = v2

 ∴  v = v2 + v and x = v2 –v and  y–x
2  = v

 ∴  dy
dv  = (2v+1) .  dx

dy  = 2v = 1
  
 ∴  dy

dx  =  2v+1
2v–1  = y–x+1

y–x –1

52.(c) As y = x y x y+ + + + ∞......

  ∴ y2 = x + y x+ + ∞......

  ⇒	(y2 – x)2 = y + x y+ + ∞......

   y4 – 2xy2 + x2  = y + y ⇒ y4 – 2xy2 + x2 – 2y = 0
   Differentiating  we get 
   (4y3 – 4xy – 2) dy

dx  = 2(y2 – x)
  
  ⇒  dy

dx  = y2 –x
2y3 – 2xy –1
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53.(d) Given xmxmxmx∞

 = ynynyny∞ 

  
   Let xm = v and yn = t, then

   xmxmxmx∞

 = ynynyny∞ 

⇒  vtt
..∞

 = tt
t...

∞ 

= z(say).
  
 ⇒  v2 = t2 = z ⇒ v = z 1

z  
 ∴ v = t ⇒ xm = yn 

 ⇒ mlogx = nlogy ⇒ mx  = n
y

dy
dx  ⇒ dy

dx  = my
nx

54.(a) Let yyy...∞

 = loge (x+loge(x + ....)) = v

 ∴ yy  = loge (x+v) = v  ∴ y = v1/r and x = ex  – v

 ∴  dy
dv  = v1/v 

d
dx v v

1
log









  and dy

dv  = (ex –1) 
 

 ∴ dy
dv  = v1/v

1 1 1
2v v v

v. log−








  = v(1/v)–2 (1–logv)

  
 ∴ dy

dx  = v(1/v)–2(1–logv)
ev –1 

  Now, v1/v  = 2  and ex –v= e2 – 2.
 ⇒	 v = 2, ∴ v = 2, ev –v = e2 – 2 = x given so true.
 

  
dy
dx











e2– 2. 2
 = 

dy
dx











v = 2
 =  1–log2

2 2 (e2–1)  

55. (c) f(x) = 1
2  ( x  – 4/ x ).

 ∴ f ' (x) =  1
2  

1
2

2
3 2x x

+








/  ⇒ f ' (0) does not exist.

56.(b) y = 
2

2

2

2

cos

sin

θ

θ

( )
( )  = cot2θ  = – cot θ

 
  
   [  cotθ is negative in the neighbourhood of 3π/4 i.e. in θ] 

. dy
dθ









   θ = 

3π
4

  = (cosec2 θ)3π/4 = 2.

57.(c) Taking logarithm we have y log x +  x log y = 0
   Differentiating, we get 

   y
x  + dy

dx  logx + logy + x
y  dy

dx  = 0 
  
  ∴ dy

dx  = [y/x+logy]
[logx+x/y]  = – y[y+xlogy]

x[x+y logx]

58.(a) y = lognv = logv
logu

 ∴ 1 12 2+ ( )




= +( )dy dx/ tan θ  = |secθ|.

59.(a) x = a (cost + logtant/2) 
   

 ∴ dx
dt  = a − +









sin tan(t/ . sect

t1
2

1
2 2

2

  

 = a − +








sin sint t

1
 = a cos2t/sint

   dy
dx

 =  dy/dt
dx

 = tant . At t = π /4,  dy
dx

 = tan π
4

 = 1

60.(b) y sin –1 1
2

− ( )





x  + cos–1 x  = 2cos–1 x .

  ∴ dy
dx

 =  
2

1

1
2

1

1−( )








 =

−( ) x x x x
.

61.(c) y sin–1 x ⇒  dy
dx

 =  
1

1 2− x
  and let z = cos–1 1 2−( )x  = 

 
   sin–1 x

  ∴  dz
dx

 =  
1

1 2− x
  ∴  dy

dz
=  dy

dx
/  dz

dx
 = 1

62.(c) y2 = ae–2x + (2/5) (cosx – 2sinx) 
   Differentiating  we get, 
   y  dy

dx
= ae–2x –(1/5) (sinx + 2cosx) = –y2 – sinx

 ∴ y dy
dx

+ y2 + sinx = 0.

63.(b) y = cos–1 [2cosx + 3sinx) /( 3 )]
   Putting 2  = r cos θ, 3  = r sin θ ,  we get 
   r = 13( ) , tan θ =  3

2
 . So, 0 < θ < π /2.

   
   Then y = cos–1 cos(x–θ) or cos–1 cos(θ–x)
   As cos–1 cosx = x, if 0 < x < π 
  ∴ y = x – θ if 0 < x  – θ < π  or θ < x < π + θ.

  ∴ tan–1 (3/2) < x <  π + tan–1 (3/2)  ∴  dy
dx

 =  1.
65.(a) Given x2 + y2 = 2xy

   Differentiating 2x + 2y  dy
dx

 = 2 x
dy
dx y+







  

 ⇒   dy
dx

 (2y –2x) = 2y –2x  ∴  dy
dx

 =1
 

66.(d) f(x) = tan–1  

sin cos

cos sin

1
2

1
2

1
2

1
2

2

2

x x

x x

+










−










    
  

 

 = tan–1 
sin cos

cos sin

1
2

1
2

1
2

1
2

x x

x x

+

−
 
   cos  1

2
x > sin 1

2
x when 0 ≤ x <  π/2

 

 =  tan–1 
tan

tan

1
2 1

1
1
2

x

x

+

−

















 = tan–1 tan
π π
4 2+









  =  π

4
+  x

2

 ⇒ f '(x) =  1
2
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67.(b) logy = log x logx = (log x)2

   Differentiating,  1
y

 dy
dx  = 2log x  1

x

 ∴  dy
dx  = (2y/x) logx. or  dy

dx  = xlogx–1.2logx

68. (b) y = log2[log2(x)] = loge(logex.log2e). log2e
   = [ logelogex+ loge(log2e)]log2e

  ∴  dy
dx  = log2e  1

xlogex
 =   

1
xlogexloge2  

69.(c) Clearly,  dy
dx  = –  b

2x
a2y . Also b2 = a2 (1–e2)

   
   So,  dy

dx  = (e2 –1)  x
y

.

70.(a) y = (sinx) y  ∴ logy  = ylogsinx
   Differentiating we get,  1y   dy

dx  =  dy
dx  log sinx + y sinx + y.cotx

 
  ∴  dy

dx  =  
y2 cotx

1–ylogsinx 

71.(a) plogx + q logy = (p+q) log(x+y)
   Differentiating with respect to x,

    p
x  +  q

y   dy
dx    =  p+q

x+y  . 1+










dy
dx

 ∴  dy
dx

q
y

p q
x y−
+
+









  =   p+q

x+y   –  p
x    ⇒  dy

dx  = y
x

72.(c) Put t = sin θ , then u = sin–1 sin3θ = 3θ - 3sint 

  ∴ du
dt  = 

3

1 2− t
73.(a) y = b [tan–1 (y/x) + tan–1 (x/y)]
  or, y = b [cot –1 (x/y) + tan–1 (x/y)]
  or, y = b (π/2). ∴ dy

dx  = 0

 74.(d) 
dy
dx










t = π/4 
= 

− −
−










=

k t k kt
k t k kt

t

sin sin
cos cos

/π 4
 

  = sin(πk/4) + sinπ/4
cos(πk/4–cosπ/4  =1 (Given)

 
 ⇒ sin(kπ/4) + 1 2  = cos(kπ/4) –1/ 2

 ⇒ cos(kπ/4) – sin(kπ/4) –1/ 2

 ⇒ 2  [cos(kπ/4 + π/4) = 2

 ⇒ (k+1) π/4  = 2mπ ⇒ k +1= 8m or, k = 8m –1
  But for all these values of k,  dy

dx   = 0/0.
  Hence the value of such k does not exist.

75.(d) y sin–1  
sin sin

cos sin
α
α

x
x1−











 ⇒   dy
dx  = 

1

1 1

12 2
−

−( )

−










sin sin
cos sin

sin sin
cos sinα

α

α
αx

x

d
dx

x
x

  

 =  
1

1 2 22

−( )
+ −

cos sin

cos sin cos sin

α

α α

x

x x
 × 

    
−








 −

−










sin
cos

.
cos sin

α
α α

d
dx x

1
1

1

 =  – 
tan ( cos sin )

cos sin sin cos

α α

α α

1

1 2 22

−

+ −

x

x x
×  d

dx  

    
1

1
1

−
−









cos sinα x

 = 
tan ( cos sin )

cos sin sin cos

cos cos

cos sin

α α

α α

α

α

1

1 2 2 12

−

+ −

−

−(
x

x x

x

x))










2

 

 =  
sin cos

cos sin cos sin cos sin

α

α α α

x

x x x1 1 2 22−( ) + −

 ∴ 
dy
dx









 x = 0 = sinα ⇒ y ' (0) = sinα

76.(d) We have,
 

   
f x x x

x x
x x

( ) | |
( )

= −( ) = − =
− ≥

− − <




1 1
1 1
1 1

2 if
 if 

  f ' (x)   =  
1 1
1 1

 if 
 if 

x
x
>

− <




77.(a) We have, y = logcosx sinx =  logsinx
logcosx

 ⇒  dy
dx  = 

cotx.logcosx +tanx.logsinx
(logcosx)2

78.(c) We have, y = esin–1x and u = logx.

  ∴ dy
du = 

dy/dx
du/dx  = 

xe

x

tan−

−

1

1 2

 79. Let y = sin–1 
1 1

2
+ + −









x x
.Putting x = cosθ  we get y = sin–1 

  

1
2 2

1
2 2

cos sin
θ θ
+











  

 = sin–1 sin cos
π θ π

θ
π

4 2 4
1
2 4

1
2

1+


















 = + = + − x

   dy
dx  = –  1

2 1 2− x

80.(b) We have, f '(x) = sin(logx)  and y = f 
2 3
3 2

x
x

+
−











 ∴ dy
dx  = f ' 

2 3
3 2

x
x

+
−









 . d

dx   
2 3
3 2

x
x

+
−











  sin log
2 3
3 2

x
x

+
−



















  .  12

(3–2x)2  [  f ' (x) = sin(logx)]
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81.(d) 

   sin–1 
x y
x y

2 2

2 2
−

+











  = loga ⇒  x 2 –y2

x 2 + y2  = sin(loga)
 
  ⇒  1–tan 2θ

1+tan 2θ  = sin (loga), on putting y = xtanθ

  ⇒ cos2θ = sin (loga) ⇒ 2θ = cos–1 (sin(loga))

  ⇒ θ =   1
2

 cos–1 (sin(loga))

  ⇒ tan–1 
y
x









  =  1

2
 cos–1 (sinloga)

  ⇒  1
1+ y

2

x2

. 
x
dy
dx

y

x

−
2

 = 0 ⇒ x dy
dx

 –y = 0 ⇒  dy
dx

 =  y
x

.

82.(b) We have, f(x) = (x+1) tan–1 (e–2x)

 ∴ f '(x) = tan–1 (e–2x) +  (x+1)(–2)
1+e–4x  e–2x

 ⇒ f ' (0) = tan–1 (1) –  2
2

 = π
4

 –1.

83.(b) We have f(x) = 3ex2. Differentiating with respect to x, we get  
f '(x) = 6xex2.

  ∴ f (0) = 3 and f ' (0) = 0.
   Now, f '(x) –2xf (x) + 1

3
 f (0) – f ' (0)

  = 6ex2– 6ex2+  1
3

 (3) = 1

84.(b) Differentiating y = ce
x
x a−   with respect to x , we get  

 dy
dx

  = ce
x
x a− (–a) 

(x–a)2   =  ay
(x–a)2  

85.(a) We have, y =  e2x–1 
e2x+1

 =  
ex–e–x 
ex+e–x

 ∴  dy
dx

 =  
ex+e–x2 
e2x+e–x

2

+ 4 
(ex+e–x)2

   
      =  (ex + e–x)2  

(ex+e–x)2  = 1

86. (a) f(x) = x tan–1  x  ⇒ f ' (x) = 1.tan–1 x + x.1 
1+x2

  ⇒ f ' (1) = tan–1 1 +  1 
1+12  =  π 

4  +  1 
2  =  π+2 

4

87.(b) y = 
1

2 2 2 2x a x b+ + +
. On rationalisation  

y =  
x a x b

x a x b

2 2 2 2

2 2 2 2
+ − +

+( ) − +( )  =  
1

2 2
2 2 2 2

a b
x a x b

−( ) + − +





  

 ∴  dy
dx

 =   1
(a2 – b2) = 

2

2

2

22 2 2 2

x

x a

x

x b+
−

+













 =  
x

(a2 –b2  = 
1 1

2 2 2 2x a x b+
−

+













88.(d) y = sec(xº+30º) = 
π x
180

30
180

+










 

⇒   dy
dx

 = sec
π πx
180 6

+








 tan 

π πx
180 6

+








  ×  

π
180

 =  
π

180  [sec(x2  + 30º) tan (xº + 30º)]
 
89.(a) y = cos(2sin2 x3)
    dy

dx
  = –sin (2sin2x3) .4sinx3 . cosx3 .3x2

 
   = – 6x2 sin(2sin2x3) sin (2x3)
90.(b) y = log7log7 (x)  = loge(log7x)

 loge7

 = 
log

log ( )
log

log

e
e

e

e

x
7

7











 ∴ dy
dx

  =  1
 loge7

  loge7
 logex

.  1
 loge7

. 1
x  =  log7e

 xlogex

91.(a) y = log10x + logx10 + logxx  + log10 10

  ⇒	y =   
logex

 loge10   +  
loge10
 xlogex

 + 1 + 1

  ⇒ dy
dx

  =   
1

 loge10 . 1
 x =   

loge10
 (logex)2 .  1

 x

  =  
1

 xloge10 1
10 2

−






















log
log
e

e x
 

  
  =    

log10e
x  [1–(logx10)2]

92. (a) Let x = a sin θ 

  ∴ a x a2 2 2 2− = cos θ  = a cos θ 
 

    d
dx

  tan−

−











1
2 2

x

a x
 =  d

dx
tan–1 

a
a

sin
cos

θ
θ











 =   d
dx

 [tan–1 (tanθ)] =  d
dx

(θ) =  1
acosθ

 = 
1

2 2a x−
.

93. (b) y = loge
 1

1

1 4+
−











x
x

/
 –  1

2
tan–1 x.

   y =  1
4

 [loge(1+x) – loge (1–x)] –  1
2

 tan –1x

  ∴  dy
dx

 = 1
4

 
1

1
1

1+
+

−








x x

 –   1
2

.   1
1+x2

 

 =  1
4

 
2

1 2−








x

 – 1
2

 1
1+x2
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 =  1
2

1
1

1
12 2−

−
+









x x

 = x2

1–x4

94.(b) Let a = r cosα,b = r sin α,r2 = a2 + b2

   acosx –bsinx
bcosx –asinx

 = rcos(α+x)
rsin(α+x)

 ∴  tan–1 
a x b x
b x a x

cos sin
cos sin

−
+









  = tan–1 [cot(α+x)]

 = tan–1  tan ( /
π

α π α
2

2− +
















 = − −x x

 

	 ∴  d
dx

tan
cos sin
cos sin

− −
+









 = − −











1
2

a x b x
b x a x

d
dx

x
π

α   = –1

95.(a) y = sinn xcosnx
    dy

dx
 = nsinn–1 x cosx cosnx – sinnxsin nx.n

  =  nsinn–1 x [cosx cosnx – sinx sinnx]
  = nsin n–1 x [cos(n+1) x]
96.(e) Let y = x6, z = x3 the derivative of y with respect to z is  dy/dx

dz/dx
 =  

6x5

3x2 = 2x3. 

97.(b) Let x = a tanθ.
 
  3a2 x –x3

a(a2 – 3x2)
 =   3a3 tanθ – a3 tan3θ

a(a2 – 3a2tan2θ)
 =   3tanθ–tan3θ

1–3tan2θ
 = tan3θ

 ∴   d
dx

 tan
( )

− −

−

























1
2 3

2 2
3

3
a x x

a a x
 =  d

dx
[tan–1 tan(3θ)]

 =  d
dx

(3θ) = 3  d
dx

 tan−










1 x
a

 
 = 3 a2

x2 + a2  .  1
a

 =   3a
x2 + a 2

 98.(a) Let x3 = sinθ, y3 = sinφ

 ∴  1 6− x  +(1–y6) = a3 (x3 –y3)

 ⇒ cosθ	+ cosφ = a3 (sinθ – sinφ)

 ⇒ tan 
θ φ−







2  = 1/a3 ⇒ θ – φ =  2tan–1 1/a3

 ⇒ sin–1  x3 – sin–1 y3 = 2tan–1 1/a3

 ∴ 1 3

1

1 3

1

2

6

2

6

. .x

x

y

y−
−

−

   dy
dx

 = 0 ⇒ dy
dx

  =  x
2

y2 1
1

6

6
−

−

y
x

99.(a) Let t = tan θ.  ∴  2t
1–t2

 =  2tanθ
1–tan2θ

 = tan2θ and  2t
1+t2

 =  

   2tanθ
1+tan2θ  = sin2θ 

  ∴ tany = tan2θ.sinx = sin2θ

 ⇒ y = 2θ and x = 2θ   ∴ y = x ⇒  dy
dx

 = 1

100.(a) x2ey + 2xyex + 13 = 0
  
 ⇒ 2xey + x2ey dy

dx
  + 2yex + 2x  dy

dx
ex  + 2xyex = 0

 ⇒  dy
dx

(x2ey + 2xex) = –2xey– 2xyex – 2yex

 ⇒  dy
dx

 =  –ex [2xey–x+ (2x+2)
xex(xey–x +2)

 = –2xey–x + 2y(x +1)
x(xey–x +2)

101.(b) We have, f(x) = (xa–b)a+b .(xb–c) b+c .(xc–a) c+a

 = xa2– b2. xb2– c2 . xa2– b2 . xc2– a2
 = xa2– b2+b2– c2+c2– a2 = x0 = 1 ∴ f ' (x) = 0

102.(a) We have, y = 
1

1

1

1+ +

+

+ +
x
x

x
x

x
x

x
x

β

α

γ

α

α

β

γ

β

 + 
1

1+ +
x
x

x
x

α

γ

β

γ 

  =  xα

xα  + xβ + xγ  +  
xβ

xα  + xβ + xγ  +  
xγ

xα  + xβ + xγ
  

  =   
xα  + xβ + xγ

xα  + xβ + xγ  = 1 ∴	 dy
dx

 = 0 

103.(c) We have, φ (x) = log5log3 x = log5 
log
log

x
3









  

 = log5(logx) – log5 (log3)

 =  log(logx)
log5  – log5(log 3)

  φ ' (x) =  1
log5 . 

 1
logx  .

 1
x  – 0

 ∴ φ (e) =  1
log5 .

 1
loge 

 . 1
e

 =  1
elog5 

104.(c) We have y  = cos–1 
x x

x
+

−1  + sin  –1  
x x

x
+

−1

   
sec cos− −=










1 1 1
x

 ∴ 	 dy
dx

 = 0 

105.(b) siny = x sin (α+y) ⇒ x = 	 
siny

sin(a+y)

 ⇒ 	 dx
dy

 = sin(a+y) cosy – siny cos(a+y)
sin2(a+y)

 =  	 sin(a+y–y)
sin2(a+y)   ∴  dy

dx
 = sin2(a+y)

sina

106.(b) Put x = cosθ ⇒ θ = cos–1 x
   

 ∴ y = tan–1 
cos sin
cos sin

θ θ
θ θ
−
+









  = tan–1 

1
1
−
+











tan
tan

θ
θ

 = tan–1 tan 
π
4

0−








  = 	 π

4
 – θ =  π

4
 – cos–1x

 ∴  dy
dx

 = 0  −
−









 =

−

1

1

1

12 2x x 
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 107. We have, Sn =  a(rn–1)
r–1

 ⇒ (r–1)Sn = arn – a
  
  Differentiating both sides with respect to r,
  we get, (r–1)  dSn

dr
 + Sn = narn–1 – 0

 ⇒ (r–1)  dSn
dr

 = narn–1 – Sn = n [n th term of G.P.] – Sn

 =  n(Sn – Sn–1) – Sn

 = (n–1) Sn– nSn–1. 
108.(c) We have, y = etanx ⇒ logy = tanx
   Differentiating with respect to x, we get, 
   cos2x  d2y

dx2 –2 cosx sinx  dy
dx

 =  dy
dx

  i.e. cos2 x  d2y
dx2

 = (1+ sin2x)  dy
dx

.

109.(b) We have, y = ∑
n

r = 1
tan–1  1

1+r+r2

  = ∑
n

r = 1
tan–1  

r r
r r
+( ) −

+ +( )










1
1 1

 

  = ∑
n

r = 1
 [tan–1(r+1) – tan–1r]

 

  =  
tan tan tan tan .....

tan tan ( ) tan

− − − −

− − −

− + − +

+ − − −

1 1 1 1

1 1 1

2 3 2

1 1x x x ++( ) −










−1 1tan x

  = [tan–1 (x+1) –tan–1 1]  ∴  dy
dx

 =   1
1(x+1)2

110.(c) y = tan 
1
2

2
1
2

21 1tan tan− −( ) + ( )







u u

  
 =  tan(tan –1 u + tan–1u) = tan(2tan–1  u)

 = tan tan−
−











1
2

2
1

u
u

 =  2u
1–u2 = x   ∴  dy

dx
 = 1

111.(a) We have x = tt = etlogt
  

 ⇒  dx
dt

 = etlogt (1+logt) = tt (1+ logt)
   
  Also, y = ttt ⇒ logy = tt logt = etlogt. logt

 ⇒ 1
y

.  dy
dt

  = etlogt (1+logt) logt +  etlogt. 1
t

 ⇒  dy
dt

  = ttt . tt 1
1

+( ) +








log logt t

t

 ∴  dy
dx

 = 

dy
dt
dx
dt

 = 

t t t
t

t

tt 1
1

1

+( ) −










+( )



















log log

log

112.(c) We have, y = x3 – 8x + 7 ⇒	 dy
dx

  = 3x2 – 8
   
   It is given that when t = 0 , x = 3  ∴ When t = 0

    dy
dx

 = 3.32 – 8 = 19. Also,  dy
dx

  =  

dy
dt
dx
dt

.....(1)

  
  Since, when t = 0,   dy

dx
 = 19 and   dy

dt
 = 2

 ∴ from (1), 19 = 
2
dx
dt

⇒  dx
dt

 =  2
19

.

113.(b) When  π
2

 < x <  π, cos x < 0 |cosx| =  cosx
  
  ∴ f(x) = – cosx ⇒ f ' (x) = sinx

  ∴f ' 
3
4
π







  = sin 3π

4
  = 

1
2

114.(b) Let u = y2 and v = x2. Then,  du
dx

 = 2y  dy
dx

  = 2y(1–2x) 
dy
dx

x= −








1 2

  and  dv
dx

 = 2x  ∴   du
dv

 = 

du
dx
dv
dx

 =  2y(1–2x)
2x

 
  =    (x–x2) (1–2x)

x
  [ y = x –x2]

  
  = 2x2 – 3x + 1

115.(a) We have, f '(x) = asinx + (ax+b) cosx + ccosx – (cx + d) sinx
   But f '(x) = x cosx for all x (given)
  ∴	x cosx = (a–d)sinx + (b+c) cosx + ax cosx – cx sinx.
  Equating the co-efficients of sinx, cosx xcosx and x sinx, we get 

(a–d) = 0, b+c = 0 
  a = 1, c = 0  ∴ b = c = 0 and a = d = 1

116.(c) Area of ΔPQR = A
         

Y

O X

Q (0,b) R (x,y)

P (a,0)

  = 
1
2 [x(b–0)+0(0–y) + a (y–b)] 

 
  =   1

2
 (bx+ax –ab) (As y = x)  

 
  ∴  dA

dx
 = 1

2
(a+b).
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117.(a) Putting x = sinθ, 5 = rcosα and 12 = rsinα 
   5 = r cosα and 12 = r sinα, we get 

   y = sin–1 
r rcos sin sin cosα θ α θ+







13

   = sin–1 
13

13
25 144 13

sin θ α+( )







 = + =( ) r

   = θ + α =  sin–1  x  + tan–1  12
5

 
 tanα =










12
5

  ∴  dy
dx

  = 
1

1 2− x
118.(a) We have, y = f(x3) ⇒  dy

dx
  = f ' (x3). 3x2

  
 = 3x2 tanx3. Also, z = g(x5)
 ⇒  dz

dx
  = g' (x5) .5x4 = 5x4 secx5

  

 ∴  dy
dz

  = 

dy
dx
dz
dx

 =  3x2 tanx3

5x4secx5   =  3
5x2 .  tanx3

secx5
 

119.(c) We have 8f(x) + 6f 
1
x









  = x + 5 for all x ....(1)

   Therefore, 8f   
1
x









  + 6f (x)  = 1

x  + 5 .....(2)
 

   [Putting x = 
1
x ] From (1) and (2), we have f(x) = 1

28  

   (8x3 – 6
x

 + 10)
  ⇒  dy

dx
  =  1

28
  (24x2 + 20x – 6)

 

  ∴ 
dy
dx





x = –1
=  1

28 (24–20–6) = – 1
14

120.(a) We have, cosy = x cos(a+y)
  ⇒ cosy = x (cosacosy – sina siny)

  ⇒ coty = x(cosacoty– sina) 
  ⇒ coty = (1 –x cosa) = –x sina

  ⇒ y  = cot–1 x a
x a

sin
cos −









1

 

  ∴ dy
dx

 = 
−

+
−











1

1
1

2x a
x a

sin
cos

 × 

     

x a a x a a

x a

cos sin sin cos

cos

−( ) −

−( )












1

1 2

 =  sina
(xcosa–1)2 + x2 sin2a

 =  sina
1+x2 –2xcosa

   Thus k = sina.

121.(a) We have, for all x (x ≠0) ; f(x3) = x5

   Differentiating with respect to x. we get 
   f ' (x3) .3x2 = 5x4 ⇒ f ' (x3) =  5

3
x2

  ∴ f ' (27) = f ' (33) =  5
3

(3)2 = 15
  

122.(b) We have  d
dx

1 1

1

2 4 2 4

2 4

+ +( ) − +( )
+ +( )















x x x x

x x

.

 

 ⇒ ax3  + bx ⇒  d
dx

(1–x2 +x4) = ax3 + bx
  
 ⇒ –2x + 4x3 = ax3 + bx  ⇒ a = 4  and b = –2.

123.(b) We have y = (1+x) (1+x2)(1+x4) .....(1+x2n)

  =   (1–x) (1+x) (1+x2) (1+x4) ......(1+x2n)
1–x   =  1–x2n+1

1–x
  ⇒  dy

dx
 =   (1–x) . –2n+1.x2n+1 –1 + (1–x2n+1)

(1–x)2

 ∴  
dy
dx





x = 0 
= 1.

124.(a) f(x) = log|2x|

  =  
log , . . ,
log( ), , . .

2 2 0 0
2 2 0 0
x x i e x
x x i e x

> >
− < >









  ⇒	f ' (x) = 

1
2

2 0

1
2

2 0

x
x

x
x

. ,

. ,

>

−
− <



















  

  = 

1
0

1
0

x
x

x
x

,

.

>

<



















  ∴ f  ' (x) =  1
x

 , x ≠ 0.

125.(b) f(x) = x x x2 26 9 3+ + = +( )  = |x+3|
 

  
x x i e x
x x i e x
+ + ≥ ≥ −

− − + < < −








3 3 0 3
3 3 0 3
, . .
, . ,

 ∴ f ' (x) = 
1 3

1 3
if x
if x

≥ −
− < −








126.(b) When x = 0, we get y = 0. Differentiating both sides of the given 

equations with respect to x, we get exy +  xexy x
dy
dx

y+







  =  dy

dx
+ 

2sinx cosx.
  Putting x = 0 , y = 0  we get 
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  e0 + 0.e0 0 0
0 0

.
( , )

dy
dx

dy
dx




 +









 =




  + 2sinθ. cosθ

  ⇒  
dy
dx





(0 = 0 
= 1.

127.(b) Let y = sec–1  1
2x2 –1  

  = cos–1 (2x2 –1) = 2cos–1 x and z = 1 2− x

  ⇒  dy
dx    = –  2

 1 2− x
 and  dz

dx  =   
x

 1 2− x
 

	 ∴  dy
dx    = 

dy
dx
dz
dx

x
dy
dz

= ⇒









2

x =  1
2

 
  = 4.

128.(a) We have f(x) = logx (lnx) =  
log(logx)

logx  

 ⇒ f ' (x) = 
log .

log
. log(log )

log

x
x x

x
x

x

1 1 1

2

−

( )

   =   
1–log(logx)

x(logx)2  ∴ f ' (e) =  
1–log(loge)

e(loge)2   =  
1
e

 

129.(b) Let y = sinx3 ⇒   dy
dx   = cosx3.3x2

  
   and z = cosx3 ⇒ dy

dx   = – sinx3 .3x2

 ∴  dy
dz   = 

dy
dx
dz
dx

  = – cosx3

sinx3   = – cotx3.

130.(c) Since f(x) is odd. ∴ f(–x) = – f(x)
  
  ⇒ f ' (–x) (–1) = –f ' (x) i.e. f ' (–x) =  f ' (–x)

 ∴ f ' (–3) = f ' (3) = –2

131.(b) We have, y = log(1–x2) – log(1+x2)

 ⇒  dy
dx   =  –2x

1–x2   =   2x
1+x2   = – 2x (1+x2 +1 –x2)

1–x4  =   

 – 4x
1–x4 .

132.(b) Differentiating the given equation with respect to y, we get 
1

2 x
. dx

dy  + 
1

2 y
 = 0

 ⇒  dx
dy  = 

x
y

y
y

=
− 4

 

 ∴ dx
dy y=1

 =  1–4
1  = –3

133.(b) We have,  dy
dx  = 

1 1
2tan

·
tanx x

 =  sec2 x

  

  =  
sec2x
2tanx  ∴ At x =  π

4 ,  dy
dx  = 

sec2 π
4

2tan π
4

 =  2
2  = 1.

134.(a) Put 2  = rcos θ and 3 = r sin θ
   Then r = 13  and tan θ  =  3

2

 ∴ y cos–1 
r x xcos cos sin sinθ θ−( )









13  

  cos–1 (cos(θ+x)) = θ +x
 = x + tan–1  3

2
  ⇒   dy

dx  = 1

135.(b) We have,  x2 – y2

x2 + y2  = sin(loga) = constant 
  
 = k(say) ⇒ x2 –y2 = kx2 + ky2

 ⇒ (k+1) y2 = (1–k)x2 ⇒ y2 = 1–k
1+k  x2 ....(1)

  Differentiating both sides with respect to x, we get 
   2y   dy

dx  =  1–k
1+k  2x ⇒  dy

dx  = 1–k
1+k  · x

y  =  y2

x2  x
y

  [Using (1)]   ∴ dy
dx  = y

x  

136.(d) Let y = logx
10 and z =  log10

x  =  1
logx

10
 and 

  ∴	y  =  1
z  ⇒  dy

dz  = –  1
z2  = –  1

(log10
x)

2  = – (logx)2

(log10)2

 137.(b)  dy
dx  = 

1
2

1
1

x x
x
x

x
e

elog
. .log+











  ∴  dy
dx  |x = e

  =  
1

2 1e×
(1+1) = 

1

e

138.(a) We have, f(x) =    sin–1x
 1 2− x

 ⇒ [f(x)]2 =   (sin–1x)2

1–x2

 ⇒ (1–x2) [f(x)] = (sin–1x)2

  Differentiating both sides with respect to x, we get 
   (1–x2) .2f (x). f ' (x) + [f(x)]2 (–2x)
 
  =   2sin–1x

 1 2− x
 = 2f(x) ⇒ (1–x2) f ' (x) – xf(x) = 1

  
   [Dividing by 2f(x)]

139.(c) We have, f(x) = 2tan–1 (logx).
 
 ∴ f ' (x) =  2

1+(logx)2 .  1
x
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 ∴ f ' (e) =  2
1+(loge)2 .  1

e
 =  2

2
. 1

e
 = 1

e
.

140.(a) Let f be an odd function. Then, f(–x) = – f(x) 
 ∴  f ' (–x) .(–1) = –f ' (x) or, f ' (–x) = f ' (x)
 ∴	  f ' is an even function.
141.(c ) Put x = sin2 θ and a = sin2 φ, then 
   y = sin–1 (sinθ cosφ – cosθsinφ)
 =  sin–1 [sin(θ–φ)] = θ – φ

 = sin–1 x  – sin–1 a  ∴	 dy
dx

  = 
1

1− x
 . 

1
2. x

142.(b) We have, y = 1 1 1
1
4

1
2

1
4+













+












−












x x x

  =  1 1
1
2

1
2+













+












x x  = 1 – x  ∴  dy
dx = –1

143.(a) y = 2sin–1 
x

x x
−







 − + −

2

6
2 4 2

    dy
dx = 2 

1

1
2

6

1

62

−
−( )x

·  –   1
2  (2 + 4x –x2)

– 1
2  (4 – 2x)

  
  

  
dy
dx x









 = − =
=2

2 1
1
6

1
2

6 0
2

6
. . . .

144.(a) y = log(tan x
2 ) + sin–1 (cosx)

  

     dy
dx = 1

tan x
2

 .sec2 x
2 . 1

2  + 
1

1 2− cos x
.sinx

 

 = 
1

2
2 2

1
sin .cos

x x +  = cosec x + 1

145.(c) y = x  + 1
x

 

 y  =   x+1
x  

dy
dx

 = 
x x

x
x

.1 1
1

2
− +( )

 
  =  2x–x–1

2x x
 = x–1

2x x
  
  2x  dy

dx =  x–1
x

= x  –   1
x

 

 
  2x  dy

dx + y  x  –  1
x

   +  x  +  1
x

 = 2 x .

 146.(b) xexy – y =  sin2x
  e xy + xexy d

dx
(xy) –  dy

dx
  = 2sinx cosx

 

  or, e xy + xexy x
dy
dx

y+







  –   dy

dx
  = 2sinx cosx

   Putting x = 0 in both sides we get,

   1– 
dy
dx x










=0

 = 0  ∴   dy
dx

  = 1.

147.(a) f(x) = 2tan–1 x + sin–1  
2

1 2
x
x+











  = 2tan–1 x + 2tan–1x = 4tan–1x
   f ' (x) =   4

1+x2
 , f ' (2) =   4

5
 , f ' (3) =  4

10
 =  2

5   

    f ' (4) =   4
17

 , f ' 
1
3








  = 

4

1
1
9

+
 =   4.9

10
 =  18

5
  

  f '
1
2









  = 

4

1
1
4

+
 =  16

5
  ∴ f  ' (2) = 2f ' ........(3)

148.(c) f(x) = |x–2| + |x–4|

   f ' (x) = 
| | | |x
x

x
x

−
−

+
−
−

2
2

4
4

   

  Now, f ' (2+) =  
x
x

x
x

x
x
x

−
−









 +

− −( )
−











>
− >
− <

















2
2

4
4

2
2 0
4 0



 = 1 –1 = 0.

149.(a) f ' = 
π

π π

4
0

2
4

2
4

0
+









 =

+








 −

→
lim

cos cos ·

h

h

h
  
   = lim

h→0
  sin2h

h
  = 2.

150.(b) Here f(x) = |x| is continuous in –2 ≤ x ≤ 2 but at x = 0 it has a 
sharp corner and hence not differentiable there.

Y

2 X–2 0
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SECOND ORDER DERIVATIVES

1.(d)  Given  x y y x+ + −  = a   ....(1)
  Further (x+y) – (y–x) = 2x   ....(2)

 ∴  
(y+x)–(y–x)

 x y y x+ + −
 =  

2x
a

 

 or  y x y x+ − −  = 
2x
a

   ....(3)
  Adding (1) and (3),

  2 y x+  = a +  
2x
a

  Squaring, we get 

  4(y + x) = a2 + 4x + 
4x2

a2

 ∴ 4y = a2 +  
4x2

a2
 

 ∴ 4 
dy
dx

 = 
8x
a2

 

 or,  
d2y
dx2  =  

2
a3

 2.(c)  y = x3 logx, 

 ∴	  
dy
dx

 = x2 ·  
1
x

 + 2x · logx
 

 or,  
dy
dx

 = x + 2x logx
  
  Differentiating again with respect to x,

   
d2y
dx2  = 1 + 2x.

1
x

 + (logx)·2
  
 = 1 + 2 + 2logx = 3 + 2logx

  For x = 1, 
d2y
dx2  = 3 + 2·0 = 3.

3.(c)  y = x2 · loge(x
2)

  = 2x2 · loge(x)

 ∴  
dy
dx

  =  2x2 1
x

 + logex.4x
   = 2x + 4x loge x 
   =  2x (1+ 1logex)

 ∴  
d2y
dx2   = 2x·

2
x

 + (1+2logex) · 2
   = 4 + 2 + 4logex 
   =  6+4loge·x

   When x = 1,  
d2y
dx2   = 6.

 4.(b) Now, y = 1 + 
x
1!

 + 
x2

2!
 + 

x3

3!
 + 

x4

4!
+.... to ∞ 

 

 ∴ 
dy
dx

  =  
1
1!

 +  
2x
2!

 +  
3x2 
3!

 + 
4x2 
4!

 + ......to ∞
  

 = 1 +   
1
1!

 +  
x2

2!
 +  

x3 
3!

 +.....to ∞

 ∴	  
d2y
dx2  =  

1
1!

 +  
2x
2!

 +  
3x2 
3!

 +  
4x3 
4!

.....to ∞

  = 1+  
x
1!

 +  
x2

2!
 +  

x3 
3!

 + .......to ∞ = y

5. (b)  
dy
dx

 = 3x2

  

   
d2y
dx2  = 6x

  

  Now,  k = 
6

1 9 4 3 2
x

x+





/

  At (1,1) = k = 
6

1 9 3 2+[ ] /  

  

     = 
6

10
6

10 10
3

5 103 2/ = =  

6. (d) s = a cospt + b sin pt

 ∴  
ds
dt

 = – ap sinpt + bpcospt
 
  = –p(a sinpt  – b cos pt) 

 ∴  
d2s
dt2

  = –p (ap cospt + bp sin pt)
  = – p2 (a cospt + b sin pt)
  = –p2s

 ∴  
d2s
dt2

 + p2 s = 0.

7.(a)  
dx
dt

 = – sint
  

   
dx
dt

 =  
1
t
 

 

 ∴  
dy
dx

 =  
dy/dt

dy/dt

 = –  
1

tsint
 = –  

1
t
·cosect

 

  Again  
d2y
dx2 =  

d
dx

dy
dx









  =  

d
dt

dy
dx









    

dt
dx

 

 

 = – − + −










1 1
2t

t
t

t t· cosec · ( cosec .cot ) · [–cosec t]

 = –  
1
t2

 · cosec2 t – 
1
t
 · cosec2 t · cot t

 

 ∴	  
d2y
dx2  + 

dy
dx











2
 = – 

1
t
 · cosec2t·cott
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  When t = 
π
2

 ,   
d2y
dx2 = 0 

8.(a)   
d
dx

  = ex (cosx – sinx) + ex (sinx + cosx)
 = 2ex cosx

  Now,   
d2y
dx2 = 2[–ex sinx + ex cosx]

 = –2ex sinx +  
dy
dx

 

 or,  
d2y
dx2 –  

dy
dx

 = – 2exsinx
 

 ∴  
d2y
dx2 =2  

dy
dx

 + 2y

 = –2exsinx –  
dy
dx

 + 2y
 = –2ex sinx – 2ex cosx+ 2ex (sinx + cosx) = 0.

9.(a)   
dy
dx

 = – a sin (loge x)·  
1
x
 = + bcos (loge x) · 

1
x

 

 or, x  
dy
dx

 = – a sin (logex) + b cos (logex)
  Further 

  x 
d2y
dx2 +  

dy
dx

 = – a cos (logex) · 
1
x
 – b  sin(logex) · 

1
x
 = –  

y
x
 

 
 or, x2  

d2y
dx2  + x  

dy
dx

  + y = 0.

10.(c)  y = sin(sinx)
  ∴  y1= cos(sinx) · cosx
    Differentiating again,
   y2 = cos(sinx) · (–sinx)+ cosx · [–sin(sinx) · cosx]

  = –  
sinx
cosx

 · cos(sinx) · cosx + cos2 x · [–sin(sinx)]
  
  = –tanx, y1 = y cos2x

 ∴	  
d2y
dx2  + tanx · 

dy
dx

 + y cos2x  = 0

11. (d) y = Ae2x + Bxe2x

  or, ye –2x  = A + Bx

  or, y· e2x · (–2) + e–2x ·  
dy
dx

 = B

  or,  
dy
dx

 · (–2e–2x) + y· e–2x · (4) + e–2x  
d2y
dx2 +  

dy
dx

· (–2e–2x) = 0

  or, e–2x 
d y
dx

dy
dx

y
2

2 4 4− +












 = 0  

   Since e–2x ≠ 0,   ∴  
d2y
dx2 –4 

dy
dx

 + 4y = 0
12.(d) Given y = sin (msin–1  x)
   Differentiating both sides with respect to x, we get 

    
dy
dx

 =cos (m sin–1x) × 
m

x1 2−

 or, 1 2− x  
d2y
dx2 – 

1
2

·×  2x

1 2− x
 
dy
dx

  = 
–m2 sin(m sin–1x)

1 2− x
 

 or, (1–x2) d
2y

dx2 – x 
dy
dx

  = –m2 y
 

 or, (1–x2) d
2y

dx2 – x 
dy
dx

   –m2 y

 or, (1–x2) d
2y

dx2 – x 
dy
dx

  = m2y.
13.(b)  y = (cos–1x)2

  ∴		 dy
dx

   = 2cos–1 x · −
−











1

1 2x

 or, – 1 2− x  · 	 dy
dx

  = 2cos–1x

 or,  (1–x2) · 	
dy
dx











2

	= 4(cos–1x)2

 

 or, (1–x2)  	
dy
dx











2

	= 4y
 
 ∴ (1–x2) · 2y1y2 + y1

2 (–2x) = 4y1

 or, (1–x2) y2 – xy1 = 2    [ y1 ≠ 0]

 ∴ (1–x2)   d
2y

dx2 –x  
dy
dx

  = 2.

14. (a)  (a +bx) e 
y
x  = x

   Taking log on both sides, 

   log(a + bx) +  
y
x

 – logx

  or,  
y
x
 – log 

x
a+bx

   Again differentiating with resepect to x we get

  
x·

dy
dx

 – y· 1

x2  = 
a+bx

x
 · 

(a+bx)· 1–x·b
(a+bx)2

 or, x dy
dx

 – y = x (a+bx) ·
a

(a+bx)2  = ·
ax

a+bx

  Further differentiating with respect to x,

  x d
2y

dx2  + dy
dx

 – 
dy
dx

  =  
(a+bx)·a–ax·b

(a+bx)2

 

 or, x3 d
2y

dx2  = 
ax
a bx+










2

  = x
dy
dx

y−









2

 ∴ k = 2

15.(b)  x = t2 + 2t

  ∴  dx
dt

  = 2t + 2 = 2(t+1)

   Again, y = t3 – 3t

  ∴   dy
dt

 = 3(t2 –1)
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  ∴  
dy
dx   +   

dy/dt

dx/dt

 = –  
3
2

  · (t–1)

  ∴ d
2y

dx2  =  d
dt

  = 
3
2

1· ( )t −







  ·  

dt
dx

  =  
3
2  ·  

1
2(t+1) =  

3
4(t+1) .

16.(c) Let 
x2 + y2

x2 – y2  = cosec–1 p3 = K 

  ∴  
y2

x2   =   
K–1
K+1

 

  ∴  
y
x

 = 
K
K
−
+











1
1

1
2

 = constant 

   =  m (say)

  ∴		y = mx

  ∴  logy = logm + logx

  or,  
1
y

 ·  
dy
dx

 =  
1
x

  ∴	 
dy
dx

 =  
y
x

 = m

  ∴   
d2y
dx2 = 0 

17.(c) y = ax2 – b
x

 

 ∴  dy
dx

 = 2ax +  
b
x2  

 or,  d
2y

dx2 = 2a – 2 b
x3  

 

 ∴ x3  
d2y
dx2 = 2ax3 – 2b

   and x2  
d2y
dx2 = 2ax3 + b

 

 ∴ x3  
d2y
dx2 – x2  

dy
dx

 = – 3b

   or, x3  
d2y
dx2  – x2  

dy
dx

 + 3b = 0

  ∴ p = 3b.

 18.(d) Now, q  =  
d2x
dy2 =  

d
dy

 = 
dx
dy









  

 =  dp
dy

 =  
dp
dx

·  
dx
dy

 = p · 
dp
dx

 ∴  dp
dx

 =  
q
p

  Now,   
d2y
dx2 =  

d
dx

 = 
dy
dx











  =    
d
dx  = 

1
p









  = – 1

p2  · 
dp
dx

 = –  
q
p3  

19.(c) y2 = 4ax

  ∴  2y  dy
dx

 = 4a

  

  or,   
dy
dx

 = 
2a
y

  

 ∴  d
2y

dx2 = –  
2a
y2   

dy
dx









  = –  

(2a)2

y3    

  Again, x =  
y2

4a
   

  ∴   dx
dy

 = y
2a

 

 

  or,   
d2x
dy2 =  

1
2a

 

 ∴  d
2y

dx2 ×  
d2x
dy2 = –  

(2a)2

y3  ×  
1
2a

 = –  
2a
y3  

20.(c) Given y = log
x

a bx

x

+








  or, y = x log 

x
a bx+









  

  or, y = x [logx – log(a+bx)]

  Differentiating with respect to x, we get 

   dy
dx

 = x 
1
x

b
a bx

−
+









  + log x – log(a+bx)

 or,  dy
dx

 =x ×  
a

x(a+bx)
 = + log  

x
a bx+











 

 or,  dy
dx

 =  
a

a+bx
 = 

y
x

 or, x  
dy
dx

 =  
ax

a+bx
 + y

 or, xy1 =  ax
a+bx

 + y

  Further differentiating, we get 

  xy2
  + y1=  

(a+bx) × a–ax× b
(a+bx)2  + y1

 or, xy2 =  
a2

(a+bx)2 

 or, x3 y2 =  
a2x2

(a+bx)2 = (xy1 –y)2 

 or, x2 y2 = (xy1 – y)2 
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1.(d) y = 2x2 − x + 1 ⇒ y' = 4x − 1; y = 3x + 9(given)
 ⇒ 4x − 1 = 3 ⇒ x = 1 ⇒ y = 2.12 −1 + 1 = 2
 \ The point is (1, 2)

2.(c) y
x

=
+

⇒
8

4 2 y' =
−

+( )
8 2

4 2 2
. x

x

 ⇒ y' at (x = 2) = 
−

+( )
=
−

= −
8 2 2

4 4
8 4
8

1
22 2

. . .
 

 x = 2 ⇒ y = 1

 \ Tangent : y − 1 = − −( )1
2

2x
 
 ⇒ 2y − 2 = − x + 2 ⇒ x + 2y − 4 = 0

 ⇒ Area : 
c
ab

2

2
16

2 1 2
4= =

. .
sq. units

3.(d) S = 3t2 + 5t − 15 ⇒ 
ds
dt

t d s
dt

= + ⇒ =6 5 6
2

2

 Which is the acceleration of the moving particle.

4.(d) f x
x
x

x
x

( ) = −
= ±

−





⇒

2 2
3 3 f '(x) = ± 

2 3
4

x
x
−( )

 ⇒ f ''(x) does not exists at x = 3  \ x = 3 is the critical point of 
 f ' (x)

5.(b) f (x) = x + 
4
x

⇒ f '(x) = 1 − 
4 02x

=

 ⇒ 
4 02x

=1 ⇒ x2 = 4 ⇒ x = ± 2

 f ''(x) = 
8 03x

>  at x = 2 ⇒ minimum at x = 2

 =  
8 03x

>< 0 at x = − 2 ⇒ minimum at x = − 2

6.(b) f '(x) = x25(1 − x)75, [0, 1]
 f '(x) = 25x24(1 − x)75 − x2575(1 − x)74  = 0
 ⇒ x24 .(1 − x)74.25[(1 − x) − 3x] = 0

 ⇒ 1 − 4x = 0 ⇒ x = 
1
4

. Here f '' 1
4

0





 <

7.(b) f (x) = cos(xe[x] + 7x2 − 3x), x Î[−1, ∞)
 −1≤ cosx ≤ 1 ⇒ f max = 1

8.(c) f (t) = te−t + a ⇒ f '(t) = e−t − te−t

 = e−t(1 − t)at t = 1, f '(t) = e−1 .0 = 0

9.(c)  f '(x) = (x − a)2n .(x − b)2m + 1.m,nÎN
	 Now  f '(x) = 0 ⇒ x = a or b
 f ''(x) = 2n(x − a)2n − 1(x − b)2n + 1 + (2m + 1)(x − a)2n(x − b)2m

 = (x − b)2n + 1. (x − b)2m[2n(x − b) + (2m + 1)(x − a)] = 0
 at x = a or, b ⇒ No maximum or minimum

10.(c) y = e2x ⇒ y' = 2e2x ⇒ y' at (0,1) is 2

 Tangent : y − 1 = 2.x  \ y = 0 ⇒ x = ⇒
1
2

The 

 tangent meets x axis at 
1
2

0,







11.(b) x3 = 8a2 y, (a > 0) ⇒ y = 
x
a

y x
a

3

2

2

28
3
8

⇒ ='

 ⇒ Slope of normal = − = − = −
1 8

3
2
3

2

2y
a
x' 

 ⇒ 4a2 = x2 ⇒ x = 2a ( in Q1)
 ⇒ y = a

12.(b) 2y = 3 − x2 ⇒ 2y' = −2x ⇒ y' = − x

 Then slope of normal = − =
1 1
y x'

at (1, 1) is 1

 Then normal : y − 1 = 1(x − 1) ⇒ x − y = 0

13.(a) Let y
x x= − +

2

2
2 5

 Then dy
dx

dy
dx

dy
dx

= −





⇒ =2 0

 ⇒ x − 2 = 0 ⇒ x = 2
 

14.(a) y x=
1
5 at (0, 0)

 y' = 
1
5

1
5

1
5

1
5

1 4 5
4 5x x

x

− −= = →∞ as x → 0

 ⇒ at (0, 0) there is a vertical tangent.

15.(a) x = t2 − 1, y = t2 − t

 ⇒
dy
dx

t t
t

=
−2

2
 perpendicular to x - axis

 ⇒ 
dy
dx

t t
t

=
−2

2
 → ∞ ⇒ 2t = 0 ⇒ t = 0

16.(c) Normal parallel to x-axis

 ⇒ −
dx
dy

= 0 ⇒ 
dx
dy

= 0

17.(c) y2 = x ⇒ 2yy' = 1 ⇒ y' =
1
2y

 

 But tamgent makes an angle 450 with x-axis.

 ⇒ y' = 1 ⇒ 
1
2y

= 1 ⇒ y = 
1
2

1
4

⇒ =x

18.(c) y = sinx at (π, 0) ⇒ y' = cosx ⇒ y' = −1
 Normal : y − 0 = 1.(x − π) ⇒ x − y = π

 Slope (normal) = 
−

=
1 1

y '
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19.(d) x = at2 ; y = 2at ⇒ = = →∞
dy
dx

a
at t

2
2

1
 

 as tangent perpendicular to y-axis
 ⇒ t = 0 ⇒ y = x =  0

20.(d) x3 − 3x + k = 0; Let f (x) = x3 − 3x + k
 Let, 0 < α, β < 1 such that f (α) = 0 = f (β)
 By Rolle's theorem, f '(c) = 0 ⇒ 3x2 − 3 = 0
 ⇒ c = ± 1, not possible as 0 < α < c < β < 1
 ⇒ no values of k
21.(d) y = x2e−x

 y' = 2xe−x − e−x.x2 = e −x(2x − x2)
 ⇒ 2x − x2 > 0 ⇒x(2 − x) > 0
 ⇒ x(x − 2) < 0 ⇒ 0 < x < 2

22.(d) f (x) = x5 − 20x3 + 240x
 ⇒ f '(x) = 5x4 − 60x2 + 240
 = 5(x4 − 12x2 + 48) = 5[x4 − 2.x2 − 6 + 36 + 12]
 = 5[(x2 − 6)2 + 12] > 0"x Î R
 ⇒ f  is increasing "x

23.(a) f (x) = x2 − 3x , f '(x) = 3x2 − 3
 = 3(x2 − 1) > 0 for increasing
 ⇒ x2 − 1 > 0 ⇒ x2 > 1 ⇒ x < −1 or, x > 1
 f is decreasing ⇒ x2 – 1 < 0 ⇒ –1 < x < 1

24. [The correct option is 8]

 

f x x k
k

( ) = −( )
=
∑ 2

1

5

 = (x − 1)2 + (x − 2)2 +...+(x − 5)2

⇒ f '(x) = 2(x − 1) + 2(x − 2) + 2(x − 3) + 2(x − 4) + 2(x − 5)
 = 2[5x − 15] = 10(x − 3) = 0 ⇒ x = 3
 f ''(x) = 30 < 0 ⇒ f max = f (3)
 = 4 + 1 + 0 + 1 + 2 = 8

25.(d) y x
x

=
log

, y' = 
x

x
x

x

. log .1 1
2

−

 
=

−
= ⇒ =

1 02
log x
x

x e

 y'' = 
x

x
x x

x

2

4

1 1 2−





 − −( )log .

 ⇒ y''(e) = − < ⇒ =
e
e

y
e4 0 1

max

26.(b) y = xx ⇒ y' = xx(1 + logx) = 0(for stationary point) ⇒ x = e−1

27.(b) x > 0, f (x) = xx ⇒ f '(x) = 0 ⇒ x = 
1
e

 f ''(x) > 0 ⇒ f
e e

ee e
max

1 1
1 1







 =







 =

−

28.(b) y
x

x
x

x= 





 = −1

 ∴ y' = x x
x

xx− −( ) + −( )





. log1 1

 = − x−x(1 + logx) = 0 ⇒ x = 
1
e

 y'' < 0 ⇒ ymax = 
1

1 1

e
ee e






 =
−

29.(a) y = y3 − 3x + 2 ⇒ y' = 3x2 − 3
 = 3(x2 − 1) = 0 ⇒ x = ± 1
 y''(x) = 6x < 0 at x = −1
 ⇒ ymax = (−1)3 −3(−1) + 2
 = −1 + 3 + 2 = 4

30.(b) f (x) = x5 − 5x4 + 5x3  − 10
 f '(x) = 5x4 − 20x3 + 15x2 = 0
 ⇒ 5x2[x2 − 4x + 3] = 0 ⇒ x = 0,1,3
 ⇒ f ''(x) = 20x3 − 60x2 + 30x
 f ''(0) = 0; f ''(1) < 0; f ''(3) > 0
 ⇒ a = 1, b = 3

31.(d) x + y = 3 ⇒ y = 3 − x ; y = x.y2

 ⇒ y = x(3 − x)2 ⇒ log y = log x + 2 log(3 − x)

 ⇒ (log y)' = 
1 2

3
0

x x
−

−
=

 ⇒ 3 − x − 2x = 0 ⇒ x = 1

 ⇒ (log y)'' = 
−

−
−( )

<
1 2

2
02 2x x

 ⇒ ymax = 1(3 − 1)2  = 4

32.(a) We have π > e and 

 f x x xx( ) = >( )
1

0, [given]
 

 
⇒ ( ) < ( )⇒ < ⇒ <f x f e e ee eπ ππ π

1 1

 ∴ f  is decreasing and so f is maximum at x = e

33.(c) f (x) = sinx + cos2x, (x > 0)
 f '(x) = cosx − 2.sin2x = 0
 ⇒ 2sin2x = cosx ⇒ 2.2 cosxsinx = cosx

 ⇒ cos x = 0 or, sinx = 
1
4

2 1
2

⇒ = +( )x n π

 f ''(x) = −sinx − 4cos2x = −1 − 4(0 − 1)
 = 3 > 0 ⇒ f is minimum

34.(c) f (x) = sinp x.cosq x,
 log f (x) = p log sin x + q log cos x 
 (log f (x))' = p.cotx + q.(− tanx) = 0
 ⇒ p cot x = q tan x

 ⇒ tan tan2 1x p
q

p
q

x= ⇒ =−

35.(d) y − exy + x = 0
 ⇒ y' − exy(y + xy') + 1 = 0
 ⇒ y'(1 − xexy) = yexy − 1

 ⇒ y' = 
ye
xe

xy

xy
−

−
→∞

1
1

as the tangent is verticle
 
 ⇒ 1 − xexy = 0 ⇒ xexy = 1
 ⇒ x = 1, y = 0
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36.(a) y = 2sinx + sin2x
 ⇒ y' = 2cosx + 2cos2x  at x = π

3
 ⇒ y ' . .π

3

2 1
2

2 1
2

0= + −





 =

 Also, y π
3

2 3
2

3
2

3 3
2







 = + =.

 ∴ Tangent : y y− = ⇒ =
3 3

2
0 2 3 3

37.(a) y = x2 + 3x + 4 ⇒ y' = 2x + 3 = 2x1 + 3 at (x1, y1)
 ∴ Tangent y − y1 = (2x1 + 3)(x − x1)
 Since the tangent passes through (0, 0)
 ⇒ − y1 = (2x1 + 3)(− x1)
 ⇒ x1 = (2x1 + 3) = y1. By observation (2, 14) or (−2, 2).

38.(b) x + y = k is a normal to y3  = 12x

 ⇒ 2yy' = 12 ⇒ y' = 
6
y

 ⇒ − =
−

= − ⇒ =
1

6
1 6

y
y y

'
 ∴ 62 = 12x ⇒ x = 3
 ∴ (3, 6) Î x + y = k ⇒ k = 9

39.(d) y = x2 + 4x − 17 ⇒ y' = 2x + 4 = 2(x + 2)

 at 
5
2

3
4

2 5
2

2 9, , '−





 = +




=y

 ∴ tanα = tan(900 − θ) = cotθ = 
1
9

 
⇒ = 








−α tan 1 1
9

  

tanθ = 9

(900 − θ) = α
x

y

o

40.(c) y = e2x + x2 ⇒ y' = 2e2x  + 2x
 ⇒ y'at x = 0 = 2; when x = 0, y(0) = 1
 ∴ Tangent : y − 1 = 2(x − 0) ⇒ 2x − y + 1 = 0
 ∴ Perpendicular distance from(1, 1) to

 2x − y + 1 = 0 is, 
2 1 1 1

2 1

2
52 2

. − +

+
=

41.(d) x12 − x9 + x4 − x + 1 > 0
 f '(x) = 12x11 − 9x8 + 4x3 − 1
 If x < 0 ⇒ x9, x < 0
 ⇒ x12 − x9 + x4 − x + 1 > 0
 If x = 0, x12 − x9 + x4 − x + 1 = 1 > 0;
 If x > 0, x12 − x9 + x4 − x + 1
 = x4(x8 + 1) − x (x8 + 1) + 1
 = (x4 − x)(x8 + 1) + 1 = x(x8 + 1)(x3 − 1) + 1> 0
 ∴−∞ < x < ∞

42.(b) f (x) = (x − 3)(x − 4)(x − 5)(x − 6)
 f (3) = f (4) = 0 ⇒ f '(x) has a root in (3, 4)

 f (4) = f (5) = 0 ⇒ f '(x) has a root in (4, 5)
 f (6) = f (6) = 0 ⇒ f '(x) has a root in (5, 6) by Rolle's theorem

43.(a) f and g are two increasing functions(given)
 Now x1 > x2
 ⇒ f (x1) > f (x2) ⇒ g(f (x1)) > g (f (x2))
 ⇒ gof (x1) > gof (x2) = gof  is increasing 

44.(a) f and g are two decreasing functions(given)
 Now x1 < x2
 ⇒ f (x1) < f (x2) ⇒ g(f (x1)) < g (f (x2))
 ⇒ gof (x1) < gof (x2) = gof  is decreasing

45.(b) x1 > x2 ⇒ g(x1) < g(x2) ( g is decreasing )
 ⇒ f (g(x1)) < f (g(x2)) ( f is increasing)
 ⇒ fog is decreasing

46.(a) f (x) = 3x5 + 15x − 8
 ⇒ f '(x) = 15x4 + 15 = 0
 ⇒ x4 + 1 = 0 ⇒ x4 = −1
 ⇒ x i x i2 = ± ⇒ = ± ±
 ⇒ f (x) has only one real root, by Rolle's theorem.

47.(b) f (x) = 2 + [sinx], in 0 ≤ x < 
π
2

 [sin x] can be {0} ⇒ f (x)max = 2 + 0 = 2

48.(b) f (x) = 4x3 − 12x, x Î [+1,3]
 f '(x) = 12x2 − 12 = 12(x2 − 1) > 0 [ x Î[1, 3)]
 ⇒ f is increasing. Then image of [1,3] with respect to 
 f (x) is [−8, 72).

49.(a) x2 + y2 = 52 ⇒ 2 2 0x dx
dt

y dy
dt

+ =

  

Y

O A
X

B

y

x

5m

 ⇒ = − = −
dy
dt

x
y
dx
dt

4
3

(1.5) [ x = 4 and y = 3 
 

 and 2 2 0x dx
dt

y dy
dt

+ == 1.5] = − 2 ⇒ 2m/sec is decreasing 

50.(c) x
a

y
b

n

n

n

n+ = 2 ....................(1)

 

⇒ + =

⇒ = −

− −

−

−

nx
a

ny
b

y

y x
a

b
y

n

n

n

n

n

n

n

n

1 1

1

1

0. '

' .

 at (a, b), y' = −
a
a

b
b

b
a

n n

n

−

− =
−1

1. (i)

 Also x
a

y
b

+ = 2 ......(2)
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 ⇒ Slope : 
−

= −







1

1
a

b

b
a

.......(ii)

 Since (i) and (ii) are independent of n (n = 1, 2, 3, 4....)
 ∴(2) will be tangent of (1) "n Î R

51.(c) x2  + y2 = 132 ⇒ 2x + 2y y1 = 0 

 y x
y
dx
dt1

5
12

12 5= − =
−

= −.  [ x = 5 and 

 y = 12 and  2 2 0x dx
dt

y dy
dt

+ = = 12]

 ⇒ 5m/sec is decreasing.

   

Y

O A
X

B

y

x

13m

52.(b) x − t2 + 3t − 8; y = 2t2 − 2t − 5

 

dy
dt

dy
dt
dx
dt

t
t

= =
−
+

=
−
+

=
4 2
2 3

4 2 2
2 2 3

6
7

.

.
t = 2

 Now at (2, −1)
 t2 + 3t − 8 = 2;2t2 − 2t − 5 = −1
 ⇒ t2 + 3t − 10 = 0; 2t2 − 2t − 4 = 0
 ⇒ (t + 5)(t − 2) = 0; t2 − t − 2 = 0
 ⇒ t = 2 or −5; (t − 2)(t + 1) = 0 ⇒ t = 2 or −1

53.(b) x + y − a = 0......(i); x y2 2

9 16
1+ = . Any tangent,

 xx yy1 1
9 16

1 0+ − = .........(ii). If (i) is a tangent to the ellipse

 then (i) and (ii) are identical

 ⇒ 
x y

a
x y

a
1 1 1 1

9
1

16
1

1
9 16

1
= =

−
−

⇒ = =

 ⇒ x
a
y

a1 1
9 16

= =;

 From (i) x y a
a a

a a1 1
9 16 15+ = ⇒ + = ⇒ = ±

54.(c) y = 4 − x2 ; y = x2. For point of intersection
 4 − x2 = x2 ⇒ x2 = 2 ⇒ x = ± 2
 y' = −2x ⇒ −2. 2  = m1

 y' = 2x ⇒ 2. 2  = m2

 

θ =
−

+










=
− −

+ −( )( )














=

−

−

tan

tan

ta

1 1 2

1 2

1

1

2 2 2 2
1 2 2 2 2

m m
m m

nn−












1 4 2
7

55.(c) f (x) = xx, f '(x) = xx(1 + log x) < 0
 ⇒ log x < 1 (f is decreasing)

 ⇒ x e x
e

< ⇒ ∈







−1 0 1,

56(b) f min at x = 0, for y = f (x) + ax + b
 Given y min at x = 0, y' = f '(x) + a
 y' at (x = 0) = f −1(0) + a = 0 ⇒ a = 0 as
 f '(0) = 0; y''  at (x = 0) = f ''(0) > 0 as
 f min at x = 0 ∴ a = 0, b Î R

57(b) f (x) = 2 + 4x2 + 6x4 + 8x6

 f '(x) = 8x + 24x3 + 48x5 = 0
 ⇒ 8x[1 + 3x2 + 6x4] = 0
 ⇒ x = 0.6x4 + 3x2 + 1 = 0
 ⇒ x ∉ R (except x = 0)
 f ''(x) = 8 + 72x2 + (48 × 5)x4 > 0 at x = 0
 ⇒ f min at x = 0, only one point

58.(d) x2 = 2y, any point on it P t t t t2 1
2

1
2 2

2
2

. . . .





 =











 Let Q(0, 5)

 Then, S2 = PQ2 = t2 + 
t2 2

2
5−











 ⇒ (S2)' = 2t + 2
t2 2

2
5−









.t = 0 (for minimum)

 

 ⇒ t = 0 or, 1 + 
t2 2

2
5−









 = 0 ⇒ t2 = 8 ⇒ t = 2 2

 ∴ The point (0, 5) is closest to the curve x 2 = 2y at
 [2 2 ,4] 

59.(b) y x x
x x

=
− +
+ +

1
1

2

2 ⇒ y + xy + yx2 − 1 + x − x2 = 0

 ⇒ x2(y − 1) + x.(y + 1) + (y − 1) = 0
 Now x Î R ⇒ Discriminent ≥ 0
 ⇒ (y + 1)2 −4.(y − 1)(y − 1) ≥ 0
 ⇒ (y + 1)2 −{2 (y − 1)}2 ≥ 0
 ⇒ (y + 1 + 2y − 2)(y + 1 − 2y + 2) ≥ 0
 ⇒ (3y − 1)(−y + 3) ≥ 0

 ⇒ y y y−





 −( ) ≤ ⇒ ≤ ≤

1
3

3 0 1
3

3

 ⇒ y is minimum at x =
1
3

60.(b) By observation (6, −3), (−6, 3) and (6, 3) all lies on

 x y2 2

24 18
1− = . But (−6, 3) attains the minimum distance for 
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 3x + 2y + 1 = 0 in all 3

61.(b) Let y = 2x3 − 3x2 − 12x + 5
 y' = 6x2 − 6x − 12 = 0 ⇒ x2 − x − 2 = 0
 ⇒ (x − 2)(x + 1) = 0 ⇒ x = 2 or −1
 Now, y'' = 6(2x − 1) < 0 at x = −1
 ⇒ f max = f (−1) i.e., at x = −1

62.(c) Perimeter = 2S = AB + AC + BC
 = 2AB + 2BD ⇒ S = AB + BD
 = AE + EB + BD = AE + 2BD
 = r cot α + 2.AD tan α

 

E

A

B D C

r r

α

 = r cot α + 2. (r + rcosecα)tanα

 Now, ds
d

S r
α

α
π

= ⇒ = ∴ =0
6

2 6 3min

63.(a) R2 = (R − h)2 + r2 = R2 − 2Rh + h2 + r2

 ⇒ 2Rh = h2 + r2 ⇒ r = √2Rh − h2

 Now, V = 13 πr2 h = 13 π(2Rh2 − h3)

  

R−h
h R

r

 dV
dh

h= ⇒ =0 0 or, 4
3
a

 
∴ = 






( )⇒ =h R h

R
2
3

2
2

2
3

64.(c) y a
x

y a
x

at x y y a
x

= ∴ = − ∴ ( ) = −
2 2

2 1 1

2

1
2, ' , '

 Tangent : y − y1 = y a
x

y a
x

at x y y a
x

= ∴ = − ∴ ( ) = −
2 2

2 1 1

2

1
2, ' , ' (x − x1)

 

⇒ − = − +

⇒ + = +

= +( ) =

x y x y a x a x

a x x y x y a x

x x y a x a

1
2

1
2

1
2 2

1
2

1
2

1
2

1
2

1

1 1 1
2

12
22

1 1
2

1
2

1

2 2
1

 x y a

x
x

y
a
x

=( )
⇒ +











=

 ⇒ Area of the triangle = 
1
2

2 2 21

2

1

2x a
x

a( )×








 =

65.(a) f (x) = xex(1 − x) = ex(1 − x) + xex(1 − x).(1 − 2x)
 = ex(1 − x)[1 + x (1 − 2x)]
 = ex(1 − x)(−2x2 + x + 1) > 0 \ f is increasing

 ⇒ 2x2 − x − 1 < 0 ⇒ x x+





 −( ) <1

2
1 0

 ⇒ x Î −





1
2

1, , f is increasing

66.(c) f (x) = ∫ ex(x − 1)(x − 2)dx
 ⇒ f '(x) = ex ( x − 1)(x − 2) < 0 ⇒ f is decreasing
 ⇒ (x − 1)(x − 2) < 0
 ⇒ 1 < x < 2 ⇒ x Î (1,2), f is decreasing

67.(b) y = alog|x| + bx2  + x, y has extremum at x = −1, 2

 Now, y a
x

bx' = + +2 1

 \ y'(−1) = 0 ⇒ −a − 2b + 1 = 0 ....(i)

 and y'(2) = 0 ⇒ 
a
2  + 4b + 1 = 0 ....(ii)

 From (i) and (ii), we get a = 2,b =− 
1
2

68.(c) Total distance = S = 150x + 50(60 − x)
 = 150x + 3000 − 50x

 

x km School 60 − x km
60 km

A B

 = 100x + 3000 = 100(x + 30)
 Clearly, S is minimum when x = 0 ⇒ School should be built at 
town A.

69.(a) f x x x( ) = +





 + +






sin cosπ π

6 6

 

= +





 + +


















= + +







=

2 1
2 6

1
2 6

2
6 4

sin cos

sin

x x

x

π π

π π

22 5
12

2 5
12

1

5
12 2 2

5
12

sin sinx x

x x

+





 = ⇒ +






 =

⇒ + = ⇒ = − =

π π

π π π π ππ
12

70.(b) f (x) = cosx + cos( 2x)
 f (x) = −sinx − sin( 2x). 2 = 0
 ⇒ 2 sin( 2x) + sinx = 0
 ⇒ x = 0, at only one point
71.(c) R2 = P2 + Q2 + 2PQ.cosθ

 = 900 + 3600 + 2.30.60. 1
2

  
P

R

Q

60
 

km
/h

r

60 km/hr
600

 = 4500 + 1800 = 6300

 ⇒ R = 6300 400 7 30 7= × = km/hr.
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72.(d) f = 2m / s2, sn= u +
1
2

(2n − 1) f 

 n = 1, f = 2,S1 = 1     \ 1 = u + 
f
2

 n = 2, f = 2,S2 = 3  \ 3 = 4 + 
f
2

⇒ u = 0, f = 2

  A B C
3m1m

 \ v + u + ft = 20 m/sec, t = 10 sec.

73.(a) m = 500 kg, u = 25 sec.
 P = 20kg w : = 20 × 9.8 N

 \ f = 
P
m

m=
×20 9 8

500
2. sec

 Then v = u + ft (t = 2 min = 120 sec)
 = 72.04 m/sec

74.(b) Average velocity = velocity at the middle of the time interval

 \ v1 = u +
1
2

ft1, v2 = u + ft1 + 
1
2

ft2
 v3 = u + f (t1 + t2) + 

1
2

ft3

 ⇒ v1 − v2 = f 2(t1 + t2); v1 − v3 = − +( )f t t
2 2 3

 ⇒ 
v v
v v

t t
t t

1 2

2 3

1 2

2 3

−
−

=
+
+

75.(d) S = kt'' ⇒ 
ds
dt

 = v = nktn−1

 ⇒ f = 
ds
dt

= n(n − 1)ktn−2

 ⇒ (n − 1)v2 = (n − 1)n2k2t2n−2

 ⇒ nfs = n.nk(n − 1)tn−2.k.tn
 = n2(n − 1)k2t2n−2 ⇒ (n − 1)v2 = nfs

76.(b) Sn= u + 
1
2

f (2n−1)

 ⇒ 
9
25

0 1
2

2 1 1
2

02h g n h gn u= + −( ) = =( )and 

 ⇒ 9n2 − 50n + 25 = 0 ⇒ n = 5 5
9

5
9

, = ≠





t

 ⇒ h = 
1
2

(9.8).t2 = 122.5 metre

77.(c)  Let, reaction = R. Now f = g (as falls vertically under   
gravity)
 Then by mg − R = mf ⇒ mg − R = mg ⇒ R = 0

78.(d) Force = p lbwt = pg poundal

 \ acceleration, f = 
F
m

pg
m
f t s= 2

 Now, u = 0 ⇒ x =
v u
f

v

p g
m

mv
pg

2 2 2 2

2
0

2 2
−

=
−

=
. .

79.(b) t v
f
t v

r
t t t v

f r1 2 1 2
1 1

= = ∴ = + = +








;

 \ S = 
1
2

vt ⇒ t = 
2 2S
v

S f r
tfr

=
+







  

  

f

v

r

←  →
t1              t t2

 ⇒ t =
2S f r

fr
+( )

80.(b) y x x
x x

x
x x

=
− +
+ +

= −
+ +

1
1

1 2
1

2

2 2

 or, y

x
x t

= −
+ +

= −1 2
1 1

1 2
. y is minimum when

 2
t

is maximum. or, t
x

x= + +
1 1 is minimum.

 

dt
dx x

x= − = ∴ = −1 1 0 1 12 . , ;

 
d t
dx x

2

2 3
2

= = positive at x = 1 for minima.

 \ ymin = − =1 2
3

1
3

81.(d) y x
x

=
log

 

dy
dx x

x
x x x

x= − + = −( ) =1 1 1 1 1 02 2log . log

 \ logx = 1 or, x = e.
 Now, x < e ⇒ logx < 1 and x > e ⇒ logx > 1.

 At x e dy
dx

= ,  changes sign from positive to negative  
 
 and hence y is maximum at x = e and its value is    
loge

e
e

e
= =−1 1 .

82.(b) y = xx , z = logy = xlogx.  ∴ = +( ) =dz
dx

x1 0log

 ⇒ logx = −1  or, x = e−1 = 
1 12

2e
d z
dx x

, = = positive,

 Hence xx has a minimum at x
e

=
1

83.(b) 
dy
dx

= 0  or, a
x

bx+ + =2 1 0  at x = −1, 2.

 \ a + 2b = 1 and a + 8b = −2
 Solving we get a = 2, b = −1/2

84.(c) x + y = 64, z = x3 + y3  = x3 + (64 − x)3

 \ dz
dx

x x= − −( )




=3 64 02 2
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 ⇒ 3[(2x − 64)64] = 0 ⇒ x = 32, y = 32

 
d y
dx

2

2 = positive, hence minimum.

85.(b) Any point on the parabola y2 = 8x
 (4a = 8 or, a = 2) is (at2, 2at) or, (2t2, 4t). Its distance from   
the circle means its distance from the centre (0, −6) of the   
circle. If D be the distance, then
 z = D2 = (2t2)2 + (4t + 6)2 = 4(t4 + 4t2 + 12t + 9)

 
∴ = + +( ) = ∴ + +( ) =dz
dt

t t t t4 4 8 12 0 16 2 3 02 3

 or, 16(t + 1)(t2 − t + 3) = 0,   \ t = −1

 
d z
dt

t
2

2
216 3 2= +( ) = positive, hence minimum.

 \ Point is (2, −4).

86.(c) Given that AB = 60. Let the school be at a distance x from   
A(with 150 students), then
 D = 150x + 50(60 − x) = 100x + 3000

  
A x 60 – x

S
B

150 50
 D will be least and equal to 3000 if x = 0 i.e., school is   
built at A.

87.(a) We have f x t t t t dt
x

( ) = −( ) −( ) + −( ) −( )



∫ 2 1 2 3 1 23 2 2

1

 

= −( ) −( ) −( ) + −( ) 

= −( ) −( ) −( )

∫
∫

t t t t dt

t t t dt

x

x

1 2 2 2 3 1

1 2 5 7

2

1

2

1

 \ f '(x) = (x − 1)(x − 2)2(5x − 7)
 Now for maxima or minima,
 f '(x) = 0 ⇒ x = 1,7/5,2

 f '(x) = 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2

 (i) consider x = 1, x < 1, 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2positive;  

 x > 1, 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2negative,  \ y is maxima at x = 1.

 (ii) consider x = 7/5.

 It will be minimum as 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2 changes sign from negative to   
positive.

 (iii) At x = 2. 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2 does not change sign so f (x) is neither  
 
 maxima  nor minima at x = 2.

88.(d) 

O

Y

X
x = 1

 – 2

y = – x
y =  x

2

 Let us redefine the function
 x positive \ |x| = x for 0 < x < 2.
 x negative \ |x| = −x for 0 < −x < 2 or, −2 < x < 0.

 \ f (x) = 
− − < <

=
< <









x x
x

x x

,
,
,

2 0
0 0

0 2

 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2 does not exist at L.H.D = −1 and R.H.D = 1 at x = 0.

89.(c) The given expression is minimum when
 y = (x2 − 3)3 + 27 is minimum.

 

dy
dx

x x x= −( ) = ∴ = ±3 3 2 0 0 32 2
. ,

 By change of sign rule for x = 0,
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2 changes sign from   
negative to positive. Hence minimum and in that case  
 y = −27 + 27 = 0
 \ Minimum value = 20 = 1.

90.(b) y = sinx(1 + cosx) = sinx + 
1
2

2sin x

 \ 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2 = cosx + cos2x = 0

 \ cos2x = −cosx = cos(π − x)

 \ 2x = π − x or, x = π/3. d y
dx

x x
2

2 2 2= − −sin sin

 Which is clearly negative at x = π/3 and hence y is max. 

 at x = π/3 and its value is 3 3
4

.

91.(a) y = sinp xcosq x. Now y will be max. or min. 
 according as z = logy = plog sinx + qlogcosx is

 max. or min. dz
dx

p
x

x q
x

x= + −( ) =.
sin

.cos
cos

sin1 0

 or, pcot x − qtanx = 0.  \ tan2x = p/q
 or, tan− ( ) =1 p q x .
 \ d2 z/dx2 = −pcosec2x − qsec2x which is clearly negative   
when
 tan2x = p/q and hence z is max.

92.(a) y = 1 + 2sinx + 3cos2x.

 
dy
dx

x x x= −( ) −( ) −( )





5 1 7 5 2 2 = 2cosx − 6cosxsinx = 0

 \ cosx = 0 or, sinx =1/3. \ x = 900 or, sin−1(1/3)

 

d y
dx

x x x
2

2
2 22 6= − − −( )sin cos sin

 = −2 + 6 = 4 at x = 900. \ at x = 900, y is min and 
 its value is 1 + 2 = 3.

 or,  
d y
dx

x x x
2

2
2 22 6= − − −( )sin cos sin−2sinx − 6(1 − 2sin 2x)

 

 = − − + = − =2 1
3

6 12 1
9

2
3

6. . negative at sinx = 1/3.

 Max. at x = sin−1(1/3) and value is 13/3.
93.(c) The dimensions of the box after cutting equal squares of   
side x on the corner will be
 (2l − 2x),(16 − 2x) and height x.
 v = x(2l − 2x)(16 − 2x) = x(336 − 74x + 4x2)
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 or, V = 4x3 − 74x2 + 336x. dV
dx

= 0 gives x = 3 for 

 which 
d v
dx

2

2  is negative and hence maximum.

94.(c) k – x

θ
A B

C

x
 AB + AC = constant = k. if AB = x, then
 AC = k − x.  \ BC2 = (k − x)2 − x2 = k2 − 2kx.

 \ ∆ = 
1
2

BC.AB =
1
2

x. k kx2 2−( )
 Let, z = ∆2 = 

1
4

2 1
4

22 2 2 2 3x k kx x k kx−( ) = −( )
 z will be maxima when x = k/3.

 \ cosθ = 
x
k x

k
k k−

=
−

= =
3

3
1
2

3, θ π

95.(a) • •
A

D

B

Cx

x
πrπr r

r

 Perimeter = 440 ft. 2x + πr + πr = 440
 or, 2x + 2πr = 440 ...............(1)
 A = Area of rectangular portion = x.2r.

 A = x
x

x
440 2 1 440 2 2−( )

= −( )π π

 

dA
dx

x x

r x

= −( ) ∴ =

∴ =
−

=
−

=

1 440 4 110

2 440 2 440 220
22 7

70

π

π

96.(a) 

C

B A

O
h – a

a

a

Lr

 Let, h be the height of the cone and r be its radius.
 \ h = CL = CO + OL = a + OL.   \ OL = h − a

 r = LA = OA OL2 2−( )
 or, r = a h a ah h2 2 2 1 2

2− −( ) = −( )

 

V r h ah h h ah h

dV dh ah h h

= = −( ) = −( )
= ( ) −( ) = ∴

1
3

1
3

2 1
3

2

3 4 3 0

3 2 2 3

2

π π π

π

.

, == 0 4 3or a

 h = 0 is rejected. \ h = 4a/3 = (2/3)2a

 \ h = 
2
3

(diameter).

97.(c) S = b x c a
x

2
2 2

+

 
∴ = − = ⇒ = ±
dS
dx

b c a
x

x ca
b

2
2 2

2 0

 

d S
dx

c a
x

d S
dx x ca

b

2

2
2 2

2

2

22 1 0= ∴ >
=

 \ Smin = b
ca
b

c a
ca
b

abc2
2 2

2. + =

98.(c) f (x) = 4 − cos2 x + cos sinx x
2 2

+

 \ f ¢(x) = sin sin cos2 1
2 2 2

x x x
− −








 = 2sinx cos sin cos sin2 2

2 2
1
2 2 2

x x x x
−






 + −








 

= −





 +






 +









= −

cos sin sin cos sin

cos si

x x x x x

x

2 2
2

2 2
1
2

2
nn sin .sinx x x

2
2 2

2 4
1
2







 +






 +









π

 \ f ¢(x) = 0 ⇒ cos sinx x x
2 2

0 2− = ⇒ =π

 f ¢¢(x) = 2cos2x − +







1
2

1
2 2 2

. cos sinx x

 \ f ¢¢ π 2 2 1
4

1
2

1
2

0( ) = − − +





 <

 
∴ ( ) = ( ) = − = + = +f x fmax π 2 4 0 1

2
1
2

4 2

99.(d) y
x

y x
x

x

= 





 ⇒ =

1 2 12
2

2

log log

 Differentiating with respect to x.

 
1 4 1 2 12

y
dy
dx

x
x

x
x

. log= + −





 . Then dy

dx
= 0  if

 −4xlogx − 2x = 0  or, 2logx + 1 = 0,  \ x = e−1/2

 Verify that d y
dx

x e
2

2
1 20< = −at

100.(a) f (x) = 3x 2 − 2(p + q + r)x + p2 + q2 + r2

 \ f ¢(x) = 6x − 2(p + q + r)

  \ f ¢(x) = 0 ⇒ x = 
p q r+ +

3
arithmetic mean of 

 
 p.q.r. Also   f ¢¢(x) = 6 > 0.

101.(b) f ¢(x) = x(4 + 4.22.x2 + ....+20.210.x18)
 \ f ¢(x) = 0 ⇒ x = 0 only. Also f ¢¢(0) = 0

102.(a) y = x − x2, where y is greatest difference

 

dy
dx

x dy
dx

x= − ∴ = ⇒ =1 2 0 1 2.
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 Again, d y
dx

2

2 2= − .  \ y is the maximum at x = 
1
2

103.(c) b

θ
C B

A

a

 bcosθ = a ⇒ bcosθ + b = 4  or, b =
+

4
1 cosθ

 \ a = 
4

1
cos
cos
θ
θ+

 \ area = ∆ = 
1
2

basinθ = 
1
2

.b =
+

4
1 cosθ

.
4

1
cos
cos
θ
θ+

sinθ

 = 
4 2

1 2
sin
cos

θ

θ+( )

 \ d
d
∆
=

+( ) + +( )
+( )θ

θ θ θ θ θ

θ
4

2 2 1 2 2 1

1

2

4
cos cos sin . cos sin

cos

 \ 
d
d
∆
θ

= 0 ⇒ cos2θ(1 + cosθ) + sin2θsinθ = 0

 or, cos2θ +cosθ = 0
 \ cos2θ = −cosθ = cos(π − θ) or, π/3
 \ ∆ is maximum when θ = π/3 (It cannot be minimum,   
since in the given situation minimum is 0)

104.(c) Let z2 = (x − 0)2 + (y − 3)2 = x2 + y2 − 6y + 9

 = y2 − 4y + 9( x2 = 2y).  \ 
d z

dy
y

2

2 4
( )

= −

 \ d z
dy
( )

=
2

0 ⇒ y = 2  and then x = 2, −2.

 As the question of a point being farthest does not arise   
(being ∞), we find (2, 2), as well as (−2, 2), are the nearest   to the 
point (0, 3).

105.(c) P x
x
Q x

x
= − = −3

3
1 1.

 \ P
Q

x
x

x
x

x
x

2

2
2

2

1 1 1

1
=

−





 + +







−







 

=
−






 +

−







= −





 +

−







x
x

x
x

x
x x

x

1 3

1
1 3

1

2

 Clearly, the minimum does not exist.

106.(b) We have, f (x) = (x + 1)1/3 − (x − 1)1/3

 \ f ¢(x) = 
1
3

1
1

1
12 3 2 3x x+( )

−
−( )













 Clearly, f ¢(x) does not exist at x = ±1.
 Now f ¢(x) = 0 ⇒ (x − 1)2/3 = (x + 1)2/3 ⇒ x = 0

 Clearly f ¢(x) ≠ 0 for other value of x Î [0, 1]. The value of 
 f (x) at x = 0 is 2. Hence the greatest value of f (x) is 2.

107.(c) We have, f (x) = 2x3 − 9ax2 + 12a2x + 1
 \ f ¢(x) = 6x2 − 18ax + 12a2 = 0
 ⇒ 6[x2 − 3ax + 2a2] = 0 ⇒ x2 − 3ax + 2a2 = 0
 ⇒ x2 − 2ax − ax + 2a2 = 0
 ⇒ x(x − 2a) − a(x − 2a) = 0
 ⇒ (x − a)(x − 2a) = 0 ⇒ x = a,x = 2a
 Now, f ¢¢(x) = 12x − 18a.
 \ f ¢¢(a) = 24a − 18a = −6a < 0.
 \ f (x) will be maximum at x = a, i.e., p = a.
 Also, f ¢¢(2a) = 24a − 18a = 6a.
 \ f (x) will be minimum at x = 2a i.e., q = 2a.
 Given p2 = q ⇒ a2 = 2a ⇒ a = 2

108.(a) We have, f (x) = x
x

+
1

 \ f ¢(x) = 1 1
2−

x
= 0 ⇒ x = ±1. Now, f ¢¢(x) = 

2
3x

 \ f ¢¢(x) = 2 > 0.
 Therefore, f (x) will be minimum at x = 1 and the    

minimum value  is f 1 1 1
1

1 1 2( ) = + = + =

109.(a) Let f (x) = 
x

xlog
 ⇒ f ¢(x) = 

log
log

x
x
−

( )
1
2

 For maximum or minimum, f ¢(x) = 0
 ⇒ logx = 1 ⇒ x = e.

 Now, f ¢¢(x) = 

1 1 22

4
x

x x x
x

x

. log log . log

log

( ) − −( )

( )

 ⇒ f ¢¢ x e
ex e( ) =

−
= >

=

1 0

1
1 0

 \ f (x) is minimum at x = e.

 \ Minimum value of f (x) = f (e) = 
e e
1

=

110.(c) We have, y
x a
x b

=
+( )
+( )

sin
sin

 ⇒ 
dy
dx

x b x a x a x b
x b

=
+( ) +( ) − +( ) +( )

+( )
sin cos . sin cos .

sin
1 1
2

 = 
sin
sin

b a
x b
−( )
+( )

≠2 0≠ 0 for any x as a ≠ b.

 Hence, y has neither maximum nor minimum.

111.(b) Let z = loga x ⇒ 
1 1
z x

a
a

x= =
log

log

 \ loga x + logx a = z
z

z
z

+ = −





 +

1 1 2
2

 whose minimum value is 2.

112.(c) When d y
dx

2

2 0= at x = a, then we have to obtain
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 d y
dx

d y
dx

3

3

4

4. ..........and so on to ascertain the existence of   
points of extremum.

113.(b) We have, y = x2 + ax + b ⇒ 
dy
dx

= 2x + a and  
d y
dx

2

2 0= = 2 > 0.

 Now, dy
dx x=

=
3

0  (given) ⇒ 6 + a = 0  \ a = −6

 Also, y|x = 3 = 5 ⇒ 9 + (−6)(3) + b = 5
 ⇒b = 14. Thus, a = −6 and b = 14.

114.(b) We have, f (x) = xe−x ⇒ f '(x) = e−x − xe−x = e−x 
  (1 − x)
 \ f '(x) = 0 ⇒ e−x(1 − x) = 0 ⇒ x − 1

 Now, f (0) = 0, f (x) → 0 as x → ∞ and f (1) = 
1
e

 

 Hence, the greatest value of the function is 1
e

.

115.(a) We have, f (x) = cos−1x2 ⇒ f '(x) = 
−

−

2

1 4

x

x

 \ f '(x) = 0 ⇒ x = 0. Now f (0) = 
≠
2

 and

 f ±





 = =−1

2
1
2 3

1cos π
. Hence, the least value of the 

 function is 
≠
3

116.(a) 
B A X

Y

Oa a
y
C(x, y)

 Let the equation of the circle be x2 + y2 = a2. Let 
 A(a, 0), B(−a, 0) be the ends of the diameter and C(x, y) be   
any point on the circle.
 Then, area of ∆ABC

 = A AB y ay a a x= × × = = −
1
2

2 2

 \ A is maximum if x = 0 i.e., C lies on y -axis and then   
CAB is an isosceles triangle.

117.(b) Let α, β, γ be the roots of the given equation.
 Then, α + β + γ = a,αβ + αγ + βγ = 4, αβγ = 8.
 Since A.M.≥ G.M.

 ⇒ ±+² + ³ ±² ³
3 3

8 63 3≥ ⇒ ≥ ⇒ ≥
a a

 \ The minimum value of a = 6.

118.(b) Since f '(4) = f "(4) = 0, therefore,
 f (x) = (x − 4)4 + k, where n ≥ 3.
 But f has minimum at x = 4, so n  = 4.
 k = 10. Thus f (x) = (x − 4)4 + 10
 
119.(b) Let f (x) = x25(1 − x)75

 ⇒ f '(x) = 25x24(1 − x)75 − 75x25(1 − x)74

 = 25 x24(1 − x)74(1 − 4x).

 f '(x) = 0 ⇒ x = 0,1, 1
4

are the critical points. 

 Now, f (0) = 0, f (1) = 0 and f 1
4

1
4

3
4

25 75






 =















.

 \ f (x) takes its maximum value at x = 1
4

120.(d) We have, f x x
x x

( ) = −
+

= −
+

2

2 2
1
1

1 2
1

 f (x) will be minimum when f x x
x x

( ) = −
+

= −
+

2

2 2
1
1

1 2
1

is maximum i.e.,

 when x2 + 1 is minimum i.e., at x = 0.
 \ Minimum value of f (x) = f (0) = −1

121.(a) We have, h'(x) = f '(x) − f '(−x)
 For extreme values of h(x), h'(x) = 0
 ⇒ f '(x) = f '(−x) ⇒ f '(x) is an even function.

122.(d) We have, f '(x) = 3x2 − 6x − 6 = 3(x3 − 2x − 2)
 For extreme values, f '(x) = 0.

 ⇒ x2 − 2x − 2 = 0 ⇒ x = 
2 4 8

2
1 3± +

= ±( )  

123.(c) Let y = sinx + √3cosx

 
= +









 = +






2 1

2
3

2
2

3
sin cos sinx x x π

 y is maximum when x x+ = =
π π π
3 2 6

i.e.,

124.(d) f (x) = (1 + b2)x2 + 2bx + 1
 f '(x) = 2(1 + b2)x + 2b = 0 ⇒ x = − +( )b b1 2

 f "(x) = 2(1 + b2) > 0. \ m(b) = min. f (x)

 = f b b b b
b

b
b

− +( )( ) = +( )
+( ) − +

+1 1
1

2
1

12 2
2

2

2

2.

 =
+

∴ < ( ) ≤1
1

0 12b
m b.  for all b Î R.

 \ range of m(b) = [0,1]

125.(c) 

A B

CF

E

D

θ
a

 Volume V = π(BE)2.EF , V = π.a2.sin2θ.2acosθ
 = 2πa3 cosθsin2θ.(0 < θ < π/2).

 
dV
dθ

= 2πa2 [−sin3θ + 2sinθcos2θ]

 = 2πa3 [3cos2θ − 1].sinθ

 
dV
dθ

= 0 ⇒ cosθ = 1 3

 [sinθ ≠ 0,cosθ ≠ −1 3 in 0 < θ < π / 2]

 \ 
d V
d

2

2θ
< 0,  \ V is maximum for cosθ = 1 3

 \ Height of cylinder = EF = 2acosθ = 2 3a
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126.(b) f '(x) = 5x2[x2 − 4x + 3] = 5x2(x − 3)(x − 1) = 0
 gives x = 0,1,3   \ p and q may have values 0 or 1 or 3.
 f "(x) = 10x[2x2 − 6x + 3]
 f "(0) = 0. f "(1) < 0, f "(3) > 0 and 
 f "'(0) = 30 ≠ 0  \ f "(x) has maximum at x = 1,
 minimum at x = 3 and neither maximum nor minimum at x = 0
 \  p = 1, q = 3 i.e., (p,q) = (1,3).

127.(b) 

A

B

O
θ

r

r
 Let r be the radius and θ the angle of the sector.
 \ Perimeter = 2r + ArcAB = 2r + rθ = 2θ (given)
 ⇒ θ = −( )20 2r r . The area of sector

 A r r r r= = −( )1
2

1
2

20 22 2θ or, A = 10r − r2

 
dA
dr

r= − =10 2 0 , for maximum or minimum of 

 A ⇒ r = 5 cm. 
d A
dr

2

2 2= − which is negative.

 \ A is maximum when r = 5 cm.
 \ Maximum A = 10.5 − 52 = 25 sq. cm.

128.(a) Let the equation of line be x/α + y/β = 1.........(i)
 If line (i) passes through (3,4) then 3/α + 4/β = 1, 
 then β = 4α/(α − 3).
 The line (i) cuts intercepts of lengths OA = α and OB = β,   
from the coordiante axes.
 Area of ∆OAB.

 
A OA OB= = = −( )1

2
1
2

2 32. αβ α α

 dA
dα

α α

α
=

−( )
−( )

2 6
3 2

.For maximum or minimum of A

 dA/dα = 0 ⇒ α = 6. \ α ≠ 0.
 A	is minimum when α = 6, as the sign of dA/dα changes  
 from negative to positive as α passes through α = 6. When  
 α = 6,β = 8 equation of required line is x/6 + y/8 = 1
 or, 4x + 3y − 24 = 0

129.(c) Let the two numbers be x and 6 − x.

 Let y
x x

dy
dx x x

= +
−( )

∴ = − +
−( )

1 1
6

1 1
62 2.

 

d y
dx x x

2

2 3 3
2 2

6
= +

−( )

 For maximum or minimum of y
dy
dx

x, = ⇒ =0 3  

 when x = 3, d y
dx

2

2 is positive.
 
 \ y is minimum when x = 3.
 Then  minimum y = 1/3 + 1/3 = 2/3

130.(a) The first derivative of y = x2 − 3x + 2 is
 y' = 3x2 − 3. For maximum and minimum
 3x2 − 3 = 0 ⇒ x = ± 1

 Now the value of y at critical points 1, 0 and 2 
 are y(1) = 1 − 3 + 2 = 0.
 y(0) = 2,y(2) = 8 − 6 + 2 = 4.

131.(c) f (x) = 3sinx + 3cosx. f '(x) = 3cosx − 3sinx 
 For maximum and minimum, f '(x) = 0

 \ 3cosx − 3sinx = 0 ⇒ tanx = 
1
3

⇒ x = 
≠
6

 and f "(x) = − 3sinx − 3cosx < 0 at x =
≠
6

 Hence f (x) has maximum at x =
≠
6

.

132.(a) f (x) = 
x

x x1+ tan
is maximum,

 then z = 
1+ x x

x
tan

is minimum

 or, z = 
1
x

x+ tan is minimum

 

dz
dx x

x= − +
1
2

2sec

 For extreme value dz
dx x

x= − +
1
2

2sec = 0
 

 ⇒ x2 = cos2  x ⇒ x = cosx and d z
dx x

x x
2

2 3
22 2 0= + >sec tan

 Hence z is minimum or f (x) is maximum at x = cosx.

133.(c) Let f (x) = a2 sec2 x + b2 cosec2 x
 = a2(1 + tan2 x) + b2(1 + cot2 x)
 = a2 + b2 + 2ab + (a2tan x + b2cot2 x − 2ab)
 = (a + b)2 + (atan x − bcot x)2

 For all x, f (x) ≥ (a + b)2

 \ Minimum value of f (x) = (a + b)2 where

 atanx − bcotx = 0 ⇒ tanx = ±
b
a

.

134.(c) Let x + y = 20, then y = 20 − x.
 Let, z = x3y = x3(20 − x) = 20x3 − x4

 From aximum and minimum 
dz
dx x

x= − +
1
2

2sec0
 or, 20 × 3x2 − 4x3 = 0
 ⇒ 4x 3(15 − x) = 0 ⇒ x = 0  or, x = 15. 

 
d y
dx x x

2

2 3 3
2 2

6
= +

−( )
120x − 12x2 = 12x(10 − x) < 0  at x = 15

 
 Hence for x = 15, y = 5, the required product is maximum.

135.(d) Let x be the side of a square and r be the radius of the circle.
 Then 4x + 2πr = a.
 The sum of the areas of square and circle

 

A x x x a x

dA
dx

x a x

= + = +
−








= + −( ) −( ) =

2 2 2
24

2

2 2
4

4 4 0

π π
π

π  

 

⇒ − −( )




=

⇒ +




= ⇒ =

+

2 1 4 0

1 4
4

x a x

x a x a
π

π π π



337chapter - 28 application of derivatives

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

complete solution  to 

in association with :  

JMMC RESEARCH  FOUNDATION PUBLICATION

 and 
d A
dx

x a2

2 0
4

> =
+

at
π

 \ A	=	x2 + πx2 = 
a2

4 4π +( )

136.(b) Let f (x) = 2x3 − 3x3 − 12x + 5
 f '(x) = 6x2 − 6x − 12 = 0 ⇒ 6(x2 − x − 2) = 0
 ⇒ x = 2,x = −1. f "(x) = 12x − 6 > 0 at x = 2 and 
 f "(x) = −18 < 0  at x = −1.

137.(a) 

C

A B

O
a

a

r
N

 Let CN = h. Then ON = h − a.

 The radius of the cone r = a ON2 2−  

 = a h a ah h2 2 22− −( ) = −

 Now surface S = πrl = π 2 2 2 2ah h h r− +.

 or, S = π 2 22 2 2ah h h ah h− + −( ).
 Let z = S2 = π2(2ah −h2)(2ah)
 = 2aπ2(2ah2 − h2). S will be minimum when S  2 = z is   
 minimum.

 \ dz
dh

a ah h h h a
= −( ) = ⇒ = =2 4 3 0 0 4

3
2 2π or,

138.(c) Let length l = x, breadth b = y, V = xyh, where
 2(x + y) = 36 or, x + y = 18.
 When it is revolved about a side y, then volume, 
 V = πx2 y = πx2(18  − x) = π(18x2 − x2)
 \ For maximum volume

 
dV
dx

= π(36 − 3x2) = 0 ⇒ x = 12 and 

 
d V
dx

2

2  = π(36 − 6x) < 0 at x = 12.  \ x = 12, y = 6

139.(a)  S = (πrl + πr2) = πr(l + r)

 V = 
1
3

1
3

2 2 2 2π πr h r l r= −

 

Z V r S
r
r r

r S
r

S

= = −





 −













= −












2 2 4
2

2

2 4
2

2

1
9

1
9

2

π
π

π
π π

oor Z S r S r, = −





1
9

22
2

2 4π
π π

 V is maximum, if Z is maximum when dZ
dr

= 0

 \ dZ
dr

S r S r= −











=

1
9

2 2 4 02
2

2
3π

π π
.

 ⇒ r = 0 or, r S2

4
=

π
. r = 0 is clearly rejected.

 Now, d Z
dr

s S r S S S2

2
2

9
2 24

9
2 24

4
0= 






 −( ) = −






 <π π

π
.

 \ Z is maximum. That is V2 is maximum or V is

 maximum when r S r S rl r2 2 2

4
4= ⇒ = = +

π
π π π

 
⇒ = ⇒ = ⇒ = ⇒ = −3 1

3
1
3

1
3

2 1π π α αr rl r
l

sin sin

140.(a) 

A B

C D

θ

 Let the coordinates of A be (acosθ, asinθ)
 \ AB = 2acosθ, AD = 2asinθ, area of the rectangle ABCD is 
 A = 4a2sinθcosθ

 
dA
d

a
θ

θ θ= −



4 2 2 2cos sin = 0 for maxima or minima

 ⇒ cosθ = ± sinθ, cosθ = cos π
θ

2
−








 ⇒ θ
π

θ θ
π

= − ⇒ =
2 4 

 

d A
d

2

2 2 2
4θ

θ θ θ θ θ θ
π

= − − < =sin cos sin cos at

 \ A is maximum when θ = π/4.
 \ AB = AD. Hence rectangle is a square.

141.(b) Given that S = 2πah + 2πa2 ⇒ h S a
a

=
− 2
2

2π
π

 \ V = πa2h = πa2
S a

a
Sa a

−( )
= −





2

2
1
2

2
2

3π

π
π

 
dV
da

S a= −



 =

1
2

6 02π for maxima volume.

 \ a S d V
da

a S2
2

26
6 6

6
0= = − = − <

π
π π

π
.

 Hence V is maxima when
 6πa2 = S = 2πa2 + 2πah ⇒ 2a = h

142.(c) Let (x, y) be on the parabola y = x2 + 7x + 2.
 Its distance from the line y = 3x − 3 is

 
D x y x x x
=

− −
+

=
− − − −3 3

9 1
3 7 2 3

10

2

 =
− − −

=
+( ) +x x x2 24 5

10
2 1
10

 or, D
x

=
+( ) +2 1

10

2

 
dD
dx

x x= +( ) = ⇒ = −
1
10

2 2 0 2  and

 

d D
dx

2

2
1
10

2 0= >.
.Consequently D is minimum 

 when x = −2, y = −8
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143.(a) Let length of the paper = x and breadth = y.
 Thus xy = 150
 A = (x − 3)(y − 2) = xy − 2x − 3y + 6

 = 150 − 2x − 3 × 
150 6

x
+

 

dA
dx x

x y= − + = ⇒ = = =2 450 0 15 150
15

102 ,

144.(a) 

MA

D C

B
θ θ

6 6

 A = 
1
2

(AB + CD). AB = 
1
2

(2 × 6cosθ + 2 × 6)6sinθ

 = 6(cosθ + 1)6sinθ = 36
sin sin2

2
θ

θ+







 

dA
dθ

θ θ θ θ= +( ) = ⇒ + =36 2 0 2 0cos cos cos cos

 ⇒ cos2θ = −cosθ = cos(π − θ) ⇒ 2θ = π − θ
 ⇒ θ = π/3

 \ A = 36 2 3
2 3

27 3sin sinπ π
+






 =  sq. inches.

145.(a) N
A

C

B

 Let the coordinate of A be (acosθ, bsinθ) on the 

 ellipse 
x
a

y
b

2

2

2

2 1+ = . Area of the triangle ABC
 

 A = 
1
2

 AB × NC.  A = 
1
2

 2bsinθ(a − acosθ)

 
dA
dθ

θ θ θ θ= +( ) = ⇒ + =36 2 0 2 0cos cos cos cos b[cosθ(a − cosθ) + sinθ.asinθ] = θ for maxima and minima.

 ⇒ ba[cosθ − cos2θ] = 0
 cos2θ = cosθ = cos(2π − θ)

 ⇒ 2θ = 2π − θ ⇒ θ = 
2
3
≠

 \ A	=	b × sin
2
3
≠

× (a − acos
2
3
≠

) = 
3 3

4
ah

146.(d) If f (x) has an extremum at x = π/3, then

 f '(x) = 0 at x = 
≠
3

. Now, f (x) = asinx + 
1
3

sin3x
 
 ⇒ f '(x) = acosx + cos3x.
 \ f '(π/3) = 0 ⇒ acos(π/3) + cosπ = 0 ⇒ a = 2

147.(d) We have, f '(x) = 2cos2x − 1
 \ f '(x) = 0 ⇒ 2cos2x − 1 = 0

 ⇒ cos2x = 
1
2

 ⇒ 2x = −π/3,π/3

	 ⇒	x = −π/6, π/6.

 Now, f (−π/2) = π/2, f (π/2) = − π/2

 f (−π/6) = −
3

2 6
+
π

 and f (π/6) = 
3

2 6
−
π

	 Clearly, ≠
2

 is the greatest value of f (x) and its least value is −π/2.
 
 Hence, the required difference is π/2 − (−π/2) = π

148.(d) Let α and β be the roots of the given equation,
 so that α + β = a − 2 and αβ = −(a − 1).
 Let S = α2 + β2. Thus,
 S = (α + β)2 − 2αβ = (a − 2)2 + 2(a − 1)

 = a2 − 2a + 2.  \ 
ds
da

a d S
da

= ⇒ = = >0 1 2 0
2

2, Also2a – 2

 Now, 
ds
da

a d S
da

= ⇒ = = >0 1 2 0
2

2, Also

	 Hence, S is minimum when a = 1.

149.(c) We have P(x) = a0 + a1x2 + a2x4 + .........+ anx2n

 For maximum or minimum P'(x) = 0
 ⇒ 2x{a1 + 2a2x2 + .........+ nanx2n−2} = 0 ⇒ x = 0
 Now,
 P"(x) = 2a1 + 12a2x2 + ...+ 2n(2n − 1)anx2n − 2

 ⇒ P"(0) = 2a1 > 0 [\ a1 > 0]
 Hence, P(x) has only minimum at x = 0

150.(a) We have, y = −x3  + 3x2 + 2x − 27

 ⇒ 
dy
dx

= 0−3x2 + 6x + 2

	 Let z = 
dy
dx

= 0−3x2 + 6x + 2. Then dz
dx

x= − +6 6

	 For maxima or minima of z, dz
dx

x= − +6 6 0 ⇒ x = 1

	 Now, d z
dx

2

2 6 0= − < . Thus, z is maximum for x = 1 and 
 
 the maximum value of z is given by
 z = −3x2 + 6x + 2  for x = 1 i.e., z = −3 + 6 + 2 = 5

151.(d) Let y = 2x3 − 3x3 − 12x + 5.

 Then,  
dy
dx

= 06x2 − 6x − 12.

 For y to be maximum, 
dy
dx

= 0

 ⇒ 6x2 − 6x − 12 = 0 ⇒ x = 2, −1

 Now, 
d y
dx

2

2 2= − . 12x − 6, For x = 2, 
d y
dx

2

2 2= − . 24 − 6 > 0

 and 
d y
dx

2

2 2= − .− 12 × 1 − 6 < 0  for x = −1.

 Thus, y attains maximum at x = −1 and minimum at x = 2.
 Now, y = −1  for x = −2, y = 3 for x = −1
 y = −15  for x = 2  and y = 37  for x = 4.
 Hence, y attains its largest value at x = 4.
 
152.(a) Since f (x) = x4 − 62x2 + ax + 9 attains its maximum at x = 1.
 Therefore, f '(x) = 0 at x = 1.
 ⇒ f '(x) = 4x2 − 124x + a = 0  at x = 1.
 ⇒ 4 − 124 + a = 0 ⇒ a = 120.
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153.(c) We have, f '(x) = (x − a)2n(x − b)2p + 1

 \ f '(x) = 0 ⇒ x = a,b.
 When x = a − h, f '(x) = h2n(a + h − b)2p + 1 and when 
 x = a + h, f '(x) = h2n(a + h − b)2p + 1

 Thus we see that as x passes through a, f '(x) does not change
 sign.Hence, there is neither a maximum nor a minimum at x = a.

154.(b) Let P = xy. Then x + y = 8 ⇒ P = x(8 − x)

 Now, 
dP
dx

= 0 ⇒ 8 − 2x = 0 ⇒ x = 4

 Clearly d P
dx

2

2
< 0. Hence, P is maximum for x = 4 = y.

 
 The maximum value of P is 16.

155.(c) Let f (x) = x3 − 3x. Then  f '(x) = 3x2  − 3. For
 maximum or minimum, f '(x) = 0 ⇒ x = ±1.
 But x = −1 Î[0,2]. Therefore x = 1 only. If can be easily
 checked that f "(x) > 0 for x = 1. So, f (x) attains a local
 minimum at x = 1.
 Now, f (0) = 0, f (1) = −2 and f (2) = 6. Hence, f (x) attains
 the maximum value at x = 2.

156.(d) 

D

A

C

O

B

r

x
r2 – x2 

 Let A be the area of the rectangle shown in the figure. 

 Then A = 2x.2 r x x r x2 2 2 24− = −

 ⇒ 
dA
dx

r x

r x

dA
dx

x r=
−( )
−

∴ = ⇒ =4
2

0 2
2 2

2 2
.

 It can be checked that 
d A
dx

2

2 0< for this value of x. Hence, A is  
 maximum for x r= 2 and the maximum value of A is given by 

 
A r r r r= − =4

2 2
22

2
2

157.(d) f (x) = t t dt
x 2

0
1+ +( )∫ .   f '(x) = x2 + x + 1 = 0

 \ x = 
− ± −1 1 4

2
 is  impossible.

 

 \ f (2) = t t dt t t t2
3 2

0

2

0

2

1
3 2

20
3

+ +( ) = + +











=∫

 f (3) = t t dt t t t2
3 2

0

3

0

3

1
3 2

33
2

+ +( ) = + +











=∫

 \ f (3) − f (2) = 
33
2

20
3

59
6

− =

158.(d) f '(x) = 
2 0 1
2 1
x x

x
,

.
< <
≥





minimum at x = 1.

 \ f (1) = sin−1 α + 12 ⇒ 2 = sin−1 α + 1

 ⇒ sin−1 α = 1 ⇒ α = sin1

159.(b) Since x + y = 2.  \ y = 2 − x. Let p = x2y,
 p = x2(2 − x). p = 2x2 − x3.

 Differentiating with respect to x, dP
dx

= 4x − 3x2.

 If p is maximum  \ dP
dx

= 0 , 4x − 3x2 = 0

 or, x(4 − 3x) = 0  or,  x = 0  or, 3x = 4 ⇒ x = 
4
3

 .

 When x = 
4
3

, y = 2 − x = 2 −
4
3

= 
2
3

 Again 
d P
dx

2

2  = 4 − 6x   where x = 
4
3

 
d P
dx

2

2  = 4 − 6.
4
3

= −4 < 0.   
d P
dx

2

2   < 0.

 \ P is maximum.

 \ two numbers are x = 
4
3

, y = 
2
3

160.(b) Let one number be x, \ other number y = 
36
x

  

 Let S be their sum  \ S = x + 
36
x

 We have to find x so that S is minimum.

 S = x + 
36
x

. Differentiating with respect to x, dS
dx x

= −1 36
2

 Since S is to maximum  \ dS
dx

= 0

 1 36 02− =
x

 or,  x = ±6.
 
 \ x is natural number.  \ x = 6

 other number = 
36
6

6=

 Again d S
dx

x
x

2

2
3

336 2 73
= − −( ) =−

 where x = 6, d S
dx

2

2 3
72
6

1
3

0= = >

 \ S is minimum,  \ numbers are 6 and 6.

161.(a) 

O

A Hr

h

 Let r be the base radius and h be the height of cone, 
 \ r + h = 6 cm, h = 6 − r
 The volume V of cone is 

 
V r h r r V r r= = −( )⇒ = −( )1

3
1
3

6
3

62 2 2 3π π
π
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 Differentiating with respect to r.

 
dV
dr

r r= −( )π
3

12 3 2 . To V be maximum (greatest)

 
dV
dr

r r= −( )π
3

12 3 2 . 0,    \ 
dV
dr

r r= −( )π
3

12 3 2 .= 0   \ r = 2.

162.(b) We have, f (x) = x2  − 9x2 + 24x
 f '(x) =  3x2 − 18x + 24. If f (x) has extreme values
 then, f '(x) = 0 ⇒ 3x2 − 18x + 24 = 0
 or, 3(x2 − 6x + 8) = 0
 or, 3(x − 2)(x − 4) = 0 ⇒ x = 2  or, x = 4.
 f "(x) = 6x − 18
 (i) at x = 2, f "(2) = 6 × 2 − 18 = −6 < 0
 f is maximum at x = 2.
 maximum value = f (2) = 23 − 9(2)2 + 24(2) = 20.
 (ii) at x = 4, f "(4) = 6 × 4 − 18 = 6 > 0
 \ f is minimum at x = 4.
 minimum value = f (4) = 43 − 9(4) 2 + 24(4) = 16 
163.(c) Let S be selling price and C be the cost price 

 \ S = x
x x x3

10
3

10003

2
−






 = −

 \ C = 
x
2

200+ . Let p be the profit.

 p = selling price − cost price = S − C.

 
= − − +






 = − − −3

1000 2
200 3

1000 2
200

2 2
x x x x x x

 p x x
= − −

5
2 1000

200
2

. Differentiating with respect

 to x, dp
dx

x x
= − = −

5
2

1 2
1000

5
2 500

.

 If p is to be maximum dp
dx

= 0 .
 
 \ 5

2 500
0 1250− = ∴ =

x x.

 Again, d p
dx

2

2 0 1
500

1
500

0= − = − <

 \ p is maximum when 1250 items are sold.

164.(d) Let one number be x.
 Therefore other number = 10 − x.
 Let p be their product. 
 \ p = x(10 − x) ⇒ p = 10x − x2.

 Differentiating with respect to x, dp
dx

x= −10 2

 If p is maximum then 
dp
dx

x= −10 2 0 

 \ 10 − 2x = 0 or, x = 5. Other number = 10 − 5 = 5

 again d p
dx

2

2 2 0= − <

 \ p is maximum when numbers are 5 and 5.

165.(a) Let one part be x. Therefore other part = N − x.
 Let P be their product P = x(N − x). P = Nx − x2

 Differentiating with respect to x,

 
dP
dx

N x N x= − = −.1 2 2 .

 If P is maximum, dP
dx

= 0

 \ N − 2x = 0   or, x = 
N
2

 Therefore two parts are 
N
2

 and 
N
2

 Again d P
dx

2

2 2 0= − < . \ P is a maximum when N is

 divided into two parts N N
2 2

and .

166.(b) 54 – x

x
 Perimerter of rectangle = 108.
 \ Sum of two adjacent sides = 54.
 Let one side of rectangle be x.
 \ Other side = 54 − x.
 Let A be the area of rectangle.
 \ Area of rectangle = x(54 − x) = 54x − x2

 Differentiating with respect to x, dA
dx

x= −54 2

 If  A is maximum, 54 − 2x = 0   or, x = 27 
 \ y = 54 − 27 = 27.   \ sides are 27 and 27. a

 Again d A
dx

2

2 2 0= − < . \ A is maximum.

167.(d) 8
A P B

x
 Let AP = x      \ PB = 8 − x.
 Let S = AP2 + PB2  or, S = x2 + (8 − x)2

 Differentiating with respect to x,

 
dS
dx

= 2x + 2(8 − x)(−1)

 
dS
dx

= 2x − 16 + 2x = 4x − 16.

 If S is minimum, \ 
dS
dx

= 0 or, 4x − 16 = 0  \ x = 4

 Again d S
dx

2

2 4 1 4 0= = >. .

 \ S is minimum when x = 4.
 \ AP = 4 and BP = 4.    \ P is mid point of AB.

168.(c) 

18 mt
18 – x

20 mt15 mt

Q

P

A BC

 Let C be the point on AB and AC = x.
 \ CB = 18 − x, CP2 = AC2 + AP2

 CP2 = x2 + 152

 CQ2 = CB2 + BQ2 = (18 − x)2 + 202

 Let S = CP2 + CQ2
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 S = x2 + 152 + (18 − x)2 + 202

 Differentiating with respect to x.

 
dS
dx

= 2x + (−)2(18 − x)  + 0 = 2x − 36 + 2x = 4x − 36
 

 If S is minimum then 
dS
dx

= 0 ⇒ 4x − 36 = 0

 \ x = 9  \ AC = 9 mt. 

 \  
d S
dx

2

2 4 1 4 0= = >.4 > 0   \ S is minimum when AC = 9.

169.(c) Area of rectangle = length × breadth

 \ A = 2x(15 − 2x) = 30x − 4x2   \ dA
dx

= 30 − 8x 

 and 
d A
dx

2

2 = −8 < 0 ..............(1)

 For maximum or minimum 
dA
dx

 = 0.    \ x =
15
4

 Hence area of rectangle  is maximum. It is clear from (1),

 at x =
15
4

 it is maximum.

170.(a) Given yz + zx + xy = 12 (constant), the value of 
 (yz)(zx)(xy) is greatest when yz = zx = xy
 Here n  = 3 and k = 12.

 Hence greatest value of (yz)(zx)(xy) is 12
3

3






 i.e., 64.

 ∴ Greatest value of x 2y2z2  is 64.
 Thus greatest value of xyz is 8.

171.(c) Let f (x) = x
x

2 432
+  . Then f '(x) = 2x − 

432
2x

 and f "(x) = 2 + 
864

3x

 f '(x) = 0 ⇒ 2x − 
432

2x
 = 0 ⇒ x = 6.

 Now, f "(6) = 2 + 
864
63 > 0.  \ f (x) has a minimum

 
 at x = 6 and the minimum value is f (6) = 108

172.(b) y = x2 + x + 1   \ 
dy
dx

=  2x + 1 > 0 when x Î[0,1]
 
 \ y is a monotonic increaing function.
 \ For x Î[0,1], f (x) obtains the minimum at x = 0
 and the minimum value is f (0) = 1.

173.(d) y = |x − a| ⇒ y = x − a if x ≥ a
 = a − x if x < a.

 we note that when x is slightly less than a, 
dy
dx

< 0;

	 when x is slightly greater than a, 
dy
dx

> 0 and 

	  
dy
dx

= 0 at x = a. Thus  
dy
dx

 changes sign from negative to positive 
 
 at x = a, which shows y is minimum at 
 x = a and its minimum value is y = |a − a| = 0.

174.(a) Let f (x) = 4e2x + 9e−2x

 \ f '(x) = 8e2x − 18e−2x

 and f "(x) = 16e2x + 36e−2x

 f '(x) = 0 ⇒ 8e2x = 18e−2x or, e4x = 
9
4

 \ e2x = 
3
2

(\ e2x > 0) or, x =
1
2

3
2

log

	 Now, when e2x = 
3
2

, f "(x) = 16 ×
3
2

+ 36 × 
2
2

> 0
 

 \ f (x) is minimum when e2x = 
3
2

and the minimum value

 is 4 ×
3
2

+ 9 × 
2
3

12= .

175.(b) Let f (x) = a2x − 2a2 xloga.
 Then f '(x) = 2a2x loga − 2a2 loga  and 
 f "(x) = 4a2x (loga)2.
 f '(x) = 0 ⇒ 2loga(a2x − a2) = 0
 ⇒ a2x = a2 or, x = 1(a ≠ 1)
 Now, f "(1) = 4a2(loga)2 > 0 for all a > 0
 \ f (x) is minimum at x = 1 and the minimum value 
 is f (1) = a2 − 2a2loga

176.(a) y = (x − 1)(x − 2)2.

 \   
dy
dx

= (x − 2)2 + 2(x − 1)(x − 2) = (x − 2)(3x − 4)
 

  
dy
dx

= 0 ⇒ x = 2 and x =
4
3

. Now, when x is slightly 

 less than 2, 
dy
dx

= (−1)(+) =  negative and when x is slightly greater

 than 2, 
dy
dx

= (+)(+) = positive.

 


 y changes sign from negative to positive as x passes through the
  value 2, and therefore x = 2 gives y a minimum value and minimum
  value is  0.

 Again, when x is slightly less than 
4
3

, 
dy
dx

= (−)(−) = positive, and

 when x is slightly greater than 
4
3

, 
dy
dx

= (−)(+) = negative.

 \ 
dy
dx

changes sign from positive to negative as x passes through  

 the value 
4
3

and therefore x = 
4
3

 gives y a maximum value and the

 maximum value is 
4
3

1 4
3

2 4
27

2
−






 −





 = .

177.(d) Let f (x) = x + 
1
x

. Then f '(x) = 1 − 
1
2x

 and 

 f "(x) = 
2
3x

. f '(x) = 0 ⇒ x2 − 1 = 0 ⇒ x = −1,1

 Now, f "(−1) = 
2
1 3−( )

= −2 < 0 and the function

 f (x) has a local maximum value at x = −1 and the maximum value
 is f (−1) = −2.

 And f "(1) = 
2
13 = −2 > 0  and the function f (x) has a local minimum 

 at x = 1 and the minimum value is f (1) = 2.

 \ x
x

x
x

+ ≤ − + ≥
1 2 1 2or,
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 Consequently, x
x

+
1

cannot have any value between 2 
 and −2.

178.(c) Let f (x) = x
x

3
3

1
+ . Then f '(x) = 3 32

4x
x

−  and 

 f "(x) = 6 12
5x

x
+

	 f '(x) = 0 ⇒ x6 = 9 ⇒ x = ±(32)1/6 = ± 33

 Now, f "( 33 ) = 6 33 + 
12

3
0

3 5( )
>

	 \	f (x) has a  minimum at x = 33 and the minimum value is

 

f 3 3 1

3
31

3
10
3

3 3 3

3 3( ) = ( ) +
( )

= =

179.(c) x4 + 36 ≤ 13x2  or, x4 − 13x2 + 36 ≤ 0
 or, (x2 − 9)(x2 − 4) ≤ 0
 or, (x − 3)(x − 2)(x + 2)(x + 3) ≤ 0
 \ x4 + 36 ≤ 13x2 is satisfied only for x Î [−3, −2]
 or, x Î [2, 3]

180.(c) Time to cover first 10 km = 
10
20

1
3

hr hr= . Similarly, the time taken 
 to cover second, third and fourth distances are respectively 1 hr,  

 3hrs and 1
2

 hr.

 \ Total time taken = 5 hrs.

 ⇒ Average speed = ⇒ 50
5

10= km hr/

181.(a) Total distance travelled by two trains in one hour 
 = 36000 + 45000 = 81000 m. 
 Distance travelled by trains when they first meet until they cleared 
 off = 400 m.

 \ Required time = 
400 60 60

81000
17 7

9
× ×

= sec.

182.(d) We have 
d x
dt

t t
2

2
2 1= + +

 ⇒ 
dt
dx

t t t c t dt
dx

= + + + = =
3 2

13 2
0 2at ,

 \ c1 = 2

 ⇒ 
dx
dt

t t t= + + +
3 2

3 2
2

 

 ⇒ x t t t t c t x= + + + + = =
4 3 2

212 6 2
2 2 3at ,  

 \ x t t t tt( ) = + + + −
4 3 2

12 6 2
2 17

3

183.(c) v dx
dt

= = 36 – 16t – 3t2 Putting t = 2,

 v = 36 – 16 × 2 – 3 × 4 = 36 – 32 – 12 = – 8 cm/s. 

184.(c) Acceleration = v
dv
dx

c
x

v c
x

c= ⇒ =
−

+2

2

12 

 v = 0, at x = 2p   \ c c
p1 2

=

 \ At x = 4p, v c
p

c
p
v c

p

2

2 4 2 2
=
−

+ =,

185.(a) We have, s u a nmh = + −( )
2

2 1

 
s u a s u a s u a
st nd rd1 2 32

3
2

5
2

= + = + = +, .

 \ distance in consecutive seconds are in A.P.

186.(a) Here s = 3t3 − 2t. Differentiating w.r.t.t, we get 

 

ds
dt

t= −9 22

 After t seconds, velocity v

 
= = −( )ds
dt

t9 22 cm sec

 After 4 seconds, velocity = 9(4)2 − 2
 = (144 − 2) cm/sec = 142 cm/sec.

187.(b) Here s = 45t + 12t2 − t3...................(1)
 Differentiating (1) w.r.t.t, we get

 v ds
dt

= = 45 + 24t – 3t2..............(2)

 Again differentiating (2) w.r.t.t, we get

 
f dv

dt
d s
dt

t= = = −
2

2 24 6

 Now acceleration f = 0 ⇒ 24 – 6t = 0
 \ t = 24 ÷ 6 = 4 seconds.

188.(a) Here v = 10 + 
s

15
 Differentiating w.r.t.s, we get

 

dv
ds

= + × =0 1
15

1 1
15

 Acceleration v dv
ds

s
= = +






×10

15
1

15

 = 
10
15 225

2
3 225

+ = +
s s

 \ Acceleration when s = 900 cm

 = 
2
3

900
225

2
3

4 4 2
3

+ = + = cm/s2.

189.(b) We have, s = A cos(mt + k).................(i)
 Differentiating both sides of (i) w.r.t. ‘t’

 

ds
dt

nA nt k= − +( )sin

 Differentiating again w.r.t.t, we get

 

d s
dt

n A nt k
2

2
2= − +( )cos

 ⇒ 
d s
dt

n s
2

2
2= − = –n2 s[ s = Acos(nt + k) from (i)]

 But d s
dt

f
2

2 = , the acceleration.
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 \ f = –n2s, i.e., negative since the acceleration is directed towards
 the origin and varies as s i.e., the distance.
190.(b) Let the required time be t seconds. Using

 s ut ft= +
1
2

2
 Here u = 6 cm/s, f = 2cm/s2

 s = 16cm. Subsitituting these values, we get

 16 = 6t + 
1
2

× 2t2 ⇒ t2 + 6t – 16 = 0
 
 ⇒ (t + 8)(t – 2) = 0         ⇒ t – 2 = 0   [ t + 8 ≠ 0]
 ⇒ t = 2 seconds.
 Hence particular takes 2 seconds to cover distance of 16cm.

191.(c) Here u = 0, v = 36 km/hr. = 10m/s
 s = 100 m, f = ?, t = ?
 Using v2 – u2 = 2fs
 102 – 0 = 2 × f × 100

 ⇒ f = 
10 10
2 100

0 5×
×

= .  m/s2

 Also v = u + ft

 \ 10 = 0 + 0.5 × t ⇒ t = 
10
0 5

20
.

= seconds.

192.(d) Distance moved in t th second is

 s = u + 
1
2

f (2t – 1)
 
 Here u = 10m/s, f = 6m/s2, t = 5 seconds.
 Substituting these values, we get

 s = 10 + 
1
2

× 6(2 × 5 – 1) = 10 + 3 × 9 = 10 + 27 = 37 m
 
 Hence distance travelled by the particle in 5th second of its 
 motion is 37 meters.

193.(b) Let f be the acceleration of the particle.

 Using s = u + 
1
2

× f (2t – 1)
 
 Here u = 0, s = 171m, t = 10 seconds

 \ 171 = 0 + 
1
2

f (2 × 10 – 1)

 ⇒ f = 
171 2

19
18×

= m/s2

194.(d) [The body describes 60 cm in 8th second]
 Let the initial velocity be u cm/s.

 Using s = u + 
1
2

f (2t – 1)

 Here s = 60cm, f = 4 cm/s2, t = 8 seconds
 Substituting these values, we get u = 30 cm/s.
 Hence, the initial velocity of the particle is 30 cm/s.

195.(b) We have, u = 36 km/hr = 
36 1000

3600
×

m/sec. = 10m/sec

 v = 0, t = 2 minutes = 120 seconds
 f = ?, s = ?
 Using v = u + ft, we get, 0 = 10 + f (120)

 ⇒ f = − = −
10
120

1
12

m/sec2

 \ Retardation = –
1

12
m/sec2 

 Using v2 – u2 = 2fs, we get

 (0)2 – (10)2 = 2(– 1
12

) s

 ⇒ 100 = 
1
6

s ⇒ s = 600 m

 Hence, retardation = 
1

12
m/sec2 and distance travels before   

 coming to rest = 600m.

196.(c) We have u = 36 km/hr

 = 
36 1000

3600
×

m/sec. = 10m/sec2

 v = 0, t = 10 seconds
 (i)  \ v = u + ft

 ⇒ 0 = 10 + f  × 10 ⇒ f = – 
10
10 = – 1m/ sec2 

 \ Retardation = 1 m/sec2

 (ii)  Let s be the distance travelled by the body before coming to  
 rest. Now v2 – u2 = 2fs
 ⇒ (0)2 – (10)2 = 2(–1)s

 ⇒ 2s = 10 × 10; s = 
10 10

2
×

= 50m.

197.(a) Here u = 30 m/s, v = 50 m/sec., s = 200 m.
 Let f be the uniform acceleration and t, the time taken.
 Using v2 – u2 = 2fs
 ⇒ (50)2 – (30)2 = 2 × f × 200
 ⇒ 2500 – 900 = 400f 
 ⇒ 400 f = 1600 ⇒ f = 4m / sec2

 Now, v = u + ft = 50 = 30 + 4t
 ⇒ 4t = 20 ⇒ t = 5 seconds.

198.(c) s = u + 
1
2

f (2t – 1)

 ⇒ 55 = 0 + 
1
2

×f (12 – 1) ⇒ f = 10m/sec2

 

 Distance = u + 
1
2

× f (2t – 1)

 = 0 + 
1
2

× 10 × (2 × 8 – 1) = 75 metres.

199.(b) Sn = u – 
1
2

f (2t – 1) = 60 – 
1
2

× 2 × (2 × 10 – 1)

 = 60 – 19 = 41 metres and 
 v = u – ft ⇒ 0 = 60 – 2 × t ⇒ t = 30 seconds.

200.(a) 650 = 10u + 
1
2

× f × 102

 ⇒ u + 5f = 65.............(i)
 and 80 = u + 10f ...........(ii)
 So, from equation (i) and (ii), f  = 3m/sec2 and u = 50 m/sec.

201.(b) v = u – ft = 0 ⇒ 0 = 200 – 2t ⇒ t = 100 sec
 and v2 = u2 – 2fs ⇒ (200 × 10–2)2
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 = 2 × 2 × 10–2 × s ⇒ s = 100 metres.

202.(c) Let u be the initial velocity and f ,the uniform acceleration of the  

 particle. Using snth = u + 
1
2

f (2n – 1)

 Here spth = x1, s(p – q)th = x2

 \ u + 
1
2

f (2p – 1) = x1......................(i)
 

 u + 
1
2

f [2(p + q) –1] = x2..................(ii)

 Subtracting (i) from (ii), we get

 
1
2

f [2q] = x2 – x1  or, fq = x2 – x1

 Hence, f = 
x x
q

2 1−( )

204.(a) v = u + ft ⇒ v = (50 + 40 × 4) = 210m/sec.

205.(b) s = ut + 
1
2

ft2  ⇒ = 
2 10320 1320

3600
=( )

= 5m/sec2.

206.(d) If S2, S4 and S8 are the distances covered in second, fourth and  
 eight second, then  u = 0,

 S2 = 0 + 
1
2

F(2.2 – 1) = 
3
2

F  ,

 S4 = 
1
2

F(2.4 – 1) = 
7
2

F ,

 S8 = 
1
2

F(2.8 – 1) = 
15
2

F  ,

 S2 : S4 : S8 = 3 : 7 : 15.

207.(b) average velocity = velocity at middle of interval.

 \ v1 = u + 
1
2

at1, v = u + at1 + 
1
2

at2

 v3 = u + a(t1 + t2) + 
1
2

at3

 ⇒ v1 – v2 = – 
a
2

(t1 + t2) ; v2 – v3 = –
a
2

(t2 + t3)

 ⇒ v v
v v

t t
t t

1 2

2 3

1 2

2 3

−
−

=
+
+

208.(b) 

v

v

a r

t
t1 t2 t3

V

 From v – t graph

 

s at t v
a3

1
2 1

2
1= =,

 \ s = 
3
2

2V
a

 Also 4
15

4
15

2
52 2 3s Vt t s

V
V
a
t V

r
= ⇒ = = =,

 \ total time taken = 
V
a

V
a

V
r
V

a r
+ + = +








2
5

7
5

1

209.(c) spth = u + 
1
2

a(2p – 1) = x..................(1)

 sqth = u + 
1
2

a(2q – 1) = y...................(2)

 srth = u + 
1
2

a(2r – 1) = z....................(3)

 Multiplying (1), (2), (3) by (q – r), (r – p) and (p – q)
 successively and adding
 x(q – r) + y(r – p) + z(p – q) = 0

210.(c) s = 6 – 2t + 3t3 or, v ds
dt

= = – 2 + 9t2 or, 
d s
dt

n s
2

2
2= − 18t

 At t = 1, 
d s
dt

n s
2

2
2= − 18

211.(c) Apply the formula,

 
s u t ft th = +

−2 1
2

.

 s u fth11 720 21
2

= = + ........................(1)

 and s u fth15 960 29
2

= = + .........................(2)
 
 Solving (1) and (2), we get u = 90 and f = 60.

212.(d) u + 
1
2

f 5 = 10.u + 
1
2

f .7 = 12

 \ f = 2, u = 5.

213.(a) 
dv
dt

= 2t + 1
 
 Integrating v = t2 + t + c 
 When t = 0, v = 4  \ c = 4.
 \ v = t2 + t + 4,         \ v = 10m/s  at t = 2.

214.(b) 1 = 
1
2

f .t1
2 = 4t1

2  ; ∴ t1 = 
1
2

.

 2 = 
1
2

f .t2
2 = 4t2

2  ;   \ t1 = 
2

2

 T = t2 – t1 = 
1
2

2 1−( ) .

215.(b) If t1, t2 are the times in seconds from A to C and from C to B  
 respectively, and if we take AC = s1 and CB = s2, then

 s1 = 
1
2

(0 + v)t1 and s2 = 
1
2

(v – 0)t2

 [ s = 
1
2

(u + v)t]
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 so that s1 + s2 = 
1
2

v(t1 + t2)

 But s1 + s2 = 4km  and t1 + t2 = 4 minutes.

 Hence 4 = 
1
2

v.4  and v = 2 km per minute.

 Now v = 0 + f 1t1 and 0 = v – f2t2.

 So, that 
v
f

v
f

t t
1 2

1 2+ = +      or, 2 2 4
1 2f f
+ =

 i.e., 1 1 2
1 2f f
+ = .

216.(a) We have, s = 12t – 15t2 + 4t3.........................(1)
 Differentiating both sides of (1) two times successively w.r.t.t

 we get, 
ds
dt

nA nt k= − +( )sin12t – 30t + 12t2 and d s
dt

n A nt k
2

2
2= − +( )cos– 30 + 24t

 The velocity of the particle after 3 seconds.

 = 
ds
dt t





 =3

= (12 – 30.3 + 12.33)cm/sec.

 = 30 cm/sec.
 and the acceleration of the particle after 3 seconds 

 
d s
dt t

2

2
3











 =

= (–30 + 24.3)cm/sec2 = 42cm/sec2

217.(d) We have, x = t3 – t2 – 5t ....................(1)
 When x = 28 then from (1) we get, t3 – t2 – 5t = 28
 or, t3 – t2 – 5t – 28 = 0
 or, t2(t – 4) + 3t(t – 4) + 7(t – 4) = 0
 or, (t – 4)(t2 + 3t + 7) = 0
 \ t = 4 ( t is real and positive).
 Let v and f be the velocity and acceleration respectively of the  
 particle at time t seconds.
 Then, 

 v = 
dx
dt

d
dt

= (t3 – t2 –5t) = 3t2 – 2t – 5 and

 f = 
dv
dt

d
dt

= (3t2 – 2t – 5) = 6t – 2

 \ The acceleration of the particle at the end of 4 seconds(i.e.,  
 when the particle is at a distance 28 metres from O)
 = [ f ]t = 4 = (6 × 4 – 2) m/sec2 = 22m/sec2

218.(c) Let f  be the acceleration and x, the distance travelled by the  
 particle in time t. Then,

 f = 
dv
dt

d
dt

= (3t2 – 4t + 5) = 6t – 4................(i)

 \ the acceleration of the particle at the end of 3 seconds
 = [ f ]t = 3 = (6.3 – 4)cm/sec2[putting t = 3 in (i) = 14 cm/sec2]

219.(d) The law of motion of the moving particle is 

 x = 
1
2

v t  or, 2x = v t.................(i)

 Differentiating both sides of (1) w.r.t.t we get,

 2 dx
dt

v t dv
dt

= + .   or, 2v v t dv
dt

= +

 [ the velocity of the particle = v = 2 dx
dt

v t dv
dt

= + .] 

 or, v = t dv
dt

  or, ∫
dv
v

= ∫
dt
t

 or, log v = log t + log c = log (ct)

 \ v = ct i.e., the acceleration of the particle = 
dv
dt

 
 = c = constant.

220.(d) We have, s2 = at2 + 2bt  + c ......................(1)
 Differentiating both sides of (1) w.r.t.t, we get

 2s
ds
dt t





 =3
 = a.2t + 2b      or, ds

dt
at b
s

=
+

 Differentiating again w.r.t.t, we get

 

d s
dt

s a at b ds
dt

s

2

2 2=
− +( ).

 = 
1
2s
as at b at b

s
ds
dt

at b
s

− +( ) +





=
+







 = 
1
2

2 2

s
as at b− +( )





 = 
1
2s

[a(at2 + 2bt + c) – (a2t2 + 2abt + b2)]

            [ s 2 = at2 + 2bt + c]

 = 
ac b
s
− 2

3

 Clearly, d s
dt x

2

2 3
1

∝  [ ac – b2  = constant]

221.(c) Let v be the velocity of the particle at time t seconds after start  
 (i.e., at a  disatnce s from O)
 Then, 

 v = 
ds
dt

d
dt

= [(t – 1)(t – 2)2]

 = (t – 2)(2t – 2 + t – 2) = (t – 2)(3t – 4)
 Clearly, v = 0 when, (t – 2) (3t – 4) = 0 i.e.,

 when t = 2 or, 3t – 4 = 0 i.e., t = 
4
3

 Now,  s = (t – 1) (t – 2)2

 \ When t = 
4
3

 then s = −





 −





 =

4
3

1 4
3

2 4
27

2

 and when t = 2 then s = (2 – 1) (2 – 2)2 = 0
 Therefore, the velocity of the particle is zero when its distance  

 from O is 
4

27
 units and when it is at O.

222.(a) Let the particle be moving with a unifrom acceleration of f cm/ 
 sec2. By question, initial velocity of the particle = u = 10 cm/sec.  
 and its velocity after 8 seconds = v = 34 cm/sec.
 Therefore, using the formula, v = u + ft we get,
 34 = 10 + f .8  or, 8f  = 24 or, f = 3.
 Therefore, the required acceleration of the particle is 3cm/sec2+

223.(c) Let us assume that the point takes t seconds to describe a distance  
 80cm. Then, using the formula

 s = ut + 
1
2

ft2 we get, 80 = 10.t + 
1
2

.5.t2
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 or, 5t2 + 20t – 160 = 0  or, t2 + 4t – 32 = 0
 or, (t – 4) (t + 8) = 0 or, t = 4  or, – 8.
 clearly, t = – 8 is inadmissible.
 Therefore, the required time = 4 seconds.

224.(a) Let u cm/sec be the initial velocity of the bullet. By question, the  
 velocity of the bullet after penetrating 2.5cm into the target will  

 be 
u
2

cm/sec. Now, if the unifrom retardation to penetrate be
  f cm/sec2, then using the formula v2 = u2 – 2fs we get,

 

u u f f u u f u
2

2 2 5
4

3
20

2
2 2

2 2





 = − = − =. . or, 5 or,

 Now let us assume that the bullet can penetrate x cm, into the  
 target. Then the final velocity of the bullet will be zero after  
 penetrating x cm. into the target.
 Hence, using the formula v2 = u2 – 2fs we get, 

 0 = u2 – 2. 3
20

2u x or, 10 – 3x = 0

 or, x = 
10
3

= 33.3 (approx)

 Therefore, the required further pencration into the target will be  
 (3.33 – 2.5)cm. = 0.83 cm. (approx).

225.(b) Let the particle moving with uniform acceleration has velocity  
 u at the beginning of the first interval t1 and its velocities at  
 the end of the intervals t1, t2, and t3 be x, y and z respectively. If  

 d be the distance described during each of the intervals then, 
d
t1

=  

 average velocity of the particle in time interval t1= 
u x+

2
;

 
d
t2

= average velocity of the particle in time interval t3 = 
x y+

2
;

 
d
t3

= average velocity of the particle in time interval 
 

 t3= 
y z+

2
 and 

3

1 2 3

d
t t t+ +

= average velocity of the particle in
 

 time interval (t1 + t2 + t3) = 
u z+

2 Now, 

 

d
t

d
t

d
t

u x x y y z u z d
t t t1 2 3 1 2 32 2 2 2

3
− + =

+
−

+
+

+
=

+
=

+ +

 or, 1 1 1 3

1 2 3 1 2 3t t t t t t
− + =

+ +

226.(b) Here, s = t3 – 6t2 – 15t

 velocity : v = 
ds
dt

at b
s

=
+

= 3t2 – 12t – 15,

 acceleration : f = 
dv
dt

= 6t2 – 12
 
 At t = 6 seconds, velocity : v = 21 cm/sec.
 and acceleration f = 24 cm/sec2.

227.(b) Let the required time be t secs.

 Now, putting s = 60; u = 2, f = 4 in the formula, s = ut + 
1
2

ft2

 \ 60 = 2t + 
1
2

× 4 × t2 ;
 

 or, t2 + t – 30 = 0
 or, (t – 5) (t + 6) = 0
 \ t = 5, or, – 6
 But, t (time) can never be negative  \ the required time is 5 secs.
 ( the unit of time is 1sec).

228.(d) [Correct answer : 15 cm/sec, 3 cm/sec2]
 Let the initial velocity of the particle = u cm/sec., and its   
 acceleration = f cm/sec 2. Then, for the first 4 secs, we have,

 s = 84; t = 4; using the formula, s = ut + 
1
2

ft2
 

 84 = 4u + 
1
2

f × 16  or, u + 2f  = 21 .............(1)

 Now, the velocity aquired after the first 4 seconds = u + 4 f.
 Therefore, for the next 4 seconds,  we have : 108 = (u + 4f) × 4
 or, u + 4f = 27...............(2)
 From (1) and (2), we then get,
 f = 3; u = 15. The required initial velocity = 15cm/sec. and the   
 initial acceleration = 3cm/sec2.
229.(a) Let us assume that the particle is moving with uniform   
 acceleration f cm/sec2; and let the initial velocity = u cm/sec.
 Next, let us assume that the particles describe 7cm, 9cm, and  
 11 cm in the nth, (n + 1)th, (n + 2)th second respectively. Then  
 from the formula,
 s1 = u + 1/2 f (2t – 1), we get
 7 = u + 1/2 f (2n – 1)..................(1)
 9 = u + 1/2 f (2n + 1) ................(2)
 11 = u + 1/2 f (2n + 3) ..............(3)
 From (1) and (2) we get
 f = 2; u = (8 – 2n) .....................(4)
 Then, we evidently find that the set (4) satisfies equation (3)  
 also. That is the set (4) of values for u and f are compatible with  
 our hypothesis of unifrom acceleration. Also, the required   
 acceleration = 2 cm/sec2.
230.(b) Let us assume that the particle had been in motion for t secs  
 (brfore coming to momentary rest), its initial velocity was 
 u cm/sec and the unifrom retardation = f cm/sec2.
 Then by the given condition :
 7 = u – 1/2 f (2 × 5 – 1) = u – 9f /2..............(1)
 0 = u – ft ...................(2)
 and u – 1/2 f (2t – 1) = 1/64 (ut – 1/2ft2) .................(3)
 Now, using (2) we get from (3),
 ft – 1/2 f (2t – 1) = 1/64 (ft2 – 1/2 ft2)
 or, t2 = 64, ( f ≠ 0) \ t = 8 ( f  > 0)

231.(c) x at bt c∝ + +3 2
 \ x2 = k(at2 + 2bt + c)

 Diff w.r.t. 't', 
dx
dt

k at b
x

=
+( )

 Acceleration = 
d x
dt

ka
x

k at b
x

dx
dt

2

2 2= −
+( )

 = 
ka
x

k at b
x

k ac b

x
−

+( )
=

−( )2 2

3

2 2

3

 \ Acceleration ∝
1
3x

232.(a) Given 
d x
dt x

2

2 2=
µ

 Multiplying both sides by 2 dx/dt and then integrating, we get
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dx
dt x

A





 = − +

2 2µ

 But when x = c, dx
dt

= 0 , \ A = 2μ /c.

 \ dx
dt x c







 = − +

2 2 2µ µ

 If at x = 2c, 
dx
dt

v= , then

 v2 = 2 1
2

1
µ

µ µ
− +





 = ∴ = 






c c c

v
c

233.(c) s1 + st + 1 = 100

 ⇒ [u + 
1
2

f (2t – 1)] + [u + 
1
2

f {2(t + 1) – 1}] = 100

 ⇒ u + ft = 50
 i.e., velocity after t seconds in 50 cm/sec.

234.(b) s = Distance between the two points at time t 

 = ut – (0 + 
1
2

ft2)

 = 
1
2

f [(u /f )2 – (t – 2u/f )2]

 s is greatest when t – 2u/f = 0 and greatest 

 s = 
1
2

f (u / f )2 = 
u
f

2

2
235.(d) If f 1 is retardation then 0 = 120 – f 1 × (0.01)
 ⇒ f 1 = 12000m/sec2

 Using v2 = u2 + 2fs
 0 = (120)2 – 2 × 12000 × s ⇒ s = 60cm
236.(a) Let v1,v2 ........., vn be the velocities of the particle at the end of  
 times t, 2t,.........nt.
 \ v1 = 0 + ft 
 v2 = v1 + (2f) t
 v3 = v2 + (3f) t
 .......................
 .......................
 vn = vn – 1 + nft

 Adding vn = (1 + 2 + .....+ n) ft = 
1
2

n(n + 1) ft

237.(c) 
V V

BA C D

Accel. const. vel. Retard.0 0

 Let the train be accelerated from vel 0 at station A to velocity v  
 at the point B in 2 minutes.
 This velocity V remains constant for 11 minutes, say from B to C.  
 In the last let the train retard from velocity V at C to velocity 0 at  
 the station D in 3 minutes.

  \ AB = 
1
2

(0 + V).2 = V , BC = 11V and

 CD = 
1
2

(V + 0).3 = 3V / 2

 But AB + BC + CD = 9
 ⇒ V + 11V + 3V / 2 = 9
 ⇒ V = 2/3 km/min = 40 km/hour.

238.(c) Let the first particle acquires the velocity V in describing the  
 distance s in time t. Then the 2nd particle acquires the velocity 
 V + v in describing the same distance s in time (t – n)
 \ V = 2 fs .....................(1)

 s = 
1
2

ft2 ⇒ t = 
2s
f

....................(2)

 V + v = 2 f s' .....................(3)

 s = 
1
2

f ¢(t – n)2

 ⇒ t – n = 
2s
f '

.......................(4)

 By (2) – (4), n s
f

s
f

f s fs
ff

= − =
−2 2 2 2

'
'

'

 ⇒ n
V v V
f f

=
+( ) −

'
[By (1) and (3)]

 ⇒ n
v
f f

v n f f= ⇒ =
'

'

239.(c) We have, x = t3 – 6t2 – 15t

 \ v = 
dx
dt

  = 3t2 – 12t – 15   and a = 
d x
dt

2

2  = 6t – 12

 Now, v < 0 and a > 0
 ⇒ 3(t2 – 4t – 5) < 0 and 6(t – 2) > 0
 ⇒ –1< t < 5 and t > 2 ⇒ t Î (2, 5)

240.(b) We have s2 = at2 + 2bt + c

 ⇒ 2 2 2s ds
dt

at b s ds
dt

at b= + ⇒ = +

 ⇒ 
ds
dt

at b
s

d s
dt

sa at b ds
dt

s
=

+
⇒ =

− +( )2

2 2

 ⇒ d s
dt

sa at b
s

s
as at b

s
a at bt c at b

s

2

2

2

2

2 2

2

2 2

2

2

=
−

+( )
=

− +( )

=
+ +( ) − +( )

=
aac b
s
− 2

2

241.(a) We have, s = 1+ t

 ⇒ 
ds
dt t

d s
dt t

t
ds
dt

=
+

⇒ = −
+( )

= −
+







 = − 








1
2 1

1
4 1

1
4

1
1

2

2

2 3 2

3 3

 

 ⇒ 
d s
dt

v
2

2
32= −

242.(b) We have, d s
dt

ds
dt

t C
2

2 13 3= ⇒ = + .......................(1)

 Initially i.e., at t = 0, ds
dt

 = 0 m/sec.
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 \ 0 = 0 + C1 ⇒ C1 = 0
 Putting C1 = 0 in (1), we get

 
ds
dt

= 3t ⇒ 
ds
dt t








=2

= 3 × 2 = 6m / sec.

243.(d) We have, s = ktn ⇒ 
ds
dt

= nktn – 1

 ⇒ v = nktn – 1 and 
d s
dt

n s
2

2
2= − n(n – 1)ktn – 2

 ⇒ f = n(n – 1)ktn – 2 

 Now, f = n(n – 1)ktn – 2 and 
 ⇒ s = ktn ⇒ fs = n(n – 1)k2t2n – 2

 ⇒ fs = n(n – 1) k2 v
nk









2
  [\ v = n ktn – 1

 ⇒ tn – 1 = 
v
nk









2
]

 ⇒ v2(n – 1) = n fs

244.(c) We have, t = as2 + bs + c

 ⇒ 
dt
ds

 = 2as + b ⇒ 
ds
dt

= 
1

2as b+

 ⇒ v = 
1

2as b+
.....................(1)

 Now, 
d s
dt

n s
2

2
2= −
1

2as b+
⇒
d s
dt

n s
2

2
2= − 
−

+( )
2

2 2
a

as b
ds
dt

 ⇒ 
d s
dt

n s
2

2
2= − –2av2 [using (i)]

245.(b) s = t2 – 9t2 + 24t + 6

 ⇒ 
ds
dt

= 3t2 – 18t + 24  and  
d s
dt

n s
2

2
2= − 6t – 18

 
 Now, acceleration = 0 ⇒ 6t – 18 = 0 ⇒ t = 3

 Putting t = 3 in v = 
ds
dt

= 3t2 – 18t + 24, we get,

 v = 3 × 9 – 18 × 3 + 24 = – 3.

246.(b) We have, v2 = ses

 ⇒ 2v
dv
ds

= es (s + 1)

 ⇒ v 
dv
ds

== 
ex

2
(s + 1) = 

v
s

2

2
(s + 1) [using (i)]

247.(c) Let t = f (v). Then,

 
dt
dv

= f '(v) ⇒ 
dv
dt f v

=
1
'( )

 ⇒ a = 
dv
dt f v

=
1
'( )

⇒ af '(v) = 1

 Now, af '(v) = 1 ⇒ af "(v) dv
dt

da
dt

+ f '(v) = 0

 ⇒ a2 f "(v) + 
da
dt a
× =

1 0

   [ f '(v).a = 1 ⇒ f '(v) = 
da
dt a
× =

1 0]

 ⇒ 
da
dt a
× =

1 0 = –a3f "(v) 

 ⇒ 
da
dt a
× =

1 0= – a3 d t
dv

2

2
 [ t = f (v) ⇒ d t

dv

2

2
= f "(v) ]

248.(c) We have, v2 = a + 
2b
s

 ⇒ 2v dv
ds

b
s

v dv
ds

b
s

= − ⇒ = −
2

2 2
⇒ Acceln = −

b
s2

249.(c) We have, ks = log 1
v








 ⇒ ks = –log v ⇒ k = − ⇒ = −
1
v
dv
ds

dv
ds

kv

 ⇒ v dv
ds

kv= − 2

250.(a) We have, s2 = 1 + t2........................(i)

 ⇒ 2sv ds
dt

= = 2t ⇒ sv ds
dt

= = t...................(ii)

 ⇒ 
ds
dt









2
+ s
d s
dt

n s
2

2
2= − 1 ⇒ s 

d s
dt

n s
2

2
2= − 1 – 
ds
dt









2

 ⇒ s
d s
dt

n s
2

2
2= − 1 – 
t
s

2

2  [using (ii)]

 ⇒ s
d s
dt

n s
2

2
2= − 

s t
s

d s
dt s

2 2

2

2

2 3
1−

⇒ =  [Using (i)]

251.(b) We have, f = at ⇒ 
dt
ds

 = at

 ⇒ v = 
at c

2

2
+ ......................(1)

 Initially, t = 0, v = u  \ u = 0 + c ⇒ c + u
 Putting c = u in (1), we get,

 v = u + 
at2

2
252.(a) [Correct answer :– 2av3]
 We have, t = ax2 + bs

 ⇒ 1 = 2asv ds
dt

=  + b v ds
dt

=  ⇒ v ds
dt

=  = 
1

2as b+

 ⇒ 
d s
dt

n s
2

2
2= − 

2
2 2

a
as b

ds
dt+( )

 ⇒ 
d s
dt

n s
2

2
2= − –2a ds
dt









3
 = –2av3

253.(a) We have, 
dv
dt f v

=
1
'( )

−a v

 ⇒ v–1/2dv = –a dt ⇒ 2−a v  = – at + c .................(i)
 Initially, t = 0, v = v0
 \ 2 0 20 0v c c v= + ⇒ =
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 Putting c = 2 0 20 0v c c v= + ⇒ = in (i), we get

 
2 2 0v at v= − +

 Putting v = 0 in this relation, we get t = 2 0v
a

254.(b) We have, dv
dt

da
dt

+= – k v2

 ⇒ – v–2 dv = k dt ⇒ 1
v

= kt + c ..................(i)

 Initially, t = 0, v = u

 \ 
1
u

= 0 + c ⇒ c = 
1
u

 Putting c = 1
u

 in (i), we get
 

 1
v

= kt + 1
u

⇒ v = 
u
kut1+

 ⇒ v ds
dt

= = 
u
kut1+

⇒ s = 
1
k

log(1 + kut) + c1 .............(ii)

 Initially, t = 0, s = 0

 \ 0 = 
1
k

log 1 + c ⇒ c1 = 0

 Putting c1 = 0 in (ii), we get
 s = kt log(1 + kut)

255.(b) We have, v = v ds
dt

=  = 

2 13 0 5
3 8 5 7
4 1 7

t t
t t
t t

+ ≤ ≤
+ < ≤
+ >









,
,
,

 \ Required distance = 
ds
dt
dt

0

10

≡

 = 2 13 3 8 4 1
7

10

5

7

0

5

t dt t dt t dt+( ) + +( ) + +( )∫∫∫

 
= +



 + +




+ +



t t t t t t2

0

5 2

5

7
2

7

10
13 3

2
8 2

 

 = 90 + 
3
2

 (49 – 25) + 8(7 – 5) + 2(102 – 72) + (10 – 7)

 = 90 + 36 + 16 + 102 + 3 = 247.

256.(a) Let P1, P2 and P3 be three posts and let the ball be rolling with 
 uniform acceleration f . Let x,y and z be the velocities of the ball  
 at P1, P2 and P3  respectively. Let the distance between any two  
 consective posts be s. Then,
 y2 = x2 + 2fs .................................(i)
 [putting v = y and u = x in v2  = u2 + 2fs]
 and z2 = y2 + 2fs ..........................(ii)
 [putting v = z and u = y in v2 = u2 + 2fs]

  P1 P2 P3

x     f     y     f     z
s s

 Subtracting (ii) from (i), we get y2 – z2 = x2 – y2

 ⇒ 2y2 = x2 + z2 ⇒ x2, y2, z2 are in A.P.

257.(a) Let f be the uniform accelerartion.

 Then sn = distance covered in nth second = 
1
2

f (2n – 1).

 and, Sn = distance covered in n seconds = 
1
2

fn2

 \ 
s
S

n
n n n

n

n
=

−
= −

2 1 2 1
2 2

258.(b) Let u be the initial velocity of the particle. Then,

 x = ut + 
1
2

at2 ⇒ 
x
t

= u + 
1
2

at .........(i)

 And, x + x' = u(t + t') + 
1
2

a(t + t')2

 ⇒ 
x x
t t

+
+

'
'

= u + 
1
2

a(t + t') ............(ii)

 From (i) and (ii), we have

 
x x
t t

+
+

'
'

 – 
x
t

 = 
1
2

a(t + t') – 
1
2

at

 ⇒ 
tx t x
t t t

at a
t t

x
t

x
t

' '
'

'
'

'
'

−
+( )

= ⇒ =
+

−







1
2

2

259.(c) Let 2s be the total distance traversed by the body. Time taken to  
 traverse half the distance with velocity v0 is s

v0
 Let t be the time taken to cover the remaining half of the distance.

 Then, s = 
v t v t t s

v v
1 2

1 22 2
2

+ ⇒ =
+ 

 \ Total time = 
s
v

s
v v

v v v v
v v v0 1 2

1 2 0

0 1 2

2 2
+

+
=

+ +
+( )











 ⇒ 
s v v v

v v vtotal time
=

+( )
+ +( )

0 1 2

0 1 22

 ⇒ 
2 2

2
0 1 2

0 1 2

s v v v
v v vtotal time

=
+( )

+ +( )

 ⇒ Average velocity =
+( )

+ +
2
2

0 1 2

0 1 2

v v v
v v v

260.(b) Let u be the velocity of the bullet and f be the retardation due to  
 the resistance offered by the target.

 Then, u u f
2

2 3
2

2





 = − ×

 ⇒ 
3

4
6 8

2
2u f u f= ⇒ = ..................(i)

 Let the bullet further penetrates through s cm.

 Then, 0 = 
u fs u fs
2

2
4

2
2 2






 − ⇒ =

 ⇒ 
u u s s

2 2

4
2

8
1= × × ⇒ = cm

261.(d) It is given that the result of the race is dead heat. This means that  
 the cars have travelled equal disatnces in equal time.
 Let the length of the course be s and t be the time taken.

 Then, s = ut + 
1
2

ft2 and s = u't + 
1
2

f 't2
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 ⇒ ft2 + 2ut – 2s = 0 and f 't2 + 2u't – 2s = 0

 ⇒ f t – f 't = 2(u' – u) ⇒ t = 
2 u u
f f

'
'

−( )
−

262.(c) Let u be the initial velocity and f be the constant acceleration of  
 the point.

 Then, x1 = ut1 + 
1
2

ft1
2, x2 = ut2 + 

1
2

ft2
2,

 x3 = ut3 + 
1
2

ft3
2.

 \ x1(t2 – t3) + x2(t3 – t1) + x3(t1 – t2)
 

 = 
1
2

f [t1
2(t2 – t3) + t2

2(t3 – t1) + t3
2(t1 – t2)]

 = 
1
2

f (t1 – t2)(t2 – t3)(t3 – t1)

263.(c) Let f be the acceleration of the particle and let AB = s. Let v be  
 the velocity at C.
 Then, v2 = u2 + 2fs and V2 = u2 + 2f (s / 2).
 ⇒ v2 = u2 + 2fs and V2 = u2 + fs.

 ⇒ V u v u V u v2 2
2 2

2
2 2

2 2
= +

−
⇒ =

+

 ⇒ V u v
=

+2 2

2

264.(b) Let s1 and s2 be the distances moved by the first and second  
 particle in time t.

 Then, s1 = ut and s2 = 
1
2

ft2

 Let s be the distance between the particles at time t.

 Then, s = s1 – s2 ⇒ s = ut – 
1
2

ft2

 ⇒ ds
dt

u ft= −  and 
d s
dt

f
2

2 = −

 For maximum or minimum values of s, we must have

 

ds
dt

t u
f

= ⇒ =0

 Clearly, 
d s
dt

f
2

2 = − < 0 for all t. Hence, s is maximum at t = 
ds
dt

t u
f

= ⇒ =0

265.(c) Hence, s = 16t + 5t2.            \ 
ds
dt

u ft= −16 + 10t  and

 acceleration = 
d s
dt

f
2

2 = − 10 = constant

266.(a) Hence v = 
ds
dt

u ft= −2at + b

 \ v2 – b2 = (2at + b)2 – b2 = 4a2t2 + 4abt  and 
 4a(s – c) = 4a(a2 + bt + c – c) = 4a2t2 + 4abt
 \ v2 – b2 = 4a(s – c).

267.(d) Here, 
d s
dt

f
2

2 = −f  (constant)

 Integrating once, 
ds
dt

u ft= − ft + A
 

 Integrating again,

 s = 
ft At B

2

2
+ + ............................(i)

 Where A and B are constants of integration and f is a given   
 constant (constant acceleration).
 Given conditions are :
 t = 1, s = 39 ; t = 2, s = 81; t = 3, s = 1, 1. Using these values in  
 (i) we obtain f , A = 30, B = 5
 Hence the relation between s and t is :
 s = 4t2 + 30t + 5
 \when t = 4, distance = 4.42 + 30.4 + 5 = 189 cm.

268.(c) Let f cm/sec2 be the constant retardation of penetration.

 Then, u2 = v2 – 2f . a
2

 

 (using v2 = u2 + 2fs)
 It penetrates further by a/2cm. and then emerges. let the velocity  
 of emergence be v cm/sec.
 Then V2 = u2 – 2f .a/2
 = u2 + (u2 – v2) = 2u2 – v2

 \ V = 2 2 2u v−  cm/second.

269.(b)   P      T          R           S       Q
↔vdt

 Let the uniform acceleration of the particle be f. After time t. it  
 reaches R and to traverse the distance RS (= ds) it takes time dt. If  
 v be the velocity at R, then ds = vdt
 \ If S be distance after time T, then

 

S ds vdt U ft dt
s T T

= = = +( )∫ ∫ ∫
0 0 0

 = Ut ft UT f T
T

+











= +

2

0

2

2 2 
 Now the average velocity

 = 
S
T

UT fT

T
=

+
2

2

 = U
fT U fT U U fT+ = +[ ] = + +[ ]
2

1
2

2 1
2

 = 
1
2
U V V U fT+[ ] = +[ ]

270.(c) Given that, 
 V2 = 6a(x sin x + cos x)

 \ 2 6 6V dV
dx

a x x x x ax x= + −( ) =sin cos sin cos

 ⇒ V dV
dx

ax x= 3 cos

 ⇒ acceleration = 3ax cosx
 \ f  is monotonic increasing in x ∈[–3, –2]
 or, x ∈[2, 3].
 \ maximum value of f
 = max{f (–2), f (3), f (2), f (–3)} = 18

 Rolle's Theorem and Mean Value Theorem
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271.(c) Clearly f (x) = |x| is continues on – 4 ≤ x ≤ 4

 and f (– 4) = f (4) but f '(x) = 
1 0

1 0
for
for and

x
x
>

− <




 f '(0) does not exist.
 So the option (c) is true.

272.(c) Clearly here f (0) and  f (1) are undefined.

 Again f '(x) = − +
−( )

1 1
12 2x x

 So, f ' 1
2

0





 = ,

 and option (c) is correct.

273.(c) Clearly here f '(0) does not exist, so not all the conditions of  
 M.V.T. are satisfied by f (x) on [–1, b] for b > 0.
 Now, for b > 0, f (b) – f (–1) = {b – (–1)}f '(c)
 for some c (–1, b) required

 

1 1 1 1 1 1
2 2b

b
c

d
dx x x

− = +( ) −






















 = −

















 or, c2 = 
b b
b

b
2

2

1
+
−

<

 [ c ∈(–1,b) and b > 1( c2  > 0) ⇒ c2 < b2]
 or, b2 – 2b – 1 > 0 [ b > 0]
 or, (b – 1)2 > 2 i.e., b > 1 + 2 [ b > 0]

274.(c) Here, f (x) = log(x2 + ab) – log(a+b) – log(x)

 ⇒ f ¢(x) = 
2 1

2
x

x ab x+
− which exists for each x in 0 < a ≤ x ≤ b,

 
 Clearly f is continuous in [a, b] and f (a) = 0 = f (b).
 So, the conditions  of Rolle's theorem are satisfied 
 by f (x) in 0 < a ≤ x ≤ b.
 Now,

 
f c c

c ab c
ab c ab'( ) = ⇒

+
= = ⇒ =0 2 1

2

 Since c > 0.

275.(a) Clearly, f (x) is continuous and differentiable in 
 [0, 2π] and f (0) = f (2π) = 0
 Now, f '(c) = 0 ⇒ sinc = 0 ⇒ c = 0, π, 2π
 But, c ∈(0, 2π), so c = π only, which satisfies the conclusion of  
 Rolle's theorem in [0, 2π].

276.(d) The function f '(x) is continuous in [–1, 2] and f (–1) = f (1) = 0.

 Now, f '(x) = −
2

3
1
3x

 exists at all points except x = 0(∈(–1, 1)).

 
 Also, f '(x) ≠ 0, " x ∈[– 1, 1].

277.(b) Clearly the function f (x) = x  is derivable (and hence   
 continuous) in [n, n + 1] for any n ∈ N. Applying Lagrange's  
 M.V.T.,

 f (n + 1) – f (n) = n n
c

+ − =1 1
2 where n < c < n + 1

 Now, n > m2 ⇒ c > n > m2 ⇒ 
1

2
1

2c m
<

278.(a) The function f (x) = tan–1x is derivable (and hence continuous  
 also) on the interval [a,b]. Applying Langrage's M.V.T. we get a  
 point c with a < c < b such that

 tan–1b – tan–1a = 
1

1 2+
−( )

c
b a

 Since 0 < 
1

1 2+
−( )

c
b a < 1 and b – a > 0, we have 

 tan–1b – tan–1a < b – a

279.(b) f (x) = x x45 1−( ) does not have a derivative at x = 0.

280.(a) If there are two or more roots of 
 f (x) = 0 between two consecutive roots
 α, β(α < β) (say) of f '(x) = 0, then by Rolle's theorem there exists  
 c with α < c < β  such that f '(c) = 0, a contradiction. Thus there is  
 either one root or no root of  f (x) = 0 between α and β.

281.(b) f (x) is not continuous in 0 1,
π







, but it is derivable in 0 1,
π







.

 Also, f '(x) = − =
1 1 02x x

cos  for infinitely many values of 

 x in 0 1,
π







 . For example take x = 2

3
2

5π π
, etc.

282.(c) We see that |f (x)|→ 0 as → x → 0 + so that f (x) is continuous in  
 [0, 1] and is clearly differentiable in (0,1). Further, for any

 m,n ∈ N, f (0) = f 
1 1 0
n

f
m







 =







 = . Thus Rolle's theorem is  

 valid in 0 1,
n







 and also in
1

1
1

n n+






, ,

 for each n ∈ N, so that f '(x) = 0 for some

 x ∈
1

1
1

n n+






,  for each n ∈ N.

283.(a) Let, f (x) = ex in [0, x] (for any x > 0)
 Clearly f (x) to continuous in [0, x] and differentiable in (0, x).
 Hence, there exists c ∈ (0, x) such that 

 
e e
x

e
x

c−
−

=
0

0
 for some c ∈(0, x),

 i.e., e
x

e c x
x

c−
= ∈( )1 0, ,

 Now, 0 < c < x ⇒ 1 = e0 < ec < ex 

 ⇒ 1 1
<

−
<

e
x

e
x

x

 ⇒ 1 + x < ex < 1 + xex, for any x > 0.
284.(b) If there are at least two distinct roots of 
 f (x) = 0 greater than the greatest root α (say) of 
 f '(x) = 0, then by Rolle's theorem
 f '(x) = 0 would have a root greater than α, a contradiction.

285.(c) Using Lagrange's M.V.T. on f (x) in the interval [1, 5], we get a  
 point α with 1 < α < 5 such that 

 f '(α) = 
f f f5 1

5 1
5 3
4

( ) − ( )
−

= ( ) −

 Since f '(x) > 2, for all x ∈[1, 5]

 we have f 5 3
4

2( ) − >   i.e., f (5) > 11.
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 1.(b) Put a cos2x + b sin2x = 1
  ∴ (b − a)2sinxcosxdx = dt

  \ I
b a

dt
t b a

t c=
−( )

=
−( )

+∫
1 1 log  

  
=

−( )
+( ) +1 2 2

b a
a x b x clog cos sin

 2.(b) Put logx = 1
  ∴ I tdt t c x c= = + = ( ) +∫ tan logsec logsec log
 3.(b) Put x2 − 1 = t  ∴ 2xdx = dt
  and (Nr)2 ⇒ 2sint − sin2t = 2sint(1 − cost)
  and (Dr)2 ⇒ 2sint(1 + cost)

  and 1
1

2 2
2 2 2

2

2
2−

+
= ( )

( )
=

cos
cos

sin /
cos /

tant
t

t
t

t

  ∴ I t dt t c= = +∫
1
2 2 2

tan logsec

  
I x c=

−
+logsec

2 1
2

 4.(b) Put x2 +1 = t

  

dt
t

t c x c
+

= + + = + +∫ 1
2 1 2 22

 

 5.(b)  I xdx
x x

=
+( )∫

sec
sin cos2 α

  Divide above and below by cosx

  

I xdx
x x

x

=
+∫1

2

2sec
sin cos cos sin

cos
α α

  =
1
2

2sec
tan cos sin

xdx
x α α+∫

  Now put tanxcosα + sinα = t
  ∴ sec2xcosαdx = dt

  

I dt
t

t

I t x

I

= =

= =
+( )

=

∫
1

2
1

2
2

2
2

2

2 2

cos cos

cos
tan .cos sin

cos

se

α α

α
α α
α

cc tan tanα αx c+( ) +
 

 6.(c) I
x x

dx x
x

dx=
( ) =

( )∫ ∫
1

3 4

2

3 2
tan cos

sec
tan /  

  Now put tanx = t

  ∴ I t dt t c
x
c= =

− +
+ = +−

− +

∫ 3 2

3
2

1

3
2

1

2/

tan

 7.(c) Put xx = t  ∴ xlogx = logt

  
1 1 1.log .x

x
x dx

x
dt+






 =

  or, xx (logx + 1)dx = dt          [\ t = xx]  
∴ I dx t x cx= = = +∫1.

 8.(c) I

x
x

x
x

x
dx=

+







+







∫
log

.

1

1
1
2

  Now put t x
x x

=
+

+ = +
1 1 1

  ∴ I t
t
dt t c

x
x

c

= − = − ( ) +

= −
+
















 +

∫
log log

log

1
2

1
2

1

2

2

 9.(a) Dividing above and below by [f(x)]2,

  I
d
f

f
f

=









 







∫

φ

φ
φlog .

  Put φ

φ

f
t I t

t
dt t c

x
f x

c

= ∴ = = ( ) +

= ( )
( )












+

∫
log log

log

1
2

1
2

2

2

 10.(a) I dx

x x
x

n
n

n=

+







∫
.

/1 1
1

  Put 1 1

1 1

1
1

1

1
1

1 1

+ = ∴
−

=

∴ = − = −

= −
−

+

−

− +

∫∫
x

t n
x

dx dt

I
n
dt
t n

t dt

I
n

t

n n

n
n

n

/
/

/

// n
c

+( )
+

1

 11.(a)  I
x

x
x

dx=
−








∫
1 1

3

1 4

5

/

  Put 1 1 3

1
3

4
15

1 1

3 4

1 4
3

5 4

− = ∴ =

∴ = = −





 +∫

x
t

x
dx dt

I t dt
x

c/
/
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 12.(a) D x x
x

x
x

r = −( ) +
−





















= −( ) +
−







1 2
1

1 1 3
1

8
5 1 4

2
5 4

/

/                                 

  Now put, 1 3
1

+
−

=
x

t  

  ⇒ I dt
t

t c x
x

c=
−

= + =
−
+







 +−∫

1
3

4
3

4
3

1
25 4

1 4
1 4

/
/

/

 
 

 13.(b) I xdx

x x
x

xdx

x
x

=

+( ) +
+











=

+( ) +
+







∫
2 2 2

2

6 5

2 2
2

6

1 2
1

1 1 1
1

/

/55∫

  Put 1 1
1

2

1

1
2

1
2 1 5

5
2

1

2 2 2

6 5

1 5

+
+

= ∴
−

+( )
−

∴ = −

= −
−

+ =

−

−

∫

x
t x

x
dx dt

I t dt

t c

/

/

/
++

+






 +

=
+
+









 +

−

−

1
1

5
2

2
1

2

1 5

2

2

1 5

x
c

x
x

c

/

/

 14.(b) Put xex = t

  \ I tdh t c xe cx= = + = ( ) +∫sec tan tan2

 15.(c) I x x

x
dx=

− ( )
∫

cos sin

cos /1 3 2 2

  Put cos3/2x = t      \  I dt
t

t c x c

= −
−

= + = ( ) +
∫
− −

2
3 1

2
3

2
3

2

1 1 3 2cos cos cos /

  

I dt
t

t c x c

= −
−

= + = ( ) +
∫
− −

2
3 1

2
3

2
3

2

1 1 3 2cos cos cos /

 16.(d) Here x5 + x3.x2 and d.c.of x3 is 3x2 
  In order to remove fractional powers.
  we put 1 + x3 = t2   ∴ 3x2dx = 2tdt

  Also, x t
t

t
tdt

t dt t t

3 3
2

2
3

1
1 2

3

2
3

1 2
3 3

2
9

= − =
−( ) 








= −( ) = −








 =

∫

∫ tt t c

x x c

2

3 3

3

2
9

1 2

−( ) +

= + −( ) +
  17.(b) (sinθ + cosθ) is differential coefficient of (sinθ − cosθ).
  Hence we put
  sinθ − cosθ = t   ∴ (cosθ + sinθ)dθ = dt

  Also on squaring,
  sin2θ + cos2θ − 2sinθcosθ = t2

  or, 1 − t2 = sin2θ            ∴ I dt
t

t=
−

=∫ −

1 2
1sin

  = sin−1(sinθ − cosθ) + c

 18.(a) Dividing above and below by cos4x, we have
  

I
x x

x
dx=

+( )
+∫

1

1

2 2

4

tan sec

tan

 

  Now put tanx = t ⇒ sec2 xdx = dt

  ∴ I t
t
dt t

t
t

dt=
+
+

=
+








−





 +

∫∫
1
1

1 1

1 1

2

4

2

2

  Now put t
t
z

t
dt dz

I dz
z

z
t

− = ⇒ +





 =

∴ =
+

= = −





∫ − −

1 1 1

1
1 1

2

2
1 1tan tan

  I = tan−1(tanx − cotx)  ∴f(x) = tanx − cotx

 19.(a) Multiplying above and below by x2 and put
  1 − x3 = t2   ∴ − 3x2dx = 2tdt

  \  I dt
t

t
t

c=
−

=
−
+

+∫
2
3 1

2
3

1
2

1
12 . log

  or, I t
t

c a=
−
+

+ ∴ =
1
3

1
1

1
3

log

 20.(a) I
x a x b

dx=
−( ) −( )∫

1
sin sin

  Put a − b = ( x − b) − (x − a)
  ∴ sin (a − b) = sin(x − b)cos(x − a)
   − cos (x − b)sin(x − a)............(1)
  sin(x − b)cos(x − a)

  ∴ I
a b

x b x a
x a x b

dx

a b

=
−( )

− −( ) −( )
−( ) −( )

=
−( )

∫
1

1
sin

cos sin
sin sin

sin
[ccot cot ]

sin
logsin logsin

∫ −( ) − −( )

=
−( )

−( ) − −( ) 

x a x b dx

a b
x a x b1

 + c

 21.(c) Put x − a = t        \ dx = dt

  ∴ I
a t
t
dt t a

t a a t c
x a

=
+( ) = +( )

= + +

= −

∫ ∫
sin

sin
sin cot cos

cos sin logsin

α

(( ) + +( ) +cos sin logsina a x a c

dt 
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 22.(b) Put xn = t   ∴ nxn − 1dx = dt

  ∴ I
n

dt
t t n t t

dt

n
t t c

n

=
+( )

= −
+









= − +( )  + =

∫∫
1

1
1 1 1

1

1 1 1log log loog x
x

c
n

n +
+

1

 

 

 23.(c) Put 1 + xn = t2         ∴ I
n

dt
t

=
−∫

2
12  

  
=

−
+







 + =

+ −

+ +
+

2 1
2

1
1

1 1 1

1 1n
t
t

c
n

x
x

c
n

n
. log log

 24.(a) I x

x x x
x

x
x
dx

x
x

=
−

+ +
=

−







+ +
∫ ∫

4

2 2
2

3

2
2

1
1 1

1

1 1.

  Put x
x

t x
x
dx dt

I dt
t

t c t c

I x
x

2
2 3

2
2

1 1 2 1

1
2

1
2

2

1

+ + = ∴ −





 =

∴ = = + = +

= + +

∫ .

11 14 2
+ =

+ +
+c x x

x
c

 25.(b) 
dx
x x

dx
x x

sin sin

sin sin cos cosxsin

3

3

+( )

=
+( )

∫

∫

α

α α
  
  

=
+

= −∫ ∫
cos

cos sin cot sin
ec x

x
dx z

z
dz

2 2
α α α

  [Putting cosα + sinαcotx = z2 ⇒ − sinαcosec2xdx = 2zdz]
  = − + +2cosec . cos sin cotα α α x c

 26.(d) dx

x x
x

dx

x
x

2 4
4

3 4
5

4

3 4

1 1 1 1
+
















=

+







∫∫ / /
 

  Put 1 1 4 44
4

5
3+ = − =

x
t

x
dx t dtor,

  
⇒

−
= − + = − +






 +∫

t dt
t

c
x

c
3

3 4

1 4

1 1 1
/

 27.(b)  
1 1

1

1 1

1 2

2

2
2

2

2

+

+
=

+







−





 +

∫ ∫x
x

x

dx x
dx

x
x

  Put x
x
t

x
dx dt

dt
t

x
x

c

− = ∴ +





 =

⇒
+

=
−







 +∫ −

1 1 1

2
1
2

1
2

2

2
1

2

,

tan

 29.(b) 1 12 2+ ( ) = +∫ ∫x d x tdt,  where x2 = t
  
  

=
+( ) + = +( ) +

1
3
2

2
3

1
3 2

2 3 2t
k x k

/ /

 29.(a) 
dx
x x x

d
1

2

12 2 4+( ) −
=

+ −
∫∫

sin cos

sin sin sin

θ θ θ

θ θ θ

  [Putting x = sin2θ ⇒ dx = 2sinθcosθdθ]

  =
+

=
−

= −( )
= −

∫ ∫
∫

2
1

2 1

2

2

2

2

d d

d

θ
θ

θ
θ

θ

θ θ θ θ

θ

sin
sin

cos

sec sec tan

tan secθθ( ) + =
−

−
−









 +

=
−( )
−

+

c x
x x

c

x

x
c

2
1

1
1

2 1

1
 30.(b) Put x = cos2θ    ∴ dx = −2sin2θdθ

  ∴ I d

d c

x

= { } −{ }

= − = +

= −(

−∫

∫

cos tan tan sin

sin cos

2 2 2

4 1
4

4

1
4

2 1

1

2

θ θ θ

θ θ θ

)) + = +c x k1
2

2

 31.(a) Put x7/2 = t    ∴ 7/2x5/2dx = dt

  \ I dt
t

t t k=
+

= + +( ) +∫
2
7 1

2
7

1
2

2log

  
= + +( ) +2

7
17 2 7log /x x k 

 32.(b) Put 1 + x4/5 = t   ∴ =−4
5

1 5x dx dt/

   \ I dt
t

t k x k= = + = + +∫
5
4

5
4

2 5
2

11 2
4 5

/
/.

 

 33.(b)  I e
e

dx
x

x=
+
−∫

4 6
9 4

2

2 .  Put 9e2x − 4 = z
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  Then I
z

z dz
z

z z
z dz

z

=
+

+





 +

=
+( )

+
+








=

∫

∫

1 4 4
9

6 1
18 4

9
1

4
2 8

9
3

1
9

2

. .

++
+( )

=
+( ) +
+( )

+ −
+









∫ ∫

∫∫

35
4

1
9

2 4 27
4

2
9

3
4

1 1
4

z z
dz

z
z z

dz

dz
z z z

dzz

z z c

e ex x

2
9

3
4

3
4

4

35
36

9 4 3
4

92 2

+





 − +( ) +

= −( ) − ( )

log log

log log ++

= − + −( ) − +

c

x e cx3
2

35
36

9 4 3
2

32log log

 

  Hence Ax + Bloge(9e2x − 4) + c
         

= − + −( ) − + ∴ =
3
2

35
36

9 4 3
2

3 35
36

2x e c Bxlog log .

 34.(a) Putting tanx = t2, we have,
  dx = 2tdt/ sec2x = 2tdt (1 + t4)

  \ I
t
t
tdt

t
t
t

dt

t dt

t t

t

=
+








+
=

+
+

=
+( )
+

=
+

∫∫

∫

1 2

1
2 1

1

2
1 1

1
2

1 1

4

2

4

2

2 2

22

21 2
( )
−( ) +∫

dt

t t

  Putting t − (1/t) = u.
  

=
+

= 





 +

= ( ) − ( ){ }




+

∫ −

−

2
2

2
2 2

2 2

2
1

1

du
u

u c

x x c

tan

tan tan cot

 35.(a) Putting x − α = t2, we get,
  

I tdt

t t

x c

=
−( ) −





=
−
−









 +

∫

−

2

2

2

1

β α

α
β α

sin

  Putting β − x = t2, we get,
  

I dt

t

x c= −
−( ) −





= −
−
−









 +

−∫2 2
2

1

β α

β
β α

sin 

 36.(a) Putting sinx = t, we get , I t t
t t

dt=
− +

+( )∫
4 2

2 2
3 2

1   

  I
t t

dt= −
+

+



∫ 1 6

1
2

2 2
[using partial fractions.]

  = t − 6tan−1t − 2t − 1 + c
  = sinx − 6tan −1(sinx) − 2cosecx + c

 37.(a) dx
x x

I x x
x x x x

dx

−( ) −( )

=
− + −

−( ) −( ) − + −( )

∫

∫

2 3

2 3
2 3 2 3

.

 

  Put x x t− + − =2 3

  So, 
1

2 2
1

2 3x x
dx dt

−
+

−






=

  i.e., x x
x x

dx dt

I dt
t

t x x c

− + −
−( ) −( )

=

∴ = = = − + −



 +∫

2 3
2 3

2

2 2 2 2 3log log

 
 

 38.(b)  x
x
dx

1 3+∫ . Given integral

  
=

+ ( )





∫
x dx

x

1 2

3 2 2 1 2
1

/

/
/ 

   

  =
+

∫
2
3 1 2

dt
t

Putting x3/2 = t.

  
= + +




+ = + +




+

2
3

1 2
3

12 3 2 3log log /t t c x x c 

 39.(b)  
1

14 10
x x

dx
+( )∫  . Putting x1/4 + 1 = t

   1
4

3 4x dx dt− =/ .    I x dt
t

t
t

dt

t t dt
t t

= =
−








= −( ) = − +

∫ ∫

∫ − −

4 4 1

4 4 1
8

1
9

1 4

10 10

9 10
8 9

/






 +

= − +( ) + +( ) +
− −

c

x x c1
2

1 4
9

14 8 4 9

   

  

= −( ) = − +





 +

= − +( ) + +( )

− −

− −

∫4 4 1
8

1
9

1
2

1 4
9

1

9 10
8 9

4 8 4 9

t t dt
t t

c

x x ++ c

 40.(c)  I
x ecx

x
dx= ( )

( )∫
sec cos
log tan

 Put log(tanx) = t

  = 
dt
t

t= ( )∫ log          \  I x c= ( )  +log log tan
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 41.(b) e e dxx xsin ,( )∫    e t e dx dtx x= ⇒ =

  = == − = − ( ) +∫sin cos costdt t e cx

 42.(d) 
tan

sin cos
sec

tan
x

x x
dx xdx

x
= ∫∫

2

  [Dividing Nr and Dr  by cos2x ]
  Put tanx = t ⇒ sec2xdx = dt.

  =
dt
t

t x c= = +∫ 2 2 tan
   

 43.(c) I x e e dxx x= ( )∫ 2 3 3
cos        

  Put e t e x dx dt

I
t
dt t e c

x x

x

3 3

3

3

3
1
3

1
3

2= ⇒ =

∴ = ( ) = = ( ) +∫

.
cos

sin sin

                                                                                      
 

 44.(b) x
a x

dx
3 3−

∫ .  Put x t x dx dt3 2 1 23
2

/ /= ⇒ =

  
=

−
= 








= 





 +

−

−

∫
2
3

2
3

2
3

3 2
1

3 2

1
3 2

dt
a t

t
a

x
a

c

sin

sin

/

/

 45.(c) I e e
x

dx
x x

= ∫
cos

  Put e t e
x
dx dt

I tdt t c e c

x x

x

= ⇒ =

∴ = = + = +∫
2

2 2 2cos sin sin
 

 

 46.(a) I
e x

xe
dx

x

x=
+( )
( )∫

1
2sin

        Put xex = t.

  ⇒ +( ) =e xe dx dtx x       ∴ = =∫ ∫I dt
t

ec tdt
sin

cos2
2

  = − cott = − cot(xex) + c.

 47.(b) I x x
x

dx=
+

−

∫
tan .

1 2

41

  Put, tan . .

tan

−

−

= ⇒
+

∴ = = = 

 +∫

1 2
4

2 1 2

1 2
1

1
2

x t xdx
x
dt

I tdt t x c

  
  

 48.(b) I
x x

dx=
( )∫

1 1
2log

  Put log x t
x
dx dt= ⇒ =

1

  
∴ = = − = − +∫I dt

t t x
c2

1 1
log

 49.(a) sec
tan

sec tan

tan

4 2 21xdx
x

x x

x
dx=

+( )
∫∫

   Put tanx = t ⇒ sec2xdx = dt      \ I t
t
dt=

+
∫

1 2

   
= +( ) = +









 +

= + ( ) +

−∫ t t dt t t c

x x

1 2 3 2 1 2
5 2

5 2

2 2
5

2 2
5

/ / /
/

/tan tan cc

 

 50.(a) I
x

dx
x

=
+( )∫

1
2 1

    

  Put 
x

x
dx dt

I dt
t

t x c

= ⇒ =

∴ =
+

= = +− −∫

1 1
2

1 2
1 1tan tan 

 51. (d)  I e

x
x

dx x

x
x

dx
e

x
=

+
=

+







+ −





 +

+









∫∫
log 1 1

2
2

2

2
2

2

1

1 1

1 2 2

==
+








−





 + ( )

∫
1 1

1 1 2

2

2

2 2

x

x

dx

 

  Put x
x
t

x
dx dt

I dt

t

x

− = ⇒ +





 =

∴ =
+ ( )

= = −

∫

− −

1 1 1

2

1
2

1
2

1
2

1
2

2

2 2

1 1tan tan 11
x

c





 +

 

 52.(c) I dt
x x

=
( )∫ sin log2

   Put log x t
x
dx dt= ⇒ =

1

  
∴ = =

= − = − ( ) +
∫∫I dt

t
ec tdt

t x c
sin

cos

cos cot log

2
2
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 53.(b) I
e

dx e dx

e e
dx

x

x

x x
=

−( )
=

−( )∫ ∫
1

1 1
2 2

  Put ex = 1 = t ⇒ exdx = dt
  

∴ =
+( )

= − + +
+









= − − + +( )

= −

∫ ∫I dt
t t t t t

dt

t
t

t

2 21
1 1 1

1
1 1log log

log ee e e

e
e

x c

x e

x x x

x
x

x

−( ) − −( ) + − +( )
= − −( ) −

−
+ +

= − −

−
1 1 1 1

1 1
1

1
log

log

log 11 1
1( ) −

−
+

e
cx

 54.(b) sin
sin
2

2 2 2
x

a b x
dx

+∫ .    Put a b x t2 2 2+ =sin .

  2b2sinxcosxdx =  dt    or, sin2 xdx = dt/b2

  

∴
+

= =

= +( ) +
∫∫

sin
sin

log

log sin

2 1 1

1

2 2 2 2 2

2
2 2 2

xdx
a b x b

dt
t b

t

b
a b x c

 

 55.(c) x dx
x

2

616 25+∫     Put 5x3 = t ⇒ 15x2dx = dt

  
=

+
= = +− −∫

1
15 16

1
15

1
4 4

1
60

5
42

1 1
3dt

t
t x c. tan tan 

 56.(b) 1 2
2+( ) =∫ ∫

log x
x

dx t dt

  [Put 1 1
+ = ⇒ =log x t

x
dx dt ]

  
∴ = =

+( ) +I t x
c

3 3

3
1

3
log

 

 57.(a) dx
x x xlog log log( )∫  . Let log(logx) = t

  
∴ = = = ( )  +∫I dt

t
t x clog log log log 

 58.(c) cot log x
x

dx( )
∫ . Let log ,x t

x
dx dt= =

1
 

   
∴ = ( ) = = ( ) +∫I t dt x ccot logsint logsin log  

 59.(a) 
x

x x
dx

x

x
x

dx x

x
x

2

4 2

2

2
2

2

1
1

1 1

1 1

1 1

1

−
− +

=
−








+ −
=

+







+






∫

∫
 −

∫ 2

3
dx

 

  Let x
x
t

x
dx dt+ = ⇒ −






 =

1 1 1
2

  
=

−
=

−
+

=
+ −

+ +

=
− +( )

∫
dt
t

t
t

x x

x
x

x x

x

2

2

3
1

2 3
3
3

1
2 3

1 3
1 3

1
2 3

3 1

log

log /

log 22 3 1+ +
+

x
c

 

 60.(a) I x
x x

dx x

x
x

dx

x

x
x

dx

=
+

+ +
=

+

+ +

=
+( )
−






 +

∫ ∫

∫

2

4 2

2

2
2

2

2

1
1

1 1
1 1

1 1

1 3

 

  Let, x
x
t

x
dx dt

I dt
t

t

x

− = ⇒ +





 =

∴ =
+

=

=
−

=

∫ −

−

1 1 1

3
1
3

3

1
3

1 3
3

1

2

2
1

1

tan

tan
55

1
3

1
2

tan− −
+

x
x

c

 

 61.(d) I x
a bx

dx=
+( )∫

2

2       Put a bx t x t a
b

+ = ⇒ =
−

  
∴ = ∴ =

−( )
∫

dx
dt b

I
t a

b t
dt
b

1
2

2 2.

  
=

+ −
= − −













= +( ) −
+

∫
1 2 1 2

1

3

2 2

2 3

2

3

2

b
t a at

t
dt

h
t a

t
a r

b
a bx a

a b

log

xx
a a bx

b
a
b

x a
b a bx

a
b

a bx

( )
− +( )













= + −
+( )

− +( )





2

1 2
3

2

log

log







+ c
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 62.(b) 
dx
e
dx e

e e
dxx

x

x x1 1+
=

+( )∫∫
  Put ex = t ⇒ exdx = dt
   

∴ =
+( )

= −
+







= − +( ) =
+







 =

∫ ∫I dt
t t t t

dt

t t t
t

1
1 1

1

1
1

log log log llog

log log

e
e

e
e

e c

x

x

x

x
x

1

1 1

+











= −
+







 = − +( ) +

 
 

 63.(b) I
e e

dx e
e

dxx x

x

x=
+







 = +( )−∫ ∫

1
12

  Let ex = t, exdx = dt.
   

∴ =
+

= ( ) +∫ − −I dt
t

t e cx
2

1 1

1
tan tan

 

 64.(d) xdx
x4 4−

∫   Put x2 = t ⇒ 2xdx = dt

  1
2 4

1
2

2 1
2

2
2

1 1 2dt
t

t x c
−

= = ( ) +∫ − −sin sin 

 65.(a) x
x x

dx−
− +( )













∫

2
4 32

  Put x2 = 4x + 3 = t ⇒ 2(x − 2)dx = dt
  

I dt
t

t x x c

x x c

= = = − +( ) +
= − +( ) +

∫
1
2

1
2

1
2

4 3

4 3

2

2

log log

log
 

 66.(b) I x
x

dx=
+∫

3
1

2

6
    Put x2 = t ⇒ 3x2dx = dt

  
∴ =

+
= = ( ) +− −∫I dt

t
t x c2

1 1 3

1
tan tan 

 67.(c) ∫ x x dx2 3sec≡           [Put x2 = t ⇒ 3x2dx = dt]

  = = +( ) +

= +( ) +
∫

1
3

1
3

1
3

3 3

sec log sec tan

log sec tan

tdt t t c

x x c

   
 

 68. [Correct option is, 
a
b

ce
b ce

c
x

xlog
+









 + 1 ] 

  I a
b ce

dx ae
b ce e

dxx

x

x x=
+

=
+( )∫∫

  Let b + cex = t ⇒ cexdx = dt
  

∴ =
−

=
−

−





= −( ) −  =

∫∫I a
c

dt
t t b c

a a
b t b t

a
b

t b t a
b

(

log log log

1 1

tt b
t

a
b

ce
b ce

c
x

x

−( )

=
+









 +log 1

 69.(d) I x x dx= +∫ 1 2      Put 1 + x2 = t ⇒ 2xdx = dt

  
I dt t c x c= = + = +( ) +∫

1
2

2
3 2

1
3

1
3 2

2 3 2/ /

 

 70.(a) I x xdx
a x b x

=
+∫

sin cos
cos sin2 2

  Let acos2x + bsin2x = t
  ⇒ (− 2acosxsinx + 2bsinxcosx)dx = dt
  

⇒ −( ) =

∴ =
−( )

=
−( )

=
−( )

∫

b a x xdx dt

I dt
b a t b a

t

b a
a

sin cos

log

log c

2

2
1

2
1

2
oos sin2 2x b x c+( ) +

 

 71.(a) I a
a
dx

x

x
=

−
∫

1 2
.     Let

  ax = t ⇒ axlogadx = dt
  ∴ =

−

= = ( ) +

∫

− −

I dt
a t

a
t

a
a cx

log

log
sin

log
sin

1
1 1

2

1 1
 

 72.(c) xdx
x a x b

dx2 2 2 2−( ) −( )∫     Put 

  x2 = t ⇒ 2xdx = dt

   

=
−( ) −( )

=
−( ) −

−
−









=
−( )

∫

∫

1
2

1
2

1 1

1
2

2 2

2 2 2 2

2 2

dt
t a t b

a b t a t b
dt

a b
llog log

log

t a t b c

a b

t a

t b
c

a

−( ) − −( )



 +

=
−( )

−( )
−( ) +

=

2 2

2 2

2

2

2

1
2

1
2 −−( )

−( )
−( ) +b

x a

x b
c2

2 2

2 2log
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 73.(b)  I x
x
dx=

+∫1 4
.    Let x2 = t ⇒ 2xdx = dt

   

∴ =
+

= = ( ) +− −∫I dt
t

t x c1
2 1

1
2

1
22

1 1 2tan tan  
 

 74.(c) I x
x x

dx=
+( ) +( )∫

cos
sin sin1 2

  Let sinx = t . ∴ =
+( ) +( )∫I dt
t t1 2

  

=
+

−
+







= +( ) − +( )

=
+( )
+

+ =
+

∫
1

1
1

2
1 2

1
2

1
t t

dt t t

t
t

c

log log

log log
siin
sin
x
x

c( )
+( )

+
2

 75.(a) 
1

1 12 2−
=

−( )
−

−∫∫ e
dx e

e
dx

x

x

x

  Put e–x = t ⇒ −e−xdx = dt    ∴ = −
−

∫I dt
t2 1

  

= − + −( ) + = − + −( ) +
= −

+ −










+

− −log log

log

t t c e e c

e
e

c

x x

x

x

2 2

2

1 1

1 1
== − + −( ) + +log 1 1 2e x cx   

 76.(a) I x x
x
dx=

−

−

∫
sin 1

21

  Let sin− = ⇒
−

=1
2

1 1

1
x

x
dx dt

  

∴ = = − + +

= − − + + = − − +

∫
− −

I t tdt t t t c

x x x c x x x c

sin cos sin

sin sin1 12 1 2 1

 77.(b) I
x

xdx= ∫
1 sin .  Let x t

x
dx dt= ⇒ =

1
2

 

  ∴ = = − + = − +∫I tdt t c x c2 2 2sin cos cos

 78.(a) I x x xdx= ∫sec sec tan3  
  Let secx = t ⇒ secxtanxdx = dt

  
I t dt t c x c= = + = +∫ 3

4 4

4 4
sec

 79.(a) I e e dxx x= +( )− −∫ cosec2 2 5
   
  let 2 5 2

1
2

1
2

1
2

2 5

2

e t e dx dt

I ec t dt t c

e

x x

x

− −

−

+ = ⇒ − =

∴ = − ( ) = +

= +

∫cos cot

cot (( ) + c

 

 80.(b) I a dxx= +∫ 3 3   Let 3x + 3 = t ⇒ 3dx = dt
  

∴ = = = +
+

I a dt a
a

a
a

c
x2 2 3 3

3
1
3

1
3log log   

   

 81.(c) I
x x x

x
dx=

+( ) +( )
∫

1 2log

  = +( ) +( )∫ 1 1 2x x x dxlog

  Let x + logx = t ⇒ (1 + 1/x) dx = dt
   

∴ = = = +( ) +∫I t dt t x x c2
3

3

3
1
3

log
 

 82.(b) I e xdxx= ∫ cos sin
2 2  

  Let cos2x = t ⇒ − 2cosxsinxdx = dt
  ∴ = −( ) = + = − +∫I e dt e c e ct t xcos2

 83.(b) I
x x

dx=
+( ) −

∫
1

1 12 2

  Let x
t

dx
t
dt= ⇒ = −

1 1
2

  
∴ =

+





 −

−







= −
+( ) −

∫

∫

I

t t
t
dt

tdt
t t

1

1 1 1 1
1

1 1

2 2

2

2 2

 

  (Let t2 − 1 = z2 ⇒ 2tdt = 2zdz)
   

= −
+( ) = −

+
= −

= −
−

= −
−

∫∫ −

− −

zdz
z z

dz
z

z

t

2 2
1

1
2

1

2 2
1
2 2

1
2

1
2

1
2

1

tan

tan tan xx
x

c
2

2
+

 
 

 84.(a) I ax b ax b dx= +( ) +( )∫cos sin2

  Let cos(ax + b) = t ⇒ − sin(ax + b)(a)dx = dt
  

I
a
t dt

a
t c

a
ax b c

ax b
a

c

= − = − +

= − +( )  + =
− +( ) +

∫
1 1 3

1
3 3

2 3

3
3

cos
cos
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 85.(a) I x x dx

x dx tdt I t dt t

x

= +

⇒ = ∴ = = ( )
= +( ) +

∫

∫

3 4

3
2

3

4 3 2

3 5

20 2
10

1
10

3

1
30

3 5
/

cc

  Let 3 + 5x4 = t2

 86.(b) I x
x
dx=

−
+∫

1
1

    

  Let x = cos2θ ⇒ dx = − 2cosθsinθdθ

  

∴ =
−
+

−( )

= −

=

∫

∫

I d

d

1
1

2

2
2

2
2 2

cos
cos

cos sin

tan . sin cos cos

θ
θ

θ θ θ

θ θ θ
θ θ

−− −( )
= − +

= − + +( )

∫
∫∫

∫

2 1

2 3

2 1 2

2

cos cos

cos cos

sin cos

θ θ θ

θ θ θ θ

θ θ θ

d

d d

d

== − + + +

= + − + = + −( ) +
= −

2 2
2
2 2

sin sin

sin cos sin sin cos

c

θ θ
θ

θ θ θ θ θ θ θ

c

c c

oos− + − −( ) +1 1 2x x x c

    
 

  

∴ =
−
+

−( )

= −

=

∫

∫

I d

d

1
1

2

2
2

2
2 2

cos
cos

cos sin

tan . sin cos cos

θ
θ

θ θ θ

θ θ θ
θ θ

−− −( )
= − +

= − + +( )

∫
∫∫

∫

2 1

2 3

2 1 2

2

cos cos

cos cos

sin cos

θ θ θ

θ θ θ θ

θ θ θ

d

d d

d

== − + + +

= + − + = + −( ) +
= −

2 2
2
2 2

sin sin

sin cos sin sin cos

c

θ θ
θ

θ θ θ θ θ θ θ

c

c c

oos− + − −( ) +1 1 2x x x c

 

 

     = 

∴ =
−
+

−( )

= −

=

∫

∫

I d

d

1
1

2

2
2

2
2 2

cos
cos

cos sin

tan . sin cos cos

θ
θ

θ θ θ

θ θ θ
θ θ

−− −( )
= − +

= − + +( )

∫
∫∫

∫

2 1

2 3

2 1 2

2

cos cos

cos cos

sin cos

θ θ θ

θ θ θ θ

θ θ θ

d

d d

d

== − + + +

= + − + = + −( ) +
= −

2 2
2
2 2

sin sin

sin cos sin sin cos

c

θ θ
θ

θ θ θ θ θ θ θ

c

c c

oos− + − −( ) +1 1 2x x x c
 

 87.(c) I
x x

dx
x x x

dx=
+( )

=
+( )∫ ∫ −

1

1

1

12 4 3 4 2 3 4 3 4/ /
.

 
  Put 1 + x−4 = t ⇒ − 4x−5dx = dt
   

∴ = − = −
− +
















+

= − + = − +( )

− +

−

∫I dt
t

t c

t c x

4
1
4 3 4 1

1

3 4

3
4

1

1 4 4 1

/

/ /44
+ c

 
 

 88.(a) I x xdx= +∫ 2 3 3sin .cos

  Let 2 + sin3x = t ⇒ 3cos3xdx = dt
  

∴ = =
+( ) +









 + =

×
+

= + =

( )+

∫I t dt t c t c

t c

.
/

/

/

3
1
3 1 2 1

2
3 3

2
9

1 2 1
3 2

3 2 22
9

2 3 3 2+( ) +sin /x c

 

 89.(b) I x x

x
dx

x x x dx

x

x x dx

x
x

=
+

−( )
=

+( )
−( )

=
+( )
−



∫ ∫
4

4 3 2

3 3

4 3 2

3

2
2

1

1

1

1

1

/ /






∫ 3 2/

  

  Let 1 2 22
2

3x
x t

x
x dx dt− = ⇒ − −






 =

  
x x dx dt

I dt
t

t c
t
c

+( ) = −

∴ = − = −
− +

+ = +
− +

∫

1 1
2

1
2

1
2 3 2 1

1

3

3 2

3
2

1

/ .

  
=

−
+

1
1
2

2

x
x

c

 90.(c) cos cos
sin sin

cos cos cos

sin sin

3 2

2 4

2 4

2 4
x x
x x

dx
x x xdx

x x
+
+

=
+( )

+

=

∫ ∫
11 1

3 2
1

1

2 2 2

2 4

4 2

2 2

−( ) + −( )
+

=

=
− +
+( ) = −

∫

∫

t t

t t
dt x t

t t
t t

dt

, where sin

66
1

2
2 2t t

dt
+

+



∫

 

  = t − 6tan − 1t − 2t − 1+ c
  = sinx − 6tan −1(sinx) −2(sinx) −1 + c

 91.(a) a x
a x

a x
a x

dx
a x a x
a x a x

dx

x
a x

d

+
−

−
−
+









 =

+( ) − −( )
−( ) +( )

=
−

∫∫
2
2 2

xx zdz
z

= −∫∫

 
 

  Put a2 − x2 = z2 ⇒ −2xdx = 2zdz

  = − + = − − +z c a x c2 2

 92.(a) 
e
e

dx d
x

x
−
+

=
−
+∫∫

1
1

1
1

sec
sec

.tanθ
θ

θ θ

  [Put ex = secθ ⇒ exdx = secθtanθdθ]
  

= 





 =

−( )

=

∫ ∫
sin
cos

. sin / cos /
cos

cos
cos

sec

θ
θ

θ θ
θ

θ
θ

θ
θ

2
2

2 2 2 1
d d

θθ θ θ θ θ−( ) = +( ) − +

= + −( ) − ( ) +
∫

−

1

12 1

d c

e e e cx x x

log sec tan

log sec
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 93.(c) dx
x x

dx

x x

d

(x )

sec
tan sec

+ + +
=

+( ) +( ) +

=

∫∫

∫

1 2 2 1 1 12 2 2 2

2

2
θ θ
θ θ

 
 

  [Putting x +1 = tanθ ⇒ dx = sec2θdθ]
  

= = − + = −
+( ) +

+
+

= −
+ +
+

+

∫
cos
sin sin

θ
θ
θ

θ2

2

2

1 1 1
1

2 2
1

d c
x
x

c

x x
x

c

 
 

 94.(c) x x dx x x x dx

x z z dz

13 2 5 2 1 2 5 3 2 5 2 1 2

5

1 1

4
5

/ / / / /.

. . . .

+( ) = +( )
=

∫ ∫

∫
 

  [Putting 1 5 2 25 2 2 3 2+ = ⇒ =x z x dx zdz/ /

  i e x dx zdz. ., /3 2 4 5= ]
  

= − +











+

= +( ) − +( ) +

4
5 7

2
5 3

4
35

1 8
25

1 4
1

7 5 3

5 2 7 2 5 2 3 2

z z z c

x x/ / / /

55
1

1 1 1

5 2 3 2

5 2 7 2 5 2 5 2 5 2 3 2

+( ) +

= +( ) + +( ) + +( )

x c

A x B x C x

/ /

/ / / / / /

 

  then, A B C= = − =
4

35
8 25 4

15
, ,

 
 95.(b) Put x = z6 ⇒ dx = 6z5dz 

  

∴
+

=
+

=
+

=
−
+

+
+











∫ ∫ ∫
x

x x
dx z z dz

z z
z dz
z

z
z z

3

3 5

3 2

6

6

6 6
1

6 1
1

1
1

. . .

∫∫

∫= − + − + −( ) + +( )

= − + − + −

dz

z z z z z dz z

z z z z z

6 1 6 1

6
6 5 4 3 2

5 4 3 2

6 5 4 3 2

log

zz z

x x x x x

x












+ +( )

= − + − +

− +

6 1

6
5

3
2

2 3

6 6

5 6 2 3 1 2 1 3

1 6

log

lo

/ / / /

/ gg /x c1 6 1+( ) +

  
=

−( ) +( ) − +( )
+

+
+∫ ∫6

1 1 1

1
6

1

3 2z z z z

z
dz dz

z

  

∴
+

=
+

=
+

=
−
+

+
+











∫ ∫ ∫
x

x x
dx z z dz

z z
z dz
z

z
z z

3

3 5

3 2

6

6

6 6
1

6 1
1

1
1

. . .

∫∫

∫= − + − + −( ) + +( )

= − + − + −

dz

z z z z z dz z

z z z z z

6 1 6 1

6
6 5 4 3 2

5 4 3 2

6 5 4 3 2

log

zz z

x x x x x

x












+ +( )

= − + − +

− +

6 1

6
5

3
2

2 3

6 6

5 6 2 3 1 2 1 3

1 6

log

lo

/ / / /

/ gg /x c1 6 1+( ) +

 96.(d) dx
x x

dx

x x
x

x
x
dx dx

z

cos cos cos tan
tan

sec

tan

2 2

2

2

2 2

1
1

1 1

=
−
+

=
−

=
−

∫∫

∫ ∫

 
 

  [Putting tanx = z ⇒ sec2 xdx = dz]
  = sin-1  z + c = sin-1(tanx) + c

 97.(a) 7 7 77 77x x xdx≡ . . .

  Put ⇒ = ⇒








 =

⇒ ( ) =

∴

7 7 7 7

7 7 7 7

7 7 7

7 7 3

7 7

7

x x x

x x

t d
dx

dt

dx dtx

. log

. . . log

77 7 7 1
7

7
7

7 7
3

7

3
7

7x x
x

x dx dt c. . .
log log

=
( )

=
( )

+∫∫

 

 98.(b) dx
x x

dx

x x
x

x
x
dx

z

cos sin cos tan
tan

sec
tan

.

3 2 3
2

4 4

2
1

2
1
2

1 2

∫ ∫=
+

= =
+( ) zzdz
z∫∫

  [Putting tanx = z2 ⇒ sec2 xdx = 2zdz]
  

= +








 + = + +






2

5
2 1

5

5
5 2z z c x x ctan tan /

 99.(d) 
x
x x

dx dx
x x

dx
x x

x

2

3 2 2 3 2

1
3

2

1 1
2

1

2

−

−
=

−
−

−

= −

∫ ∫∫
−sec sec tan

sec tan
θ θ
θ θθ

θd∫
 

  [Putting x = secθ, dx = secθtanθdθ]
  

= −

= − +( )

= − +






−

−

−

∫
∫

sec cos

sec cos

sec sin

1 2

1

1

2

1 2

2
2

x d

x d

x

θ θ

θ θ

θ
θ
 +

= − −
−

+ = −
−

+− −

c

x x x
x

c x
x

csec sec1 1
2

2

2

2
1 1
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 100.(b) 
sin / tan /

cos

sin / sin /
cos /

sin

x x
x

dx
x x

x
x dx2 2 2 2

2

1 2
2

2∫ ∫=








−

  
=

−( ) −( )
=

−( ) −(

∫
sin / cos /

sin / sin /

2

2 2

2

2 2

2 2
1 2 1 2 2

2
1 1 2

x x dx
x x

z dz
z z ))∫

 

  [Putting sin / cosx z x dx dz2 1
2 2

= ⇒ = ]
  

=
−

−
−









=
( ) −

−
−

=
+

−

∫

∫∫

2 1
1 2

1
1

1 2
2

1

2
2

1
2

1
2

2 2

2 2 2

z z
dz

dz

z

dz
z

z

z
log −−

+
−

+

=
+
−

−
+
−

+

2 1
2

1
1

1
2

1 2 2
1 2 2

1 2
1 2

. log

log sin
sin

log sin
sin

z
z
c

x
x

x
x

cc

 

 101.(a) Put x = atan2 θ ⇒ dx = 2atanθsec2θdθ
  

∴
+

=

= −










−∫ ∫

∫

sin . tan sec .

. tan tan

1 2

2 2

2

2
2 2

x
a x

dx a d

a d

θ θ θ θ

θ
θ θ

θ


= − −( )
= − −( ) +
= +( ) −

∫a a d

a a c

a

θ θ θ θ

θ θ θ θ

θ θ

tan sec

tan tan

tan

2 2

2

2

1

1 aa c

x a x
a

ax c

tan

tan

θ +

= +( ) − +−1

 

 102.(c) log logx x a dx x x x a

x
x x a

x
x a

dx

+ +( ) = + +( )
−

+ +
+

+











∫

∫

2 2 2 2

2 2 2 2

1 1

== + +( ) −
+

= + +( ) − + +

∫x x x a x
x a

dx

x x x a x a c

log

log

2 2
2 2

2 2 2 2

 

 103.(c) log log .

log

x
x
dx x

x
x x

dx

x
x

1
1

2
1
2

1
1

1

2 1

3

2

2

2

+( )
=

+( )
−( )

+
+( )

=
−

+( )

−

∫ ∫

++
+( ) −
+( )

=
−

+( )
+

+( )
−

+( )








∫
1
2

1
1

2 1
1
2

1
1

1
1

2

2 2

x x
x x

dx

x
x x x x

.

log



∫ dx

 

  

=
−

+( )
+

+( ) −
+( )

−
+( )













=
−

+

∫
log

log

x
x

x x
x x x

dx

x
x

2 1
1
2

1
1

1
1

2 1

2 2

(( )
+ −

+
−

+( )












=
−

+( )
+

+
+

∫2 3

2

1
2

1 1
1

1
1

2 1
1
2 1

1

x x x
dx

x
x

x
x

log log
22

1
1

.
+

+
x
c

  

=
−

+( )
+

+( ) −
+( )

−
+( )













=
−

+

∫
log

log

x
x

x x
x x x

dx

x
x

2 1
1
2

1
1

1
1

2 1

2 2

(( )
+ −

+
−

+( )












=
−

+( )
+

+
+

∫2 3

2

1
2

1 1
1

1
1

2 1
1
2 1

1

x x x
dx

x
x

x
x

log log
22

1
1

.
+

+
x
c

 104.(a) Put x = tanθ ⇒ dx = sec2θdθ

  
∴ =

=

= − +

−

∫ ∫

∫

tan
tan

sec

cot cos

cot co

1

4 4
2

2 2

3

3
1
3

x
x

dx d

ec d

θ
θ

θ θ

θ θ θ θ

θ θ tt

cot cot cos

cot cot cos

2

2
2

3

3
1
3

1

1
3

1
3

θ θ

θ θ
θ θ θ

θ θ θ

d

ec d

e

∫

∫= − + −( )
= − + cc d d

c

x
x

2

3
2

1

1
3

1
3

1
3 2

1
3

3

θ θ θ θ

θ θ
θ

θ

−

= − − − +

= −

∫ ∫

−

cot

cot cot logsin

tan
33 2 2

2

1
6

1
3 1

1

− −
+









 +

∴ ( ) =
+

x
x
x

c

f x x
x

log

 

 105. log cosx tan

log cos tan

log

1
2

1
2

1

+( ) −





= +( ) −

=

∫

∫ ∫

x x dx

x dx x xdx

x ++( ) +
+

−

= +( ) + −

∫ ∫

∫

cos sin
cos

tan

log cos tan

x x x
x
dx x xdx

x x x x dx x

1 2

1
2

ttan

log cos

x dx

x x c
2

1

∫
= +( ) +

 



A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

complete solution  to 

363chapter - 29 IndefInIte Integral

JMMC RESEARCH  FOUNDATION PUBLICATION

in association with :  

 106.(b) cos log tan

log tan sin sin
sec .

tan

sin log

x x dx

x x x

x

x dx

x

2

2
2

1
2

2

2

∫

∫= −

= ttan .

sin log tan

x dx

x x x c

2
1

2

−

= − +

∫

 

 107.(b) e
x x x

x
dxxsin cos sin

cos

3

2

−( )
∫

 

  

= −( )
= ( ) − ( )
∫
∫ ∫

e x x x x dx

x e x dx e x x

x

x x

sin

sin sin

cos sec tan

cos sec tan ddx

xe e dx e x e x x dxx x x x= − − +∫ ∫sin sin sin sin. . sec .sec .cos .1

  = esinx(x − sec x) + c

 108.(c) Put 1

1
2

x x x
z

x x x
x x x x dx dz

x x
x

sin cos

sin cos
sin cos sin

cos
s

+
=

−

+( )
+ −( ) =

⇒
iin cosx x

dx dz
+( )

= −2

  

∴
+( )

= −

∴
+( )

=

∫

∫ ∫

x x
x x x

dx z

x
x x x

dx x
x

x x
x

cos
sin cos

sin cos cos
. cos

2

2

2 ssin cos

cos
cos sin

cos

c

x x
dx

x
x

z z x x x
x

dx

x

+( )

= −( ) − −( ) +







=
−

∫

2

2

oos sin cos
sec

cos sin cos
tan

x x x x
xdx

x
x x x x

x c

f x

+( )
+

=
−

+( )
+ +

∴ ( ) = −

∫ 2

xx
xcos 

 

 109.(b) cos log cos sin
cos sin

2x x x
x x

dx+
−







∫

   

=
+
−









−
−
+∫

sin log cos sin
cos sin

sin . cos sin
cos s

2
2

2
2

x x x
x x

x x x
x iin

.
cos sin

sin log cos sin
cos sin

sin

x x x
dx

x x x
x x

2

2
2

2−( )

=
+
−







 −

22
2

2
2 2

2

x
x
dx

x x x
x x

x c

cos
sin log cos sin

cos sin
logsec

∫

=
+
−







 −

1
+

 

 110.(c) Let I b x
a
dx bzaeh dz= 






 = ∫∫cos log cos 2

  [Put log x
a

z x ae dx ae dzz z= ⇒ = ⇒ = ]

    

  = α e bzdz aLx cos =∫   
  Where, 

L e bzdz e bz b e bzdz

e bz b e bz b e bz

z z z

z z z

= = +

= + −

∫∫ cos cos sin

cos sin cos ddz

e bz be bz b L

L e
b

bz b bz

I ae

z z

z

z

∫





= + −

∴ =
+

+( )

∴ =

cos sin

cos sin

2

21

11

1

2

2

+
+( )

=
+







 +










b

bz b bz

x
b

b x
a

b b x
a

cos sin

cos log sin log






 + c

  

L e bzdz e bz b e bzdz

e bz b e bz b e bz

z z z

z z z

= = +

= + −

∫∫ cos cos sin

cos sin cos ddz

e bz be bz b L

L e
b

bz b bz

I ae

z z

z

z

∫





= + −

∴ =
+

+( )

∴ =

cos sin

cos sin

2

21

11

1

2

2

+
+( )

=
+







 +










b

bz b bz

x
b

b x
a

b b x
a

cos sin

cos log sin log






 + c

 111.(d) x
x
dxlog∫ +






1 1

 

  =f(x)log (x + 1) + g(x) logx2 + lx + c

  

I x x x x dx

x x x
x
dx x x x

= +( ) − 

= +( ) −
+

− +

∫

∫

log log

log log

1

1
2

1
2 1 2 2

2 2 2

∫∫

∫ ∫= +( ) − −( ) −
+

− + +

dx

x x x dx dx
x

x x x c
2 2 2

2
1 1

2
1 1

2 1 2 4
log log

  =
x

x x x x c

f x x g x x l

2 2
2

2 2

1

2
1

4 2
1

2 2
1
2

−( )
+( ) − + +

∴ ( ) = − ( ) = − =

log log

, . 
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 112.(c) e x
x

dx e x x

x
dx

e
x

x

x

x x

x

1
1

1 2

1

1
1

2

1

2

2 2

2 2

2 2 2

−
+







 =

+ −

+( )

=
+

−
+( )



∫ ∫















=
+

+
+

















 =

+
+

∫

∫

dx

e
x

d
dx x

dx e
x

cx
x1

1
1

1 12 2 2

 

 113.(b) 
1

1
2 2

2
2

2

2

2−
+

=
−

∫ ∫− −sin
cos

cos sin

cos

/x
x
e dx

x x

x e dxx x

   

  = − +( )∫ sec sec tanz z z e dzz

  [Put − = ⇒ = −
x z dx dz
2

2 ]

  = − + ( )





= − +

= − +

∫
−

sec sec sec

sec

z d
dz

z e dz e z c

e x c

z z

x 2

2

 

 114.(a) [Given exp. is log log
log

x
x

dx( ) +
( )











∫

1
3

   
  x[f(x) − g(x)] + c]  

Put logx = z ⇒ x = ez ⇒ dx = ezdz

  

∴ ( ) +
( )













= +







= −

∫ ∫log log
log

log

log

x
x

dx z
z
e dz

z
z

z1 1

1

2 2







 + +


















= −





 + −

∫
1 1

1 1

2z z
e dz

e z
z

d
dz

z
z

z

z log log

















= −





 + = ( ) −







 +

∫ dz

e z
z

c x x
x

z log log log
log

1 1 cc

f x x g x
x

∴ ( ) = ( ) ( ) =log log
log

and 1

  

∴ ( ) +
( )













= +







= −

∫ ∫log log
log

log

log

x
x

dx z
z
e dz

z
z

z1 1

1

2 2







 + +


















= −





 + −

∫
1 1

1 1

2z z
e dz

e z
z

d
dz

z
z

z

z log log

















= −





 + = ( ) −







 +

∫ dz

e z
z

c x x
x

z log log log
log

1 1 cc

f x x g x
x

∴ ( ) = ( ) ( ) =log log
log

and 1

 115.(c) Put tan-1x = z i.e., x = tan z
   

∴
+

+ +( ) = + +( )
= +( )

−

∫∫
e
x

x x dx e z z dz

e z z

x
z

z

tan
tan tan

tan sec

1

1
1 12

2 2

2 ddz e z d
dz

z dz

e z c xe c

z

z x

= + ( )





= + = +

∫∫
−

tan tan

tan tan 1  

 116.(d) I e x
x x

dxx=
+

+
+( )















∫
1

1

12 2 3 2

   

  Let f x x
x

f x
x x

x
x

x
I e f x c ex

x

( ) =
+

⇒ ( ) =
+ −

+
+( )

=
+( )

∴ = ( ) + =

1

1
1

1

1

1

2

2
2

2

2

2 3 2

'

xx
x

c
1 2+

+

  
 

117. (c) e x x x x x x dx

e
x

ecx

ecx

cos

cos

cosec cos sin cos sin cos

cot co

3 2

2

+ + +( )
=

∫
ss cos

cot cos cos cot

coscos

ecx ec x

x ec x ecx x
dx

e ecx

+

+ +











=

∫
2

2

eecx x x x dx

e ec x ecx x dxecx

cot cot cosec

cos cos cotcos

+( )
+ +( )

∫
∫ 2

 

   

= − +( ) −
+







∫cos cot cos

cos cot
cos cosecx x e e ec x

ecx x
decx ecx

2
xx

e ec x ecx x dx c

e ecx x

ecx

ecx

+ +( ) +

= − +( ) +
∫ cos

cos

cos cos cot

cos cot

2

cc

 118.(a) In the interval (0, π), sinx is positive, therefore 
  (3x + 4)|sin x| = (3x + 4)sin x 
  \ The antiderivative of  (3x + 4)|sin x| is
  =∫ (3x + 4)sin xdx = −(3x + 4)cos x+ ∫ 3cosxdx
  =  −(3x + 4)cos x+ 3sinx + c

 119.(a)  ∫ uvʹʹdx=uvʹ − ∫ uʹvʹdx = uvʹ − [ vuʹ − ∫ vuʹʹdx]
   = uvʹ − vuʹ + ∫ uʹʹvdx. ∴ a = ∫ uʹʹvdx

120. (b) Put logx = z ⇒ x = ez ⇒ dx = ezdz
  ∴∫ [sin(logx) + cos(logx)]dx
  =∫ ez(sinz + cosz)dz
  = ezsinz + c = xsin(logx) + c
  
121. (c) ∫ (x − 1)e-xdx = −(x − 1)e-x  + ∫ I.e-xdx
  = −(x − 1)e-x − e-x + c = − xe-x + c

 122.(c) e x
x
dx e x x dx

e x

x x

x

1
1

1
2 2 2

2

2+
+







 = +








= +

∫∫
sin
cos

sec tan

tan dd x dx e x cxtan tan
2 2

















 = +∫

 

 123.(b) ∫ x3 f (x2)dx = ∫ x2 f (x2)xdx

  = ( )∫
1
2
zf z dz    [Putting x z xdx dz2 1

2
= ⇒ = ]
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= ( ) − ( )



 ( ) = ( )





= ( ) − ( )

=

∫ ∫

∫

1
2

1

1
2

1
2

zF z F z dz f x dx F x

zF z F z dz

. 

11
2

1
2

2 2 2 2x F x F x d x( ) − ( ) ( )∫

   
 

 124.(d) ∫ cot4 xdx = ∫ cot2 x(cosec2 x −  1)dx

   

= − − −( )
= − + + +

∴ ( ) = + ( ) =

∫
1
3

1

1
3

2

3 2

3

cot cosec

cot cot

.

x x dx

x x x c

f x x c f π ππ π2 2

0

+ = ( )
∴ = ( ) =

c

c f x x

given

hence,

 125. Put x t
x
dx dt= ∴ =

1
2

  

∴ = = − ( ) +





= − +( ) +

∫I t e dt t e r e e

x x e c

t t t t

x

2 2 2 2

2 4 4

2 2

 

 126.(a) I x
x
x
dx x xdx=

−( )
+( )

=∫ ∫
1 2
1 2

2cos
cos

tan
 

  

= − = − −

= − − +

∫ ∫∫x xdx xdx x x xdx x

x x x x c

sec tan .tan

tan logsec

2
2

2

1
2

2

 127.(a) I xdx x xdx= = ∫∫sec sec sec3 2

   

= − ( )





= −

∫∫sec tan sec . sec

sec tan sec tan .ta

x x d
dx

x xdx dx

x x x x

2

nn

sec tan sec sec

sec tan sec sec

xdx

x x x x dx

x x xdx xdx

∫
∫

∫∫

= − −( )
= − +

2

3

1

∴∴ = + ( ) +

∴ = +

∫

∫

2

1
2

1

3

3

sec sec tan log sec tan

sec sec tan

xdx x x x x c

xdx x x
22

log sec tanx x c+( ) +

 128.(b) I x x
x
x dx= ( )







 − +

− ∫tan .1
2

2

2

2
1

1 2

  

= −
+ −
+

= − −
+









=

−

−

∫

∫

1
2

1
2

1 1
1

1
2

1
2

1 1
1

2 1
2

2

2 1
2

x x x
x

dx

x x
x

dx

tan

tan

11
2

1
2

2 1 1x x x x ctan tan− −− −



 +

 
 

 129.(c) I x
n

x
n

x
x
dx

n
n=

+
−

+

+
+∫

1
1

1
1

1
1log .

  I x
n

x
n

x c
n

n=
+

−
+( )

+
+

+
1

2
1

1
1

1
log

   

=
+( )

+( ) −  +
+x

n
n x c

n 1

21
1 1log

 

130. (c) [If 
e
e

e
e

dx
x

x

x

x

4

2

2

2
1 1

1
− +

−









∫ log

  

  = −








 − −











u u u v v v2 2 2 2

2 4 2 4
log log , then find u, v]

  

I e e e e e e dx

e e e e

x x x x x x

x x x x

= −( ) +( ) − −( ){ }
= +( ) −( )

− − −

− −

∫ 2 2 log log

loog

log

e e dx

e e e e e e dx

I I I

x x

x x x x x x

+( )
− +( ) −( ) −( )
∴ = −

−

− − −

∫
∫

1 2

  Put  ex + e–x = u for I1 and ex − e–x = v for I2.
  ∴I = ∫ ulogudu − ∫ vlogvdv

  

= −








 − −









 +

u u u v v v c
2 2 2 2

2 4 2 4
log log

 131.(c) Put x = sinθ, dx = cosθdθ

  

I d d

d

= =

= −( ) − −( )

= − +

∫ ∫

∫

θ θ θ θ
θ

θ θ θ

θ θ θ θ

θ θ

sin .cos
cos

sin

cos cos

cos s

1

iin sinθ + = − − + +−c x x x c1 2 1

 132.(a)  Put x t= , so that 1
2 x

dx dt=

  \ I = ∫ (cost)2tdt = 2 ∫ tcostdt
  Intergrating by parts, we get
  I = 2[tsint − ∫ 1.sintdt]

  
= − +[ ] = +



 +2 2t t t x x x csin cos sin cos

 133.(d)  Put x = cosθ     ∴
−
+

=
1
1 2

2cos
cos

tanθ
θ

θ
and

  dx = − sinθdθ
  \ I = ∫ tan-1[tan(θ/2)] − sinθdθ

  

= − = − − +[ ]

= − −




+

∫
−

1
2

1
2

1
2

11 2

θ θ θ θ θ θsin cos sin

cos

d

x x x c
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 134.(b) I = ∫ ex f(x)dx + ∫ ex f ʹ(x)dx 
  Integrate 1st by parts

  

I f x e dx d
dx
f x e dx dx

e f x dx

f x e f x e

x x

x

x x

= ( ) − ( )





+ ( )
= ( ) − ( )

∫∫

∫ '

' ddx e f x dx

e f x c

x

x

+ ( )
= ( ) +

∫∫ '

 135.(a) I e
x
x

dxx=
+ −( )
+( )∫
1 1
1 2

  
=

+
+

−( )
+( )













=
+

+∫e x x
dx e

x
cx

x1
1

1
1 12

 136.(a) Put logx = t      ∴ x = et   and dx = etdt

  
∴ =

+( )
=

+
=

+
+∫I te

t
dt e

t
x
x
c

t t

1 1 12 log   
 137.(a) x = x + 2 − 2
  Now, ∫ ex[f(x) + f '(x)]dx = ex f(x)

  Where, f x
x

( ) =
+( )
1

2 2  

  

∴
+( )

=
+( )

+∫e
x

x
dx e

x
cx

x

2 23 2

 138.(a) I = I1 + I 2
  I1= ∫ f (x)g(x)dx 
  Put ∫ g(x)dx = g(x) as given
  ∴ I1 = f (x)g(x) − ∫ f ' (x)g(x)dx = f (x)g(x) − I2  

I1 + I2 = I = f (x)g(x) + c
 139.(c) I = ∫ sin2xlogcosxdx = ∫ 2sinxcosxlogcosxdx

  Put logcos sin
cos

sin cos . . cos
sin

cos

x z x
x
dx dz

I x x z x
x
dz

= ∴
−

=

∴ =
−

= −

∫2

2 2 xxzdz ze dz

z e e k

e z k x

z

z z

z

∫ ∫= −

= − + +

= −





 + = −

2

1
2

1
2

1
2

2

2 2

2 2

.

cos loggcos x k






+

 

140. (d) Putting x = − z, I = ∫ −ez(secz + secztanz)dz
   

  

∴ = − + ( )







= + = − +

∫
−

I e z d
dz

z

e z k e x k

x

x x

sec sec

sec sec

141. (b) ∫ ex(1 + tanx)secxdx
  = ∫ ex (secx + secxtanx)dx = ex secx +c
142. (a) ∫ xsinxsec 3xdx = ∫ x(tanxsec2x)dx
  

= −

= − −[ ] +

= −( ) +

∫
x x xdx

x x x x c

x x x x c

tan tan

tan tan

sec tan

2 2

2

2

2 2

2
1
2

2

 

143. (a) I x
x
dx=

+
−∫sin .1

2
2

1
    Let x = tanθ

  
2

1
2

1
2

2 2 2

2 2

1 1

x
x
I dx dx xdx
+

=
+

=

∴ = ( ) = =− −∫

tan
tan

sin

sin sin tan

θ
θ

θ

θ θ∫∫∫

∫= −
+







= − +( )




+

−

−

2 1
1

2 1
2

1

1
2

1 2

x x x
x
dx

x x x c

tan .

tan log

== − +( ) +−2 11 2x x x ctan log

 

 144.(c) I = ∫ sinxlog(secx + tanx)dx
  = − cosxlog(secx + tanx) − ∫ (−cosx)secxdx
  = − cosxlog(secx + tanx) + x + c
145. (c) I = ∫ [log(logx) + (logx)-2]dx
  Put logx = t ⇒ x ⇒ et ⇒ dx = et dt
  ∴ I = ∫ [log(t) + t−2]etdt
  

= + − +



∫e t

t t t
dtt log 1 1 1

2

  [On adding and subtracting 1/t]
  

= +





 − −








= − = ( ) −

∫∫e t
e
t t

dt

e e
t
x x

t t

t t

log

log . log log

1 1 1

1

2

xx
x
c

log
+

 

146. (b) ∫ ex [log(secx + tanx) + secx]dx
  = exlog(secx + tanx) + c

  As d
dx

x x x x x
x x

xlog sec tan sec tan sec
sec tan

sec+( ) = +
+

=
2

147.  [Correct answer is :

  x x x x ctan log tan− −− +( ) − ( ) +1 2 1 21
2

1 1
2

]
  

  Let tan

.tan . . sec

− = ⇒
+

=

∴ = = −( )∫∫

1
2

2 2
1

1

x t dx
x

dt

I t t dt t t dt
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= − − = + −

= ( ) +

∫

− −

t t tdt t t t t t

x x

tan tan tan logcos

tan tan tan log

2 2

1 1

2 2

11

1 2

1
2

1 1
2

2

1 2

1 2 1 2

+









 −

( )

= − +( ) − ( ) +

−

− −

x

x

x x x x

tan

tan log tan cc

 

 148.(b) x xdx x x x
x
dx3 1

4
1

4

24 4
1

1
tan tan .− −= −

+∫ ∫
   

= −
− +( )
+

= − − +
+







−

−

∫

∫

x x
x

x
dx

x x x
x

4
1

4

2

4
1 2

2

4
1
4

1 1

1

4
1
4

1 1
1

tan

tan ddx

x x x x x

x x x x

= − − +












= −( ) − +


− −

−

4
1

3
1

4 1
3

4
1
4 3

1
4

1
3

tan tan

tan









+ c

 149.(d) ∫ xsec2 xdx = xtanx − ∫ tanxdx
  = xtanx + logcosx + c
 150.(a) ∫ xsinxdx = x(− cosx) + ∫ cosxdx = − xcosx + sinx + c
  ∴ A = sinx + c

 151.(b) 1
2

2 2 2 2 2

x
x a dx x x a dxlog log+( ) = +( )∫ ∫ −

   

= − +( ) +
+( )

− ∫x x a
x

xdx
x a

1 2 2
2 2

1 2log  
  

= − +( ) + +− −x x a
a

x
a
c1 2 2 12log tan

 

152.(b) x xdx x x x
x
dxlog log .= − ∫∫

2 2

2 2
1

  

= − +
x x x c

2 2

2 4
log

 153.(d)  I e x dxx= +





∫ 2

2 4
sin π

   

  Let 
x t dx dt
2 4

1
2

+ = ⇒ =
π

  
  ∴ I = 2e −π/4 ∫ et sintdt

  
⇒ = −( ) =





= − + −

−

−

∫I e e t e tdt

e e t e t e

t t

t t t

2

2

4

4

π

π

/ cos cos

cos sin cos ttdt

e e t e t e tdt

I e e

t t t

t

∫
∫







⇒ − + −





⇒ = −

−

−

2

2 2 2

4

4

π

π

cos sin sin

coss sin

sin cos

sin cos

t e t

e t t

e t t

t

t

t

+





= −[ ]

= −







−

−

2

2 1
2

1
2

4

4

π

π 









= −

























= 





 =

e t

e x e

x

x x

2

2 2

2
4

2
2

2

sin

sin

π

ssin x �
2
+

   

 154.(a) u d v
dx
dx v d u

dx
dx

2

2

2

2∫ ∫−   

  
= − − + +

= − +

∫ ∫u dv
dx

du
dx
dv
dx
dx v du

dx
dv
dx
du
dx
dx c

u dv
dx

v du
dx

c

.

 
 155.(b)  I xdx= ∫sin

  Let x t
x
dx dt= ⇒ =

1
2

  
∴ = = −( ) +



 +

= − +[ ] + = −

∫∫I t tdt t t tdt c

t t t c x

2 2

2 2

sin cos cos

cos sin coos sinx x c+



 +

 

 156.(b) I x xdx x x dx= = +( )∫∫ cos cos2 21
2

1   

= +












= + −












=

∫

∫

1
2 2

2

1
2 2

2
2

2
2

1

2

2

x x xdx

x x x xdx

cos

sin sin

22 2
2

2
2

4

2x x x x c+ +











+

sin cos

 

 
 157.(d) ∫ log(x2  + x)dx = xlog(x2  + x) + A
  

⇒ +( ) − +( )
+

= +( ) +

⇒ −
+ + −( )
+

+

∫

∫

x x x
x x
x x

x x x x A

x
x

dx c

log log2
2

22 1

2 1 1 1
1

==

⇒ − −
+







 + =

⇒ − + +( ) + =

∫

A

x
dx c A

x x c A

2 1
1

2 1log
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158. (a)  ∫ ex [tanx − log(cosx)]dx
   = ∫ ex (−logcosx + tanx)dx
  = ex(−logcosx) = ex logsecx + c
  Since f (x) = − logcosx

  f ʹ(x) = − −( ) = 
1

cos
sin tan

x
x x

 159.(a) x xdx x x x
x
dxsin sin− −= −

−
∫∫ 1

2
1

2

22 2 1
  

  
= +

− −

−

= + − −
−











−

−

∫
x x x

x
dx

x x x
x

d

2
1

2

2

2
1 2

2

2
1
2

1 1

1

2
1
2

1 1

1

sin

sin xx

x x x x x x

x x x

∫

= + − + −





= +

− − −

−

2
1 2 1 1

2
1

2
1
2 2

1 1
2

2 4
1

sin sin sin

sin −− − +−x x c2 11
4

sin

 

 160.(b) I x
x
dx= ∫

log
3 . Let

   
  logx = t ⇒ x = et ⇒ dx = etdt
  

∴ = = =
−

+

= − − + = −

−
−

−

−
−

∫∫ ∫I te dt
e

te dt te e dt

e e c

t

t
t

t
t

t
t

3
2

2
2

2
2

2
1
2

1
2 4

1
22 4

4
2 1

2
2

2

log .

log

x x x c

x x c

−
−

−

− +

= − +[ ] +

 

 161.(c) d
dx

f x x x x( )  = +cos sin
   
  ⇒ f (x) = ∫ (xcosx + sinx)dx
  = xsinx − ∫ sinxdx + ∫ sinxdx
  ∴ f (x) = xsinx + c      and
  2 = f (0) ⇒ 2 = 0sin0 + c ⇒ c = 2

 162.(b) e x
x

dx e
x x

x
x−( )

+( )
=

+( )
−

+( )










∫ ∫

1
1

1
1

2
13 2 3

  
=

+( )
+e

x
cx 1

1 2

  Since 
d
dx x x

1
1

2
12 3+( )












=

−

+( )

 

 163.(d) I x xdx x x dx= = −( )∫ ∫2
2

1
2

1 2
2sin cos

  = −












= − −











+

∫
1
2 2

2

1
2 2

2
2

2
4

2

2

x x xdx

x x x x c

cos

sin cos
 

 164.(a)  ∫ ex sinx(sinx + 2cosx)dx
  = ∫ ex (sin2x + 2sinxcosx)dx = ex sin2x + c 

 165.(b) 
x x

x
dx x x dx x dx+

+
= +∫ ∫∫

sin
cos

sec tan
1

1
2 2 2

2

  
= − + = +∫ ∫x x xdx x dx x x ctan tan tan tan

2 2 2 2
 

 166.(a) I x dx x x x
x

dx= +( ) = +( ) = + −
+







∫ ∫log log1 1 1 1

1

  
= +( ) − + +( ) +
= +( ) +( ) − +

x x x x c

x x x c

log log

log

1 1

1 1
 
 

167. (d) I x
x
dx=

−
−∫ tan 1

2
2

1   
  Let x = tanθ ⇒ dx = sec2θdθ
  ∴ = = −



 +

= +



 +

=

∫∫
−

I d d c

x x c

2 2

2

2

1

θ θ θ θ θ θ θ

θ

sec tan tan

tan logcos

22 1

1

2 1

1
2

1 2

x x
x

c

x x x c

tan log

tan log

−

−

+
+












+

= − +( ) +

 

 168.(c) I = ∫ x3ex2dx = ∫ x3ex2xdx
  Let x2 = z ⇒ 2xdx = dz
  

I ze dz e z e c e x c
z

z z x= = −



 + = −( ) +∫ 2

1
2

1
2

1
2 2.

 
 

 169.(b)  x dx x
x

x x dx2 32
2

2
2 2

2
sin

cos cos
=

−( ) +∫ ∫
  

= + + +
x x x x x c

2

2
2 2

2
2

4
cos sin cos

 

 
 170.(c) f (x) = g(x)
  ∴ ∫ f ʹ(x)g(x)dx = g(x)f (x) − ∫ gʹ(x) f (x)dx
  

= ( )  − ′( ) ( ) = ( )  −
( )  +

= ( ) 

∫f x f x f x dx f x
f x

c

f x

2 2
2

2

2
1
2

++ = ( )  +c f x c1
2

2
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 171.(a) ∫ xsec2xdx = xtanx − ∫ tanx + c
  = xtanx + logcosx + c
 

 172.(a) I x

x
dx=

−( )
−

∫
sin 1

2 3 2
1

  Let sin− = ⇒
−

=1
2

1

1
x

x
dx dθ θ

  
  

∴ =
−( ) =

= + +

=
−

+

∫∫

−

I d d

c

x x
x

θ θ
θ

θ θ θ

θ θ θ

1

1

2
2

1
2

sin
sec

tan logcos

sin . logg 1 2− +x c

 

 173.(b) Let I
x x x

x
dx=

+ +( ) −



∫

2 2

4

1 1 2log log

  
= + +






∫ 1 1 1 1 1

2 2 3x x x
dxlog . 

  Putting 1 1 2
2 3+ =

−
=

x
t

x
dx dtand , we get

  

I t tdt t t
t
t dt= − = −









 −













=

∫∫
1
2

1
2 3 2

2
3

13 2
3 2log log .

/

−− − 














+

= − +

1
2

2
3

2
3

2
3

1
3

2
9

3 2 3 2

3 2 3 2

log . .

log

/ /

/ /

t t t c

t t t ++

= − +





 +






 −









 +

c

x x
c1

3
1 1 1 1 2

32

3 2

2

/

log

 

 

 174.(a) x x
x
dx x x

x
dxtan tan .

−
−

−
=

+
∫∫

1

2
1

21

1
2

2

1
  

= + −
+

+





= + −
+

−

−

∫
1
2

2 1 1
1

2 1

1
2

2 1 2 1

1

1 2
2

2

2 1
2

tan .

tan

x x
x

x dx

x x
x
dx∫∫













= + − + +( ) +−1 12 1 2x x x x ctan log

 

   
  Hence, f (x) = tan-1x and A = − 1

 175.(d) x
x
dx x x dx x xdxlog log log1 1 1+






 = +( ) −∫ ∫∫

   

= +( ) −
+

− +

= +( ) − −

∫ ∫
x x x

x
dx x x x

x
dx

x x x

2 2 2 2

2
2

1 1
2 1 2

1
2

2
1 1

2
1

log log

log ++
+









− +

= +( ) − − −




∫
1

1

2
1
4

2
1

2
1
2 2

2
2

2 2 2

x
dx

x x x

x x x x x x

log

log log 





− +( ) + +

= +( ) − − +( ) +

1
2

1
4

2
1

2
1
2

1 1

2

2 2

log ]

log log log

x x c

x x x x x
22
x c+

 

 

  Hence, f x x g x x A( ) = − ( ) = − =
2

2
1
2

1
2

1
2

, log ,

 176.(b) Let I x e
e
dx

x

z
=

+
∫

1
  Putting 1 + ex = t2    i.e., x = log(t2 − 1), we get

  I t dt t t t
t

dt

t t

= −( ) = −( ) −
−













= −( )

∫ ∫2 1 2 1 2
1

2 1

2 2
2

2

2

log log

log −− +
−



















= −( ) − −
−
+













∫2 1 1
1

2 1 2 1
1

2

2

t
dt

t t t t
t

log log



 +

= + − + −
+ −

+ +












+

c

x e e e
e

cx x
x

x
2 1 4 1 2 1 1

1 1
log

 

   
  Hence, f (x) = 2x − 4 = 2(x − 2) and 

  

g x e
e

x

x
( ) = + −

+ +

1 1

1 1

 177.(a) Let I x x dx= − + +( )∫ log 1 1
  

I x x x

x
x
x x

xdx

= − + +( )

−
−

−
−











∫

log

.

1 1

1
2

1

1

1 1
2

2
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= − + +( ) − −

−











= − + +( ) − +

∫x x x
x
dx

x x x x

log

log sin

1 1 1
2

1 1

1

1 1
2

1
2

2

−− +

∴ ( ) = − + +( ) = − =

1

1 1 1
2

1
2

x c

f x x x A Blog , ,

 

 178.(c) ∫ esecx sec3 x(sin2 + cosx + sinx + sinxcosx)dx
  = ∫ esecx (tan2xsecx + sec2x + tanxsec2x + tanxsecx)dx
  = ∫ esecx[secxtanx](secx + tanx)dx 
   + ∫ esecx(secxtanx + sec2x)dx
  = (secx + tanx)esecx − ∫ (secxtanx + sec2x)esecxdx
  + ∫ esecx(secxtanx + sec2x)dx
  = esecx(secx + tanx) + c

 179.(d) I = ∫ x3(logx)2dx
  

= ( ) − ( )

= ( ) −

=

∫

∫

1
4

1
4

2 1

1
4

1
2

1
4

4 2 4

4 2 3

x x x x x dx

x x x xdx

x

log . log

log log

44 2 4 4

4 2 4

1
2

1
4

1
4

1

1
4

1
8

log log

log log

x x x x x dx

x x x

( ) − − ( )





= ( ) −

∫

xx x dx

x x x x x c

x x

+

= ( ) − + +

= ( ) −

∫
1
8

1
4

1
8

1
32

1
32

8 4

3

4 2 4 4

4 2

log log

log log xx c+



 +1

 

 180.(a) I xdx x x d
dx

x dx dx= = − ( )







− − −∫ ∫∫tan tan tan1 1 1

  

  

= −
+

= −
+

= − +( )

−

−

−

∫

∫

x x
x
xdx

x x x
x
dx

x x x

tan

tan

tan log

1
2

1
2

1 3

1
1

1
2

2
1

1
2

1 ++ c

 

 181.(a) I = ∫ 2xsinxdx

  = − ( )







= − +

= −

∫∫∫

∫

2 2

2 2 2

x x

x x

xdx d
dx

xdx dx

x xdx

sin sin

cos log cos

22

2 2 2

2

x

x x

x

x

xdx d
dx

xdx dx

cos

log cos cos

cos

+ − ( )

















= −

∫∫∫

xx x I

I x x

x

x

+ − ( )
⇒ + ( ){ } = ( ) −

log . sin log .

log log . sin cos

2 2 2

1 2 2 2

2

2 

=
( ) − 
+ ( )

+I
x x

cx2
2

1 2 2
log sin cos

log

 

 182.(d) Let I e xdx
x

x=
+( )∫ 3

33 2

  Put 3 1
3

3x t x dx dt= ⇒ = ∴ =.

  

∴ =
+( )

=
+ −

+( )

= ( ) + ′( ) 

∫∫

∫

I e tdt
t

e t
t

dt

e f t f t dt

t t

t

1
9 2

1
9

2 2
2

1
9

3 3

,, where f t
t

e f t c e
x

ct x

( ) =
+( )

= ( ) + =
+( )

+

1
2

1
9

1
9

1
3 2

3

3
2

  

∴ =
+( )

=
+ −

+( )

= ( ) + ′( ) 

∫∫

∫

I e tdt
t

e t
t

dt

e f t f t dt

t t

t

1
9 2

1
9

2 2
2

1
9

3 3

,, where f t
t

e f t c e
x

ct x

( ) =
+( )

= ( ) + =
+( )

+

1
2

1
9

1
9

1
3 2

3

3
2

 

 183.(a) We know, ∫ ex[f (x) − f ʹ(x)]dx = ex f (x) + c
  

∴
+ −

−( ) −

=
−
−

+
−( ) −



−

−

∫e
nx x
x x

dx

e x
x

nx
x x

x
n n

n n

x
n

n

n

n n

1

1 1

1
1 1 1

1 2

2

2 1

2










=
−
−

+

∫ dx

e x
x

cx
n

n
1
1

2

 

 184.(c) I x x
x x x

x xdx=
+( )∫

cos
sin cos

sec2
 

  
=

−
+

−
+( )

+( )

= −

∫
x x

x x x
x x x x
x x x

dx

x x
x

sec
sin cos

sec tan sec
sin cos

sec
siin cos

sec sin cos
sin cosx x
x x x
x x x

dx
+

+
+( )

+( )∫
2

 

  
=

−
+( )

+ ∫
x x

x x x
xdxsec

sin cos
sec2
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=
−

+
+ + =

−
+

+ +

=

x x
x x x

x c x x
x x x

x
x
c

x

sec
sin cos

tan sec
sin cos

sin
cos

sin2 xx x x x
x x x x

c

x x x x
x x x

+ −
+( )

+

=
−
+

sin cos
cos sin cos

sin cos cos
cos sin c

2

oos
cos sin cos
cos sin cos

sin cos
sin

x
c

x x x x
x x x x

c

x x x
x

( )
+ =

−( )
+( )

+

=
−
xx x

c
+

+
cos

 

 185.(b) e x
x

dx e x
x

dxx x∫ ∫
+
+







 =

+ −
+







2
4

4 2
4

2 2

  

= −
+

+
+( )













= −
+

−
+( )













∫e x x
dx

e dx e
x x

d

x

x x

1 4
4

4
4

4 1
4

1
4

2

2 xx

e e
x

cx x

∫∫

= −
+

+4 1
4

.

 

 186.(a) x xdx x xdx d
dx

x xdx dxcos cos cos= − ( )





∫∫∫∫

   
  = xsinx − ∫ sinxdx = xsinx + cosx + c
 187.(c) ∫ x2exdx = x2ex − 2∫ xexdx

  = x2ex − 2[xex − ∫ exdx] = x2ex − 2xex + 2ex + c

  = ex (x2 − 2x + 2) + c

188. (b) log log log .xdx x dx d
dx

x dx dx= − ( )



∫∫∫∫   

  
= − = − + = −( ) +∫x x

x
dx x x x c x x clog log log1 1

 189.(c) ∫ ex(1 + x)log(xex)dx

  Put xex = z, then ex (1 + x)dx = dz

  \ I = ∫ logzdz = z(logz − 1) = xex{log(xex)− 1} + c
 

 190.(a) Since sin cos− −+ =1 1 2x x π , we have

   

I x x dx

x dx

x x x

= −( )
= −








= −

− −

−

−

∫

∫

2

2 2
2

4 1
2

1 1

1

1

π

π
π

π

sin cos

sin

sin
11

4 1
2

1
2

2

1 2

−












−

= −





 + −









 − +

∴ =

∫

−

x
dx x

x x x x x c

I

π

π

sin

22 1 1 2x x x x x c−( ) + −{ }− +−sin

   

 191.(d) e
x

x x dx e x
x
dx

x
x1 1

+( ) = +





∫∫ log log

  Now e xdx e x e
x
dxx x xlog log .= − ∫∫

1

  transposing e x
x
dx e x cx xlog log+






 = +∫

1

 192.(a) e x x
x

dxx 1 1

1

2 1

2

− +

−

−

∫
sin

  

= +
−

= −
−













+

−

−

∫∫

∫∫

e x e
x
dx

x e dx
x

e dx dx e dx

x
x

x x
x

sin

sin

1
2

1
2

1

1

1 11

1 1

3

1
2 2

1

−

= −
−

+
−

= +

∫∫

∫∫−

−

x

e x e
x
dx e

x
dx

e x c

x
x x

x

sin

sin
 
 193.(d) ∫ cot4 xdx = ∫ cot2 x(cosec2 x − 1)dx
  = ∫ − cot2 xd(cotx) – ∫ (cosec2 x − 1)dx
  = − 1/3 cot3 x + cot x + x + c

  

∴ ( ) = − + + + + −

= + ∴ ( ) = + =

φ

φ π
π π

x x x x c x x

x c c

1
3

1
3

2
2 2

3 3cot cot cot cot

givenn( )⇒ =

∴ ( ) =

c

x x

0

φ
 

 194.(a) ∫ tan4 xdx = ∫ tan2 x(sec2 x − 1)dx

  = ∫ tan2 xd(tan x) − ∫ (sec2 x − 1)dx

  = 1/3 tan3 x − tan x + x + c

  So atan3 x + btanx + φ(x) = 1/3tan3 x − tanx + x + c

  \ a = 1/3

 195.(b) 
sin

sin cos
x

x x
dx

−∫
   

I
x x x x

x x
dx

x

=
−( ) + +( )

−










=
−

∫
1
2

1
2

sin cos cos sin
sin cos

sin cos
sinn cos

cos sin
sin cos

sin cos
x x

dx x x
x x

dx

dx
d x x

−
+

+
−







= +
−(

∫∫
1
2

1
2

))
−

= + − +

∫∫ sin cos

log sin cos

x x
dx

x x x c
2

1
2

 
 

 196.(b) Write Nr  = I(Dr) + m(d.c of Dr)

  Let 3sinx + 2cosx

  = I(3cosx + 2sinx) + m(−3sinx + 2cosx)

  Comparing coefficients of sinx and cosx on both sides,
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  3 = 2l − 3m, 2 = 3l + 2m.

  Solving we get, l = 12/13, m = −5/13.

  ∴ = +
− +

+∫∫I l dx m x x
x x

dx3 2
3 2

sin cos
cos sin

  = lx + mlog(3cosx + 2sinx) + c

 197.(d) I dx
x x

=
+ ( ) ( ) 

∫ 4 5 2 2 2sin cos

  Divide above and below by cos2(x/2)
  

I
x dx

x x
= ( )

+ ( )



 + ( )∫

sec
tan tan

2

2
2

4 1 2 10 2

   
  Put tan(x/2) = t. ∴ 1⁄2sec2(x/2)dx = dt

  
I dt

t t
=

− +
( )∫

2
4 10 4

12
........................

  

=
+ +

=

+( ) − 







=
( )

+( ) −

∫ ∫
2
4 5 2 1

1 2
5 4 3

4
1
2

1
2 3 4

5 4 3

2
2

2
dt

t t
dt

t

t
. log

44
5 4 3 4

1
3

2 2 1
2 2 2

1
3

2 2 1
2

t

x
x

x

+( ) +

= ( ) +
( ) + 

= ( ) +log
tan
tan

log
tan
ttan x

c
2 4+

+

 

 198.(c) D x x xr = +2
2

4 2 22cos sin cos

  Now divide above and below by cos2  x⁄2 and put tan x⁄2 = z

  

dx
x x

dx
x x x

x dx

x

1 2 4
2 2

2
2

1
2

2
2

2
1

2

2

+ +
=

+

=
+

∫ ∫

∫

sin cos sin cos cos

sec

tan

==
+

= =





= + + =

∫
dz
z

x z dz x dx

z c

2 1 2
1
2 2

1
2

2 1 1
2

2

2tan , sec

log log tan xx c

x c

2
1

1
2

1 2
2

+ +

= + 





 +log tan

   

dx
x x

dx
x x x

x dx

x

1 2 4
2 2

2
2

1
2

2
2

2
1

2

2

+ +
=

+

=
+

∫ ∫

∫

sin cos sin cos cos

sec

tan

==
+

= =





= + + =

∫
dz
z

x z dz x dx

z c

2 1 2
1
2 2

1
2

2 1 1
2

2

2tan , sec

log log tan xx c

x c

2
1

1
2

1 2
2

+ +

= + 





 +log tan

 
 

 199.(a) dx
x xsin cos4 4+∫ . Dividing above and below by

  cos4x, we have I
x x

x
dx=

+( )
+∫

1

1

2 2

4

tan sec

tan   
  Now put tanx = t ⇒ sec2 xdx = dt

  

I t
t
dt

t

t

dt=
+
+

=
+( )
−






 +

∫ ∫
1
1

1 1

1 1 1

2

4

2

2

  Now put t
t
z

t
dt dz− = ⇒ +






 =

1 1 1
2

  
∴ =

+
= = −






∫ − −I dz

z
z

t2
1 1

1
1 1tan tan

  I = tan-1(tanx − cotx).    \ f (x) = tanx − cotx and

  
f π

4
1 1 0






 = − =

 200.(a) I xdx
x

x t xdx dt=
+

= ⇒ =∫
sec

tan
, tan sec

6

6
2

1

  

∴ =
+( )

+( ) + −( ) =
+( )
+ −( )

=
+( )

∫ ∫I
t dt

t t t

t dt

t t

I
t dt

1

1 1

1

1

1 1

2 2

2 4 2

2

4 2

2

tt
t

t
t
z

I dz

t
t

dz
z

I

2
2

2 2

1 1

1

1 2 1
1

+ −
− =





=

−





 + −

=
+

=

∫

∫ ∫

Put

tan−− − −= −( ) = −( ) +1 1 11z t t x x ctan tan tan cot

 
 201.(a) I = ∫ sec3 xdx = ∫ secx. sec2 xdx

  

= − ( )





= −

∫∫sec .tan sec . sec

sec tan sec tan .t

x x d
dx

x xdx dx

x x x x

2

aan

sec tan sec sec

sec sec tan log s

xdx

x x xdx xdx

xdx x x

∫
∫∫= − +

∴ = +

3

32 1
2

eec tan

sec sec tan log sec tan

tan se

x x

xdx x x x x

x

+( )

∴ = + +( )

=

∫

∫ 3 1 2 1
2

1
2

cc log tan secx x x+ +( ) 

  = secxtanx – ∫ secx(sec2x – 1)dx

  

= − ( )





= −

∫∫sec .tan sec . sec

sec tan sec tan .t

x x d
dx

x xdx dx

x x x x

2

aan

sec tan sec sec

sec sec tan log s

xdx

x x xdx xdx

xdx x x

∫
∫∫= − +

∴ = +

3

32 1
2

eec tan

sec sec tan log sec tan

tan se

x x

xdx x x x x

x

+( )

∴ = + +( )

=

∫

∫ 3 1 2 1
2

1
2

cc log tan secx x x+ +( )   

= − ( )





= −

∫∫sec .tan sec . sec

sec tan sec tan .t

x x d
dx

x xdx dx

x x x x

2

aan

sec tan sec sec

sec sec tan log s

xdx

x x xdx xdx

xdx x x

∫
∫∫= − +

∴ = +

3

32 1
2

eec tan

sec sec tan log sec tan

tan se

x x

xdx x x x x

x

+( )

∴ = + +( )

=

∫

∫ 3 1 2 1
2

1
2

cc log tan secx x x+ +( )  + c
   

 202.(c) I
x x

dx=
+ +∫

1
1 2sin cos

 
  

=
+ + −

=
+ −

∫

∫

1
1 4 2 2 1 2 2

2
2 2 4 2 2 2

2

2

2 2

sin cos sin

sec
sec tan tan

x x x
dx

x
x x x

ddx

x
x x x

dx

x
x
dx

=
+( ) + −

=
+

∫

∫

sec
tan tan tan

sec
tan

2

2 2

2

2
2 1 2 4 2 2 2

2
2 4 2
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  Put tan sec .

log

log ta

x t x dx dt

I dt
t

t c

2 2 1
2

2
2 4

1
2

1 2

1
2

1 2

2= ⇒ =

∴ =
+

= +( ) +

= +

∫

nn x c2( ) +

 
 

 203. [Correct answer is, x x ctan
2

+ ]
  x x

x
dx x x x

x
dx

x x x

+
+

=
+

= +



∫ ∫
sin
cos

sin cos
cos

sec tan

1
2 2 2
2 2

1
2

2 2

2

2 

∫ dx

 

  = − + = +∫∫x x x dx x dx x x ctan tan tan tan2 2 2 2
 

 204.(a) I dx
x

dx
x x

xdx
x x

=
+( ) = +( )

=
+( )

=

∫ ∫

∫

sin sin sin cos

sin
sin cos

s

2

2

2 1 2

1 2
iin

cos cos
xdx

x x1 1 22−( ) +( )∫

  (Put cosx = t ⇒ −sinxdx = dt)

   

∴ =
−

−( ) +( )
= −

+( ) −( ) +( )

= −
−( )

+
+( )

∫ ∫I dt
t t t t t

dt

t t

1 1 2
1

1 2 1 1

1
6 1

1
2 1

2

∫∫ −
+( )

= −( ) + +( ) − +( )

= −

4
3 1 2

1
6

1 1 2 1 2 3 1 2

1
6

1

t
dt

t t tlog log log

log cos xx x x c( ) + +( ) − +( ) +1
2

1 2 3 1 2log cos log cos
 

 205.(d) I dx
x x

x dx
x x

x dx

=
+

=
+

=
+

∫ ∫5 8 2 2
2

5 2 8 2

2
5 5

2

2

2

2

sin cos
sec

sec tan

sec
tan xx x2 8 2+∫ tan

  Put tan sec .x t x dx dt2 2 1
2

2= ⇒ =
  

  ∴ I dt
t t

dt

t t

dt

t t
dt

t

=
+ +

=
+ +

=
+ + +

=
+

∫ ∫

∫

2
5 8 5

2 5 8
5

1

2
5 8

5
16
25

9
25

2
5 4 5

2 2

2 (( ) + ( )

=
+

=
+

=
+

∫

− −

−

2 2

1 1

1

3 5

2
5

5
3

4 5
3 5

2
3

5 4
3

2 3 5 2 4

. .tan tan

tan tan

t t

x
33

+ c

 

 206. [Correct answer is, tan-1(tan2 x) + c]

  

sin
sin cos

2
4 4

x
x x

dx
+∫

  Dividing Nr and Dr by cos4 x.

  
I x x x

x
dx x x

x
dx=

+
=

+∫ ∫
2

1
2

1

4

4

2

4
sin cos sec

tan
tan sec

tan
  Let tan2x = t ⇒ 2tanxsec2xdx = dt

  
∴ =

+
= = ( ) +∫ − −I dt

t
t x c

1 2
1 1 2tan tan tan

 

 207.(c) I
x
dx

x
x

dx

x dx

=
+

=
+

−
+











=
+

∫ ∫
1

5 4
1

5 4 1 2
1 2

2
9

2

2

2

cos tan
tan

sec
tann2 2x∫

  Let tan sec .x t x dx dt2 2 1
2

2= ⇒ =
  

∴ =
+

= ( )

= ( )







 +

∫ −

−

I dt
t

t

x
c

2
3

2 1
3

3

2 3
2

3

2 2
1

1

. tan

tan
tan

   
 
   

∴ =
+

= ( )

= ( )







 +

∫ −

−

I dt
t

t

x
c

2
3

2 1
3

3

2 3
2

3

2 2
1

1

. tan

tan
tan

 

 208. 1
1

1
1 2

1
2

4
2

4 22

+
=

+ −( )

= −





 = − −(

∫ ∫

∫

sin cos

sec tan

x
dx

x
dx

x dx x

π

π π )) +

= −( ) +
∴ −( ) + = +( ) +
⇒ = − = =

c

x c

x c x a b
a b c

tan

tan
,

2 4

2 4 2
4

π

π

π constant

 

 209.(c) dx
x x

xdx
x4 5 5 42 2

2

2sin cos
sec

tan+
=

+∫ ∫
   

=
+

= 





 +

=

∫ −

−

1
4 5 4

1
4

2
5

2
5

1
2 5

2

2

2
1

1

sec
tan

.tan tan

tan tan

xdx
x

x c

x
55







 + c

 
 

 210.(a) 1
1+ +∫ sin cosx x

dx

  Writing sin tan
tan

x x
x

=
+
2 2

1 22 and

  cos tan
tan

x x
x

=
−
+

1 2
1 2

2

2
,we have,
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I
x x

dx

x
x

x
x

dx

=
+ +

=
+

+
+

−
+

=
+

∫

∫

1
1

1

1 2 2
1 2

1 2
1 2

1

2

2

2

sin cos

tan
tan

tan
tan

ttan
tan tan tan

sec
tan

2

2 2

2

2
1 2 2 2 1 2

2
2 2 2

x
x x x

dx

x
x
dx

+ + + −

=
+

∫

∫

  Put tan , , secx t x dx dt
2

1
2

22= =so that
   
  or, sec2 x/2dx = 2dt
   

∴ =
+

=
+

= + +

= +( ) +
∫∫I dt

t t
dt t c

x c

2
2 2

1
1

1

2 1

log

log tan

 
 

 211.(b) I
x
dx=

+∫
1

2 cos
  Putting

  

cos tan
tan

x x
x

=
−
+

1 2
1 2

2

2
 

  We get, I
x
x

dx=
+

−
+

∫
1

2 1 2
1 2

2

2
tan
tan

 

  

=
+

+( ) + −∫
1 2

2 1 2 1 2

2

2 2
tan

tan tan
x

x x
dx

  =
+∫

sec
tan

2

2
2

2 3
x
x

dx .    Put tan x/2 = t  so that
  

  1 2 22( ) ( ) =sec x dt    or, sec2 2 2x dx dt( ) =
   

∴ =
+

=
+ ( )

= 





 +

= 



∫ ∫ −

−

I dt
t

dt

t
c

x

2
3

2
3

2
3

1
3

2
3

2
3

2 2 2
1

1

tan

tan tan 

 + c

 
 

 212. (b) I x
x x

dx=
+
+( )∫

1
1
sin

sin cos

  Putting sin tan
tan

x x
x

=
+
2 2

1 22  and cos tan
tan

x x
x

=
−
+

1 2
1 2

2

2
   

  We get, I

x
x

x
x

x
x

=
+

+

+
+

−
+











1 2 2
1 2

2 2
1 2

1 1 2
1 2

2

2

2

2

tan
tan

tan
tan

tan
tan

∫∫ dx

   

  
=

+ +( ) +( )
+ + −( )

=

∫
1 2 2 2 1 2

2 2 1 2 1 2

1

2 2

2 2

tan tan tan

tan tan tan

x x x

x x x
dx

++( )
∫

tan sec
tan
x x dx

x
2 2

4 2

2 2

 

  

  Put tan x t
2

= , so that 1/2 sec2(x/2)dx = dt
   
  or, sec2 (x/2)dx = dt
   

∴ =
+( ) =

+ +

= + +





 = + +

∫ ∫I
t
t

dt t t
t

dt

t
t dt t t

1
4

2 1
2

1 2

1
2

1 2 1
2

2

2 2

2log 22

1
2

2 2
2

2 2
2

t c

x x x c





 +

= + +











+

∫

log tan tan tan
 

 

 213.(c) Let I
x
dx=

−∫
1

1 2sin

  Putting sin tan
tan

x x
x

=
+
2 2

1 22 , we get,
  

  

I x
x

dx x
x x dx

x

=
−

+

=
+

+ −

=
+

∫ ∫
1

1 4 2
1 2

1 2
1 2 4 2

2
1

2

2

2

2

tan
tan

tan
tan tan

sec
ttan tan2 2 4 2x x

dx
−∫

  Put tanx/2 = t, so that 1 
2 sec2(x/2)dx = dt.

  or, sec2(x/2)dx = 2dt

  

∴ =
+ −

=
− + − +

=
−( ) − ( )

=
−

∫ ∫

∫

I dt
t t

dt
t t

dt

t

t

2
1 4

2
4 4 4 1

2
2 3

2 1
2 3

2

2 2

2 2

. log −−
− +

+

=
− −
− +

+

3
2 3

1
3

2 2 3
2 2 3

t
c

x
x

clog tan
tan

   
 214. [Correct answer is :

  
12
13

5
13

3 2x x x c− + +log cos sin ]

  Let I x x
x x

dx=
+
+

3 2
3 2

sin cos
cos sin

  Let 3sinx + 2cosx
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= +( ) + +( )

= − +( ) +

λ µ

λ µ

. cos sin cos sin

. sin cos cos

d
dx

x x x x

x x x

3 2 3 2

3 2 3 ++( )2sin x
  
  Comparing the coefficients of sinx and cosx on both sides,
  we get, −3λ + 2μ = 3 and 2λ + 3μ = 2.
  ⇒ λ = −5/13 and μ = 12/13
  

∴
+( ) − − +( )

+

=

∫
12 13 3 2 5 13 3 2

3 2
12
13

1

cos sin sin cos
cos sin

.

x x x x
x x

dx

dxx x x
x x

dx

x x x

. sin cos
cos sin

log cos sin

−
− +

+

= − +

∫∫
5

13
3 2

3 2
12
13

5
13

3 2 ++ c

   

 
 

 215.(b) Let I
x
dx x

x x
dx=

+
=

+∫ ∫
1

1 tan
cos

cos sin
 

  Let cos . cos sin cos sinx d
dx

x x x x= +( ) + +( )λ µ

  Then, cosx = λ(− sinx + cosx) + μ(sinx + cosx )
  Comparing the coefficients of sinx and cosx on
  both sides,we get, −λ + μ = 0 and λ + μ =1,

  

⇒ = = ∴ =
+

=
− +( ) + +( )

∫λ µ 1 2

1 2 1 2

. cos
cos sin

sin cos cos sin
co

I x
x x

dx

x x x x
ss sin

sin cos
cos sin

cos sin
cos sin

x x
x x
x x

dx x x
x x

dx

+

=
− +

+
+

+
+

∫

∫ ∫1 2 1 2

== + + +1 2 1 2x x x clog sin cos

 216.(b) 
dx

x ecx
dx

x x
sec cos

cos sin
+

=
+

∫ ∫ 1 1

   

=
+

=
+( ) −
+∫ ∫

1
2

2 1
2

12sin cos
sin cos

sin cos
sin cos

x x
x x

dx
x x
x x

 

  

= +( ) −
+

= − +( ) −
+

∫ ∫
1
2

1
2

1
2

1
2 2

sin cos
sin cos

cos sin
sin

x x dx dx
x x

x x dx
x ππ

π

4

1
2

1
2 2

2
8

( )

= −( ) − +





 +

∫

sin cos log tanx x x c

  \ f (x) = sinx − cosx  and g(x)  = log tan
x
2 8
+








π

 217.(b) cos cos
cos

sin cos cos
sin sin

s

5 4

1 2 3
3 5 4

3 6

2

x x
x
dx

x x x
x x

dx+
−

=
+( )

−

=

∫ ∫

iin cos cos cos

cos sin

co

3
2

2
2

2 9
2

2

2 9
2

3
2

2

x x x x

x x dx
















−

= −

∫

ss cos cos cos

sin sin

3
2

2 2

2
2

x x dx x x dx

x x c

∫ ∫= − +( )

= − +





 +

 

 218.(c) dx
x

dx
x
x

5 4
5 4 2 2

1 22
+

=
+

+











∫∫ sin tan
tan

  

  
=

+ +
=

+ +∫ ∫
sec

tan tan

2

2 2
2

5 2 8 2 5
2

5 8 5
x

x x
dz

z z

  [Putting tan secx z x dx dz2 2 22= ⇒ = ]
  

=
+ + ( )

=
+( ) + ( )

=
+









∫∫

−

2
3 1 8 5

2
5 4 5 3 5

2
3

5
3

4 5
3 5

2 2 2

1

dz
z z

dz
z

z. tan ++

=
+






 +

∴ = =

−

c

x c

A B

2 3 5 2 4
3

2 3 5 3

1tan tan

and

 

 

 219.(c) 
1
1

1
1 1

+
+

=
+

+
+





∫ ∫

sin
cos cos

sin
cos

x
x
dx

x
x
x
dx

  

= +
+

= +
+

=

∫∫

∫ ∫

1
2 2 1

1
2 2 1
1
2

2

2

cos
sin

cos

sec sin
cos

tan

x
dx x

x
dx

xdx x
x
dx

xx x c

x x c

2
1 2

1

2
1

− +( ) +

= 





 − +( ) +

log cos

tan log cos

 
 220.(b) ∫ sec2 xcosec2xdx = ∫ sec2 x(1 + cot2 x)dx
  =∫ [sec2 x + sec2 xcot2 x]dx
   

= +












= +





=

∫

∫

sec
cos

cos
sin

sec
sin

2
2

2

2

2
2

1

1

x
x

x
x
dx

x
x
x dx ssec cos2 2x ec x dx+



∫

 

  

= +












= +





=

∫

∫

sec
cos

cos
sin

sec
sin

2
2

2

2

2
2

1

1

x
x

x
x
dx

x
x
x dx ssec cos2 2x ec x dx+



∫

  = ∫ sec2 xdx + ∫ cosec2 xdx = tanx − cotx + c
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 220.(c) 
8
2 3

sin cos
sin cos

x x
x x

dx+
−∫

  Express numerator = A(denominator)

  +B d
dx

 denominator.

  8sinx + cosx = A(2sinx − 3cosx) +B d
dx

(2sinx − 3sinx)

  8sinx + cosx = (2A + 3B)sinx + (−3A + 2B) cosx
  \ 2A + 3B = 8 and − 3A + 2B = 1
  Solving these, A = 1, B = 2
  

∴ =
−( ) + −( )

−

= +

∫

∫

I
x x d

dx
x x

x x
dx

dx

d
dx

1 2 3 2 2 3

2 3

2

sin cos sin sin

sin cos

22 3

2 3
2 2 3

sin cos

sin cos
log sin cos

x x

x x
dx

x x x c

−( )
−

= + −( ) +
∫

 

 222.(b) We have dx
x1+∫ cot

 

  

I x
x

dx x
x x

dx=
+

=
+∫ ∫

1

1 cos
sin

sin
sin cos

  sinx = A(sinx + cosx) +B d
dx

(sinx + cosx)

  = A(sinx + cosx) + B(cosx − sinx)
  sinx = (A – B)sinx + (A + B)cosx
  Comparing both sides A − B = 1 and A + B = 0
  Solving these, A B= ∴ = −1 2 1 2

  ∴ sinx = 
1
2

(sinx + cosx) – 
1
2

(cosx – sinx)

  

I x
x x

dx

x x x x

x x
dx

=
+

=
+( ) − −( )

+

∫

∫

sin
sin cos

sin cos cos sin

sin cos

1
2

1
2

== −
−
+

= − +( ) +

∫∫
1
2

1
2

1
2

1
2

dx x x
x x

dx

x x x c

cos sin
sin cos

log sin cos

 

 223.(d) I dx
x t

t

dt
t

=
−

=
−

−
+











+( )∫∫ 4 5
1

4 5 1
1

2
12

2

2cos

  Put t x dx dt
t

x t
t

= =
+

=
−
+

tan , .cos2 2
1

1
12

2

2

  
=

+( ) − −( )
+

+( )∫
1

4 1 5 1

1

2
12 2

2

2t t
t

dt
t

  
=

+ − +
=

−∫ ∫
2

4 4 5 5
2

9 12 2 2
dt

t t
dt
t

 

  

=

− 







=
−
+









 +

=
−
+

∫
2
9 1

3

2
9

1

21
3

1 3
1 3

1
3

3 1
3 1

2
2

dt

t

t
t

c

t
t

log

log





 + =

−
+









 +c x

x
c1 3 3 2 1

3 2 1
log tan

tan

 224.(c)  sin cos
sin

x x
x
dx+

−∫ 7 9 2
   

  

I x x
x x

dx

x x
x x

=
+

+ − −

=
+

+( ) −

∫
sin cos

. sin cos
sin cos

sin cos

7 2 9 2 2

9 182 2 ssin cos

sin cos
sin cos sin cos

s

x x
dx

x x dx
x x x x

I

−

=
+( )

+ −( ) −
=

∫

∫

2

9 2 22 2

iin cos
sin cos
x x dx
x x

dt
t

dt
t

+( )
−( ) −

=
−

=
−∫ ∫9 2 9 2

1
9 2 92 2 2

  Put sinx − cosx = t, (cosx + sinx)dx = dt.

  

=
−

+



















+

=
− −
−

1
9

1

2 2
3

2
3
2

3

1
6 2

2 3

.
log

log sin cos
sin c

t

t
c

x x
x oos x

c
+












+

2 3

 225.(b) I
x
dx=

+∫
1

1 cos cosα

  Put t x x t
t

= ∴ =
−
+

tan cos2 1
1

2

2
 

  

∴ =
+

−
+











+( )

=
+ + −( )

+

∫I
t
t

dt
t

t t
t

1

1 1
1

2
1

1
1 1

1

2

2

2

2 2

2

cos
.

cos

α

α∫∫

∫

∫

+

=
+ + −

=
+ + −( )

=
−

.

cos cos

cos cos

c

2
1

2
1

2
1 1

2
1

2

2 2

2

dt
t

dt
t t

dt
t

α α

α α

oos cos
cos

α α
α

dt

t1
1

2+
−

+
∫
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=
−

+
∫

2
1 2 2

2 2

2

2
2cos cos

sin
α α

α

dt

t

  
=

+∫
2

2 2
1

22 2 2sin cotα α t
dt

  
=









 +

−1
2 2

1
2 22 2

1

sin
.
cot

tan
cotα α α
t c

  

=








 +

=

−1

2 2 2
2

2
2

1
2 2 2

2

1

sin cos
sin

tan tan
cot

sin cos
tan

α
α
α

α

α α

x c

−−

−









 +

=








 +

1

1

2
2

1 2
2

tan
cot

sin
tan tan

cot

x c

x c

α

α α

 226.(b) 
1

3 2
1

3 2 2
1

2
1

2

2+
=

+
+








+∫ ∫sin
.

x
dx

t
t

dt
t

  [Put tan x t
2

= ]
  

=
+( ) + =

+ +

=
+ +

=
− + +

∫ ∫

∫

2
3 1 4

2
3 3 4

2
3 4 3 1
2
3 4 3 4 9 1

2 2

2

2

dt
t t

dt
t t

dt
t t

dt
t t −−

=
+( ) +

∫

∫

4 9
2
3

1
2 3 5 32t

dt

 

 
   

  

=
+







 =

+





 +

=

− −

−

2
3

1
5

3

2 3
5 3

2
3

3 2
5

2
5

3 2

1 1

1

tan tan

tan tan

t t c

x ++





 +

2
5

c

 227.(c) 
dx
x x2 + +∫ sin cos

  Put

  

t x dx dt
t

x t
t

x t
t

I
t
t

= =
+

=
+

=
−
+

=
+

+
+

−

tan , ,sin ,cos
2

2
1

2
1

1
1

1

2 2
1

1

2 2

2

2

2
tt
t

dt
t

t t t
t

dt
t

2

2

2

2 2

2

2

1

2
1

1
2 1 2 1

1

2
1

+
+

=
+( ) + + −

+

+

∫

∫

.

.

  

=
+ + + −

=
+ +

=
+ + +

=
+( ) + ( )

∫ ∫

∫

2
2 2 2 1

2
2 3

2
2 1 2

2
1 2

2 2 3

2 2

dt
t t t

dt
t t

dt
t t

dt

t
22

1 12
2

1
2

2 2 1
2

∫

=
+






 =

+





 +

− −tan tan tant x c

 228. [Correct answer is : log tan
tan

2 2 2
2 2 2

x
x

c−
−









 + ]

  We have 
dx
x x3 1−( ) −∫ sin cos

  Put  t x dx dt
t

x t
t

x t
t

= ∴ =
+

=
+

=
−
+

tan , sin ,

cos

2
2

1
2

1
1
1

2 2

2

2 

  

∴ =
−

+
−

−
+

+( )

=
− +

=
− +

∫

∫

I
t
t

t
t

dt
t

t t

dt
t t

1

3 3 2
1

1
1

2
1

1
3
2

1
2

1
2 2 3

2

2

2

2

2 2

.
.

11

1
3
2

1
2

1
2

1

3 2 9
16

1
2

9
16

1
2

1
3 4 1 4

2 2

2 2

∫

∫ ∫

∫

=
− +

=
− + + −

=
−( ) − ( )

t t t t
dt

t
dtt

  

=
− −

− +
















+

=
−
−






+ =

1
2

1

2 1
4

3 4 1
4

3 4 1 4

4 4
4 2

.
log

log

t

t
c

t
t

c llog

log tan
tan

2 2
2 1

2 2 2
2 2 1

t
t

c

x
x

c

−
−






+

=
−
−









 +

 229. (d)
dx

x x2 3sin cos− +∫

  Put tan x t dx dt
t

2 2
1 2= ∴ =
+

  

∴ =
+

=
−
+

∴ =

+
−

−
+

+
+

∫

sin , cos

.

x t
t

x t
t

I
t
t

t
t

dt
t

2
1

1
1

1
2 2

1
1
1

3

2
1

2

2

2

2

2

2

2






=
− + + +( ) +( )

+

∫
2

4 1 3 1 1

1

2 2 2

2

dt
t t t t

t
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=
+ +

=
+ +

=
+ +

=
+ + + −

∫ ∫∫

∫

2
4 4 2 2 2 1

1
2 1

2
1
2

1
1 4 1 2 1 4

2 2 2

2

dt
t t

dt
t t

dt

t t

t t
dt

==
+( ) + ( )

=
+







+

=
+

∫ −

−

1
2

1
1 2 1 2

1
2

1
1 2

1
2

1 2

2 1
1

2 2
1

1

t
dt

t
c

t

. tan

tan 





 + = +( ) +−c x ctan tan1 2 2 1

 230.(a) 
dx
x x13 3+ +∫ cos sin  

  Put tan sin cosx t x t
t

x t
t

2 2
1

1
12

2

2= ∴ =
+

∴ =
−
+

  

=

+
−( )
+

+
+

+

=
+( ) + −( ) +

∫

∫

1

13 3
1

1
2

1

2
1

1
13 1 3 1 2

2

2

2 2

2

2 2

t

t
t
t

dt
t

t t t
dt

.

.

==
+ + − +

=
+ +

=
+ +

∫

∫∫

2
13 13 3 3 2

2 1
10 2 16

2
10

1
1
5

8
5

2 2

2 2

dt
t t t

t t
dt

t t
dt

  

=
+ + + −

=

+





 +











∫

∫

1
5

1
1
5

1
100

8
5

1
100

1
5

1

1
10

159
10

2

2 2

t t

t

dt

==
+







 +

=
+








−

−

1
5

1
159 10

1 10
159 10

2
159

10 1
159

1

1

/
tan

/

tan

t c

t
 +

=
+







 +

−

c

x c2
159

10 2 1
159

1tan tan

 231. [Correct answer is :

  
1

13
log sec tanx x c−( ) + −( )  +α α ]

  Put 
5

13
12
13

12 5= = ∴ =cos , sin tanα α α
  

∴ = −α tan 112
3

 

  We have, I
x x

dx=
+∫
1

5 12cos sin

  
=

+

=
−( )

= −( )

=

∫

∫ ∫

1
13

1
5 13 12 13

1
13

1 1
13

1
1

cos sin

cos
sec

x x
dx

x
dx x dx

α
α

33
12
5

1

log sec tan ,

tan

x x c−( ) + −( )  +

= 







−

α α

α

where
  

=
+∫1

13
1

cos cos sin sinα αx x
dx

  

=
+

=
−( )

= −( )

=

∫

∫ ∫

1
13

1
5 13 12 13

1
13

1 1
13

1
1

cos sin

cos
sec

x x
dx

x
dx x dx

α
α

33
12
5

1

log sec tan ,

tan

x x c−( ) + −( )  +

= 







−

α α

α

where

  

 232.(b) I
x

dx
t
t

dt
t

=
+

=
−
+









 +

+∫ ∫
1

3 5
1

3 1
1

5
12 2

2

2cos

  Put t x dx dt
t

x t
t

= =
+

=
−
+

tan , . cos
1

2 1
12

2

2

  

=
−( ) + +( )

=
− + +

=
+

=
+

=

∫

∫ ∫

∫

dt
t t

dt
t t

dt
t

dt
t

dt

3 1 5 1

3 3 5 5 8 2
1
2 4

1
2

2 2

2 2 2

2 22
1
2

1
2 2

1
4 2

2 2

1 1

+

= 





 + = 






 +

∫
− −

t
t c x c. tan tan tan

 233. [Correct answer is :

  
2
33

7 2 4
33

1tan tan− +







 +

x c ]

  

1
7 4+∫ sin x

dx

  Put t x dx dt
t

x t
t

= ∴ =
+

∴ =
+

tan sin2 2
1

2
12 2

  

=
+

+
+( )

=
+( ) +∫∫

1

7 4 2
1

2
1

2
7 1 8

2

2 2
. t

t

dt
t

dt
t t

 

  

=
+ +

=
+ +

=
+ + ( ) + −

=

∫ ∫

∫

2
7 7 8

1
7

2
8 7 1

2
7 8 7 4 7 1 16

49
2
7

2 2

2 2

dt
t t

dt
t t

dt

t t

dt

tt

dx

t c

+





 +











=
+

+

∫

−

4
7

33
7

2
7

1
33
7

4 7
33
7

2 2

1tan
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= −
+







 +

+







 +

−

−

2
33

7 4
33

2
33

7 2 4
33

1

1

tan

tan tan

t c

x c

 234.(a) We have 
1

2 3+∫ sin x
dx

  Put t x dx dt
t

x t
t

= =
+

=
+

tan , . sin2 2
1

2
12 2

  
I t

t

dt
t

t t

t

dt
t

dt
t t

=
+

+
+

=
+( ) +
+

+

=
+ +

∫

∫

∫

1

2 3 2
1

2
1

1
2 1 6

1

2
1

2
2 2 6

2

2

2

2

2

2

.

==
+ +∫

2
3 3 12

dt
t t

 

  
=

+ + + −∫
1

3 9 4 1 9 42t t
dt

   

=

+





 −











=
+ −
+ +











∫
1

3
2

5
2

1
2 5 2

3 2 5 2
3 2 5 2

2 2

t

dt

t
t/

log /
++

=
+ −
+ +









 +

c

x
x

c1
5

2 3 5
2 3 5

.log tan
tan

 

 235.(b) 
1

4 5−∫ sin x
dx

  Put t x dx dt
t

x t
t

= =
+

=
+

tan , . sin2 2
1

2
12 2

  

I t
t

dt
t

t t

t

dt
t

dt
t

=
−

+
+( )

=
+( ) −
+

+

=
+

∫

∫

1

4 5 2
1

2
1

1
4 1 10

1

2
1

2
4 4

2

2

2

2

2

2

.

.

−−
=

− +

=
− + + −

=
−( ) −

∫ ∫

∫

10
2
4 10

4
1

1
2 5

2
25
16

1 25
16

1
2

1
5 4 3

2

2

2

t
dt

t t

dt

t t

t 44 2( )∫ dt

 

  

=
− −
− +









 +

=
−
−






+

=

1
2

1

2 3
4

5 4 3 4
5 4 3 4

1
3

4 8
4 2

1

.
.

log

log

t
t

c

t
t

c

33
2 4
2 1

1
3

2 2 4
2 2 1

log log tan
tan

t
t

c x
x

c−
−






+ =

−
−









 +

 
 

 236.(d) cos sin
sin

cos sin
. sin cos

x x
x
dx I x x

x x
dx−

−
=

−
−∫ 5 2 2 5 2 2

  

=
−

+ − −

=
−

− +( )

=

∫

∫

cos sin
sin cos

cos sin
sin cos

x x
x x

dx

x x
x x

dx

5 2 4 2

7 2
1

2

22 7
2

2
2

cos sin

sin cos

x x

x x

dx−









 − +( )

∫

  Put t = sinx + cosx.   dt = (cosx − sinx)dx

  

=








 −

=
+

−



















+∫
1
2

1

7
2

1
2

1

2 7
2

7
2
7
2

2
2t

dt
t

t
clog

  =
+
−









 +

=
+ +( )
− +

1
2 7 7

7 2
7 2

1
2 14

7 2
7 2

log

log
sin cos
sin cos

t
t

c

x x
x x(( )












+ c

 

 237.(d) 1
2 3 2−∫ cos x

dx

  Put t = tanx        ∴ =
+

=
−
+

dx dt
t

x t
t1

1
12

2

2.cos
  

I
t

t

dt
t

=

−
−( )
+

+∫
1

2 3
1

1

12

2

2 

  
=

+( ) − −( )
+

+
=

+ − +

=
−

=

∫ ∫

∫

1
2 1 3 1

1

1 2 2 3 3

5 1
1
5

2 2

2

2 2 2

2

t t

t

dt
t

dt
t t

dt
t

dt

t22
21

5
−







∫
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=

















−

+

















=
−
+

1
5

1

2 1
5

1
5

1
5

1
2 5

5 1
5 1

log log
t

t

t
t





 +

=
−
+









 +

c

x
x

c1
2 5

5 1
5 1

log tan
tan

 
 

 238.(b) Let I dx
x

=
+∫ 3 2 5cos

  Put t = tanx, dx dt
t

x t
t

=
+

∴ =
−
+1

2 1
12

2

2, cos

  

I
t

t

dt
t

t t

t

dt
t

dt

=
−( )
+

+
+

=
−( ) + +( )

+

+

=
−

∫

∫

1
3 1

1
5

1

1
3 1 5 1

1

1

3

2

2

2

2 2

2

2

.

.

33 5 5 2 8
1
2

1
2 2

1
4 2

2 2 2

1 1

t t
dt
t

t c x
+ +

=
+

= 





 + − 






∫ ∫
− −. tan tan tan


 +

= 





 +

−

c

x c1
4 2

1tan tan  
=

+
=

+∫ ∫1
2 4

1
2 2 82 2

dt
t

dt
t

  

I
t

t

dt
t

t t

t

dt
t

dt

=
−( )
+

+
+

=
−( ) + +( )

+

+

=
−

∫

∫

1
3 1

1
5

1

1
3 1 5 1

1

1

3

2

2

2

2 2

2

2

.

.

33 5 5 2 8
1
2

1
2 2

1
4 2

2 2 2

1 1

t t
dt
t

t c x
+ +

=
+

= 





 + − 






∫ ∫
− −. tan tan tan


 +

= 





 +

−

c

x c1
4 2

1tan tan

 239.(b) Let I = ∫ sin5xdx = ∫ sin4xsin xdx

  

= − 





= −( ) −

∫∫∫sin sin sin sin

sin cos sin

4 4

4 34

x xdx d
dx

x xdx dx

x x xccos cos

sin cos sin cos

sin cos sin

x x dx

x x x xdx

x x

−( )
= − +

= − +

∫
∫4 3 2

4 3

4

4 xx x dx

x x xdx xdx

1

4 4

2

4 3 5

−( )
= − + −

∫
∫ ∫

sin

sin cos sin sin

  
∴ = = − +

⇒ = − +

∫I I x x xdx

I x x xdx

4 4

5
4
3

4 3

4
3

sin cos sin

sin cos sin ..................... i( )∫

 

  Using the reduction formula, 

   

sin sin cos sin

sin cos sin

s

3
2

3 2

2
3

2
3

3
2
3

xdx x x xdx

x x xdx

∫ ∫

∫

= − +

= − +

= −

−

iin cos cos

sin sin cos

2

5
4

3
2
3

5
4
5

x x x c

xdx x x

+ −( ) + ( )

∴ =
−

+

∫

Putting in i

−− −











+

= − + +



 +

sin cos cos

cos sin sin

2

4 2

3
2
3

15
3 4 8

x x x c

x x x c

 240.(a) Let I
x
dx x

x

dx

x x
x

x
x

=
+

=
+

=
+

=
+

∫ ∫

∫

1
3 2

1

3 2

1
3 2 3

tan sin
cos

cos sin
cos

cos
cos 22sin x

dx∫
  
   
  Numerator = A ×

  denominator +B d
dx

denominator

  

⇒ = +( ) + +( )

= +( ) + −

cos cos sin cos sin

cos sin s

x A x x B d
dx

x x

A x x B

3 2 3 2

3 2 3 iin cos

cos cos sin

x x

x A B x A B x

+( )
⇒ = +( ) + −( )

2

3 2 2 3

  Comparing both sides 3 A + 2 B = 1, 2 A − 3 B = 0.

  Solving these for A and B we get A B= =
3

13
2

13
;

  

I
x x d

dx
x x

x x
dx

dx

=
+( ) + +( )

+

=

∫
3

13
3 2 2

13
3 2

3 2

3
13

cos sin cos sin

cos sin

++
+( )

+

= + +

∫∫
2

13

3 2

3 2
3

13
2

13
3 2

d
dx

x x

x x
dx

x x

cos sin

cos sin

log cos sin xx c( ) +

 

 
 241.(c) Let I xdx x xdx

xdx d
dx

x xdx

= =

= −

∫ ∫

∫

sec sec sec

sec x sec sec sec

3 2

2 2

4 4 4

4 4 4 4∫∫∫ 


dx

 

  

=

= −

∫sec tan sec tan . tan

sec tan sec tan

4 4
4

4 4 4 4
4

4 4
4

4 42

x x x x xdx

x x x xdxx

x x x x dx

x x x

∫

∫= − −( )
= − −

sec tan sec sec

sec tan sec sec

4 4
4

4 4 1

4 4
4

4 4

2

3 xx dx( )∫
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=

= −

∫sec tan sec tan . tan

sec tan sec tan

4 4
4

4 4 4 4
4

4 4
4

4 42

x x x x xdx

x x x xdxx

x x x x dx

x x x

∫

∫= − −( )
= − −

sec tan sec sec

sec tan sec sec

4 4
4

4 4 1

4 4
4

4 4

2

3 xx dx( )∫
 

  

I x x xdx xdx

I x x I xdx

I

= − +

= − +

=

∫ ∫

∫

sec tan sec sec

sec tan sec

s

4
4

4 4

4 4
4

4

3

eec tan log sec tan

sec tan log sec tan

4
4

1
4

4 4

2 4 4
4

1
4

4

x x x x

I x x x

+ +( )

= + + 44

4 4
8

1
8

4 4

x

I x x x x c

( )

∴ = + +( ) +sec .tan log sec tan
 242.(d) cosec xdx I3 =∫ (let)
  

  
I ecx ec xdx

ecx ec xdx d
dx

ecx ec xdx

=

= − ( )

∫

∫ ∫

cos cos

cos cos cos cos

2

2 2





= −( ) − −( ) −( )
= −

∫

∫

dx

ecx x ecx x x dx

x

cos cot cos cot cot

cotcosec xx x xdx

ecx x ecx ec x dx

−

= − − −( )
∫
∫

cosec cot

cos cot cos cos

2

2 1

 

  

= − − −( )
= − − +

∫cos cot cos cos

cot

ecx x ec xdx ecx dx

I x x xdx

3

3cosec cosec ccosecxdx

I ecx x ecxdx

I t ecx x ex

∫∫
∫= − +

+ = − +

cos cot cos

cos cot log cos −−( ) +

=
−

+ −( ) +

cot '
cos cot log cos cot

x c

I ecx x ecx x c
2

1
2

  [Put c c
=

'
2

] 
 

 243.(c) We have I xdx I xdxdx= =∫ ∫sin . sin10 9

  

= − 





= −( ) −

∫ ∫∫sin sin sin sin

sin cos sin

9 9

9 89

x xdx d
dx

x xdx dx

I x x xx x x dx

x x x xdx

x x

cos cos

sin cos sin cos

sin cos sin

∫
∫

−( )
= − +

= − +

9 8 2

9

9

9 88 21x x dx−( )∫ sin

  

= − + −

= − + −

∫∫
∫

sin cos sin sin

sin cos sin

9 8 10

9 8

9 9

9 9

x x xdx xdx

x x xdx I

  or, 10 9

1
10

9
10

9 8

9 8

I x x xdx

I x x xdx

= − +

= − +

∫

∫

sin cos sin

sin cos sin
 

 244.(a) Let I d d
=

−
=

−( ) +( )∫ ∫
θ
θ

θ
θ θ1 1 14 2 2sin sin sin

 

  

=
−( ) + +( )
−( ) +( )

=
+

+

∫

∫

1
2

1 1

1 1

1
2 1

1

2 2

2 2

2

sin sin

sin sin

sin

θ θ

θ θ
θ

θ
θ

d

d
22 1

1
2

1
2

2

2

2 2

2

2 2

d

d d

θ
θ

θ θ
θ θ

θ
θ θ

θ

−

=
+

+
−

∫

∫ ∫

sin
sec

tan sec
sec

sec tan
  

=
−( ) + +( )
−( ) +( )

=
+

+

∫

∫

1
2

1 1

1 1

1
2 1

1

2 2

2 2

2

sin sin

sin sin

sin

θ θ

θ θ
θ

θ
θ

d

d
22 1

1
2

1
2

2

2

2 2

2

2 2

d

d d

θ
θ

θ θ
θ θ

θ
θ θ

θ

−

=
+

+
−

∫

∫ ∫

sin
sec

tan sec
sec

sec tan
  Put tan2θ = z      ∴ sec2θdθ = dz

  

∴ =
+

+ =
+








+

= ( ) +

∫∫∫∫

−

I dz
z

dz dz

z
dz

z

1
2 2 1

1
2

1
2 2 1

2

1
2

1
4

2 2

2
2

1. tan 11
2

1
2 2

2 1
2

1

z

c= ( ) + +−tan tan tanθ θ

 245.(c) ∫ sin7 xdx = ∫ sin6 xsin xdx
  =∫ (1 − cos2 x)3 sinxdx = −∫ (1 − t2)3 dt
  [putting cosx = t]

  

= − − + −( ) = − + − +

= − + − +

∫ 1 3 3 1 3
5

1
7

3
5

1
7

2 4 6 3 5 7

3 5

t t t dt t t t

x x xcos cos cos ccos7 x c+

 246.(d) cos cos cos4 2 2 21
4

2 1
4

1 2xdx x dx x dx= ( ) = +( )∫∫∫

  

= + +( )
= + +

+







= +

∫

∫

1
4

1 2 2 2

1
4

1 2 2 1 4
2

1
4

1
2

2cos cos

cos cos

x x dx

x x dx

ccos cos

cos cos

2 1
8

1
8

4

3
8

1
2

2 1
8

4

3
8

x x dx

x x dx

x

+ +







= + +







=

∫

∫

++ + +
1
4

2 1
32

4sin sinx x c

 247.(c) 
sin

cos

2

2 22xdx
a b x

tdt
a bt+( )

=
−

+( )∫∫   [putting cosx = t]
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= −
+ −

+( )
= −

+
−

+( )












= −

∫ ∫
2 2 1

2 1

2 2b
a bt a
a bt

dt
b a bt

a
a bt

dt

b b
log aa bt a

b a bt

b
a bt a

a bt

+( ) +
+( )













= − +( ) +
+( )













= −

1

2

2

2 log

bb
a b x a

a b x
c2 log cos

cos
+( ) +

+





+

   

 248.(b) 
dx
x x2 + +∫ sin cos

  

=
+






 +

+ −


∫
dx

x x x x

x x

2 1
2

1
2

2 1
2

1
2

1
2

1
2

2 2

2 2

cos sin sin cos

cos sin




  

=
+ +

=
+ +

∫
dx

x x x x

xdx

x

3 1
2

2 1
2

1
2

1
2

1
2

3 2 1
2

2 2

2

2

cos sin cos sin

sec

tan tan 11
2

2
3 2 2

x

dt
t t∫ ∫=

+ +

  Putting tan 1
2
x t=

  
=

+( ) +
=

+

= +














+

∫ −

−

2
1 2

2 1
2

1
2

2 1
2

2

2
1

1

dt
t

t

x c

. tan

tan tan

 

 249.(a) Let tanx = y2  , so that dx
ydy
y

=
+

2
1 4  

   

tan cotx x dx y
y

y
y
dy

y
y

dy

y
y

+( ) = +









+

=
+
+

=
+
+

∫ ∫

∫

1 2
1

2 1
1

2 1 1
1

4

2

4

3

2 yy
dy y

y y
dy3

3

32 1 1
1 2

=
+

−( ) +∫∫

   =
+∫2 22
du
u

 [where u y
y

= −
1 ]

   
= + =

−





 +

− −2 1
2 2

2 1
2

1 1. tan tan tan
tan

u c x
x

c

 250.(c) dx
x x

xdx
x x

x
xsin sec

cos
sin cos

cos
sin+

=
+

=
+∫∫ ∫1
2

2 2
dx

  
=

+ + −
+

= −
+

− + −( )

∫
cos sin cos sin

sin
cos sin

cos sin

x x x x
x

dx

x x
x x

dx

2

3 2

2

∫∫

∫∫= −
+

− + −( )
+

−

+ +( )
cos sin

cos sin
cos sin
cos sin

x x
x x

dx x x
x x

dx
3 12 2

   

=
+ + −

+

= −
+

− + −( )

∫
cos sin cos sin

sin
cos sin

cos sin

x x x x
x

dx

x x
x x

dx

2

3 2

2

∫∫

∫∫= −
+

− + −( )
+

−

+ +( )
cos sin

cos sin
cos sin
cos sin

x x
x x

dx x x
x x

dx
3 12 2

  
=

−
+

+∫∫
du
n

dt
t2 23 1  [where u = cosx − sinx and 

  t = cosx + sinx] =
−
+

+ +−1
2 3

3
3

1log tanu
u

t c

  

=
− −
− +

+ +( ) +−

1
2 3

3
3

1

log cos sin
cos sin

tan cos sin

x x
x x

x x c

 251.(b) sec cos
cos sin

4 2
4 2

1x ec xdx
x x

dx= ∫∫

  
=

+( )
∫

sin cos

cos sin

2 2 2

4 2

x x

x x
dx

  

=
+ +

= +

∫

∫

sin sin cos cos
cos sin

sin
cos cos

4 2 2 4

4 2

2

4

2

2

x x x x
x x

dx

x
x
dx dx

22 2

2 2 2 2

3

2

1
3

2

x
dx
x

x xdx xdx ec xdx

x

∫ ∫

∫ ∫∫

+

= + +

= +

sin
tan sec sec cos

tan ttan cotx x c− +

 252.(b) Put tan x t
2

= . Then, 
dx

x x xsin cos sin2 2+ −( )∫

  

=

+( )
+

+
−
+

−
+











=
1+

− +( )

∫

∫

2

1 2
1

2 1
1

4
1

4 3

2
2

2

2 2

2

2

dt

t t
t

t
t

t
t

t
t t t

d

.

tt t
t t t

dt=
+

−( ) −( )∫
1
1 3

2

  

= +
−

−
−







= + − −

∫∫∫
1
3

5
3

3
1

1
3 2

5
2

3 3

dt
t

dt
t

dt
t

x xlog tan log tan log taan

log
tan tan

tan

x c

x x

x
c

2
1

1
3

2 2
3

2
1

5

3

−








 +

=
−








−







+

 253.(d) We have, 8 − sin2x = 8 − 2sinxcosx
  = 8 − [(sinx + cosx)2 − sin2 x − cos2 x]
  = 9 − (sinx + cosx)2. Thus, 

  I dt

t

t
=

−
=∫ −

9 32
1sin  [Putting t = sinx + cosx]
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= +( )




+−sin sin cos1 1

3
x x c

   

 254.(a) 
cos sin
sin cos

cos sin
sin cos

2 1
2

2x x
x x

dx x x
x x

dx
−

=
−∫ ∫

   

  

=
− −( )





−

=
−

−

∫

∫

1
2

1

1
2

1

2sin cos

sin cos
cos

cos
sin cos

x x

x x
xdx

x
x x

dx
22

1
4

sin cos cos

sin cos cos sin
sin cos

x x xdx

x x x x
x x

d

−( )

=
− −( ) + +( )

−

∫

∫ xx − 1
4

  ∫ (sin2x − 1 − cos2x)dx

   

= − + −  + + + +

= − +

1
4

1
8

2 1
4

2
8

1
4

x x x x x x c

six x

log sin cos cos sin

log cos 11
8

2 2sin cosx x c+( ) +

 255.(c) Rewriting the integral as 
1
5

1
1

1
4sin sinx x−

−
+









  and substituting t = tan(x/2), the given integral becomes

  

1
5

2

1 2
1

1

1
5

2

1 2
1

42
2

2
2

dt

t t
t

dt

t t
t

+( )
+

−







−
+( )

+
+








∫∫

  

=
− −

−
+ +( )∫ ∫2

5 2 1
2
5 2 2 22 2

dt
t t

dt
t t

   

−
−( )

−

+





 +











=
−







 −

∫∫
2
5 1

1
10 1

4
15
4

2
3

1
1

1

2 2 2
dt
t

dt

t

t 110
4
15

4 1
15

2

5
2

1

2
5 15

4

1

1

tan

tan
tan

tan

−

−

+







 +

=
( )

−










−

t c

x
x 22 1
15
( ) +

+ c

 

 256.(b) Put t x
= 






tan

2

   

2

1 3 4
1

1
1

2
3 1 4 1

2

2
2

2

2

2 2
dt

t t
t

t
t

dt
t t t

d

+( ) −
+

+
−
+











=
+( ) − + −

=

∫∫

tt
t t

dt
t t

dt
t

t c x

2 4 4 2 2 1 1

1
2

2 2 2

1 1

− +
=

− +
=

−( ) +

= −( ) + =

∫ ∫ ∫

− −tan tan tan −−





 +1 c

 257.(c) Put cosx = t

  

sin
cos cos

xdx
x x

dt
t t

dt

t t

1 2 1 1 2 1

1
2 1

2 2 2 2

2 2

−( ) −( )
= −

−( ) −( )
=

−( ) −

∫∫

11
2

1
2

12 2







=
−

−
+

−∫ ∫∫
dt

t

dt
t

  

= −
( )

− ( )
+ ( )

+
−
+

+

=
+
−

+

1
2 1 2

1 2

1 2
1
2

1
1

1
2

2 1
2 1

log log

log cos
cos

t

t
t
t

c

x
x

11
2

1
1

1
2

2 1
2 1

1
2 2

log cos
cos

log cos
cos

log tan

−
+

+

=
+
−

+ +

x
x

c

x
x

x c

 258.(b) Writing the numerator in the form.
  5cosx + 6 + A(2cosx + sinx + 3)
  + B(−2sinx + cosx)
  We get 5 = 2A + B, 0 = A − 2B and 3A = 6.
  Solving these equation, we get A = 2, B = 1.

  

∴
+ +( ) + − +( )

+ +

= +
− +

∫
2 2 3 2

2 3

2 2

cos sin sin cos
cos sin

sin cos

x x x x
x x

dx

x xx
x x

dx
2 3cos sin+ +







∫

  = 2x + log|2cosx + sinx + 3| + c

 259.(a) sin sin3 3

2
1
4

4
2

x dx xdx∫ ∫=

  
= −






∫

1
4

3
2

3
2

sin sinx x dx

  [
sin sin sin3 3 4 3x x x= − ]

  

= − + +
3
4

2
1
2

1
4

3
2

3
2

.
cos

.
cosx x

c

  
= − + +

3
2 2

1
6

3
2

cos cosx x c

 260.(a) ∫ cot2 2xdx = ∫ cot2xcot2 2xdx
  = ∫ cot2x(cosec22x − 1)dx
  = ∫ cot2x cosec22x dx − ∫ cot2x dx

  

= − ( ) −

= − − +

∫
1
2

2 2 1
2

2

1
4

2 1
2

22

cot cot log sin

cot log sin

xd x x

x x c

 261.(c) sec sec tan4 2 2

2 2
1

2
x dx x x dx= +






∫∫
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= +

= + 







=

∫ ∫

∫

sec tan sec

tan tan tan

ta

2 2 2

2

2 2 2

2
2

2
2 2

2

x dx x xdx

x xd x

nn tanx x c
2

2
3 2

3+ +

 262.(b) ∫ tan6xsec4 x dx = ∫ tan6 x(tan2 x + 1)sec2 xdx
   = ∫ (tan8 x + tan6 x)d(tanx)

  
= + +

1
9

1
7

9 7tan tanx x c

 263.(c) ∫ sin2 xcos5 xdx = ∫ sin 2 xcos4 xdx
  Putting sinx = z, we have cosxdx = dz
  \ The given integral

  

= −( ) = − +( )
= − +( ) = − +

∫∫

∫

z z dz z z z dz

z z z dz z z z

2 2 2 2 2 4

2 4 6 3 5

1 1 2

2 1
3

2
5

1
7

77

3 5 71
3

2
3

1
7

+

= − + +

c

x x x csin sin sin
  

 
 264. [Correct answer is :

  
1
7

2
3

1
5

7 5 3sec sec secx x x c− + + ]

  

tan sec sin
cos

.
cos

sin sin
cos

cos

5 3
5

5 3

4

8

1

1

x xdx x
x x

dx

x x
x
dx

=

= =
−

∫∫

∫
22 2

8

8 6 42

x

x
xdx

xdx
x

xdx
x

xdx
x

( )

= − +

∫

∫ ∫ ∫
cos

sin

sin
cos

sin
cos

sin
cos

  

= − ( ) + ( )
− ( )

− −

−

∫ ∫
∫

cos cos cos cos

cos cos

8 6

4

2xd x xd x

xd x

  

= − + +

= − + +

1
7

1
5

1
3

1
7

2
5

1
3

7 5 3

7 5 3

cos cos cos

sec sec sec

x x x
c

x x x c

  
 265. (c)

  
sin cos cos cos sin3 2 3 2 2 31x xdx x x xdx= −( )∫∫

  

= − −( ) ( )

= − + +

∫ cos cos cos

cos cos

2 3 8 3

5 3 11 33
5

3
11

x x d x

x x c
 

 

 266.(b) tan sec sin
cos

.
cos

3 5
2

3 5
1x xdx x

x x
dx= ∫∫

    

= =
−

= − ( ) ( ) + ( )

∫∫
−

sin
cos

cos
cos

sin

cos cos cos

3

8

2

8

8

1x
x
dx x

x
xdx

x d x x∫∫∫
−

( )

= − + = − +

6

7 5
7 51

7
1

5
1
7

1
5

d x

x x
c x x c

cos

cos cos
sec sec

 

 267.(a) tan
cos

tan sec secx
x
dx x x xdx






 =∫ ∫

4
4 2 2

  = ∫ tan4 x(tan2 x + 1)d(tanx)
  = ∫ (tan6 x + tan4 x)d(tan x)
   

= + +
1
7

1
5

7 5tan tanx x c
 

 268.(d) 2cos4xcos7x = cos1 1x + cos3 x
   

cos cos cos cos

sin sin si

4 7 1
2

11 3

1
2

11
11

1
2

3
3

x xdx x x dx

x x c

= +( )

= + + =

∫∫
nn sin11
22

3
6

x x c+ +
 

 269.(b) ∫ sin2xsin3xsin5xdx

  

= ( )

= −( )

=

∫

∫

1
2

2 2 3 5

1
2

2 2 8

1
2

2

sin sin sin

sin cos cos

sin co

x x x dx

x x x dx

x ss sin cos2 1
2

2 8xdx x xdx− ∫∫

  

= −

= −




− −

∫∫
1
4

4 1
4

2 2 8

1
4

4
4

1
4

10 6

sin sin cos

cos sin sin

xdx x xdx

x x xx dx

x x x c

( )

= −
−






 +

−





 +

= −

∫
1

16
4 1

4
10

10
1
4

6
6

1
16

cos cos cos

coos cos x cos4 1
40

10 1
24

6x x c+ − +

 270.(a) ∫ cosmxcosnx dx

  

= +( ) + −( ){ }

=
+( )
+

+
−( )
−





∫
1
2
1
2

cos cos

sin sin

m n x m n x dx

m n x
m n

m n x
m n




+ ≠c m nwhen

 271.(a) ∫ sinmxsinnxdx
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= −( ) − +( ){ }

=
−( )
−

−
+( )
+





∫
1
2
1
2

cos cos

sin sin

m n x m n x dx

m n x
m n

m n x
m n




+ c

 272.(d) 
dx
x x

dx
x x

xdx
xsin cos tan cos

sec
tan3 2 5 2 3 2 4

4

3 2∫ ∫ ∫= =

   

=
+( )

=
+ ( )

= ( )

∫ ∫

∫
−

sec tan

tan
tan

tan
tan

tan

2 2

3 2

2

3 2

3 2

1 1x x

x
dx x

x
d x

x d ttan tan tan

tan tan
tan

tan

x xd x

x x c
x

( ) + ( )

= ( )
−

+ + = − +

∫
−

1 2

1 2 3 2

1 2 3 2
2 2 xx x ctan

3
+

 273.(b) ∫ sin3 xcos3 xdx = ∫ (1 − cos2 x)cos3 xsinxdx
  = −∫ (1 − cos2 x)cos3 xd(cosx)
  = ∫ (cos4 x − cos3 x)d(cos x)

  
= − +

1
6

1
4

6 4cos cosx x c

 274. (c) dx
x x

dx
x x

dx
x xcos cos sin sin sin cos3 2 2

1
4 3−

= − = −∫ ∫ ∫

  

= −
−( ) = −( )∫ ∫

1
4 1

1
4 12 2 2 2

cos
sin sin

xdx
x x

dz
z z

  [where z = sinx,dz = cosxdx]

  

=
−( ) +















= −
+
−

−








 +

= −

∫
1
4

1
1

1 1
4

1
2

1
1

1
2

1
8

2 2z z
dz z

z
clog

log 11
1

1
4

+
−

+ +
sin
sin sin
x
x x

c

 275.(d) 
2

2 52 2
dx

x x x xcos sin cos sin− +∫

  
=

− +
=

− +
=[ ]∫ ∫

sec
tan tan

tan
2

2 21 2 5
2

1 2 5
xdx
x x

dz
z z

z x

  

=
− +

=

−





 + 








= ×
−

∫ ∫

−

2
5 2

5
1
5

2
5 1

5
2
5

2
5

5
2

1
5

2

2 2 2

1

dz

z z

dz

z

z
tan

55

5 1
2

5 1
2

1

1

+ =
−

+

=
−






 +

−

−

c z c

x c

tan

tan tan

 276.(b) 
1

1

1
2

2
1

2
2

2
1

2

1
1

2

2

+
+( )

=

+
+

+
+

−
∫

sin
sin cos

tan

tan

tan

tan

ta

x
x x

dx

x

x

x

x
nn

tan

2

2
2

1
2

x

x

dx

+

















∫

  

=
+








=
+( )

∫ ∫
1

2 2

4
2

1
4

1
2

2

2tan sec

tan
.

x x

x dx
z
z

dt

  [ z x z x dx= =tan . sec
2

1
2 2

2 ]

  

= + +





 = + +









 +

= + +

∫
1
2

2 1 1
2 2

2

2
1
4 2

2

2

z
z
dz z z z c

x x

log

tan tan 11
2 2

log tan x c+

 277.(c) 
sin

cos
sin cos

cos
2 2

2 2
x

a b x
dx x x

a b x
dx

+( )
=

+( )∫∫  

  

=
+( ) −

+( )

=
+

−

∫
2 2

2 2

2
b

x a b x a
b

x

a b x
dx

b
xdx

a b x
a
b

b

sin cos sin

cos
sin

cos
ssin
cos

sin
cos

sin
cos

x
a b x

dx

b
b x

a b x
dx a

b
b x

a b x

+( )

= −
−
+

+
−

+

∫∫

∫

2

2 2
2 2

(( )

= − + −
+







 +

∫ 2

2 2
2 2 1

dx

b
a b x a

b a b x
clog cos

cos

 278.(c) 1 1
+ =

+
∫ ∫cos sin

sin
ecxdx x

x
dx

  

=
+ +

=
+

−

∫
sin cos sin cos

sin cos

sin cos

sin

2 2

2 2
2

2 2

2
2 2

2 2

1

x x x x

x x
dx

x x

x
22 2

2

−







∫
cos x

dx

  Let sin cosx x z
2 2
− = , then

 

  

1
2 2 2

1 2

1
2

2
1

cos sin

cos sin

x x dx c

ecxdx dz
z

z c

+





 +

∴ + =
−

= +−∫∫
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= −






 +

−2
2 2

1sin sin cosx x c

 279.(c) dx
x x

xdx
x2 2 12 2

2

2sin cos
sec
tan+

=
+∫ ∫

  =
+∫
dz
z2 12

  [z = tan x,dx = sec2 xdx]

  

=

+ 







= × +

= ( ) +

∫ −

−

1
2 1

2

1
2

2 2

1
2

2

2
2

1

1

dz

z
z c

x c

tan

tan tan

 280.(d) 
1 4 2 22

2 2
+
−

=
−∫ ∫

cos
cot tan

cos
cos sin

sin cos

x
x x

dx x
x x
x x

dx

  

=
−

=

= = −

∫ ∫2 2

1
2

4 1
2

2

2 2
2cos .sin cos

cos sin
cos sin

sin

x x x
x x

dx x xdx

xdx .. cos cos1
4

4 1
8

4x c x c+ = − +∫

 281.(a) 
dx
x x

dx

x x
x

sin cos sin cos
sin

2
2−( )

=
−( )∫∫

α α

  

=
+

=
+

=
−

∫
dx

x x x
x

xdx
x

dz

sin sin sin cos cos
sin

cosec
sin cos cot c

2

2

α α

α α oosα z∫∫
   [sinα + cosαcotx = z,dz = −cosαcosec2 xdx]

  
= + = − + +

2 2
cos

sec sin cos cot
α

α α αz c x c

 282.(a) cos sin
cos sin

sin2 2
2 2

3 3 4x x
x x

x dx−
+

+( )∫

   
=

−
+

× + +( )∫3
2 2
2 2

2 2 2 2 22 2cos sin
cos sin

cos sin cos sin xx x
x x

x x x dx

   

=
−
+

+( )

= −( )

∫3
2 2
2 2

2 2

3 2 2

2cos sin
cos sin

cos sin

cos sin co

x x
x x

x x dx

x x ss sin

cos sin cos sin

2 2

3 2 2 3 4 3
4

42 2

x x dx

x x dx xdx x c

+( )

= −( ) = = +

∫

∫∫

 283.(c) 3 23 2

2 2
sin cos
sin cos
x x
x x

dx+
∫

  
= +∫ ∫

3 23

2 2

2

2 2
sin

sin cos
cos

sin cos
x

x x
dx x

x x
dx

  = 3∫ tanxsec xdx + 2∫ cotxcosecxdx

  = 3secx − 2cosecx + c

 284.(b) 
dx

x x
x x
x xsin cos

sin cos
sin cos− +

=
− −

−( ) −∫ ∫1
1

12

  
=

+ −
∫

1
2
cos sin
sin cos
x x
x x

dx

  

= + −

= + −

∫∫∫cos cos sec

log tan log tan log

ec xdx ecxdx xdx

x x

2 1
2

1
2

1
2 2

1
2

ssec tanx x c+ +

 285.(b) 
dx
x x7 5 3+ +∫ cos sin

  

=
+ −






 +

∫
sec

sec tan tan

2

2 2

2
7

2
5 1

2
6

2

x dx

x x x

  [Using cos
tan

tan
,sin

tan

tan
x

x

x x

x

x=
−

+
=

+

1
2

1
2

2
2

1
2

2

2 2
]

   =
+ +

=
+ +∫ ∫

sec

tan tan

2

2 2
2

2
2

6
2

12 3 6

x dx

x x
dz

z z
  [Put z x

= tan
2

]

  

=

+





 +











=
+

+

=

∫ −

−

dz

z

z
c

3
2

15
2

2
15

3
2

15
2

2
15

2

2 2
1

1

tan

tan
tann x

c2
3

15

+














+

 286.(d) Let 1 1cosx − 16sinx = A(2cosx + 5sinx)

   
+ +( )B d
dx

x x. cos sin2 5

  = A(2cosx + 5sinx) + B(−2sinx + 5cosx)
  ∴11cosx − 16sinx = (2A + 5B)cosx + (5A − 2B)sinx
  or, 11 = 2A + 5B,−16 = 5A − 2B ⇒ A = −2, B = 3

  

∴
−
+

= −
+
+

+

∫ ∫
11 16
2 5

2 2 5
2 5

3

cos sin
cos sin

cos sin
cos sin

x x
x x

dx x x
x x

dx

−− +
+

= − +
+( )
+

∫
2 5

2 5

2 3
2 5

2 5

sin cos
cos sin

cos sin
cos sin

x x
x x

dx

dx
d x x

x xx∫∫
  = −2x + 3log|2cosx + 5sinx| + c

 287.(d) 
dx

x xsin sin−( ) −( )∫ α β
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=
−( ) − −( ){ }
−( ) −( ) −( )

=
−( )

∫
sin
sin sin

.
sin

sin
.

s

x x
x x

dx
α β

α β β α

β α

1

1 iin cos cos sin
sin sin

x x x x
x x

−( ) −( ) − −( ) −( )
−( ) −( )∫

α β α β
α β

  

=
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⇒ ( ) = − = −

∫ ∫∫

∫

3 7 3 7

6 7 1

2

4

2
4

2

4

2

4

2

4

dx f x dx x f x dx

f x dx

  

∴ ( ) = ( ) + ( )

⇒ = ( ) − ⇒ ( ) =

∫∫∫

∫
−−

−−

f x dx f x dx f x dx

f x dx f x dx

2

4

1

2

1

4

1

2

1
4 1 5

22

2

1
5

∫

∫⇒ ( ) = −
−
f x dx

 67.(a) [Find log cos1
0

+( )∫ x dx
π ]

   

I x dx x dx= +( ) = + −( ) ∫ ∫log cos log cos1 1
0 0

π π
π

 

  

= −( )

= +( ) −( )

= −( )

∫

∫

log cos

log cos cos

log cos

1

2 1 1

1

0

0

2

x dx

I x x dx

x d

π

π

xx xdx

xdx I

=

= ⇒ = −





 = −

∫∫

∫

logsin

logsin log log

2
00

0

2
2 2

2
2 2

ππ

π π
π

 68.(a) I d=
−
+







 =

−∫ log sin
sin

2
2

0
2

2 θ
θ

θ
π

π

  Since, f θ
θ
θ

( ) = −
+







log sin

sin
2
2

   
f −( ) = − −( )

+ −( )











=

+
−







 =θ

θ
θ

θ
θ

log
sin
sin

log sin
sin

2
2

2
2

−− ( )f θ

 69.(d) I ax bx dx= −( )
−∫ cos sin 2
π

π

  

cos sin cos sin

cos sin

2 2

2 2
0

2

2 0

ax bx ax bx dx

ax bx dx

+ −( )
= +( ) −

=

−∫

∫
π

π

π

11 2 1 2 2 0 2
0

+ + −( ) = + =∫ cos cosax bx dx π π
π

 70.(a) I x x xdx= −( ) =
−∫ 1 02 2sin cos
π

π

  Since (1 − x2)sin xcos2 x is an odd function.

 71.(d) 
x
x
dx

a

b
≡

  (i)if 0 ≤ a < b, f (x) = 
x
x

x
x
dx b a

a

b
= ∴ = −( )∫1.

  (ii)if a < b ≤ 0, f (x) = 
x
x
= −1

  

x
x
dx b a a b

a

b
= − − −( ) = −∫

  

(iii)if a < 0 < b, x
x
dx

x
x
dx

x
x
dx

a

b b

a
= +∫ ∫∫ 0

0

  

  
= − + = −[ ] + [ ] = +∫ ∫1 1

0 0
00

dx dx x x a b
a a

bb

  In all cases, 
x
x
dx b a

a

b
= −∫
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 72.(c) 1 1 1
1

1

0

1

1

0
− = − + −

− −∫ ∫∫xdx x dx x dx

   

= −( ) + −( )

= −








 + −









 = −

∫∫−

−

1 1

2 2

0

1

1

0

2

1

0 2

0

1

x dx x dx

x x x x
−−( ) + −( )

+ −

= + + − −

1
1
2

1 1
2

1 1
2

1 1
2

2

2

 73.(d) x dx x dx x dx− = − + −∫ ∫ ∫1 1 1
0

4

0

1

1

4

  
= − −( ) + −( )∫∫ x dx x dx1 1

1

4

0

1

   

= − +








 + −









 = − + + − − + =

x x x x
2

0

1 2

1

4

2 2
1
2

1 8 4 1
2

1 5

 74.(d) I xdx xdx xdx= = +∫ ∫ ∫sin sin sin2 2 2
0

1

0

1 2

1 2

1
π π π

   

= + −

= −





+ 


∫∫ sin sin

cos cos

2 2

2
2

2
2

1 2

1

0

1 2

0

1 2

π π

π
π

π
π

xdx xdx

x x 


= − −( ) + − −( ) = + =

1 2

1

1
2

1 1 1
2

1 1 1 1 2
π π π π π

 

 75.(c) I x x dx= −( )−∫ cos cos3
2

2

π

π

  

= −( ) =

= − ( )





∫∫2 1 2

2 2
3

2
0

2

0

2

3 2

0

cos cos cos sin

cos /

x x dx x xdx

x

ππ

ππ 2 4
3

=

 76.(b) I x dx xdx= −( ) = ∫∫−
1
2

1 2 2 1
2

2 2
0

2

2

2
cos sin

π

π

π
 

  
= = −[ ] =∫2 2 20

2

0

2
sin cosxdx x ππ

 77.(d) [Find tan x dx−∫ 1
0

3π ] 

  
I x dx x dx x dx= − = − −( ) + −( )∫∫ ∫tan tan tan1 1 1

0

4

0

3

4

3ππ

π

π

  

= +[ ] + − −[ ]

= + − − + +

logcos logcos

log log log

x x x x0
4

4
3

1
2 4

1
2 3

1
2

π
π
π

π π π
44

2 1
2

1
2 4 3 4 2 3 6

= − + − + = − =log log π π π π π π

 78.(b) 
log log loge e

ee

e eex
x

dx
x

x
dx

x
x
dx= +

−− ∫∫ ∫11

2 21

1

  

= − +

= −
( )











+
(

−

−

∫ ∫
log log

log log

e
e

ee

e

e

e

x
x
dx x

x
dx

x x

1

2

1

1

1

2 1

2
))











2

1
2

2e

  
= − ( ) − ( )




+ ( ) − ( )





−1
2

1 1
2

12 1 2 2 2log log log loge ee e

  
= −( ) + ( ) −



 = + =

1
2

1 1
2

2 0 1
2

2 5
2

2 2

 79.(c) f x e xdx x
x x

x
( ) = − ≤ ≤

< >







cos sin ,
,

2 2
2 2 2

  
f x dx f x dx f x dx( ) = ( ) + ( )∫∫∫ −− 2

3

2

2

2

3

  
= + = + [ ] =∫∫− e xdx dx xxcos sin 2 0 2 22

3

2

3

2

2

 80.(a) I
f x

f x f a x
dx

a
=

( )
( ) + −( )∫ 20

2

  

I
f a x

f a x f a a x
dx

f a x
f a x f x

dx

a

a

=
−( )

−( ) + − +( )

=
−( )

−( ) + ( )

∫
2

2 2 2

2
2

0

2

0

2
∫∫

∫= = ⇒ =2 1 2
0

2
I dx I a

a

 81.(a) I x
x x

dx=
− +∫ 31

2

  

=
+ −

− + −( ) + + −

=
−

+ −
∴ = = ⇒ =

∫

∫ ∫

1 2
3 1 2 1 2

3 2
3

2 1 1 1
2

1

2

1

2

1

2

x
x x

dx

x x
dx I dx I

 82.(a) 1 1 02 2
1

1
− + − + +( ) =

−∫ x x x x dx  

  Since the function is an odd function

 83.(b) cos logx x
x
dx1

1
0

1

1 +
−







 =

−∫
  Since the function is an odd function

 84.(c) I x dx=
−∫ sin
π

π

2

2 . Now, sin(|x|) = sin|x|

  

∴ = =

= −[ ] =

∫ ∫I x dx xdx

x

2 2

2 2
0

2

0

2

0
2

sin sin

cos

π π

π



397chapter - 30 definite integral

JMMC RESEARCH  FOUNDATION PUBLICATION

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

in association with :  

complete solution  to 

 85.(c) x x x x dx3 5 2+ + +( )−∫ cos tan
π

π
 

  
= = [ ] =

−∫2 2 4 40π

π π πdx x

 86.(a) I xf x dx x f x dx= ( ) = −( ) −( ) ∫∫ sin sinπ π
ππ

00

  
2

2 00
I f x dx I f x dx= ( ) ⇒ = ( )∫∫π

π ππ
sin sin

 87.(a) I f x dx f x dx f x dx= ( ) = ( ) + ( )∫∫∫ 1

2

0

1

0

2

  

= + =











+ 





= + −




∫∫ x dx x dx x x2 1 2
3

1

2

0

1

0

1 3 2

1

2

3
2
3

1
3

2
3

2 2 1 = −( )1
3

4 2 1

 88.(a) 1 1 1
1

2

0

1

0

2
− = −( ) + −( )∫∫∫ x dx x dx x dx

  

= −( ) + − −( )

= −








 + − +











= − +

∫∫ 1 1

2 2

1 1
2

1

2

0

1

2

0

1 2

1

2

x dx x dx

x x x x

−− + + −




=2 2 1 1

2
1

  

= −( ) + − −( )

= −








 + − +











= − +

∫∫ 1 1

2 2

1 1
2

1

2

0

1

2

0

1 2

1

2

x dx x dx

x x x x

−− + + −




=2 2 1 1

2
1

 89.(c) 
1 2

20
2

00

+
= =∫ ∫∫

cos cos cosxdx xdx xdx
π ππ

  

= + −

= [ ] −[ ] = − − +[ ] =
∫∫ cos cos

sin sin

xdx xdx

x x

π

ππ

π π

20

2

0
2

0
2 1 0 1 0 0

 90.(a) I x xdx x x dx= − = + −( ) − + −( )∫∫ 6 2 4 6 2 4
2

4

2

4

  

I x xdx xdx x dx

x x

= −( ) = −

= −





∫ ∫∫6 6

6 2
3

2
3

2

4 3 2
2

4

2

4

3 2 5 2

2

4

.

  

= − × − + ×

= − −





 = −( )

4 8 2
3

32 8 2 2
5

4 2

32 3
5

8 2 1 1
5

32
5

3 2

.

.

 

 91.(a) I
x x

dx=
− +









−∫ tan 1
20

1 1
1

  

=
− −( ) 
+ −( )

= − −( )





=

−

− −

∫

∫

tan

tan tan

1
0

1

1 1
0

1

1
1 1

1

x x
x x

dx

x x dx

ttan tan

tan tan

− −

− −

− −( )

= − − −( )

∫∫

∫ ∫

1 1
0

1

0

1

1
0

1 1
0

1

1

1 1

xdx x dx

xdx x dx

== −∫2 1
0

1
tan xdx

 92.(a) tan cot− −− +( ) = − − +( )



∫ ∫1 2

0

1 1 2
0

1
1

2
1x x dx x x dxπ

  

= −
+ −



















= [ ] −
− +







−

−

∫
π

π

2
1

1

2
1

1

1
20

1

0
1 1

2

tan

tan

x x
dx

x
x x 



= −

∫

∫ −

0

1

1
0

1

2
2

dx

xdxπ tan

  

= − − +( )





= − −




= −

−π

π π π π

2
2 1

2
1

2
2

4
1
2

2
2 2

1 2

0

1

x x xtan log

log ++ =log log2 2

 93.(a)  Let I
x

x
x
dx= −






∫

1 1
1 2

2
sin

   Suppose 1
x

z dx
x

dz
z

= ∴ = −  and x z= ⇒ =
1
2

2

  and x z= ⇒ =2 1
2

  
∴ = −






 = −






∫ ∫I

z
z dz
z z z

z dzsin sin1 1 1
2

1 2

2

1 2

  
= − −






 − ( ) = ( )



∫ ∫∫

1 1
1 2

2

z
z
z
dz f x dx f x dx

b

a

a

b
sin 

  = − I  \ 2I = 0 ⇒ I = 0

 93.(c) I x
x x

dx=
+

( )∫
cot

cot tan
..................

0

2π
i

  

I
x

x x
dx

I x
x

=
−








−





 + −








=

∫
cot

cot tan

tan
tan

π

π π

π 2

2 2

0

2

++
( )∫ cot

..................
x
dx

0

2π
ii

  Adding (i) and (ii), we get

  
2 1

40
2

0

2
I dx x I= = [ ] ⇒ =∫

ππ π

 94.(c) I x xdx= ( )∫ sin log tan ..................2
0

2
i

π
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I x x dx

I x

= −





 −








= −







∫

∫

sin log tan

sin

2
2 2

2
2

0

2

0

2

π π

π

π

π
llog tan π

2
−






x dx

  
I x xdx= ( )∫ sin logcot .............2

0

2
iii

π

  Adding (i) and (ii), we get

  

2 2

2 2 0

0

2
I x x x dx

x x xdx x

= +( )

= =

∫ sin log tan logcot

sin log tan cot sin .

π

ddx

I
0

2

0

2
0

0

ππ
∫∫ =

∴ =

 95.(d) I d

d

=
+

=
+

( )

∫

∫

1
10

2

0

2

tan
sin

sin cos
............

θ
θ

θ
θ θ

θ

π

π
i

    
 

  

I d=
−








−





 + −








∫
sin

sin cos
..........

π θ

π θ π θ
θ

π 2

2 2
0

2
.... ii( )

  Adding (i) and (ii), we get

  
2 1 2

40

2
I d I= = ⇒ =∫ θ π

ππ

 96.(b) x x dx x dx x dx= − + ∫∫∫ −−
2 2

0

1

1

0

1

1

  

= −








 +









 = − + =

−

x x3

1

0 3

0

1

3 3
1
3

1
3

0

 97.(d) log 2
2

0
1

1 −
+







 =

−∫
x
x
dx , Since

  
f x x

x
f x x

x
( ) = −

+






⇒ −( ) = +

−






log log2

2
2
2

  
= −

−
+







 = − ( )log 2

2
x
x

f x

 98.(a) 1 1 1
1

2

0

1

0

2
− = −( ) + − −( )∫∫∫ x dx x dx x dx

  

= −








 + − +











= − + −( ) + + − = − =

x x x x2

0

1 2

1

2

2 2

1 1
2

2 4
2

1 1
2

4 3 1

 99.(c) x xdx17 4
1

1
0cos =

−∫ , Since f (x) = x17 cos4 x

   ⇒ f (− x) = (− x)17 cos4 (− x) = − x17 cos4 x = − f (x)

 100.(d) I xdx
x x

=
+∫

sin
cos sin

3 2

3 2 3 20

2π

  

I x
x x

dx

I dx I

=
+

= = ⇒ =

∫

∫

cos
sin cos

3 2

3 2 3 20

2

0

2
2 1

2 4

π

π π π

 101.(c) ax bx c dx cdx c x c3
2

2

0
2

0

2
2 2 4+ +( ) = = [ ] =

−∫ ∫

102. (c) I e n xdxx= +( ) =∫ cos cos2 3
0

2 1 0
π

  f (x) = ecos2x cos3(2n + 1)x

  f (π − x) = ecos2 (π − x)[cos(2n + 1)(π − x)]3

  = ecos2x [− cos(2n + 1)x]3 = − ecos2x cos (2n + 1)x

 103.(c) I d= +( )∫ log tan1
0

4
θ θ

π  

  

= + −

















= +
−
+









∫ log tan

log tan
tan

1
4

1 1
1

0

4

0

4

π
θ θ

θ
θ

π

π

d

∫∫

  

=
+









= − +( )

⇒ =

∫

∫ ∫

log
tan

log log tan

lo

2
1

2 1

2

0

4

0

4

0

4

θ
θ

θ θ θ

π

π π

d

d d

I gg log log2
4

2
8

20
4θ

π ππ[ ] = ⇒ =I

 104.(d) sin
cos

sin cos
cos

2 2 0
0

2

0

2 θ
θ

θ
θ θ

θ
θ

ππ

a b
d

a b
d

−
=

−






 =∫∫

  Since f
a b

θ
θ θ

θ
( ) =

−
2sin cos

cos

  

⇒ −( ) = −( ) −( )
− −( )

=
−
−

f
a b

a b

2
2 2 2

2
2

π θ
π θ π θ

π θ

θ θ
θ

sin cos
cos

sin
cos
cos

== − ( )f θ

 105.(b) 1 8 1
2

1 8
2 22

4

2
+






 = +






∫∫ x

dx
x
dx

a

  

⇒ −




= −




= − − +[ ] =

⇒ − = ⇒ = ⇒ = ±

x
x

x
x

a
a

a a

a8 1
2

8 1
2

4 2 2 4 2

8 0 8

2 2

4

2 22 2

 106.(b) 1 2
2

2
−

−∫ x dx
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= − −( ) + −( ) + − −( )

= − +










−

−

−

−

−

∫ ∫ ∫1 1 1

3

2
2

1 2
1

1 2
1

2

3

2

1

x dx x dx x dx

x x
++ −









 + − +











= − − + + − − + + − = −

2
3 3

1 1
3

2 8
3

2 2
3

2 8
3

1 1
3

3

0

1 3

1

2

x x x x

44
3

16
3

4+ =

 107.(b) f x t tdt
x

( ) = ∫ sin
0

  f ¢(x) = x x d
dx

x d
dx

x xsin sin sin( ) − ( ) =0 0 0

 108.(d) I x xdx= ∫ sin sin 2
0

2π

  

I x xdx x
= =









 =∫2 2

3
2
3

2
0

2 3

0

2

sin cos sinπ
π

 402. (b) I x dx= −





∫ sin ππ

40

2

  

I x dx x dx

x

= − −





 + −








= −









∫ ∫sin sin

cos

π π

π

π

π

π

4 4

4

0

2

4

2







 − −


















= −





 − −






 = −

0

4

4

2

4

1 1
2

1
2

1 2

π

π

π
πcos x

22
2

2 2= −

 403. (d) I
f x dx

f x f x

f x

f x f x
=

( )

( ) + −







=
−








−





 + ( )

∫ π

π

π
π π

2

2

2
0

2

0

22
∫ dx

  [Using f x dx f a x dx
aa

( ) = −( )∫∫ 00
]

  

  

∴ + =
( ) + −








( ) + −







= = [ ] =

∫

∫

I I
f x f x

f x f x
dx

dx x

π

π
π

ππ

2

2
0

2

0
2

0

2 ππ π
2 4

.∴ =I

 404. (b)
µ sin

cos
x
x1+

is an odd function.

  So, µ
π

π sin
cos
x
x
dx

1
0

4

4

+
=

−∫

  \ the equation is λ
π

π

π

π
sin x dx v dx+ =

−− ∫∫ 0
4

4

4

4

   or, 2
2

0
0

4
λ

ππ
sin .x dx v+ =∫ , which is a relation between

    λ, v.

 405. (c) a a x n x x nx dxn n
n n

+
+− = +( ) −



∫1

1
0

2
1cos .cos cos .cos

π

  

= +( ) − 

= − +( )

∫ cos . cos .cos cos

cos . sin .sin

n

n

x x n x nx dx

x x n

1

1

0

2π

xx dx

n x x
n

n

 

= +( )
+











∫
+

0

2

1

0

2

1
1

π

π

sin .cos

  

−
+

+( ) +( )
= − = ∴ =

+

+ +

∫
cos . cos

n

n n n n

x
n

n n xdx

a a a a

1

0

2

1 1

1
1 1

2

π

 406. (a)Here, f x
x x

( ) =
+
1

3sin sin

  \ f (–x) = − f (x), So, f (x) is odd. Hence, I = 0

 407. (b) I f x dx f x dx= ( ) + ( )∫∫− 0

1

1

0

  

= +( ) + +( )
= − +( ) + +( )

= − +




−

−

∫ ∫

∫∫

x dx x dx

x dx x dx

x x

1 1

1 1

2

1

0 2
0

1

2
0

1

1

0

2





 + +









 = − − −






 + +








= + =

−1

0 3

0

1

3
1
2

1 1 1
3

3
2

4
3

17
6

x x

 408. (c) I x x x dx= − −∫ 1 2
0

3

   

   

= − +( ) + − +( )
+ − +( )

= −

∫ ∫

∫

x x x dx x x x dx

x x x dx

x x

3 2
0

1 3 2
1

2

3 2
2

3

4
3

3 2 3 2

3 2

4
++












− − +











+ − +












x x x x x x x2

0

1 4
3 2

1

2 4
3 2

2

3

4 4

   

= − − +( ) −






+ − +






 − − +( )








=

1
4

4 8 4 1
4

81
4

27 9 4 8 4

11
4

 409. (b) I dx
e

dx
e

dx
ef x f a x f x

aaa
=

+
=

+
=

+( ) −( ) − ( )∫∫∫ 1 1 1000

  [from the question] =
+

( )

( )∫
e dx
e

f x

f x

a

10

  
∴ + =

+
+

+( )

( )

( )∫∫I I dx
e

e
e

dxf x

f x

f x

aa

1 100

  
∴ = = ∴ =∫2

20
I dx a I aa
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 410. (b)φ t tf t t e
e

t

t( ) − ( ) = +
+

. 1
1

  So, φ φ φ−( ) = − +
+

=
+
−
∴ ( ) = −( )t t e

e
t e
e

t t
t

t

t

t. .1
1

1
1

  

  Hence, φ t( ) is an even function.

  
∴ ( ) = ( ) =

−∫ ∫φ φ λt dt t dt
1

1

0

1
2 2

 411. (b)Putting x = 0, y =  0, we get f (0) + f (0) = f (0)
  \ f (0) = 0, Putting y = − x,

  f (x) + f (− x) = f (x − x) = f (0) = 0

  \ f (− x) = − f (x), \ f (x) is an odd fuction.

  So, f x dx( ) =
−∫ 0

3

3
 

 412. (b) f x dx f x dx f x dx( ) = ( ) + ( )
− −

− +

−

− +

∫ ∫∫3

3

2

2 1

3

3 1

   
+ ( ) + ( ) + ( ) + ( )

−

− + ++

∫ ∫∫∫f x dx f x dx f x dx f x dx
1

1 1

2

3

1

1 1

0

0 1

  = (−3)3 + (−2)3 + (−1)3 + 03 + 13 + 23 = −27

 413. (b)Let f (x) = sin sine
e

f x e
e

x

x

x

x
−
+









∴ −( ) = −

+











−

−
1
1

1
1

  = sin sin1
1

1
1

−
+









 = −

−
+











e
e

e
e

x

x

x

x

  \  f (− x) = f (x). \ f (x) is an odd function,

  Hence, I = 0

 414. (a) f x g x dx f a x g a x dx
aa

( ) ( ) = −( ) −( )∫∫ . .
00

  [
 f x dx f a x dx

aa
( ) = −( )∫∫ 00

]

  = ( ) − ( ) ∫ f x g x dx
a

. 2
0

[from the question]
   

  

= ( ) − ( ) ( )

∴ ( ) ( ) = ( )

∫∫

∫ ∫

2

2 2

00

0

f x dx f x g x dx

f x g x dx f x dx

aa

b

a a
.

 415. (b) I x
x x

dx=
+∫

cos
cos sin

3

3 30

2π

  

⇒ =
−








−





 + −








=

∫I
x

x x
dx

x

cos

cos sin

sin

3

3 30

2

3

2

2 2

π

π π
π

ssin cos3 30

2

x x
dx

+∫
π

  
∴ + = = ∴ =∫I I dx I1

2 40

2 π ππ

 416. (d) Clearly, f (x) + f (− x) is an even function while g(x) − g (− x) is 
an odd function.

  \ the integrand is an odd function. So, I = 0.

 417. (c) A
x

x x
dx=

−( )
−( ) + −( )∫
sin

sin cos
π

π π

  
=

−
=∫

sin
sin cos

x
x x

dx B
0

π

  Now, A + B = 
2 2

2 20

sin
sin cos

x
x x

dx
−∫

π

  

1 2
2

1 2

2 2
2

0 0

−
−

= −( )

= −
+( )








∫ ∫
cos

cos
sec

log sec tan

x
x
dx x dx

x x

π π

π  =
0

π

π

  Hence, A B= =
π
2

 418. (a)Let I e n xdxx= +( )∫ cos .cos
2

0
3 2 1

π

   

= +( ) −( )

= +( ) − +

−( )∫

∫

e n x dx

e n n

x

x

cos

cos

.cos

.cos

2

2

0
3

0
3

2 1

2 1 2

ππ

π

π

π 11

2 1 2 0 0
2

0
3

( ) 

= − +( ) = − ∴ = ⇒ =∫

x dx

e n xdx I I Ixcos .cos
π

 419. (d) f x dx( ) =
−

−

∫ 4
1

4
 and 3 7

2

4
− ( )( ) =

−

∫ f x dx

  

⇒ ( ) = + =

= −( ) = ( ) = + =

−

−−

∫

∫∫

f x dx

I f x dx f x dx

7 18 25

4 25 29

4

2

1

2

2

1

 420. (c)Let I x x x dx= ( )∫ sin cos4 4
0

π

  

= −( ) −( ) −( )

= −

∫

∫

π π π

π

π

π

x x x dx

x xdx I

sin cos

sin cos

4 4
0

4 4
0

  

∴ = =

=

∫∫I x xdx x xdxπ π

π

ππ

2
2

2
3 1 3 1
8 6 4 2

4 4 4 4
0

2

0
sin cos . sin cos

. . . .
. . .

..π π
2

3
256

3
=

 421. (a)Let I x xdx x x dx= = −( ) −( )∫∫ logsin logsinπ π
ππ

00
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= −( ) = −

⇒ =

∫∫

∫

π π

π

ππ

π

x xdx xdx I

I xdx

logsin logsin

logsin

00

0
2

  

= =
−

∴ = −

∫2 2
2

2

2
2

0

2

2

π π
π

π

π
logsin . log

log

xdx

I

 422. (c)Let I x dx= +( )∫ log cos1
0

π

  

= + −( )  = −( )

⇒ = +( ) −

∫ ∫log cos log cos

log cos c

1 1

2 1 1

0 0
π

π π
x dx x dx

I x oos

log cos

x dx

x dx

( )

= −( )
∫

∫
0

2
0

1

π

π

  

= =

= = −







∫∫ logsin logsin

. logsin . log

2
00

0

2

2 2 4
2

2

xdx xdx

xdx

ππ

πππ

π

2

2

∫
∴ = −I log

 423. (a)Let I dx
x

dx
x

=
+

=
+∫∫ 1

2
14 40

2

0 tan tan
ππ

  

=
+

=
−








−





 +

∫2

2 2

2

4

4 40

2

4

4

cos
cos sin

cos

cos sin

x
x x

dx

x

x

π

π

π 440

2

2
π

π

−







∫
x
dx

  

=
+

⇒ =
+
+

=

∫

∫

2

2 2

4

4 40

2

4 4

4 40

2

sin
sin cos

sin cos
sin cos

x
x x

dx

I x x
x x

dx

π

π
22

2

0
2x

I

[ ] =

∴ =

π π

π

 424. (d) I dx
e x=

+−∫ sin 12

2

π

π

  

=
+

( ) = + −( )





= = ⇒

−∫ ∫∫
e dx
e

f x dx f a b x dx

I dx

x

x a

b

a

bsin

sin 1

2

2

2

π

π

π II =
−∫

π
π

π

22

2

 425. (d) x x x dx−( ) −( ) −( )∫ 1 2 3
1

3

   

= −( ) −( ) −( ) + −( ) −( ) −( )∫∫ x x x dx x x x dx1 2 3 1 2 3
2

3

1

2

   

= − + −( ) − − + −( )

= − + −


∫ ∫x x x dx x x x dx

x x x x

3 2
1

2 3 2
2

3

4
3 2

6 11 6 6 11 6

4
2 11

2
6







 − − + −











1

2 4
3 2

2

3

4
2 11

2
6x x x x

  

= − + −( ) − − + −

















+ − + −





 −

4 16 22 12 1
4

2 11
2

6

81
4

54 99
2

18 4−− + −( )







 =16 22 12 1

2

 426. (a) x x x dx x x xdx

x x x dx

3 2 3 2
0

1

0

2

3 2
1

2

3 2 3 2

3 2

− + = − +

+ − +

∫∫

∫

   
= − +( ) − − +( )∫∫ x x x dx x x x dx3 2 3 2

1

2

0

1
3 2 3 2

   

= − +








 − − +











= − +





 − − +

x x x x x x
4

3 2

0

1 4
3 2

0

1

4 4

1
4

1 1 16
4

8 4





 + − +






 =

1
4

1 1 1
2

 427. (b) x
x

x
x

dx+
−







 +

−
+







 −

−∫
1
1

1
1

2
2 2

1 2

1 2

   

x
x

x
x

dx x
x

x
x

dx

x

+
−







 +

−
+







 =

+
−

−
−
+−∫ ∫

1
1

1
1

1
1

1
1

4

2 2

1 2

1 2

1 2

1 2

xx
dx x

x
dx2 20

1 2

1 2

1 2

1
2 4

1−
=

−∫∫−

  ( integrand is even)

  
= −

−






∫2

4
120

1 2 x
x

dx

  [


4
1

02
x

x −
< in the interval 0 1

2
.






 ]

  
= − −( )



 = − 






 =







4 1 4 3

4
4 4

3
2

0

1 2
log log logx

 428. (c)
1 2

2 0

2

0

2 −
= ∫∫

cos sinxdx xdx
ππ

  = +∫ ∫sin sinxdx xdx
0 0

2π π [ sinx = 0 gives

   x = nπ, x = 0, ± 1, ±2,........... out of which only x = πÎ(0,2π)]

   = sin sinxdx xdx− ∫∫ 0

2

0

ππ
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= −[ ] + [ ] = − − −( ) + +( ) =cos cosx x0

2 1 1 1 1 4π
π
π

 429. (b) cosθ θ θ
π

-sin d
0∫

  
cos cosθ θ θ θ θ θ

π

ππ
-sin -sind d+ ∫∫ 40

4

  [ cosθ − sinθ = 0 gives cosθ = sinθ

   \ tanθ = 1 = tan
≠
4

. \θ = nπ + 
≠
4

, n = 0, ±1, ±2,........ 
 
 

  out of which only θ = 
≠
4
Î (0,π) ]

  

= ( ) − −( )

= +( ) − +

∫∫ cos cos sin

sin cos sin c

θ θ θ θ θ θ

θ θ θ

π

ππ

π

-sin d d
40

4

0
4 oosθ

π

π( ) 4

  = 
1
2

1
2

1 1 1
2

1
2

2 2+





 −









 − −( ) − +
















 =

 430. (b) sin cosx x dx+∫0
π

  

= + + +

+ = ⇒ = −

⇒

∫∫ sin cos sin cos

sin cos cos sin

x x dx x xdx

x x x x
3 40

3 4

0
π

ππ



ttan ,x x= − ⇒ = ∈( )

















1 3
4

0π
π

  

= +( ) − +( )

= − +( ) − −

∫ ∫sin cos sin cos

cos sin c

x x dx x x dx

x x

0

3 4

3 4

0
3 4

π

π

π

π oos sinx x+( ) 3 4π

π

  
= +





 +









 − − +
















 =

1
2

1
2

1 1 1
2

1
2

2 2

 431. (a) f x x dx f x x dx( ) ( ) = −( ) −( )∫ ∫0

4

0

4
4 4φ φ

  = f x x dx( ) − ( )( )∫0
4

3. φ  [ f (x) = f (4 − x) and

  φ φx x( ) + −( )4 ] = 3 f x dx I I( ) − ⇒ =∫0
4

2 3 2.
   
  \ I = 3.

 432. (b)F(t) = f t y g y dy
t

−( ) ( )∫0

   

e ydy e e ydy

e te e e te

t yt t yt

t t y t t

− −

− − −

∫ ∫=

= − −( ) − ( )




= −

0 0

0
10

. .

−− −( )





= − − +



 = − +( )



 = − +( )

−

− − −

e e

e te e e t e e tt t t t t t

1 0

1 1 1 1

 433. (b) I xf x dx a b x f a b x dx
a

b

a

b
= ( ) = + −( ) + −( )∫ ∫

  = a b x f x dx
a

b
+ −( ) ( )∫

  
  [Since given that, f (a + b − x) = f (x)]

  

a b f x dx xf x dx

a b f x dx I I a b f x dx

a

b

a

b

a

b

a

+( ) ( ) − ( )

= +( ) ( ) − ∴ = +( ) ( )

∫∫
∫ 2

bb

a

b
I a b f x dx

∫
∫∴ =

+





 ( )

2

 434. (a)Let I dx
e

dx
ex x=

+
=

+∫ ∫ −( )1 10

2

20

2

sin sin

π

π

π

  

=
+

=
+

∴ =
+
+

=

∫ ∫

∫

dx
e

e
e

dx

I e
e

dx

x

x

x

x

x

1 1

2 1
1

0

2

0

2

0

2

sin

sin

sin

sin

sin

π π

π
11 2

0

2
. .

π
π π∫ = ∴ =dx I

 435. (a)Let I xf x dx a b x f a b x dx
a

b

a

b
= ( ) = + −( ) + −( )∫∫

  

= +( ) −  ( ) = +( ) ( ) −

∴ =
+ ( )

∫ ∫
∫

a b x f x dx a b f x dx I

I a b f x dx

a

b

a

b

a

b

2

 436. (c)f (0) = a.f (1) = a + b + c, f a b c1
2 2 4







 = + +

  

∴ = ( ) = + +( )

= + +











= +

∫∫I f x dx a bx cx dx

ax bx cx a

2

0

1

0

1

2 3

0

1

2 3
1
6

6 3bb c

f f f

+( )

= ( ) + 





 + ( )









2

1
6

0 4 1
2

1

 437. (c) x f x dx x f x dx x f x dx2 2 2

1

2

0

1

0

2
( ) = ( ) + ( )∫∫∫



403chapter - 30 definite integral

JMMC RESEARCH  FOUNDATION PUBLICATION

A collection of  Problems in Mathematics, classes -XI & XII [Volume  -I] 
B.Biswas &  s.Biswas

in association with :  

complete solution  to 

  

= + −( )

=











+ −












= +

∫∫ x dx x x dx

x x x

3 2

0

2

0

1

4

0

1 4 3

1

2

1

4 4 3

1
4

166
4

8
3

1
4

1
3

5
3

−





 − −
















 =

 438. (d)Let I px qx dx= −( )
−∫ cos sin 2

π

π

  

= + −( )
= +( ) −

−

−

∫
∫

cos sin sin cos

cos sin

2 2

2 2

2

2

px qx qx px dx

px qx dx

π

π

π

π
ssin cosqx pxdx

−∫ π
π

  = +( ) −∫2 02 2

0
cos sinpx qx dx

π
[  sinqxcospx is 

  odd function] = + −( ) =∫2 2 2 2 2
0

cos cospx qx dx
π

π
 

 439. (b)Let I xf x x dx= +( )∫ sin cos3 2

0

π

  

= −( ) −( ) + −( )





= +( ) −

∫
∫

π π π

π

π

π

x f x x dx

f x x dx I

sin cos

sin cos

3 2

0

3 2

0

⇒⇒ = +( )
= +( )
=

∫
∫

I f x x dx

f x x dx

f x

π

π

π

π

π
2

2
2

3 2

0

3 2

0

2

3

sin cos

. sin cos

sin ++( ) ∴ =∫ cos .2

0
x dx k

π
π

 440. (d)Let f x
x x

x
( ) = ( )sin .log cot

cos
8

2  

  

⇒ −





 =

−





 −


















−
f x

x x

x

π
π π

π2

8
2 2

2
2

sin .log cot

cos 







  

=
−( )

−( )

=
−

= − ( )

∴

sin log tan
cos

sin .logcot
cos

sin

4 8
2

8
2

8

π
π
x x
x

x x
x

f x

xx x
x

dxlogcot
cos2

0
0

2π

∫ =

 441. (b) f x dx( )
−∫ 2

2

  

  

= + + −( ) + − + −( )
+ − + −( )
∫∫
∫

−
1 2 1 2 1 1

2 1 1

0

1

1

0

1

2

x x

x

x dx x dx

x dx

  

= − −












+ −












+ + −

−

2
2

2 2 2 2
2

2 2
2

2

2

0 2

0

1

2

x x x

x

x x

x

log log

log 22 5 9
4

2
1

2

x











= + log

 442. (a) cot cot− −

−

−
+

+
+
−





∫ 1 1

2

3 1
1

1
1

x
x

x
x

dx

  

=
+
−

+
+
−









= = − −( ) 

− −

−

−

∫

∫

tan cot1 1

2

3

2

3

1
1

1
1

2 2
3 2

x
x

x
x

dx

dxπ π
==

5
2
π

 443. (c) f x g x dx d
dx
g x g x dx

a

b

a

b
( ) ( ) = ( ) ( )∫∫ . .

  

= ( ) 

= ( )( )




= ( )( )  − ( )

∫1
2
1
2

1
2

2

2 2

d
dx

g x dx

g x g b g a

a

b

a

b

 
2

 444. (c)Let I dx
x x

=
−∫ tan cot0

2π

  

=
−






 − −








=
−

= − ⇒ − ∴ =

∫ dx

x x

dx
x x

I I I

tan cot

cot tan
.

π π

π

2 2

2 0

0

2

00
0

2π

∫

 445. (c) f x dx( ) =










−∫ 2
3

2

  
f x dx f x dx( ) = − ( )

−

−

∫∫ 3

5

5

3

  

= − ( ) + ( )







 = − −[ ] =

+ ( )( ) = ⇒ +

∫∫

∫
−
f x dx f x dx

f x dx dx

2

5

3

2

2

5

2 6 4

5 9 5 ff x dx

f x dx f x dx

( ) =





⇒ + ( ) = ⇒ ( ) = −





∫∫

∫∫

9

15 9 6

2

5

2

5

2

5

2

5

 446. (c)Since x − 4 is negative in the interval [−3, 3]
  \ |x − 4| = −(x − 4) for −3 ≤ x ≤ 3.
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∴

−
−

= − = −[ ] = −
− −−∫ ∫x
x

dx dx x4
4

1 6
3

3

3
3

3

3

 447. (d)
log 1 2 3 4

0

1

2 2 2

0

1+( ) =
− + +

∫ ∫
x

x
dx

x x x x

x
dx

  

= − + − +












= − + − +

∫ 1
2 3 4

4 9 16

2 2

0

1

2 2 4

x x x dx

x x x x

.............

..........

.........













= − + − +

0

1

2 2

4

21 1
2

1
3 4

x

 448. (c)Let I
x

x x
dx=

−







+∫
π

π 2
0

2

sin cos

  

=
− −







−





 + −








∫
π π

π π

π 4 2

2 2
0

2 x

x x
dx

sin cos

  =
− +

+∫
π

π 4
0

2 x

x x
dx

sin cos
Adding, we get 2I = 0

  \ I = 0
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1.(c) y = x2 when x < 0
    = x when x ≥ 0

 \ Required area x dx xdx2

0

4

2

0

+ ∫∫
−

          

y

o xx'
x = 4x = −2

y = 4

y − x

y'

y = x2

 = +






= + =

−

x x3

2

0 2

0

4

3 2
8
3

8 40
3

 square unit.

2.(b) Point of intersection of y = a sinx and x-axis is,
 0 = a sin x ⇒ x = 0, π i.e.,(0,0) and (0,π)
 \ required area

 
a xdx a x a a asin cos

0
0 2

π
π∫ = − = + =

3.(c) Area between y = sin x and x-axis in 0
4

, π





 

A x x= = − = − +∫sin cos
0

4

0
4 1

2
1

π
π

 Also the area between y = cos x and x-axis in

 

0
4

1
2

0

1
2

1 1 1

0

4

0
4, cos sinπ

π
π







= = = −

= − − +





 + = − +

∫is B x x

A

4.(d) Given two curves are x2 = 4y....(1) and 
 x = 4y − 2 ....(2)
 Now, x + 2 = x2 ⇒ x2 − x − 2 = 0
 ⇒(x − 2)(x + 1) = 0 ⇒ x = 2, −1

 \ y x
=

2

4
 at x = 2 = 1 and 

 y x
=

2

4
at x = − 1 = 

1
4

  

y

x

y'

Q

P

O−1 2

 \ Solving (1) and (2) we get

 Points of intersection = P Q= −





 ( )1 1

4
2 1, ; ,

 \ Required area x x dx+





 +













−
∫ 2

4 4

2

1

2

 
= + +























=
−

1
4 2

2
3

21
8

2 3

1

2
x x x

5.(c) x2 + y2 = 4 ..........(1)
 x y= 3 .......(2)
 \ From (1) and (2), we get
 3y2 + y2 = 4 ⇒ y = 1 ⇒ x = 3  

  

√3o 2 X

Y

 \ Area : x dx x dx
3

4
0

3
2

3

2

∫ ∫+ −

 
 

= + −








 =

3
2 3

3
2 3

π π

6.(a) y2 = 4ax; latus rectum x = a (Given)
 \ Required Area :

 
2 2 4 2

3
0 0

a xdx a x x
a a

=∫ .

 = =
8

3
8

3

2a a a a.  square unit.

7.(c) y = 4 + 3x − x2 .......(1), x-axis .......(2)
 From (1) and (2) we get
 y = 0 ⇒ x2 − 3x − 4 = 0
 ⇒ (x − 4)(x + 1) = 0 ⇒ x = −1,4

 \ Required areas : ydx x x dx
− −
∫ ∫= + −( )
1

4
2

1

4

4 3

in association with :  
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= + −












= + −





 − − + +








= −

−

4 3
2 3

16 24 64
3

4 3
2

1
3

44

2 3

1

4

x x x

33
2

65
3

264 9 130
6

125
6

− =
− −

= sq. unit

8.(a) Area enclosed by x
a

y
b

2

2

2

2 1+ =  is πab (known result)

9.(a) The given curve is (x − 1)2 + y2 = 1

  

O 2

 \ Required area

 
= − −( ) = −∫ ∫1 1 22

0

2
2

0

2

x x x dx

10.(d) Area enclosed by y = cosx , x-axis,
 0 ≤ x ≤ 2π is 

  

O 2ππ
2−1

1

π

 
= = ( ) =∫4 4 4

0

2

0
2cos sinxdx x

π
π

11.(b) The required ratio of areas of the curve y = cosx; y = 
cos2x.

 x axis is x = 0, x = 
π
3

 

= =
[ ]







=





∫

∫

cos

cos

sin

sin

xdx

xdx

x

x

0

3

0

3

0
3

0

3

2
2

2

3
2

1
2

3
2

π

π

π

π 




=
2
1

12.(a) Required area

 
= −( ) = +[ ]∫ cos sin sin cosx x dx x x

0

4

0
4

π
π

  π
4

X

Y

O

 = 2 − 1
13.(b) Area enclosed within y2 = x, y = 4, y-axis is 

  

y = 4

O X

Y

 xdx y dy y

0

4
2

0

4 3

0

4

6
64
3∫ ∫= =












= sq. unit

14.(c) y = |x − 1| ......(1) ; y = 3 − |x| ...........(2)
 From (1) and (2) we get, 3 − |x| = |x − 1|

 \ Area : 1 2 1 2 0 1 32 2 2 2−( ) + −( ) + −( ).  

  

(0, 3)

(2, 1)

(1, 0)
XX'

Y

Y'

−3 O

 = 2 8 4. =  square units.

15.(c) Area between y = x|x|, x-axis, x = −1, x = 1

 is 2 0 2
3

2

0

1

x dx x∫ >( ) =

  

XX'

Y

Y'

O
x = −1

x = 1

16.(d) Given y = xe|x|,|x| = 1 ⇒ x = 1, −1
 y = 0(x-axis)

 Area : 2 2
0

1

0

1
xe dx xe ex x x∫ = −
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 = |2[−1]| = 2 square unit

17.(a) y2(2a − x) = x3, x = 2a

 

2 2
2

2
2 2

2
2

3
2

0

2

0

2

3
2 3

2

0

ydx x
a x

dx

a a
a

aa

=
−

= − ( ) ( )
( )

∫∫

∫
sin

.cos
sin

θ

θπ

θθ θ θcos d

 [2a − x = 2asin2θ ⇒ dx = −2a.2sinθcosθ]

       

XX'

Y

Y'

O x = 2a

 

= ( ) =

=
−








−
−

∫ ∫2 2 2 16

16 4 1
4

4 3
4

2

0

2
4 2 4

0

2

2

a d a d

a

π π

θ θ θ θ. .sin sin

.
22 2

16 3 1
4 2 2

2





 =. . .

.
.π πa

 = 3πa2 square unit

18.(b) Area bounded between y2 = 4ax and 

 x ay ab2 4 16
3

= ∫ is (known theorem)

19.(b) Area bounded between 
 y = (x − 1)(x − 2)(x − 3), x-axis,

  

XX'

Y

Y'

O 1 2 3

 and x x is y dx ydx y dx= = −( ) + + −( )

=

∫ ∫∫0 3

11
4

1

2

2

3

0

1

,
 

20.(a) y = f (x), y' = f '(x). Then slope of tangent at
 [x, f (x)] is f '(x) = 2x + 1
 ⇒ f (x) = x2 + x + c [integrating]

 

  

XX'

Y

Y'

O
−1 x = 1

 But it passes through (1, 2)
 ⇒ 2 = 1 + 1 + c ⇒ c = 0   \ f (x) = x2 + x
 Then area bounded by f (x) = x2 + x, axis and

 x = 1 is f x dx x x dx x x( ) = +( ) = +










∫ ∫

0

1
2

0

1 3 2

0

1

3 2

 = + =
1
3

1
2

5
6

 square unit.

21.(b) y = |x| − 1.........(1), y = − |x| + 1.........(2)
 Solving (1) and (2) we get, x = 0 ⇒ y = −1.
 y = 0 ⇒ x = ±1 and x = 0 ⇒ y = 1.

       

Y

XOX'

Y''

−1

−1

1

1

 y = 0 ⇒ x = ± 1

 \ Requried area = 2 1
2

2 1 2× ×




= sq unit.

21.(a) Parabola y2 = 4ax is symmetrical about x-axis and latus  
 rectum
 is x = a, so required area

 = =∫2 4 8 3
0

2axdx a
a

sq. units.

22.(c) Solving y = 0 and y = 4 + 3x − x2, we get x = −1, 4. 
 Curve does not intersect x-axis between x = −1 and x = 4.

 \ Area = 4 3 125 62

1

4
+ −( ) =

−∫ x x dx sq.units.

23.(d)  

y = 4

O X

Y

x = 16

y2 = x

 Requried area = (16 × 4) − xdx
0

16
64 2

3
64∫ = − ×

 = 
192 128

3
64
3

−
= sq. unit.
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24.(c)  

A(√3, 1)

o 2 X

Y

B
C

 
 Requried area = Area of ∆OAC + Area of ABC

 
= × × + − =∫1

2
3 1 4 32

3

2
x dx π

25.(c) In [0,2π],y = xsinx = 0 at x = π
 y is positive when 0 < x < π and
 y is negative when π < x < 2π
 Thus the curve is above the axis of x from x = 0 to x = π
 and below the axis of x from x = π to x = 2π.

 \ Requried area = x xdx x x dxsin sin
0

2π

π

π

∫ ∫+ ( )

 = π + 3π = 4π

26.(b)                  

O
X

Y

A
P

(2)
(1)

Q

δx   δx  M 

 Solving the curves y2 = 4ax .................(1) and
 x2 = 4ay ..................(2) we get x = 0 and 4a

 \ Required area = y dx y dx
a a

1
0

4
2

0

4

∫ ∫−

 = 2
4

2 2
3 12

2

0

4 3 2
3

0

4

a x x
a
dx a x x

a

a
a

−












= −










∫ .

 = 
32
3

64
12

16
3

2
2

2a a
a

a− = sq. units.

27.(d) 
π/2 3π/2 2π

0 ≤ x ≤ 2πy = cos x

πo

y

X
 

 Requried area = 4 4 4
0

2

0

2
ydx xdx

π π

∫ ∫= =cos

28.(c) The curve x = y y x xis = ≥( )2 0 ..............(1).
 The line x − y + 2 = 0 ................(2) intersects it at
 x2 − x − 2 = (x − 2)(x + 1) = 0, i.e. at
 x = 2 (as x > 0), \  Required area

 
y dx y dx x x dx2 1

0

2 2

0

2

0

2
2 10 3− = + −( ) =∫ ∫∫

  

y1
y2

(2,0)

P(2,4)
(2)

(1)

O X

Y

29.(c) A xdx= = −∫ sin
0

4
1 1

2

π
. Area between the

 Curve y = cos x and x-axis in the interval [0, π/4].

 A 1 = cos xdx A
0

4
1 2 1

π

∫ = = −

30.(d) The curve y = 4 2−( )x is

 x 2 + y2 = 4, y ≥ 0...........(1) and x = 3y  is
 x2 = 3y (x ≥ 0) .................(2) solving, we get

 x x2
4

9
4+ =  i.e., x4 + 9x2 − 36 = 0

 
 ⇒ (x2 + 12)(x2 − 3) = 0 i.e., x x= ≥( )3 0

      

P(√3, 1)

(1)
(2)

√3 2 X

Y

O
y1y2

 \ Required area = y dx y dx2
0

3
1

3

2

∫ ∫+

 = x dx x dx
3

0

3 2

3

2

3
4 3 3 6∫ ∫+ − = −π

31.(a) D

A(1,0)

B(0,1) P(2,1)

C(2,0)O

Y

 The given curves are y = 
x x

x x
− ≥

− < ( )






1 1
1 1 1

,
, ......

if
if

 and y = 1..........(2)
 The points of intersection of two curves are B(0,1)
 and P(2, 1). Required area = Area of ∆ABP

 
= = =

1
2

1
2

2 1 1BP AD. . .
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32.(a) x = −2

x = 2

D(−2) O A(1) B(1)

C(2,1)

y =
 x –

 1
y = 1 – x

Y
E(–2, 3)

 
y x

x x
x x

= − =
− ≥
− <





1
1 1

1 1
,
,

 It is clear from the figure that area of required
 region = area of ∆ABC + area of ∆ADE

 = 
1
2

1 1 1
2

3 3 5. . . .+ =

33.(d) 

(1)

(2) (2)

(1)

O 1

y =
 3 

+ x

y = 3 – x

y =
 x –

 1

y – 1 = x

–1 2 3 X

Y

 
y x

x x
x x

= − =
− ≥
− <





1
1 1

1 1
:
: ....................(1) and 

 y x
x x
x x

= − =
− ≥
+ <





3
3 0
3 0

:
: ................(2)

 Clearly the two curves meet at (−1, 2) and (2, 1).
 Required area

 

= −( ) + −( ) + −( )

= + − −( ) 

− −

−

∫ ∫ ∫y y dx y y dx y y dx

x x dx

2 1
1

0
2 1

1

0
2 1

1

2

3 1
11

0

0

1

1

2

1

0

3 1

3 1

2 2

∫ ∫
∫
∫

+ −( ) − −( ) 

+ −( ) − −( ) 

= +( )
−

x x dx

x x dx

x dxx dx x dx+ + −( )∫∫ 2 4 2
1

2

0

1

 = 1 + 2 + (4 − 3) = 4

34.(b) 

(0, 2)
x = 1

y = – x 

y = x2  + 2

y

yO 1 X

Y

 Required area = x dx x dx2

0

1

0

1
2 17

6
+( ) + −( ) =∫ ∫

35.(b) The points of intersection of y = sinx and y = cosx are
 x = π/4.5π/4 and sinx ≥ cosx in 

 [π/4.5π/4]. \ Area = sin cosx x dx−( ) =∫π
π

4

5 4
2 2

36.(d) 

y1 y2

O π X

Y

 

 The two curves intersect at x = π.

 Area of the circle x2 + y2 = π2 in 1st quadrant = ≠
≠.

2

4 Area of y = sinx from x = 0 to π.

 
= = =∫∫ sin sinxdx xdx2 2

0

2

0

ππ

 \ Required area = 
π

π
3

3

4
2 8 4− = −( )

37.(c) Since the line y = x + 1 passes through the centre of the  
 circle. It  is a diameter. Therefore, area of the circle be  
 low his line is the area of semi-circle. i.e., 1

2
32 16. .π π=

38.(c) 

Y

X

Q(1)

(2)
(4, 3)

O(–1/2, 0)

P (0, –1)

X

 On solving, the points of intersection of curves 
 y2 = 2x + 1............(1) and x − y − 1 = 0 ...........(2)
 are P(0, −1) and Q(4,3).

 \ Required area = x x dy2 1
1

3
−( )

−∫

 
= +( ) − −( )





=
−∫ y y dy1 1

2
1 16

3
2

1

3

39.(c) Area = f x dx g b b b
a

b
( ) = ( ) = −( ) +( )∫ 1 3 4cos

 Differentiating, f (b),1 − 0 = g'(b)
 = cos(3b + 4) − (b − 1).3sin(3b + 4)
 ⇒ f (x) = cos(3x + 4) − 3(x − 1)sin(3x + 4)

40.(c) The curve is y x x
x x

x x
= =

≥

− <







2

2

0

0

:

:

 \ Area = −( ) + ( ) =
−∫ ∫x dx x dx2

1

0 2

0

1
2 3
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41.(b) Y

X

D(0, –1)

B(0, 1)

A(1, 0)(–1, 0)C

y = – x + 1y =
  x 

+ 1

y = – x – 1 y =
 – 

x –
 1

 The curve y = |x| − 1 ⇒ y = x − 1 for x > 0 and y = −x −1  
 for x < 0 and the curve y = −|x| + 1 ⇒ y = −x + 1 for x >  
 0 and y = x + 1 for x < 0
 The four lines enclose the square ABCD of side 

 AB = +( ) =1 1 22 2 . 

 \ Required bounded area = 2 2
2( ) = sq. units.

42.(a) 

O

Y

X

Q

P (1)

(2).
2           3

3 3,( )

3 3,−( )

y2y1

 The two curves are y2 = x...............(1) and
 x2 + y2 − 4x = 0 ...................(2)
 The curve (2)can be written as (x − 2)2 + y2 = 22

 Which is a circle with centre at (2, 0) and radius equal to 2. 
 Solving (1) and (2), the points of intersection of the two  
 curves are (0, 0), P 3 3,( ) and Q 3 3,−( ) .

 \ Common area = 2 1 2
3

4

0

3
y dx y dx+







∫∫

 
= + − −( ){ }







∫∫2 2 22 2

3

4

0

3
xdx x dx

 
= 




+ −( ) − −( ){ } + −( ){ }





−2 2
3

2 2 2 2 2 23 2

0

3
2 2 2 1

3

4
. sinx x x x

 
= 




+ −( ) − −( ){ } + −( ){ }





−2 2
3

2 2 2 2 2 23 2

0

3
2 2 2 1

3

4
. sinx x x x

 = +3 3 4 3π

43.(a) Y

O
Q

XX"

Y'

(2, 0)

y = 2x – x2

(x, y2)

P(x, y1)

(3, –3)

y = – x

 Required area = y y dx1 2
0

3
−( )∫

 

= −( ) − −( ) = −( )

= −











= − =

∫ ∫2 3

3
2 3

27
2

9 9

2

0

3 2

0

3

2 3

0

3

x x x dx x x dx

x x
22

44.(c) 

Y

XX'

Y'

(0, b)B

A(a, 0)

x
a

y
b

+ =1
x
a

y
b

2

2

2

2 1+ =

O
(x,y2)Q

P(x,y1)

 

 Required area = Area of the ellipse in first quadant 
 − Area of ∆OAB

 
= − = −( )π

π
ab ab ab
4

1
2 4

2

45.(c) P(4, 3)

A(5, 0)B(–5, 0)

Q(–4, 3)

(–2, 0) (2, 0)

Y

X

D C

O NM

 x2 + y2 = 25 ............. (i) represents a circle whose centre is
 (0, 0) and radius 5. Also 4y = |4 − x2| ⇒ 4y = 4 − x2

 if −2 ≤ x ≤ 2 ...............(ii) = −4 + x2 if x > 2
 or, x < −2...........(iii)
 or, x2 = −4(y − 1) for −2 ≤ x ≤ 2 represents a parabola
 whose vertex is (0, 1); Similarly, x2 = 4(y + 1)
 for x > 2 or x < −2 represents a parabola whose vertex is  
 (0,−1).

 Points of intersection of (ii) and (iii) are (2,0) and (−2,0).
 Point of intersection of (i) and (iii) are (4, 3) and 
 (−4, 3) ⇒ Required area = C or D.

 

= − −
−

−
−

= − +





∫ ∫ ∫
−

25 4
4

4
4

2
25 25

2 5

2

0

4 2

0

2 2

2

4

2 1

x dx x dx x dx

x x xsin
00

4 3

0

2
1
4

4
3

− −












x x

 − −











= +







−1
4 3

4 2 25
2

4
5

3

2

4
1x x sin sq.units.
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46.(b) 

Y

O XX'

Y'

y2 = 4x

y = 3

 

 Required area = xdy
0

3

≡  

 
= =












= =∫ y dy y2

0

3 3

0

3

4 12
27
12

9
4

47.(b) We have, A axdx
a

1
0

2 4= ∫ and 

 A ax axdx
a a

2
0

2

0
2 4 2 4= −∫ ∫

 

⇒ = = −

⇒ =
−

=
+

A a A a a

A A

1

2

2
2 2

1 2

8
3

16
3

2 8
3

1
2 2 1

2 2 1
7

and

48.(c) A1 = Area bounded by the two curves

 
= + −









 =

+∫∫2 6 16 4 3 16
3

2

2

4

0

2
xdx x dx π

 A2 = Area bounded by x2 + y2 = 16  and outside

 y2 = 6x = 16π − 4 3 16
3

32 4 3
3

+
=

−π π

 \ The required ratio = A A1 2 4 3 8 3: := + −π π

49.(a) The two curves y2 = 4ax and y = mx intersect at 4 4
2
a
m

a
m

,







 and the area enclosed by the two

 curves is given by 4
0

4 2

ax mx dx
a m

−( )∫
 \ 4

3
8
3 30

4 2 2

3

22

ax mx dx a a
m

aa m
−( ) = ⇒ =∫

 ⇒ m2 = 8 ⇒ m = 2.

50.(a) 

Y
PL

M

O X

Q(x1, –y1)

(x1, y1)

x1

 Let y2 = 4ax be a parabola and let x = x1 be a double    
 ordinate.

 Let  the value of y for x = x1 be y1. Then area OPQO =  
 k(area PQML)

 ⇒ 2 4 2
0

1 1
1

axdx k x y
x

∫ = ( ).

 ⇒ 4 2
3

21
3 2

1 1a x kx y





 =

 ⇒ 8
3

4 2 31
3 2

1
3 2ax k ax k= ⇒ =.

51.(a) We have dy
dx

x= +2 1 . Intergrating both sides with respect  
 
 to x, we get y = x 2 + x + c. Since the curve passes through  
 (1,2).
 \ 2 = 1 + 1 + c ⇒ c = 0
 So, y = x2 + x

 Required area = x x dx2

0

1 1
3

1
2

5
6

+( ) = + =∫
52.(c) Area A ydx= ∫3

4
, where xy − 3x − 2y − 10 = 0

 
⇒ =

+
−

y x
x

3 10
2

 

∴ =
+
−( )

=
−( ) +
−

= +
−( )

= +

∫ ∫

∫

A x
x

dx
x
x

dx

x
dx x

3 10
2

3 2 16
2

3 16
2

3 16

3

4

3

4

3

4
loog

log log log

x −( ) 

= + − = +

2

12 16 2 9 1 3 16 2

3
4

53.(d) A x dx
x

= +( ) =
+( )









∫ 3 4 1

3
2 3 4

30

4 3 2

0

4

 =
2
9

4 2 2
9

56 112
9

3 3−



 = ( ) =  sq. units.

54.(a)

O
X

Y

(2, 0)B C(4, –1)
F(–1, 0)

(0, 1)A
D(7/2, 0)

y –
 x =

 1

2x + y = 7 E(2, 3)
x + 2y = 2

 Solving equations the points of intersection can be found.

 

x y
y x

x y x
y x y

x x y
y x y

+ =
− =




⇒

= − =
= + =




⇒

= + =
= + =





2 2
1

0 1
1 2 7

2 2 2
3 2 7

,

 
x y
x y

x
y

+ =
+ =




⇒

=
= −

2 2
2 7

4
1.

 
 So the required area is given by
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A x x dx x x d= + +( ) − −















 + −( ) − −
















∫ ∫1 2

2
7 2 2

20

2

2

4
xx

xdx x dx= + −





∫∫ 3

2
6 3

22

4

0

2

 = 3
4

6 3
4

2

0

2 2

2

4
x x x










+ −












= 6 sq. units.

55.(b) x2 = x + 2

(–1, 1/4) (2, 1)

2

 

 For the intersection point of x2 = 4y and
 x = 4y − 2 ⇒ x2 − x − 2 = 0
 ⇒ (x − 2)(x + 1) = 0 ⇒ x = 2, x = −1
 and y = 1, y = 1/4.

 Required area = x dx x dx+





 −

− −∫ ∫2
4 41

2 2

1

2

 

= +












− 





= + − +




− +[

−
−

1
4 2

2 1
12

1
4

2 4 1
2

2 1
12

8 1

2

1

2
3

1

2x x x

]]

 = 
15
8

9
12

15
8

3
4

9
8

− = − = sq. units.

56.(c) [Replace α by a is every option]
 For the intersection point of y = 2ax and 
 y2 = 4ax, 4a2x2 = 4ax ⇒ ax(ax − 1) = 0

 ⇒ x = 0, x = 
1
a

    \ y = 0, y = 2.

 \ A ax ax dx
a

= −( )∫ 4 2
0

1

 
= −





= −




=2 2

3
1 4

3
1 1

3
1 2 3 2 2

0

1
a x ax

a a

a

57.(d) 

Y

XX'

Y'

O

4

4
 

 |x| + |y| = 4 ⇒ x + y = 4, − x + y = 4, y > 0

 x − y = 4, x − y = 4, y < 0
 Required area = 4. 1

2
4 4 32× × =  sq. units.

58.(a) A x x dx x x= −( ) = −











= − = −∫ 2

0

2 3
2

0

2

4
3

2 8
3

8 16
3

 A = 
16
3

sq. units.

59.(b) A = xdy y dy y
0

4 2
3

0

4

0

4

3
64
3∫ ∫= =












=

60.(c) A = sin cosxdx x= −[ ] =∫ 0
2

0

2
1ππ

61.(b) 

Y

O
X

2y = x
y2 = x

 
 

 For all the intersection points of y2 = x and 2y = x :
 y2 = 2y ⇒ y(y − 2) = 0
 ⇒ y = 0, y = 2   \ x = 0, x = 4

 \ A = x x dx x x
−






 = −











∫ 2

2
3 40

4 3 2 2

0

4

 = 
16
3

4 4
3

− =  sq. units.

62.(a) 
Y

O X

x = 2y = 2 – xy =
 2 – x

(–2, 0) (2, 0)

 A = 2 2
0

2

0

2
+( ) − −( )∫∫ x dx x dx

 = 2
2

2
2

6 4 2 4
2

0

2 2

0

2

x x x x
+












− −











= − −[ ] =

63.(c) The given parabola cuts the x-axis at points where y = 0,  
 i.e.,3(a2 − x2) = 0 i.e., x = ±a. Thus the area enclosed by  
 the parabola, x-axis and the ordinates x = −a and x = a
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= = −( )

= −( ) = −











−− ∫∫

∫

ydx
a

a x dx

a
a x dx

a
a x x

a

a

a

a

a

3

3 2 6
3

2 2

2 2

0

2
3

.
0

a

 = 
6

3
43

3
2

a
a a a−











= sq. units.

64.(b)
Y

O X

y = 1

y = 4

y = 4x2

x = 0

 

 The required area = the shaded area

 

= =

= 




= −



 = −[ ] =

∫ ∫xdy ydy

y

1

4

1

4

3 2

1

4
3 2

2
1
2

2
3

1
3

4 1 1
3

8 1 7
3

65.(d) 

Y

X

P

M A

Q

O
(0, 0)

(4a, 0)  

 Solving the two equations, we get x = 2a and then   
 y a= ±2 3
 \ The common area 2 [area OPAMO] = 2 ∫ ydx + 2 ∫ ydx
     Parabola    Circle

 

= ( ) + ( ) −





= +( )
∫ ∫2 6 2 4

4
3

4 3

0

2 2 2

2

4

2

a xdx a x dx

a

a

a

a

π

66.(c) 

Y

X

P

M A

Q

O
(0, 0)

(4a, 0)

 Here the x-coordinate of the point P is 4 and the   
 x-coordinate of the point where the circle meets x-axis on  
 the negative side is −8.
 The required area of portion of the circle which is exterior  
 to the parabola

 
= −

−∫ ∫2 2
8

4

0

4
ydx ydx

 from circle       from parabola

 

= −( ) −

= −( ) +





−

−

−

−

∫ ∫2 64 2 2 3

2
2

64 32
8

2

8

4 1 2

0

4

2 1

8

4

x dx x dx

x x xsin 44 3 2
3

2 2 48 32
6

0 32
2

8
3

4 4

32 3

3 2
0

4
.

. .

x



= + − − −















 −

= +

π π

π
22
3

16 3 64
3

128
3

16
3

3 16
3

8 3

π

π π

+ −

= − = −( )

67.(a) 

Y

O A D E

B
F

X

C(3, 9)

x 
=

 2

x 
=

 3

x 
=

 5

y = – x + 12

y =
 2x

 +
 3

 Required area is given by A = Area ABCD + Area

 CDEF = 2 3 12
2

3

3

5
x dx x dx+( ) + − +( )∫ ∫

 

= +



 + − +













= +( ) − +( )  + − +



x x x x2
2

3 2

3

5

3
2

12

9 9 4 6 25
2

60

 − − +


















9
2

36

 = 24 sq. units.

68.(c) The given curve is symmetrical about both axes.It exists in  
 the region where x2 ≤ 1. i.e., where −1 ≤ x ≤ 1.
 If y ≥ 0 then |y| = y and if y ≤ 0, then |y| = −y. So the given  
 curve is represented by two parabolas y = 1− x2 i.e., x2 =  
 −(y − 1),
 y ≥ 0 and −y = 1− x2 i.e., x2 = y + 1, y ≤ 0

 \ The required area = 4 1 8
3

2

0

1
−( ) =∫ x dx

69.(d) 

Y

X1

–1

1 x = 1 – 3y 2
x = – 2y 2

O

 Solving the equations x = −2y2, x = 1− 3y2 we find that the 
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ordinates of the points of intersection of the two parabolas are given 
by y1 = −1, y2 = 1. The required area = shaded area in   
figure. Since 1 − 3y2 ≥ −2y2 for −1 ≤ y ≤ 1, therefore area 
 included between the two parabolas

 = −( )
−∫ x x dy1 2

1

1
, where x1 = 1− 3y2, x2 = −2y2 

 

= − +( ) = −( )

= −( ) = −





− −∫ ∫

∫

1 3 2 1

2 1 2 1
3

2 2

1

1 2

1

1

2

0

1 3

y y dy y dy

y dy y y
00

1
2 1 1

3
4
3

= −





 =

 Area enclosed by the parabola x = 1 − 3y2 and 

 y-axis = 2 1 3 22

0

1 3 3
0

1 3
−( ) = −



∫ y dy y y

 = 2 1
3

1
3 3

4
3 3

−




= . Hence the required area

 = 
4
3

4
3 3

4
3 3

3 1− = −( )

70.(a) 

Y

A

NO X

BC

y =
 x

(–2, –2)(–2, –2)

2

 The area bounded by all the three curves is shaded area.
  \  Required area

 = 4
2

2

2

2

2

0 2

0

2
−( ) − −

− −∫ ∫ ∫x dx xdx x dx

 = π +







1
3

sq. units.

71.(b) 

Y

O X

y = x – 1
y = 1 – x

21–1

 The curve y = | x − 1| = 
x x

x x
− ≥

− + <




1 1
1 1
,

,

 The area bounded by the given two curves is the shaded  
 area. 
 The required area

 = 5 1 12

1

1

1

2

1

2
−( ) −( ) − −( )

−− ∫ ∫∫ x dx x dx x dx

 = 5 2 4π −( )  sq. units.

72.(c) 

Y

O X

.
(0, 1)

1/2
–2 –1

(–3/4, 25/16)

 The given parabola is y x x= − −( )1
2

2 3 2 2

 or, x y+





 = − −( )3

4
25 16

2
. The given line is y = x + 1.

 \ The required area = shaded area

 = x dx x x dx+( ) + − −( )∫∫− 1 1
2

2 3 2 2

0

1 2

1

0

 

 = x x x x x2

1

0 2 2

0

1 2

2
1
2

2 3
2

2
3

+












+ − −










−

. .

 = 37
48

sq. units.

73.(b) 

Y

B

O

Q

A

XP

(2, 5)

y =
 m

x x = 2

(2, 0)(3/2, 0)

 The given curve is y = 1 + 4x − x2

 or, y = −(x − 2)2 + 5 or, (x − 2)2 = −(y − 5)
 Which is a parabola with vertex (2, 5) and symmertrical  
 about the line x = 2 and is shown in figure. Let OA rep 
 resents the line y = mx. Then as given this line bisects the  
 area OPQB so that area OPQB = 2 area OPA. Now area

 OPQB ydx= ∫0
3 2

, [from the parabola] 

 = 1 4 2

0

3 2
+ −( )∫ x x dx

 = x x x+ −





= + −





 −2 1

3
3
2

2 9
4

1
3

27
8

02 3

0

3 2
. .

 = 6 9
8

39
8

− = . And area OPA = ydx
0

3 2

≡ , [from the straight  
 

 line y = mx] = mxdx m x m m
0

3 2 2
0

3 21
2

1
2

9
4

0 9
8∫ = 



 = −




=

 According to the given condition, we have, 

 Area OPA = 
1
2

Area OPQB or, 9
8

39
16

13
6

m m= =or,
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74.(b) O

Y

X

x = a/√2

x = a

A(a, 0)

 Required area = 2 2
2

2 2

2
ydx a x dx

a

a

a

a
= −∫ ∫

 

= − +












= − +







−2
2 2

2
2 2 2 2 2 2 4

2 2
2

1

2

2 2

x a x a x
a

a a a a

a

a

sin

. . .π π















= −








a2

2 2
1π

75.(c) 

.
O 2π3π/2π/2

π

Y

X

x = 2π
 The required area =      

 4 4 2 8 8
0

2

0
2

0

2
ydx xdx x= = [ ] =∫∫ cos sin

π ππ

76.(a) 

O

Y

X

x = 0
x = 2x = –2

y =  4 – x2

 The required area = 2 2 4 2

0

2

0

2
ydx x dx= −∫∫

 = 2 x x x
2

4 2
2 2

2
2

1
2

0
− +













−sin

 = 2 0 2 1 0 2 0 4
2

21 1+( ) − +( )



 = =− −sin sin .π π

77.(b) 

O

Y

X

x = 0
x = 1x = –1

x + y = 1x +
 y 

= 1

 The required area = ydx ydx+ ∫∫− 0

1

1

0

 
= +( ) + −( )

−∫ ∫x dx x dx1 1
1

0

0

1

 = x x x x2

1

0 2

0

1

2 2
+













+ −










−

 = 0 1
2

1 1 1
2

0 1
2

1
2

1− −















 + −






 −









 = + =

78.(b) 

O

Y

X

X = 1X = –1
(–1, 0) (1, 0) (π/2, 0)(–π/2, 0)

y = cos x

 The required area = ydx xdx
− −∫ ∫=1

1

1

1
cos

 = sin sin sin sinx[ ] = − −( ) =−1
1 1 1 2 1

79.(a) 

Y

XO

P(0, 3)

y = –2x + 3

(1, 0) A(3/2, 0)

 The given equation is x2 + 2x + y − 3 = 0 ................(1)
 or, (x + 1)2 = 4 − y which is a parabola.

 Now, x2 + 2x + y − 3 = 0 ⇒ 2x + 2 + dy
dx

= 0

 (1) meets y-axis at (0, 3). At (0, 3), dy
dx

= 0 −2

 Equation of the tangent at (0, 3) is y − 3 = −2(x − 0)
 or, 2x + y − 3 = 0

 It meets x -axis at A 3
2

0,







 Required area = − +( ) − − − +( )



 =∫ 2 3 2 3 7

12
2

0

3 2
x x x sq.  

 units.
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80.(a) 

x = 0 x = a

XO

x2 + y2 = a2

x + y = a

Y

 The required area = a x dx a x dx
a a2 2

0 0
− − −( )∫ ∫

 = x a x a x
a

ax x
a a

2 2 2
2 2

2
1

0

2

0

− +











− −










−sin

 

= +








 − −











= − = −( )

−0
2

1
2

2 2 2 4
2

2
1 2

2

2 2 2

a a a

a a a

sin

. .π
π

81.(c) 

O

Y

X

x = π/2x = –1

y = cos xy =
 1 

+ x

 The required area = 1
1

0

0

2
+( ) +

−∫ ∫x dx xdxcos
π

 = x x x+












+ [ ] = − − +





 + =

−

2

1

0

0
2

2
1 1

2
1 3

2
sin π

82.(c) O

Y

X
x = 1

x = –1

y = – x y =
  x

 The required area = 2
0

1
ydx≡ , where

 

 y = x = 22 2
2

1
0

1 2

0

1

xdx x∫ =











=

83.(a) 

O

Y

X

x = aex = – ae

 The required area = 4 4 2 2

00
ydx b

a
a x dx

aeae
= −∫∫

 

= − +












= − +

−

−

4
2 2

4
2

2 2
2

1

0

2 2 2 2 1

b
a
x a x a x

a

b
a
ae a a e a e

ae

sin

. sin





= − +( )−2 1 2 1ab e e esin

84.(a) 

Y

O X

y = 1

y = – 2

 The required area = xdy y y dy
− −∫ ∫= − −( )

2

1 2

2

1
2

 = 2 1
2

1
3

4 2 8
3

9
2

− −





 − − − +






 =

85.(b) 
y =  4 – x2

Y

XO x = 1

x = 0 x = 2

y = x 3

 The required area = 3 4 2

1

2

0

1
xdx x dx+ −∫∫

 

= 



 + − +













= + − −

−

−

3
2 2

4 2
2 2

3
2

2
2

3
2

2 1

2
0

1 2
2

1

1

2

1

x x x xsin

. sinπ
22 3

2
3

= − =π
π π

86.(b) 

y2 = ax

x = 0
x = a

y =   2ax – x2

Y

X

 The given circle and parabola meet at the points (0, 0),  
 (a,a) and (a, −a).
 \ The required area 
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= − −

= − −( ) − 





=
−

−

∫∫
∫

2

2
3

2

2

00

2 2 3 2
00

2

ax x dx a xdx

a x a dx a x

x a a x

aa

aa
.

−−( ) +
−











− = − = −






−a a x a
a

a a a a

a
2

2
1

0

3 2 2 2

2

2
3 4

2
3 4

2
3

sin

. π π
a

2

87.(a) 

x = 0

x = 2 x = 4

Y

O X

 The required area 

 

= − −
−

−
−

= − +





∫ ∫∫
−

25 4
4

4
4

2
25 25

2 5

2
2

0

2 2

2

4

0

4

2 1

x dx x dx x dx

x x xsin
00

4 3

0

2
1
4

4
3

− −












x x

 

− −











= × +





 − −








−

−1
4 3

4 2 3 25
2

4
5

1
4

8 8
3

1
4

64

3

2

4
1x x sin

33
16 1

4
8
3

8 2 25
2

4
5

1−





 + −






 = + −sin

88.(b) 

x = 0

x = 4

x = 8

Y

O X

 The smaller area = 2 12 64 2

4

8

0

4
xdx x dx+ −∫∫

 

= 



 + − +





= +( )

−4 3 2
3

2
2

64 64
2 8

16
3

4 3

3 2
0

4 2 1

4

8
. sinx x x x

π

 Also, larger area

 
64 16

3
4 3 16

3
8 3π π π− +( ) = −( )

 \ Ratio = Smaller area
larger area

=
+
−

4 3
8 3
π
π 

89.(b) 

Y

XO

x + y = 1–x + y = 1

x – y = 1x – y = –1

 The required area = 4 1
0

1
−( )∫ x dx

 = 4
2

4 1 1
2

2
2

0

1

x x
−












= −






 =

90.(b) O

Y

X

x = 0 x = 3
x = 3/2

 The two curves meet at the point x =
3
2 So, the required area

 

= − −( ) + −

=
−

− −( ) +
−










∫ ∫
−

9 3 9

3
2

9 3 9
2

3
3

2

0

3 2 2

3 2

3

2 1

x dx x dx

x x xsin








+ − +





= −−

0

3 2

2 1

3 2

3

2
9 9

2 3
3 9 3

4
x x xsin π

91. [Correct answer is : π
8

3
4

− ]

 

O

Y

X

x = 0 x = 1

x = −1 1
2

 The circle (x − 1)2 + y2 = 1 and the line x + y = 1

 meet at the point 1 1
2

1
2

−





.

 So, the required area
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= − −( ) − −( )

=
−

− −( ) + −( )

−

−

−

∫∫ 1 1 1

1
2

1 1 1
2

1

2

1 1
2

1

0

1 1
2

2 1

x dx x dx

x x xsin





− −












= −

−

−

0

1 1
2

2

1 1
2

1

2 8
3
4

x x π

92. [Correct answer is : π − 4
3

]

 

Q

Y

X

x = 0 x = 1

 The required area = − − +∫2 1 12

0

1
xdx π.

 
= +

−( ) + = −2
2 1

3
4
3

3 2

0

1

.
x

π π

93.(d) 

(2, 4)(–1, 1)

x = –1 x = 0 x = 2

O X

Y

 The two curves meet at the points (−1, 1) and (2, 4)

 So, the required area = 5 6 2

1

2

1

2
x dx x dx+ −

−− ∫∫

 
= +( ) −













=
− −

2
15

5 6
3

27
5

3 2

1

2 3

1

2

x x

94.(a) 

Y

O

x = – a x = ax = 0

y2 = – 4a(x – a) y2 = 4a(x + a)

 The required area 

 
= −( ) =

− −( )










=∫4 4 4 2

2
3

16
30

3 2

0

2a a x dx a
a x

a
a

a

.

95.(b) 
(– 3, 15) ( 3, 15)

Y

O X
x = – 3 x = – 3

x y2 1
2

9= −( ) x y2 1
5

=

 The two parabolas meet at the points −( )3 15,  and 
 3 15,( ) .So, the required area

 

= +( ) −












= +








 −



∫∫2 2 9 5

2 2
3

9 5
3

2 2

0

3

0

3

3

0

3 3

0

3

x dx x dx

x x x















= −( ) =2 9 12 33
0

3
x x

96.(a) 

Y

O Xy = 0

y = 2

x2 = 9y
x2 = y/4

 The required area

 

= −





 = −













= −











=

∫2 3 1
2

2 2
3

2 4 2 2 2
3

2

0

2 3 2
3 2

0

2

y y dy y y

00 2
3

97.(a) 

(–2, 2)

(–2, 0) (2, 0)

(2, 2)

O

y = x

X

Y

y x=
1
2

2

 The required area = 8 1
2

2

2

2 2

0

2

2

0
− − −

− −∫ ∫∫x x dx xdx
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= − −












−












= − +

∫
−

−

2 8
6 2

2
2

8 8
2 2

2
3

0

2

2

0 2

0

2

2 1

x dx x x

x x xsin
22

4
3

2

2 2 4
4

10
3

2
3

2

0

2





− −

= +




− = +.π π

98.(b) 
O

x2 = 4y

y2 = 4x

X

Y

x2 + y2 = 12

x = 0
x = 2

x = 2 2
 The required area

 

= + − −

= + − +

∫ ∫∫
−

2 12
4

4
3 2

12 12
2 2 3

2

2

2 2 2

0

2 2

0

2

3 2

0

2
2 1

xdx x dx x dx

x x x xsin





−












= +










−

2

2 2

3

0

2 2
11

4 3
4 2

3
3
2

1
3

x sin

99.(c) 

x = 5/2
y = x

(x – 3)2 + (y – 2)2 = 1

C(3, 2)
(2, 2)

x = 2O X

 The required area = − − − −( )



∫∫ xdx x dx2 1 3 2

2

5 2

2

5 2

 
=












− [ ] +
−

− −( ) + −( )





−x x x x x
2

2

5 2

2
5 2 2 1

2

5 2

2
2 3

2
1 3 1

2
3sin

 = 9
8

1 3
8 6 6

3 1
8

− + − +








 = −

−π π

100.(d) 

1
2

4

O

Y

X

y = 4 –  | x |

x = –1
x = 0

x = 2 x = 3

y =  | x – 2|

 The required area = 4 2
1

3
− − −( )

−∫ x x dx

 

= + − −( )  + − − −( ) 

+ − − −( ) 

∫∫
∫

−
4 2 4 2

4 2

0

2

1

0

2

3

x x dx x x dx

x x dx

 

= +( ) + + −( )

= +( ) + + −( )
∫∫∫−

−

2 2 2 6 2

2 2 6

2

3

0

2

1

0

2
1

0

0
2 2

2

3

x dx dx x dx

x x x x x == 6

101.(d) 
O

x2 = 8y

y2 = 8x

X

Y

x = 0 x = 8

 The required area = 8
80

8 2

0

8
xdx x dx∫ ∫−

 

= 



 −













= − = − =

2 8
3

1
8 3

2
3

8 8 8 1
8

1
3

512 128
3

64
3

64

3 2
0

8 3

0

8

.

. .

x x

33

102.(d) y = x – x2

Y

XO

x = 0 x = 1
 The required area

 
= −( ) = −












= − =∫ x x dx x x2

0

1 2 3

0

1

2 3
1
2

1
3

1
6
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103.(d) Circle is (x − a)2 + y2 = a2. Its radius = a
 \ required area = πa2

104.(c) 
y = 4x – x2 – 3

Y

XO

x = 3x = 1
 The curve y = 4x − x2 − 3 meets x-axis where y = 0.
 \ 4x − x2 − 3 = 0 i.e., x2 − 4x + 3 = 0
 i.e., (x − 3)(x − 1) = 0  i.e., x = 1, 3

 \ The required area = ydx x x dx
1

3 2

1

3
4 3∫ ∫= − −( )

 
= − −











= − −( ) − − −






 =2

3
3 18 9 9 2 1

3
3 4

3
2

3

1

3

x x x

105.(c) 

Y

XO

y = 3

y = 0

• (1, 2)

C(2, 3)

(5, 0)
(–4, 0)

 Given parabola is (y − 2)2 = x − 1

 ⇒ dy
dx y

=
−( )

1
2 2

 For y = 3, x = 2

 \ dy
dx











 =

2 3

1
2,

 \ Equation of tangent at (2, 3) is (y − 3) = 
1
2

(x − 2)
 or, x − 2y + 4 = 0
 So, the required area

 

= −( ) +





− −( )

= − +( ) = −( ) =

∫ ∫

∫ ∫

y dy y dy

y y dy y dy

2 1 2 4

6 9 3

2

0

3

0

3

2

0

3 2

0

3
−− −( ) =

1
3

3 93

0

3

y

106.(a) 

O

x2 = 12y

y2 = 12x

X

Y

x = 0

x = 3

x = 12

A1

A2
(12, 12)

 We have, A xdx x dx1

2

0

3

0

3
12

12
= − ∫∫ 

 
=











−











=12 2

3 36
45
4

3 2

0

3 3

0

3

. x x

 Also, A xdx x dx2

2

3

12

3

12
12

12
= − ∫∫

 
= 





−












=12 2
3 36

147
4

3 2

3

12 3

3

12

. x x

 \ Ratio of area = 45 : 147. i.e., 15 : 49

107.(a) O

x2 = y

y = x + 2

X

Y

x = 0
x = –1x = –2

 The required area = x dx x dx+( ) +
−−

−

∫∫ 2 2

1

0

2

1

 
= +












+












=
−

−

−

x x x2

2

1 3

1

0

2
2

3
5
6

108.(a) 

X

Y

A
B

C

O

x2 + (y – 1)2 = 1

•

x = 0 x =
1
2

(0, 1)

 Area of OABCO

 

= − − − −( )











= +( ) − −

∫∫

∫

2 1 1 1

2 1 1 1

2 2

0

1 2

0

1 2

2

0

1 2

0

c x dx x dx

c x dx dx
11 2

∫












 

= − −












= − +( ) −












=

∫
−

2 2 1 1
2

2 2
2

1 1
2

2

2

0

1 2

2 1

0

1 2

x dx

x x xsin

22
2

1
2

1
2

2
2 4

1
2

2
4

2
2

. . .+ −











= −










π π

 

= − −












= − +( ) −












=

∫
−

2 2 1 1
2

2 2
2

1 1
2

2

2

0

1 2

2 1

0

1 2

x dx

x x xsin

22
2

1
2

1
2

2
2 4

1
2

2
4

2
2

. . .+ −











= −










π π

 \ Area inside the circle and outside the ellipse
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= − −









 = −( ) +π

π π2
4

2
2

4 2
4

1
2

109.(c) O

Q

X

Y

P

M(3, 0)

x = 3 – 2y2

x = y2
(1, 1)

 The two curves represent parabolas with vertices at  
 (0, 0) and (3, 0). They intersect at (1, 1) and (1,−1), so the  
 required area is
 area of OPMQO = 2 (area of OPMO)

 
= +

−







∫∫2 3

21

3

0

1
xdx xdx

 

= − −( )












= − −
















2 2
3

1
2

2
3

3

2 2
3

0 1
2

2
3

2

3 2

0

1
3 2

1

3

3 2

x x.

.  = +





 =2 2

3
4
3

4

110.(d) 
O

Y

X
G

A(0, 6)

F(–2, –6)

B(4, 6)

D(4, 0)(1, 0)

 The given equation is y = 6 + 4x − x2

 or, y = 10 −(x − 2)2    or, (x − 2)2 = −(y − 10)
 Which is a parabola whose vertex is (2, 10) and the axis x  
 = 2.
 It cuts x-axis and y-axis at (0, 6) and 2 10 0±( ), . The  
 equation of the chord joining the two given points (−2, −6)  
 and (4, 6) is

 
y x x y+
− −

=
+

− −
− − =

6
6 6

2
2 4

2 2 0or,

 It meets x-axis at (1, 0).

 Required area = 6 4 2 22

2

4

2

4
+ −( ) − −( )

− −∫ ∫x x dx x dx

 = 36 sq. units.

111.(b) 

O

Y

X

M

PA

Q(2, 4)

(5/2, 0)

(1, 0)

 We have y = 4x − x2 = 4 −(x − 2)2

 i.e., (x − 2)2 = −(y − 4) which is a parabola with vertex 
 (2, 4).
 Also, y = x2 − x = (x − 1/2)2 − 1/4
 ⇒ (x − 1/2)2 = y + 1/4
 This represents a parabola with vertex (1/2,−1/4).
 Area OAMQ = area OQMP − area MAPM

 
= −( ) − −( )∫ ∫4 2

0

5 2 2

1

5 2
x x dx x x dx

 
= −








 − −









4

2 3 3 2

2 3

0

5 2 3 2

1

5 2

. x x x x

 
= − + + − =

25
2

125
12

25
8

1
3

1
2

121
24

 Area OBA  = −( ) = − =∫ x x dx2

0

1 1
3

1
2

1
6

 So the required ratio is 121 : 4.

112.(a) A

PR
O

C D

Q
S(2, 0)(–2, 0)

B 8 3 1 3,( )

2 0,( )

The two curves are shown in figure. The first is an ellipse centred 
at the origin and cutting the x-axis at the points R(−2, 0) and S(2,0). 
The two branches of the second curve, a hyperbola, are shown in the 
figure on either side of the four points A,B,C and D,  whose co-or-
dinates are given by

 

1
4 2

1 8
3

1
3

2 2
− = − ⇒ ±

⇒ = ±

x x x

y

One of these points, B 8
3

1
3

,








 , is shown in the first quadrant.

The hyperbola cuts the x-axis in this quadrant at the point Q 2 0,( ). 
Thus the required area is CPABQD. By symmetry about the y-axis,the 
area CRAP equals the area DQBS. By symmetry about the x-axis, the 
DQBS equals twice the area QBS. By integrating the hyperbola from 
Q to B and the ellipse from B to S we now calculate the area QBS as 
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x dx x dx

x dx x

2

2

8 3 2

8 3

2

2

2

8 3 2

8 3

2

2
1 1

4

1
2

2 1
2

4

−












+ −

= − + −

∫ ∫

∫

/

/

/

/∫∫ dx

 

=
−

− + −( )











+
−

+






−

1
2

2
2

2
2

2

1
2

4
2

4
2 2

2
2

2

8 3

2
1

x x x x

x x x

log

sin

/







8 3

2

/
 

 

 

= − + +










+ − −− −

1
2

8 3 2 3
2

8
3

2
3

2

1
2

2 1 8 3 4 3
2

2 21 1

/ / log log

sin / / sin // 3










 

= −








 + − −











= − −

−1
2

2
3

3 2
3 2

1
2

2 2
3

2 2
3

2
3

2 2

1log sin

log s

π

π iin−1 2
3

 Twice this value gives area DQBS = area CRAP 

 = π − − −log sin3
2

2 2
3

1 ...............(i)

  The area CPABQD equals the area of the ellipse, which is π  
 timesthe products of the semi-major axes,  i.e., π(2)(1) =  
 2π, minus twice the area given by (1).

 That is, area CPABQD = 2 3 4 2
3

1log sin+ −

113.(b) 

XO

C

D

Y

B(2, 0)A(–2, 0)

−( )1 24,

The curve y2 + 8x = 16, i.e., y2 = −8(x − 2) is a parabola with vertex 
at B(2, 0), while the curve y2 − 24x = 48, i.e., y2 = 24(x + 2) is 
also a parabola whose vertex is at A(−2, 0). They intersect each 
otherwhen 16 − 8x = 48 + 24x ⇒ x = −1 ⇒ y = ±2 6  i.e., at the 
points C − −( )1 2 6,  and D −( )1 2 6, . Therefore, by symmetry about 
x-axis, the required area is twice that obtained by integrating the first 
curve from −2 to −1, and the second curve from −1 to 2. That is, the 

required area equals 2 24 2 16 8
2

1

1

2
x dx xdx+( ) + −











−

−

−∫ ∫

 = 2 2 6
2

3 2
2

16 8
3 2 8

3 2

2

1 3 2

( )( ) +( )











+ ( ) −( )
( ) −( )













−

−

−

x x

11

2

 = 
32 6

3

114.(d) • •O M

P

Q

A X

 The two equations x2 + y2 = 1 and
 (x − 1)2 + y2 = 1 represent circles whose centres are (0,0)  
 and (1, 0). Their radii are 1.

 The coordinates of P are 1
2

3
2

,







 Required area

 
= − −( ) + −









∫∫2 1 1 12 2

1 2

1

0

1 2
x dx x dx

 

 

=

−( ) − −( )
+ −( )













+
−

+

−

−

2

1 1 1
2

1
2

1

1
2

1
2

2
1

0

1 2

2
1

x x
x

x x x

sin

sin




































1 2

1

 =
−

+ + −











= −











3
4 3 3

3
4

2
3

3
4

π π π  sq. units.

115.(a) A

N XCB

Y

O b – a– a

y2 = 4b(b – x) y2 = 4a(x + a)

b

b a ab−( ),2

 

 The abscissa of the points of intersection of the two   
 parabolas are given by 4a(x + a) = 4b(b − x) or, ax + a2 =  
 b2 − bx  or, x(a + b) = b2 − a2 or, x = b − a   
 \ y a b a a ab= ± − + +( ) = ±4 2
 \ One of the points of intersection is A b a ab≡ −( ),2 .
 From symmetry, required area is twice that enclosed   
 between the parabolas in the first and second quadrants. \  
 required area

 = +( ) + −( )









−

−

−∫ ∫4 4a x a dx b b x dx
a

b a

b a

b
...........(i)

 [area ABNA + area ANCA]

 Now, 4 2 2
3

3 2a x a dx a x a
a

b a

a

b a
+( ) = +( )



−

−

−

−

∫ .
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 = =
4
3

4
3

3 2a b b ab. and
 

 

4 2 2
3

4
3

4
3

3 2

3 2

b b x dx b b x

ba a ab

b a

b

b a

b
−( ) = − −( )





= =

− −
∫ .

 Putting this values in (i) we obtain the required area 

 to be 2 4
3

4
3

b ab a ab+







 = +( )8
3
a b ab sq. units.

116.(b) 

Y

XO a 2a

 The required area = a
x
dx a x

a

a

a
a

22 2 2∫ = [ ]log

 = a 2loge 2 sq. units.

117.(d) 

Y

XA B

C

2
O

–1

2y2 = x

3y2 = x + 1

y = 0

 The given curves are y x y x2 21
2

1
3

1= = +( )and and their

 points of intersection are obtained from x x
2

1
3

=
+  or,

 3x = 2x + 2 or x = 2 and then y = ±1.

 The parabola y x2 1
2

= cuts the x-axis (y = 0) at its vertex at 

 x = 0 and the parabola y x2 1
3

1= +( ) cuts the x-axis (y = 0)
 at its vertex at x = −1.

 \ Required area = x dx xdx+
−

−∫ ∫1
3 21

2

0

2

 [area ABCA − area OBCO]

 
= +( )





− 



−

1
3

2
3

1 1
2

2
3

3 2

1

2
3 2

0

2
x x

 = − = − =
2

3 3
3 2

3 2
2 2 4

3
2
3

3 2 3 2 sq. units.

118.(a) O X

Y

(x – 4)2 + y2 = 16

4

(4, 4)

 Solving the equations y2 = 4x and (x − 4)2 + y2 = 16  we 
 obtain the points of intersection, (x − 4)2 + 4x − 16 = 0
 or, x2 − 4x = 0 or, x(x − 4) = 0  \ x = 0 or, x = 4.
 Then x = 0, y = 0 and when x = 4, y = ±4.
 \ In the first quadrant, the points of intersection are (0, 0) 
 and (4, 4),  \ The required area

 

= − −( ) −







= − −( ) −

∫
∫ ∫

16 4 4

4 4 2

2

0

4

2 2

0

4

0

4

x x dx

x xdx

 
=

−
− −( ) +

−










− × 





−x x x x2
2

16 4 4
2

4
4

2 2
3

2
2

1

0

4
3 2

0

4
sin

 
= × − × = × − ×8

2
4
3

4 8
2

4
3

83 2π π

 = − = −( )4 32
3

4
3

3 8π π sq. units.

119.(c) 

O X

Q
P

Y
x 2 = 2ay
y 2 = 2ax

a a a2 3

a 3

 Let A : x2 = 2ay; B : y2 = 2ax ; C : x2 + y2 = 3a2

 Curves B and C intersect at x2 + 2ax − 3a2 = 0
 or, (x + 3a)(x − a) = 0 ⇒ x = a in the first quadrant 
 (a > 0) and y2 = 2ax = 2a2   \ y a= 2
 The circle cuts the axis at 3 0 3 2a a a, ;( ) >( )
 \ The required area in the first quadrant which is inside the  
 circle and bounded by parabolas

 
= −









 + − −









∫∫ 2

2
3

2

2
2 2

22

0
ax x

a
dx a x x

a
dx

a

aa

 

= −











+

−

+ −












−
2 2

3 6
2

3

3
2 3 6

3 2
3

0

2 2

2
1

3a x x
a

x a x

a x
a

x
a

a

.
sin







a

a2

 

= − +
+

− − − +









−

−

2 2
3 6

2
2

3
2

2
3

2
3

2
2

3
2

1
3 6

2
2

2 1

2 2 2 1
2

a a
a a a

a a a a

sin

sin
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= + − − −












−2

3
3
2

2
3

1 1
3

1 2
3

1
3

2 2 1a a sin

 = +










−2
3

3
2

1
3

2 1 2a asin sq. units.

120.(c) X'
A' L' ON L A X

PM

Y

Y'
 The two equations represent two ellipses.

 x co-ordinate of P is ab

a b2 2+
 Required area = 4 area of OLPM = 4 [area of ONPM +  
 area of PNL]

 

= − + −





















+

+

∫ ∫4 2 2

0

2 2
2 2

2 2

b
a

a x dx a
b

b x dx

ab
a b

ab

a b

b

 

=
−

+












+
−

+

−

+

4
2 2

2 2

2 2 2
1

0

2 2 2

2 2

. sin

sin

b
a
x a x a x

a

a
b
x b x b

ab a b

−−

+













1

2 2

x
b

ab a b

b

 

=
+

+
+













+ −
+

−

−

2

2

3

2 2
2 1

2 2

2
3

2 2
2

b
a

a b
a b

a b

a b

a
b

b ab
a b

b

sin

sinπ −−

+

































1
2 2

a

a b

 
=

+
+ −

+













− −2
2

1
2 2

1
2 2

ab b

a b

a

a b
sin sinπ

 
=

+
+

+













− −2 1
2 2

1
2 2

ab b

a b

a

a b
sin cos

 
=

+
+

+













− −2 1
2 2

1
2 2

ab b

a b

b

a b
sin sin

 =
+

−4 1
2 2

ab b

a b
sin sq.units.
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 1.(b) 1 1 0−( ) + +( ) =y x dy
dx

x y

  Dividing xy, 1 1 0−







 +

+





 =

y
y

dy x
x

dx

  or, 1 1 1 1 0
y

dy
x

dx−








 + +






 =

  On integrating, log y − y + log x + x = c
  or, log xy + x − y = c
 
 2.(c) (x2 − yx2)dy + (y2 + x2y2)dx = 0
  or, x2(1 − y)dy + y2(1 + x2)dx = 0
  Dividing by x2y2

  

1 1 02

2

2
−







 +

+







 =

y
y

dy x
x

dx

  or, 1 1 1 1 02 2y y
dy

x
dx−









 + +






 =

  On integrating − − − + =
1 1
y

y
x
x clog

  or, 1 1
y x

y x c+ + − =log

 3.(d) 
dy
dx

x x
y y y

=
+( )

+
2 1log

sin cos
  or, (sin y + y cos y)dy = x(2log x + 1)dx
  On integrating
  ∫ sin ydy + ∫ y cos ydy = ∫ x(2log x + 1)dx
  Or, ∫ sin ydy + y sin y − ∫ sin ydy = ∫(2x log x + x)dx

  

x x x
x
dx x c

y y x x x x c x x c

2 2
2

2
2 2

2

1
2

2 2

log .

sin log log

− + +

⇒ = − + + = +

∫

 4.(b) log dy
dx

ax by





 = +  or, 

dy
dx

eax by= +

  or, e dy
dx

eby ax− = or, ∫ e−bydy = ∫ eaxdx
 

  or, e
b

e
a

c
by ax−

−
= +

 5.(a) dy
dx

y y
x x

=
− −
+ −

2

2
2

2 3
or, 

  

dy
y y

dx
x x2 22 2 3− −

=
+ −∫∫

  or, 
dy

y y
dx

x x−( ) +( )
=

+( ) −( )∫ ∫2 1 3 1

  or, 
1

3 2
1

3 1y y
dy

−( )
−

+( )








∫

  

=
−( )

−
+( )









∫ 1

4 1
1

4 3x x
dx

  

or, 1
3

2 1log logy y c−( ) − +( )  +

  
= −( ) − +( )  +

1
4

1 3log logx x c

  or, 1
3

2
1

1
4

1
3

log logy
y

x
x

c−
+









 =

−
+







 +

 6.(b) (x2 + xy)dy = (x2 + y2)dx   or, dy
dx

x y
x xy

=
+
+

2 2

2

  Let y = vx then 1
1
+
−

=
v
v
dv dx

x

  or, − +
−







 = ∫∫ 1 2

1 v
dv dx

x
  or, [− v − 2log(1 − v)] = log x + c

  or, − − −





 = +

y
x

y
x

x c2 1log log
   
  or, log x = 2log(x − y) + y / x + c

 7.(b) x dy
dx

y x y
x

= + tan  or, dy
dx

y
x

y
x

= + tan

  Let y = vx      ∴ v x dv
dx

v v+ = + tan

  or, cos
sin
vdv
v

dx
x∫ ∫=

  or, logsin v = log x + log c   or, sin y
x
cx=

 8.(d) x dy
dx

y y x xdy
dx

y y x= − +( )⇒ = +( )log log log /1 1

  Let y = vx

  
∴ + = +( )⇒ =∫ ∫v x dv

dx
v v dv

v v
dx
x

log
log

1
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⇒ ( ) = + ⇒ =log log log log logv x c y

x
ex

 9.(a) x dy
dx

x xy y2 2 2= + +  or, dy
dx

x xy y
x

=
+ +2 2

2

  Let y = vx      ∴ + = + +v x dv
dx

v v1 2

  

⇒
+

= ⇒ = +

⇒ = +

∫∫ −

−

dv
v

dx
x

v x c

y
x

x c

1 2
1

1

tan log

tan log

 10.(a) 
dy
dx

x y
x y

= −
+ −
+ −

3 2 5
2 3 5  

  Let x = X + h, y = Y + k

  
dY
dX

X Y
X Y

= −
+
+

3 2
2 3

where 3h + 2k − 5 = 0 and 

  2h + 3k − 5 = 0 ⇒ h = 1, k = 1
  Let Y = vX

  
v X dv

dX
v
v

+ = −
+
+

3 2
2 3

  or, X dv
dX

v
v
v

v v

v
= −

+
+

−
− + +( )

+
3 2
2 3

3 4 3

2 3

2

  or, 3 2
3 4 32

v
v v

dX
X

+
+ +

= −

  or, 6 4
3 4 3

22
v

v v
dv dX

X
+

+ +
= −∫ ∫

  or, log (3v2 + 4v + 3) = − 2log X + log c

  or, 3 4 32 2

2
2Y XY X

X
X c+ +

=.

  or, 3Y 2 + 4XY + 3X 2 = c
  Where X = x − h = x − 1 and Y = y − k = y − 1
  3(x2 + y2) + 4xy − 10(x + y) = c

 11.(c) (x + y)(dx − dy) = dx + dy   or,

  

dx dy
x y

dx dy+
+

= −

  On integrating log (x + y) = (x − y) + log k
  or, (x + y) = kex − y

 12.(b) xy dy
dx

y
x

x x=
+
+

+ +( )1
1

1
2

2
2

  or, ydy
y

x x dx

x x1

1

12

2

2+
=

+ +( )
+( )

  or, ydy
y x x

dx
1

1 1
12 2+

= +
+







∫∫

  or, 1
2

1 2 1log log tan+( ) = + +−y x x c

  or, log tan1 2
1+

= +−y
x

x c

 13.(c) 
dy
dx

x y x= −( ) =tan 1

  Let y − x = v, dy
dx

dv
dx

− =1

  
∴ = =
dv
dx

x v v
v
dv xdxtan , cos

sin
or

  or, logsin logv x c= +
2

2
   or, sinv cex=

2 2

  or, sin(y − x) = cex
2 2

 14.(a) 
dy
dx

y x y
x x y

=
−( )
+( ) .   Let y = vx,

  
v x dv

dx
v

v
v

+ =
−( )
+

1
1

  or, x dv
dx

v v
v

v v
v

=
−
+

− =
−
+

2 2

1
2

1

  or, 1 2 1 1 22 2
+

= − +





 = −∫ ∫v

v
dv dx

x v v
dv dx

x
or,

  or, − + = − +
1 2
v

v x clog log log

  or, log . logy
x
x c

y
x
y

2 1
− = =    or, xy = cex y

 15.(b) x y dy
dx

xy2 2−( ) =

  Let y = vx     \ v x dv
dx

v
v

+ =
−1 2

  or, x dv
dx

v
v

v v
v

=
−

− =
−1 12

3

2

  or, 1 1 12

3 3
−

= −





 = ∫∫v

v
dv dx

x v v
dx dx

x
or,

  or, − − = +
1

2 3v
v x clog log log

  or, − = = −x
y

y
x
x c cy e x y

2

2
2

2
2 2

log . . ,or

 16.(c) 1 1
2 3 2 2

2 3+ 



















= + 





 = ( )dy

dx
kx dy

dx
kxor,  

  ∴ The degree is 2.
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 17.(b) y a x b dy
dx

a x b= −( )⇒ = − −( )cos sin

  or, d y
dx

a x b y d y
dx

y
2

2

2

2 0= − −( ) = − ⇒ + =cos

 18.(b) 1 1+( ) = −cos cosx dy
dx

x    or, 

  
dy x

x
dx∫ ∫= −

+
1
1

cos
cos

  or, dy x dx c x dx c∫ ∫∫ + = −





 +tan sec2 2

2 2
1

  or, y x x c= − +2
2

tan

 19.(c) x dy
dx

x xy y2 2 2= + +   or, dy
dx

x xy y
x

=
+ +2 2

2

  Let y = vx     ∴ v x dv
dx

x vx v x
x

+ =
+ +2 2 2 2

2

  
⇒ = + ⇒

+
=∫ ∫x dv

dx
v dv

y
dx
x

1
1

2
2

  or, tan log tan log− −= + ⇒ = +1 1v x c y
x

x c

 20.(a) 
d y
dx

dy
dx

2

2

2
1 0+ + 






 =

  ⇒








 = + 




















d y
dx

dy
dx

2

2

2 2
1       ∴ The degree is 2.

 21.(a) e dy
dx

e x e
e

dy xdxx x
x

x+ +( ) = ⇒
+

+ =∫ ∫1 0
1

0cot cot

  
⇒ +( ) + = ⇒ +( ) =log logsin log sine x c e x cx x1 1

 22.(b) 
dy
dx

x y
x y

=
+
−

.        Let y = vx.

  
∴ + =

+
−

=
+
−

v x dv
dx

x vx
x vx

v
v

1
1

  or, x dv
dx

v
v
v v

v
v
v
dv dx

x
=

+
−

− =
+
−

⇒
−
+

=
1
1

1
1

1
1

2

2   

  

⇒ − +( ) = +

⇒ −
+( )

= +

−

−

tan log log log

tan log log l

1 2

1
2 2 1 2

1
2

1v y x c

y
x

x y

x
x oogc

  
⇒ −

+( )−tan log1
2 2 1 2

y
x

c x y

x
x

 

  
⇒ +( ) = −c x y e y x2 2 1 2 1tan

 23.(b) x y dy
dx

y dy
dx

y x
y

+ = ⇒ =
−2 2

  Let y = vx  ∴ + =
−

=
−v x dv

dx
vx x
vx

v
v

2 2 1

  

⇒ =
−

− =
− −

⇒
−( )

= ⇒
−( ) +
−( )

= −∫ ∫

x dv
dx

y
v

v v v
v

v
v

dv dx
x

v
v

dv d

2 1 2 1

1
1 1
1

2

2 2
xx
x

v v
dv dx

x

∫

∫ ∫⇒
−

+
−( )













= −
1

1
1
1 2

  

⇒ −( ) −
−( )

= − +

⇒
−( ) −

−( )
= − +

⇒ −( )

log log

log log

log

v
v

x c

y x
x

x
y x

x c

y x

1 1
1

== +
−

c x
y x

 24.(a) dy
dx

e x ex y y= +− −2  or, e dy
dx

e xx x= + 2

  or, e dy e x dxy x= +( )∫∫ 2  or, e e x cy x= + +
3

3

 25.(c) dy
dx

x y= + +( )4 1 2 . Let 4x + y + 1 = v

  
4 4 2+ = ∴ − =
dy
dx

dv
dx

dv
dx

v

  or, dv
v

dx2 4+
= ∫∫    or, 1

2 2
1tan− = +
v x c

  or, 1
2

4 1
2

1tan−
+ +( ) = +
x y

x c

  or, 4x + y + 1 = 2 tan(2x + c)

 26.(c) 
dy
dx

x y x y= +( ) + +( )cos sin . Let x + y = v

  ∴ − = +
dv
dx

v v1 cos sin  or, dv
dx

v v= + +1 cos sin

  or, 1
1+ + +

=∫ ∫cos sinv v
dv dx
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  or, 1

2
2

2
2 2

2cos sin cosv v v dv x c
+

= +∫

  or, 
sec

tan
. tan

2

2
2 2

2
2

v dv

v x c v t
+

= + =∫ Let

  or, dt
t
x c

1+
= +∫

  or, log(1 + t) = x + c        or, log tan1
2

+





 = +
v x c

  or, log tan1 1
2

+ +( )




= +x y x c

 27.(a) 3ex tanydx + (1 − ex)sec2 ydy = 0

  or,  
3

1
0

2e
e
dx y

y
dy

x

x−
+ =∫∫ sec

tan

  or,  −3log(1 − ex) + log tan y = logc
  or,  log tan y = log c(1 − ex)3   or, tan y = c(1 − ex)3

 28.(a) Here dy
dx

y
x

=
2

  or,  
dy
y

dx
x

y x c= ⇒ = +∫∫ 2 2log log log

  or,  y = cx2. The curve passes through (1, 1)
  ∴ 1 = c × 1 ⇒ c = 1.    ∴ y = x2

 29.(d) 2 32 2xy dy
dx

x y= + or,  dy
dx

x y
xy

=
+2 23
2

  Let  y = vx.     v x dv
dx

v
v

+ =
+1 3
2

2

  or,  x dv
dx

v
v

v v
v

=
+

− =
+1 3

2
1

2

2 2

  or,  2
1 2
v
v
dv dx

x+
=∫ ∫

  or,  log(1 + v2) = log x + log p

  or,  log log log
x y

x
x p

2 2

2

+( )
= +

  or,  x2 + y2 = px3

 30.(c) 
dy
dx

y+ =sin2 0   or, cosec2 ydy + dx = 0

  or, −cot y + x = c  or, x = cot y + c

 31.(a) 
dy
dx

x y xy= + + +1  or, dy
dx

x y= +( ) +( )1 1

  or, 
dy
y

x dx
1

1
+

= +( )    or,  log 1
2

2
+( ) = + +y x x c  

 32.(c) dy
dx

xy y
xy x

dy
dx

y x
x y

=
+
+

⇒ =
+( )
+( )

1
1

  or,  1 1+







 =

+







y
y

dy x
x

dx

  or,  1 1 1 1
y

dy
x

dx+








 = +






∫∫

   
  or,  log y + y = log x + x + log c 

  or,  log ,y
cx

x y y cxex y= − = −or

 33.(c) We have, y x dy
dx

a y dy
dx

− = +







2

  or,  ydx − xdy = ay2dx + ady
  or,  y(1 − ay)dx = (x + a)dy

  or,  dx
x a

dy
y ay+

−
−( )

=
1

0

  or,  log(x + a) −log y + log(1 − ay) = log c

  or,  log log
a x ay

y
c

+( ) −( ) =1

  i.e., (x + a)(1 − ay) = cy.  Since the curve passes

  through a
a

a c
a

, ,..−





 × +( ) = −1 2 1 1

  i.e., c = −4a2. So, (x + a)(1 − ay) = −4a2y.

 34.(c) cos ydx + (1 + 2e-x)sin ydy = 0

  or,  dx
e

y
y
dyx1 2

0
+

+ =−
sin
cos

  or,  
e
e

dx y
y
dy c

x

x +
−

−
=∫ ∫2

sin
cos

log

  or,  log
cos

log , cose
y

c e c y
x

x+







 = + =

2 2or

  When x y c c= = + = =0
4

1 2 1
2

3 2, , .,π i.e

  ∴ The solution is e yx + =2 3 2 cos

 35.(a) dy
dx

y y
x
x

x y
x

=
−sin

sin

  Put y = vx,   so that dv
dx

v x dv
dx

= +

  Hence, v x dv
dx

v v
v

v
v

+ =
−

= −
sin
sin sin

1 1
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  or, x dv
dx v

= −
1

sin
   or, dx

x
vdv c+ =∫∫ sin

  or, log x − cos v = c      or, log cosx y
x
c= +

 36.(c) 
dy
dx

y
x xy

=
− 2

. It is homogeneous.

  Put y = vx,    so that 
dv
dx

x dv
dx

v= +

  Hence x dv
dx

v v
v

+ =
−1 2

  or,  x dv
dx

v v
v
v v

v
+ =

−
− =

−1 2
2

1 2

3 2

  or,  dx
x

v
v

dv
v v

dv=
−

= −







1 2
2

1
2

1
3 2 3 2

  Integrationg, we get −c + log x = −v-1/2 − log v

  or, − + = − − +c x x
y

y xlog log log  

  or,  log y x
y

c+ =

 37.(b) 
dy
dx

= (g(x) − y).g' (x).

  Put g(x) − y = v ⇒ g' (x) − 
dy
dx

dv
dx

=

  Hence, g' (x) − 
dy
dx

dv
dx

= = v.g' (x)

  or, 
dv
dx

v g x= −( )1 ' ( )  or, dv
v1−
=∫ g' (x)dx

  or, 
dv
v1−
=∫ dv

v1−
=∫ g' (x)dx  or, −log(1 − v) = g(x) = c

  or, g(x) + log[1 + y − g(x)] = c

 38.(a) (2x − 2y + 5)dy = (x − y + 3)dx

  or, dy
dx

x y
x y

=
− +
−( ) +

3
2 5

  Put x − y = v  so that 1− =
dy
dx

dv
dx

or, dy
dx

dv
dx

= −1

  ∴ The equation becomes 1 3
2 5

− =
+
+

dv
dx

v
v

  or,  dv
dx

v
v

v
v

= −
+
+

=
+
+

1 3
2 5

2
2 5

  or, dx v
v

dv
v

dv=
+
+

= +
+









2 5
2

2 1
2

  Integrating, x = 2v + log(v + 2) + c
  or, x = 2(x − y) + log(x − y + 2) + c  as v = x − y
  or, 2y − x = log(x − y + 2) + c is the required solution.

 39.(c) xdx ydy xdy ydx
x y

+ +
−
+

=2 2 0

  
⇒ +( ) + 






 =

−1
2

02 2 1d x y d y
x

tan

  Integrating, 1
2 2

2 2 1x y y
x

c
+( ) + =−tan

  
⇒ + + =−x y y

x
c2 2 12 tan

  ∴ =
− −







y x c x ytan

2 2

2
is the requried solution.

  

 40.(b) xy dx x ydy e
x
dx2 2

3− =
  

  
⇒− −( ) =1

2
2 22 2

3x ydy y xdx e
x
dx. .

  

⇒
( ) − ( )

=
−

⇒








 =

−
⇒

x d y y d x

x
e
x x

dx

d y
x

e
x
dx d y

x

2 2 2 2

4 3 4

2

2 7

2

2

2 1

2

.









 =

−∫ ∫ 2
7
e
x
dx

  
⇒ = − = −

−
+−

−

∫y
x

e x dx e x c
2

2
7

6
2 2

6
.

  ⇒ = +y e
x

cx2
4

2

3
1.  Putting y = 0. x = 1

   

  We get 0
3 3

= + ⇒ =
−e c c e  ∴ The solution is 

  
y e

x
x2

4
2

3
1

= −







 41.(b) We have, xdy y
xf y x
f y x

dx= + ( )
( )









'

  ⇒ = + ( )
( )

dy
dx

y
x

f y x
f y x'

 which is homogeneous.

  Put y = vx   so that 
dy
dx

v x dv
dx

= +

  We obtain v x dv
dx

v
f v
f v

dv+ = + ( )
( )'   

  
⇒ = ( )

( )
dx
x

f v
f v

dv
'

  Integrating, we get
  log f (v) = log x + log c ⇒ log f (v) = log cx

  
⇒ 






 =f y
x

cx
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 42.(c) [Find the solution of log dy
dx

x y= − +9 6 6 ]
   

  
log .dy
dx

x y dy
dx

e e ex y x y= − + ⇒ = =− + + −9 6 6 9 6 6 9 6 6

  ⇒ e6ydy = e9x + 6dx.

  Integrating, we get 
e e c
y x6 9 6

6 9
= +

+

 
  Putting x = 0, y = 1, we get

  

e e c c e6 6 6

6 9 18
= + =i.e.,

  ∴ The solution is e e ey x6 9 6 6

6 9 18
= +

+

  
  ⇒ 3e6y = 2e9x + 6 + e6.

 43.(a) e x dy
dx

xdy dx = + ⇒ = +( )3 3log

  i.e., dy = log(x + 3)dx. Integrating, we get

  

⇒ = +( ) −
+

+

⇒ = +( ) − + −
+

+

∫
∫

y x x x
x

dx c

y x x x
x

dx c

log

log

3
3

3 3 3
3

	 	 ⇒	y = xlog(x + 3) − x + 3log(x + 3) + c
  ⇒ y = (x + 3)log(x + 3) − x + c
  Putting x = −2, y = 3, we get
  3 = log1 + 2 + c i.e., c = 1
  \ The solution is y = (x + 3)log(x + 3) − x + 1

 44.(a) Putting y = vx so that dy
dx

v x dv
dx

= +

  We get v x dv
dx

v v
v

x dv
dx

v
v

+ =
−( )
+( )

⇒ =
+

2 1
2 1

2
2 1

  ⇒ + +





 =2 2 1 0dx

x v
dv , Integrating, we get

  2log x + 2v + log v = c ⇒ log(x2v) = − 2v + c

  ⇒ ( ) = −log xy c y
x

2 ; when x = 1, y = 1 

  ∴ c = log1 + 2 = 2. So the solution is 

  log(xy) = 2 2
−
y
x

  i.e., x log(xy) = 2(x − y)

 45.(a) x dy
dx

y x dy
dx

y





 + −( ) − =

2
0

  ⇒ −





 +





 = ⇒ =

dy
dx

x dy
dx

y dy
dx

1 0 1  or,

  
x dy
dx

y= −
  

The solution of 
dy
dx

=1 is y = x + c and solution   

 

  of x dy
dx

y dy
y

dx
x

= − + =i.e., 0  is log(xy) = log c
  
  i.e., xy = c. Hence general solution is (x − y + c)(xy − c) = 0.

 46.(c) xy4dx +ydx − xdy = 0 ⇒ xdx ydx xdy
y

+
−

=4 0

  
⇒ +











−
=x dx x

y
ydx xdy
y

3
2

2 0.

  ⇒ +


















 =x dx x

y
d x
y

3
2

0 . Integrating, we get

   x x
y

c
4 3

4
1
3

+








 = ' or, 3x4y3 + 4x3 = cy3 which is the required solution.

 47.(b) dy
dx

ax g
by f

by f dy ax g dx=
+
+

⇒ +( ) = +( )

  Integrating, we get by fy ay gx c
2 2

2 2
+ = + + '

  

   ⇒ − + − + =ax by gx fy c2 2 2 2 0 . This represents a circle if  
  a = − b 

 48.(a) xdy − ydx = xy3(1 + log x)dx

  
⇒−

−







 = +( )ydx xdy

y
xy x dx2 1 log

  
⇒−









 = +( )d x
y

xy x dx1 log

  ⇒−








 = +( )x

y
d x
y

x x dx2 1 log .Integrating, we get

  

−( ) = +( ) − ∫
x y

x x x
x
dx

2 3 3

2
1

3 3
1log .

  
⇒− = +( ) − +

x
y

x x x c2

2

3 3

2 3
1

9 2
log

  
⇒− = +






 +

x
y

x x c
2

2

32
3

2
3

log

 49.(a) dx
dy

e x y
e

x y

x y=
−( )

+
1

1
. Putting x = vy, so that 

  dx
dy

v y dv
dy

= + , we get v y dv
dy

e v
e

v

v+ =
−( )

+
1

1   

  
⇒ = −

+( )
+

⇒ −
+
+

=y dv
dy

v e

e
e
v e

dv dy
y

v

v

v

v1
1

  Integrating, we get log y = −log(v + ev) + log c

  ⇒ =
+

=
+

⇒ + =y c
v e

c
x
y
e

x ye cv x y
x y  which is

 
  the required solution.
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 50.(b) 2 f (x) = f ' (x) ⇒ 
f x
f x
'( )
( )

= 2 . Integrating, we get

  log f (x) = 2x + c1
  ⇒ f (x) = e2x + c1= ec1.e2x = c.e2x, where c = ec1

  Putting x = 0, f (0) = 3, we get c = 3.
  ∴ f (x) = 3e2x ⇒ f (2) = 3e4.

 51.(c) x dy
dx

xy y
x

y
x

2 21 2
2

− = + =cos cos

  
⇒ 






 −




=sec2 2

2
2y

x
x dy
dx

xy

  
⇒ 








−
= ⇒ 






 =

1
2 2

1
2

12
2 3 3sec tany

x

x dy
dx

y

x x
d
dx

y
x x

   Integrating. we get tan y
x
c

x2
1

2 2= − which is the required solution.

 52.(b) φ φ
φ
φ

x x
x
x

( ) = ( )⇒ ( )
( )

='
'

1  or, 

  logφ(x)	=	x + log c
  ⇒ φ(x) = cex.  

Putting x = 1, φ(1) = 2, we get c
e

=
2

  
∴φ(x)	= 2ex - 1 ⇒ φ(3) = 2e2.

 53.(a) y dy
dx

x ydy x dx= − ⇒ = −( )1 1  

  
y x x c

2 2

2 2
= − +

  For, x = 1, y = 1, 1
2

1
2

1 1= − + ⇒ =c c

  
∴ = − + ⇒ = − +
y x x y x x

2 2
2 2

2 2
1 2 2

 54.(a) dv
dt

k
m
v g dv

dt
k
m
v mg

k
+ = − ⇒ = − +








  

⇒
+

= − ⇒ +





 = − +

⇒ + = ⇒ =−( )

dv
v mg k

k
m
dt v mg

k
k
m
t c

v mg
k

ce v ck m t

log log

ee mg
k

k
m
t−
−

 55.(a) T h e  g i v e n  d i f f e r e n t i a l  e q u a t i o n  c a n  b e  w r i t t e n
ydx xdy
y

x e dxx−
+ =2

23 0
3

  
⇒









 + ( ) = ⇒ + =d x
y

d e x
y
e cx x3 3

0

 56.(a) cos2 ydx − cosec xdy = 0. Separating the variable

  

dx
x

dy
y

xdx ydy
cosec

i.e.= =
cos

, sin sec2
2

  ⇒ ∫ sin xdx = ∫ sec2ydy

  or, −cos x = tan y − c  or, cos x + tan y = c

 57.(a) sinxsinydx + cosxcosydy = 0. Separating the variables,
  −sin xsin ydy = cos xcos ydy

  i.e., − =
sin
cos

cos
sin

x
x
dx y

y
dy

  
⇒

( )
=

( )
∫ ∫
d
dx

x

x

d
dx

y

y

cos

cos

sin

sin

  i.e., log(cos x) = logsin y + log c
  or, (cos x) = (c.sin y).

 58.(d) y dy
dx

x dy
dx

2 2− = or, y x dy
dx

2 21= +( )

  or, 1
1

1
2 2+

=
x
dx

y
dy or, dx

x
dy
y1 2 2+

− ∫∫
  or, tan−

−
=
−

+1
1

1
x y c or, tan− = − +1 1x

y
c

  i.e., y tan-1x = cy − 1

 59.(b) 
dy
dx

dy
dx

x y x y= =+( )4 4 4i.e., . . i.e., 4−ydy = 4xdx 

  Integrating ∫ 4−ydy = ∫ 4xdx i.e.,

  − = −
−4

4
4

4

y x
c

log log
 i.e., 4

4
4

4

x y
c

log log
+ =

−

 60. [Correct answer is :
  c = 3x2 − 6log x − 2y3 + 3y2]

  x
y

xy dy
dx

2 1
1
−
−

= . Separating the variables

  
x
x
dx y y dy

2 1 1−
= −( ) or, x

x
dx y y dy−






 = −( )1 2

  or, xdx
x
dx y dy ydy− = − ∫∫∫∫ 1 2

  or, x x y y c
2 3 2

2 3 2
− = − +log '

  or, 6c' = 3x2 − 6log  x − 2y3 + 3y2

  or, c = 3x2 − 6log x − 2y3 + 3y2 [where 6c' = c]

 61.(d) (x − 2)dy −(6x + 5)dx = 0
  Separating the variables

  
6 5

2
x
x

dx dy+
−

=  or, 
6 5

2
x
x

dx dy+
−

=∫ ∫

  or, 6
2 5

6
2

2

x

x
dx dy

−( ) + +







−
=∫ ∫

  or, 6 17
6

1
2

dx
x

dx dy+
−









 =∫∫ ∫
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⇒ + −( )




= −6 17

6
2x x y clog

  i.e., y = 6x + 17 log(x − 2) + c

 62.(b) 
dy
dx

y e e
e e

x x

x x=
−
+











−

−2
2 2

2 2  

  or, 2 12 2

2 2
e e
e e

dx
y
dy

x x

x x
−
+









 =

−

−

  or, 
2 1

2 2

2 2

e e

e e
dx

y
dy

x x

x x

−( )
+

=
−

−∫ ∫
  Put e2x + e−2x = I
  Differentiating with respect to x.

  2(e2x − e−2x)dx = dt   or, 1 1
t
dt

y
dy= ∫∫

  or, logt = log y − logc
  i.e., log(e2x + e−2x) + logc = log y
  or, y = c(e2x + e−2x)

 63.(a)  
dy
dx

b y
a x

=
−
−

=
2 2

2 2 0  or, 

  

dy

b y

dx

a x2 2 2 2−
= −

−∫

  or, 
d y b

y b

d x a

x a

( )
− ( )

= − ( )
− ( )∫∫ 1 12 2

  or, sin−1(y/b) = cos−1 (x / a) + c

 64.(c) 1 1 02 1 2+( ) + − =−y xdx x dysin

  Dividing both sides by 1 12 2+( ) −( )y x

  

sin−

−
+

+
=

1

2 2
1

1
1

0x

x
dx

y
dy

  or, 
sin−

−
+

+
=∫ ∫

1

2 2
1

1
1

0x

x
dx

y
dy

  or, sin sin− −( ) ( ) +
+

=∫ ∫1 1
2

1
1

0x d x
y
dy

  or, 
sin

tan
−

−( )
+ =

1 2

1

2

x
y c

 65.(d) cos cos cosx dy
dx

x x= −3 2

  or, cos cos
cos

3 2x x
x

dx dy−
=

  or, 
4 3 2 13 2cos cos cos

cos

x x x

x
dx dy

− − −( )
=

  or, 4 3 2 12cos cos
cos

x x
x
dx dy− − +






 =

   

  or, 4 1 2
2

3 2+





 − − +









 =

cos cos secx x x dx dy
   
  or, (2cos2x − 1 − 2cosx + secx)dx = dy
  On integrating,
  ∫ 2cos2xdx − ∫ dx − 2 ∫ cos xdx + ∫ sec xdx = ∫ dy

  or, 2 2
2

2sin sin log sec tanx x x x x y c− − + +( ) = −  

  i.e., y = sin2 x − 2sinx + log(secx + tanx) − x + c

 66.(b) ex  (y2 + 1)dx = y(ex + 1)dy

  Dividing by y e e
e

dx y
y

dyx
x

x
2

21 1
1 1

+( ) +( )
+

− =
+

,  

  or, e
e

dx y
y

dy
x

x +
=

+∫ ∫1
1
2

2
12

  i.e., log log loge y cx +( ) = +( ) +1 1
2

12

  i.e., log log loge y cx +( ) − + =1 12

 

  i.e., log log .,e

y
c c e

y

x x+

+












= =

+

+

1

1

1

12 2
i.e

 67.(b) 
dy
dx

a a x a dy
dx

a a xx y y y x= + = +( )− − −. .,2 2i.e

  Separating variables 
dy
a

a x dxy
x

− = +( )2

  i.e., a
a

a
a

x c
y x

log log
= + +

3

3

 68.(c) sec2sin ydx + (tan x + 1)cos ydy = 0
  Dividing by (sin y)(tan x + 1),

  
sec

tan
cos
sin

.
2

1
0x

x
dx y

y
dy

+
+ = On integrating 

  

  

sec
tan

cos
sin

2

1
0x

x
dx y

y
dy

+
+ =∫ ∫

  or, log(1 + tanx) + log(sin y) = logc
  or, log(sin y)(tan x + 1) = logc
  or, sin y(tan x + 1) = c

 69.(c) 
dy
dx

xy
x y

=
−( ) +( )1 1

 i.e., 1
1

+
=

−
y
y
dy x

x
dx

  i.e, 1 1
1

0
y

dy x
x

dx+








 +

−
=∫ ∫
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  i.e., 1 1
1

1
1y

dy dy x
x

dx
x

dx+ +
−
−

+
−∫∫∫∫

  or, log y + y + x + log(x − 1) = c
  or, x + log(x − 1) + log y + y = c 

 70.(c) cot cos cosy dy
dx

x y x y= +( ) + −( )

  or, cot cos cosy dy
dx

x y x y= +( ) + −( )cos xcos y − sin x sin y + cos xcos y 
                                                           + sin x sin y

  i.e., cos
sin

cos cosy dy
y dx

x y= 2

  i.e., ∫ cosec ydy = 2 ∫ cos xdx
  or, log[cosec y − cot y] = 2sinx + c

 71.(d) Put 3x − 4y = X ⇒ 3 − 4
dy
dx

dX
dx

=

  ⇒ 
dy
dx

dX
dx

= −







1
4

3

  Therefore the given equation is reduced to

  

3
4

1
4

2
3

1
4

4 8 3 3
4 3

1
4 3

− =
−
−

⇒ − =
− − −( )

−( )
=

+
−( )

dX
dx

X
X

dX
dx

X X
X

X
X

  
⇒−

−
+

= ⇒ − −
+







 =

X
X

dX dx
X

dX dx3
1

1 4
1

  ⇒	−X + 4 log(X + 1) = x + constant
  ⇒ 4log(3x − 4y + 1) = x + 3x − 4y + constant
  ⇒ log(3x − 4y + 1) = x − y + c

 72.(d) 
dy
dx

e e e e dy e dxx y x y y x= = ⇒ =+ −3 4 3 4 4 3.  

  ⇒ 
e e c

y x−

−
= +

4 3

4 3
. Putting  x = 0, we have

  
− − = ⇒ = −1 4 1 3 7

12
c c

  Hence 
e e e e

y x
y x

−
−

−
= − ⇒ = +

4 3
4 3

4 3
7

12
7 3 4

 73.(b) Putting y / x = u, we have dy
dx

u x du
dx

= +

  The given differential equation can be written as 

  
u x du

dx
u

u
u

+ = +
( )
( )

φ
φ '

	 	 ⇒	 x du
dx

u
u

u
u
du dx

x
=

( )
( )

⇒
( )
( )

=
φ
φ

φ
φ'

'

  Integrating, we get logϕ(u) = log x + log k
  so ϕ(u) = kx    i.e., ϕ(y / x) = kx

 74.(b) Putting u = x − y  we get 
du
dx

dy
dx

= −1

  The given equation can be written as 
  

1 1− = ⇒ −( ) =du
dx

u u du
dx

cos cos 

  
⇒

−
= ⇒ ( ) =∫ ∫ ∫∫

du
u

dx u du dx
1

1
2

22

cos
cosec

  ⇒ x + cot(u/2) = constant    or, x x y c+
−

=cot
2

 75.(a) The given equation can be written as

  

dy
dx

e dy
dx

ex x−





 −





 =

− 0

   ⇒ − =−dy
dx

e x 0   or,  
dy
dx

ex− = 0  

  ⇒ dy − e −xdx = 0  or, dy − e −xdx = 0
  ⇒ y + e −x = c   or, y − e −x = c

 76.(c) The presence of ydx − xdy terms suggests a factor of the form 
  1/y2 f (x/y). Dividing both sides by y4. We have   

xdx ydx xdy
y

+
−

=4 0 ⇒ +
−

=x dx x
y
ydx xdy
y

3
2

2 2 0

  [multiplying by x2]

  or, x dx x
y

d x
y

3
2

0+


















 = . Integrating, we have 

x x
y

c
4 3

4
1
3

+








 =

 77.(d) The presence of ydx + xdy suggests a factor of the form 
  f (xy). ydx + xdy + x2 ydy = 0
   

⇒
+

+ =

⇒ ( )
( )

+ = ⇒ − + =

ydx xdy
x y y

dy

d xy
xy

dy
y xy

y c

2 2

2

1 0

0 1 log

   
   

 78.(c) Putting x = vy, we have 
dx
dy

v y dv
dy

= +

  The given equation reduces to

  1 1 0+( ) +








 + −( ) =e v y dv

dy
e vv x

  or, (v − vev +ev − vev) = − +( )1 e y dv
dy

v

  ⇒ = −
+
+

dy
y

e
v e

dv
x

v
1 . Integrating we have

  log y + log(v + ex) = constant.

  or, log y x
y
ex y=









 = constant ⇒ x + yex/y = c

 79.(c) The given equation can be written as

  

xdy ydx
x y

dx xdy ydx
x y x

dx−
+

= − ⇒
−

+( ) = −2 2 2 2 21

  ⇒ ( )
+

= −
d y x
y x

dx
1 2 2 . Integrating both sides we have
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  x + tan−1(y/x) = c.

 80.(d) The given equation can be written as

  dx ydy x x y dx x y ydy− + + + − =2 2 2 2 0

  or, dx ydy x y xdx ydy− + + +( ) =2 2 0

  or, dx ydy x y d x y− + + +( ) =1
2

02 2 2 2

  Integrating both sides we have 

  
x y x y c− + +( ) =

2
2 2 3 2

2
1
3

 81.(b) 3ex tan ydy + (2 − ex)sec2 ydy = 0

  or, 3
2

0
2e dx

e
y
y
dy

x

x−
+ =

sec
tan

. Integrating we get,

  − 3log(2 − ex) + log tan y = log c
  or, tan y = c(2 − ex)3 which is the required general   

solution.

 82.(c) 8x + 4y + 1 + (4x + 2y + 1)
dy
dx

= 0

  Let 4x + 2y = v. Then 4 2+ =
dy
dx

dv
dx

  ∴ the given equation becomes

  
∴ +( ) + +( ) −






 =2 2 1 1 4 0v v dv

dx

  or, 4 2
1

4 0v
v

dv
dx

+
+

−





 + =    or, −

+
+ =

2
1

0
v

dv
dx

  or, (v + 1)dv = 2dx. Integrating we get,
  (v + 1)2 = 4x +  c   or,  (4x + 2y + 1)2 = 4x + c

 83.(c) (x − 2y − 1)dx + (3x − 6y + 2)dy = 0

  Let x − 2y = v, then 1 2− =
dy
dx

dv
dx

  ∴ The given equation becomes

  
2 1 3 2 1 0v v dv

dx
+( ) + +( ) −






 =

  or, 5
3 2
v
v

dv
dx+

=   or, 3 2
5
v
v
dv dx+
=

  Integrating we get, 3v + 2log v = 5x + c
  or, 3(x − 2y) + 2log(x − 2y) = 5x + c
  or, 2log(x − 2y) = 2(x + 3y) + c

 84.(d) xcos2 ydx − ycos2 xdy = 0
  or, xsec2 xdx = ysec2 ydy. Integrating by parts,
  ∫ xsec2 xdx = ∫ ysec2 ydy + c

  or, x xdx d
dx
x xdx dxsec sec2 2−







∫∫∫

  
= −









+∫∫∫y ydy d
dy
d ydy dy csec sec2 2

  or, x tan x − ∫ tan xdx = y tan y − ∫ tan ydy + c
  or, x tan x − log|sec x| = y tan y − log|sec y| + c

 85.(d) y x dy
dx

a y dy
dx

− = +







2  or,

  
ay y a x dy

dx
2 − = − +( )

  or, dy
y ay

dx
a x−( )

+
+

=
1

0

  or, 
a

ay y
dy dx

a x−
−









 +

+
=

1
1 0

  Integrating we get,
  log(ay − 1) − log y + log(a + x) = log c

  or, log logay
y

c
a x

−
=

+
1

 or, (ax − 1)(a + x) = cy

 86.(d) xy' = x y y2 2− +

  or, dy
dx

x y y
x

y
x

y
x

=
− +

= − 





 +

2 2 2
1

  Putting y = vx  we have dy
dx

v x dv
dx

= +

  ∴ The given equation becomes 

  
v x dv

dx
v v+ = − +1 2

  or, x dv
dx

v= −1 2  or, 
dv

v

dx
x1 2−

=

  or, sin−1 v = log x − log c   or, sin log− =1 y
x

x
c

  or, x ce
y
x

=
−

sin
1

 87.(b) xy' = y
y
x

+ cos2  or, 
dy
dx

y
x

y
x

= + cos2

  Putting y = vx  we have dy
dx

v x dv
dx

= +

  \ v x dv
dx

v v+ = + cos2  or, sec2vdv dx
x

=

  Integrating we get, tan v = log x − log c.

  or, tan log tanv x
c

x ce y x= =or,

 88.(c) xdy ydx
x
dx− − =cos 1 0

  or, xdy ydx
x x

dx
x

−
− =2 2

1 0cos .
   

  or, d y
x

d
x







 +







 =sin 1 0 . Integrating we have,
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y
x x

c+ =sin 1

 89.(c) x(x − y)dy + y2dx = 0

  or, 1 0
2

−





 + 






 =

y
x
dv
dx

y
x

.................(i)

  Putting y = vx,  we have dv
dx

v x dv
dx

= +

  ∴ equation (i) becomes 1 02−( ) +





 + =v v x dv

dx
v

  or, v v x dv
dx

+ −( ) =1 0  or, 1 0−
+ =

v
v
dv dx

x

  or, 
1 1 0
v

dv dx
x

−





 + = . Integration we get,

  log v − v + log x = log c or, log vx
c

v=  or, 

  y = ce y/x

 90.(a) 
dy
dx

y
x

y
x

= +





log 1 . Putting y = vx  we have

  dy
dx

v x dv
dx

= +  ∴ v x dv
dx

v v v+ = +log

  or, v x dv
dx

v v v+ = +log  or, 
dv
v v

dx
xlog

=
 
  Integrating we have, log(log v) = log x + log c
  or, log v = cx or, v = ecx  or,  y = xecx

 91.(a) tan− 





 = +1 dy

dx
x y   or, tan x y dy

dx
+( ) =

  Let x + y = z .Then dx + dy = dz

  or, 1+ =
dy
dx

dz
dx

  ∴ tan z = 
dz
dx

−1  or, 
dz

z
dx

1+
=

tan

  or, cos
cos sin

zdz
z z

dx
+

=

  or, 1
2

cos sin cos sin
cos sin

z z z z
z z

dz dx
+( ) + −( )

+
=

  or, 1
2

1
2

dz
d z z

z z
dz dx+

+( )
+

=
sin cos

sin cos

  Integration we have, z + log(sin z + cos z) = 2x + c
  or, x + y + log{sin(x + y) + cos(x + y)} = 2x + c
  or, x − y + c = log{sin(x + y) + cos(x + y)}

 92.(a) Let x = rcosθ.y = r sinθ
  \ dθ = cosθdr − rsinθdθ and
  dy = sinθdr + rcosθdθ

  ∴ dy
dx

dr r d
dr r d

=
+
−

sin cos
cos sin

θ θ θ
θ θ θ

  And, y x x y

x y x y

r r r
r r r

+ +

− +
=

+
−

2 2

2 2

sin cos
cos sin

θ θ
θ θ  

  
=

+
−

sin cos
sin cos

θ θ
θ θ

r
r

  ∴ the given equation becomes

  

sin cos
cos sin

sin cos
cos sin

θ θ θ
θ θ

θ θ
θ θ

dr r d
dr r d

r
r

+
−

=
+
−

  or, (cosθ − r sinθ)(sinθdr + rcosθdθ)
  = (sinθ + rcosθ)(cosθdr − rsinθdθ)
  or, (cosθsinθ − rsin2θ)dr + (rcos2θ − r2sinθcosθ)dθ
  =(sinθcosθ + rcos2θ)dr + (−rsin2θ − r2sinθcosθ)dθ
  or, dr = dθ (on simplification)
  Integration we get, r = θ + c

  or, x y y
x
c2 2 1+ = +−tan

 93.(c) Let  x + y = u. Then 1+ =
dy
dx

du
dx

  ∴ The given equation reduces to

  
n du

dx
a2 21−






 =

  or, du
dx

a u
u

=
+2 2

2
 or, u

a u
du dx

2

2 2+
=

  or, 1
2

2 2−
+









 =

a
a u

du dx . Integrating we get,

  u a
a

u
a

x c− = +−
2

1tan  or, y a x y
a

c=
+

+−tan 1

 94.(c) x y x y y x ycos sin+( )

  
= −( )y y x x y x x dy

dx
sin cos

  or, cos siny x y x y x y x+( )

  = y x y x y x dy dxsin cos−( )

  Putting y = vx , we have 
dy
dx

v x dv
dx

= +  

  \(cos v + v sin v)v = (v sin v − cos v) v x dv
dx

+







   

  or, 2v v x dv
dx
v v vcos sin cos= −( )

  or, 2 1dx
x

v v v
v v

dv v
v
dv=

−
= −







sin cos
cos

tan

  Integrating we get,
  2log x = log(sec v) − log v − log c

  or, cx v
v

x
y

y
x

y
x
cxy2 = = =

sec sec , secor
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coMPlete solution  to 

 95.(b) x2ydx −(x3 + y3)dy = 0

  or, y
x

y
x

dy
dx

− + 


















=1 0

3
................(i)

  Putting y = vx  we have, dy
dx

v x dv
dx

= +

  \ equation (i) becomes v v v x dv
dx

− +( ) +





 =1 03

  or, v v x dv
dx

4 31 0+ +( ) =   or, 1 0
3

4
+

+ =
v
v

dv dx
x

  or, 
1 1 04v v

dv dx
x

+





 + = . Integrating we get,

  − + + =
1

3 3v
v x clog log log    or, c

vx
e x y= − 3 33

  or, y cex y= 3 3 3
 

 96.(b) (x − y2)dx + 2xydy = 0
  or, xdx − y2dx + 2xydy = 0

  or, dx
x

y
x
dx y

x
dy− + =

2

2 2 0  

  or, dx
x

xydy y dy
x

+
−

=
2 0

2

2

  or, dx
x

d y
x

+








 =

2
0

  Integrating we get, log x y
x

c+ =
2

 97.(c) y(2xy + 1)dx + x(1 + 2xy + x2y2)dy = 0
  or, (2xy2dx + 2x2ydy) + (ydx + xdy) + x3y2dy = 0
  or, 2xy(ydx + xdy) + (ydx + xdy) + x3y2dy = 0

  or, 2
02 3

d xy
xy

d xy
xy

dy
y

( )
( )

+ ( )
( )

+ = . Integrating we get,

  

− −
( )

+ =
2 1

2 2xy xy
y clog log

  or, 
4 1
2 2 2

4 1 2 2 2xy
x y

y
c
or y ce xy x y+

= = +log ,

 98.(c) (mxycosxy + nsinxy)dx + mx2cosxydy = 0
  or, mxcosxy(ydx + xdy) + nsinxydx = 0
  or, mxcosxyd(xy) + nsinxydx = 0

  or, m xy
xy

d xy ndx
x

cos
sin

( ) + = 0 . Integrating we get,

  mlogsinxy + nlogx = logc   or, xnsinmxy = c

 99.(a) xdx ydy xdy ydx
x y

+ +
−
+

=2 2 0

  or, d x d y d y
x
y
x

2 2

22 2
1

0








 +









 +









+ 







=

  or, d x y d y
x

2 2
1

2
0+







 +







 =

−tan

  Integrating we get, x y y
x
c

2 2
1

2
+

+ =−tan

 100.(c) xy dy
dx

y x y e y x− = +( ) −2 2

  or, y
x
dy
dx

y
x

y
x

e y x. − 





 = +








−
2 2

1 ...................(i)

  Putting y = vx    we have 
dy
dx

v x dv
dx

= +

  \ equation (i) becomes 

  v v x dv
dx

v v e v+





 − = +( ) −2 21 or,

  
vx dv
dx

v e v= +( ) −1 2

  or, ve
v
dv dx

x

x

1 2+( )
=

  Integrating, logx + logc = 
ve
v
dv

x

1 2+( )∫
   

  

=
+( )
+( )

−
+( )

=
+

−
+( )












=

∫∫
1
1 1

1
1

1
1

2

2

2

2

v
v
e dv e dv

v

v v
e dv e

x

x
vv

v1+∫

  \ the required solution is logcx xe
x y

y x
=

+   
  or, (x + y)logcx = xey/x

 101.(b) 
d y
dx

dy
dx

y
2

2 3 4 0− − = .............(1)

  Let y = emx be a trial solution of (1). Then,

  
dy
dx

memx=  and 
d y
dx

m emx
2

2
2= . Clearly. y = emx

  will satisfy equation (1). Hence we have,
  m2emx  − 3m.emx − 4emx = 0
  or, m2 − 3m − 4 = 0. ( emx ≠ 0).............(2)
  or, m2 − 4m + m − 4 = 0  or,
  m(m − 4) + 1(m − y) = 0
  or, (m − 4)(m + 1) = 0 ⇒ m = 4  or, −1
   Clearly, the roots of the auxiliary equation (2) are real and unequal. 

Therefore the required general solution of equation (1) is
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coMPlete solution  to 

  y = Ae4x + Be−x where A and B are two independent arbitrary 
constants.

  102.(c) 
d x
dt

dx
dt

x
2

2 4 4 0− + = .....................(a)

  Let  x = em be a trial solution of equation, then,

   
dx
dt

mem= and d x
dt

m em
2

2
2= . Clearly. x = emt will satisfy equation 

  (a). Hence we have,
  m2em − 4m.em + 4em  = 0
  or, m2 − 4m + 4 = 0 ( em ≠ 0) or, ( m − 2)2 = 0
   or, m = 2.2. Clearly the roots of the auxiliary equation (a) are real 

and equal. Therefore the required general solution of equation(a) 
is x = (A + Bt)e2t, where A and B are two independent arbitrary 
constants.

  103.(c) (D2 + 4D + 13)y = 0................(1)
  Let y = emx be a trial solution of equation (1).
  Then we have, Dy = memx  and  D2y = m2emx

  Clearly y = emx will satisfy equation (1).
  Hence we have,
  D2y  + 4Dy + 13y = 0
  or, m2emx + 4 memx + 13emx = 0
  or, m2 + 4m + 13 = 0 ( emx ≠ 0).........(2)

  Therefore, m i=
− ± −

= − ±
4 4 4 1 13

2 1
2 3

2 . .
.   

   Clearly. the roots of the auxiliary equation (2) are imaginary. 
Therefore the roots of equation (1) are complex.

  104.(a) 
2 5 3 0

2

2
d y
dx

dy
dx

y+ − = ....................(1)

  Let y = emx be a trial solution of equation (1).

  Then 
dy
dx

memx=  and 
d y
dx

m emx
2

2
2= .

  Clearly. y = emx will satisfy equation (1). Hence
  we have, 2m2emx + 5memx − 3emx = 0
  or, 2m2 + 5m − 3 = 0 ( emx ≠ 0)..............(2)
  or, 2m2 + 6m − m − 3 = 0
  or, 2m(m + 3) − 1(m + 3) = 0 or, (m + 3)(2m − 1) = 0
  ∴m = −3  or, m = 1/2.
   Clearly the roots auxilary equation (2) are real and distinct.  

Therefore, the general solution of equation (1) is 
  y = Ae–3x + Be1/2x.............(3)
   where A and B are two independent arbitrary constants. Now,

  
dy
dx

Ae B ex x= − +−3 1 23 1 2. ..................(4) given 

   y = 9 and 
dy
dx

Ae B ex x= − +−3 1 23 1 2. 1, when x = 0, hence from(3) and (4) we get,

  9 = Ae–3,0 + B.e1/2,0 or, A + B = 9 ......(5) 

  and 1 = –3A.1 + B. 1
2

.1 or, B – 6A = 2.............(6)

  Solving equations (5) and (6) we get A = 1 and B = 8.
   Therefore, the required particular solution of equation (1) is 
  y = e–3x + 8ex/2 [putting A = 1 and B = 8 in equation(3)]

  105.(b) 
d y
dx

dy
dx

y
2

2 6 9 0+ + = ................(1)

  Let y = emx be a trial solution of equation (1).

  Thus 
dy
dx

me d y
dx

m emx mx= =and
2

2
2

  Clearly y = e mx will satisfy equation (1).
  Hence we have, m2emx + 6memx + 9emx = 0.
  or, m2 + 6m + 9 = 0  (emx ≠ 0).
  or, (m + 3)2 = 0 or, m = –3, –3 ..........(2).
  Clearly the roots of the auxiliary equation (2) are real and   

equal. Therefore, the general solution of equation (1) is
   y = (A + Bx)e–3x .............(3)
   Where A and B are two independent arbitary constants. Now,

  
dy
dx

B e A Bx ex x= − +( )− −. 3 33 ..........(4)  given that,

   y = 2 and 
dy
dx

B e A Bx ex x= − +( )− −. 3 330, when x = 0, hence from (3) and (4) we get, 

  2 = (A + B.0)e0 or, A = 2.
  and 0 = B.1 + (A + B.0).1.(–3) or, B = 3A = 3.2 = 6
  Therefore, the required particular solution of equation (1) is y = (2 

+ 6x)e–3x [Putting A = 2 and B = 6 in (3)]

  106.(a) (D + 1)2y = 0 or, (D2 + 2D + 1)y = 0

  or, d x
dx

dy
dx

y
2

2 2 0+ + = ..............(i). Let y = emx be a trial

  solution of equation (i). Then, 
dy
dx

B e A Bx ex x= − +( )− −. 3 33memx

   and 
d y
dx

m emx
2

2
2= . Clearly, y = emx will satisfy equation(i).

  Hence we have,
  m2.emx + 2m.emx + emx = 0
  or, (m2 + 2m + 1) = 0[ emx ≠ 0]................(ii)
  or, (m + 1)2 = 0 or, m = –1, –1.
  Clearly, the roots of the auxilary equation (ii) are real   

 and equal. Therefore, the general solution of equation (i)  is y = (A 
+ Bx)e–x

  107.(b)  (D2 – 8D + 15)y = 0 where D d
dx

=

  Let y = emx be a trial solution, then the auxiliary equation
  becomes m2  – 8m + 15 = 0
  Since m2  – 8m + 15 = (m – 3)(m – 5), the roots of the   

 auxiliary equation are 3 and 5. Hence the general solution is 
  y = c1e3x + c2e5x

 108.(c) Let y = emx be a trial solution, then the auxiliary equation 
   becomes m2 + 1 = 0 where m ± i and the general solution is 
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coMPlete solution  to 

  y = e0.x{Acos1.x + Bsin1.x} = Acosx + Bsinx
  Hence the roots are imaginary.

  109.(d) Let y = emx be a trial solution, then the auxiliary equation 
  becomes m2 + 3m + 2 = 0 = (m + 1)(m + 2)
  Thus m = –1, –2 and the general solution becomes
  y = c1e–x + c2e–2x............(i).

  Next 
dy
dx

Ae B ex x= − +−3 1 23 1 2. – c1e–x + 2c2e–2x.

  From given conditions, when x = 0, y = 0 and 
dy
dx

Ae B ex x= − +−3 1 23 1 2. 1.

  ∴ 0 =  c1e0 + c2e0 = c1 + c2
  and 1 = – c1e0 – 2c2e0 = – c1 – 2c2
  Solving, c1 = 1.c2 = –1. Hence the solution is 
  [from(i)] y = e–x – e–2x  

 
   
  110.(d) Let θ = em be a trial solution. Then the auxiliary equation is lm2 + 

g = 0, whereby m i g
l

= ± 







  111.(a) Multiply by 2 2 2
2

2
2dy

dt
dy
dt
d y
dt

y y dy
dt

, . tan sec=

  or, d
dt

dy
dt

y y dy
dt




















=

2
22 tan sec

  or, d dy
dt

y ydy


















=

2
22 tan sec .Integrating,

   dy
dt

y c





 = +

2
2tan '. But given 

dy
dt

= 0 when y = 0
  

  ∴ 0 = 0 + c'  or, c' = 0.    \ dy
dt

y c





 = +

2
2tan

  or, dy = ±tanydt   or, cotydy = ±dt
  ∴ solution : logsiny = ±t + c

  112.(c) If y = eax  be taken as a solution, then

  dy
dx

ae d y
dx

a eax ax= =,
2

2
2  and the equation becomes 

 
  eax(a2 − a − 2) = 0. Since eax  ≠ 0, a2 − a − 2 = 0
  or, (a + 1)(a − 2) = 0   or, a = −1,2
  \ Solution : y = Ae −x + Be2x

  113.(c) y = e −x cosx  then, Dy = −e−x (sinx + cosx)
  and D2y = 2e−x sin x, whereby

  
D D y e

x x x
x

x2 2 2
2 2 2

2
0+ +( ) =

− −
+








 =

− sin sin cos
cos

  Hence, y = e −x cosx  will be a solution of 
  (D2 + 2D + 2)y = 0

  114.(b) y = xe −x  or, Dy = y = e −x(1 − x)
  or, D2y = e −x(x − 2), whereby

  (D2 + 2D + 1)(xe −x) = e −x(x − 2 + 2 − 2x + x) = 0
  Hence y = xe −x will be a solution of 
  (D2 + 2D + 1)y = 0

  115.(d) y x x= −
1
4

2cos

  

dy
dx

x x x= − −( )1
4

2 2 2cos sin

  
d y
dx

x x x
2

2
1
4

4 2 4 2= − − −( )sin cos . Hence,
   

  

d y
dx

y x x x x x x
2

2 4 2 2 2 2+ = + − =sin cos cos sin

  \ y x x= −
1
4

2cos  is a solution of 
   

  
d y
dx

y x
2

2 4 2+ = sin

  116.(c) Here y = x − 2. Dy = 1. D2y = 0, whereby
  (D2 + 2D + 1)y = 2 + x − 2 = x
  Hence (x − 2) is a particular solution.

  117.(d) y = 1− 2x, then Dy = 2 and D2y = 0. Then
   (D2 − D − 2)y = 2 − 2 + 4x = 4x
  Hence, y = 1− 2x satisfies the differential 
  Equation (D2 − D − 2)y = 4x

  118.(d) The equation is : 
d y
dx

dy
dx

y
2

2 9 14 0− + = .................(i)

  Let y = emx be a trial soltion of (i). Then, since 

  
dy
dx

memx= ; from (i) we get (m2 − 9m + 14)emx = 0
  or, (m − 2)(m − 7) = 0  \ m = 2, 7.
  Therefore, the general solution of (i) is 
  y = c1e2x + c2e7x. where c1 and c2 are indipendent arbitrary 

constants.

  119.(c) The given equation is d x
dt

dx
dt

x
2

2 6 25 0+ + = ..........(i)

   Let x = em be a trial solution of (i). Then it will satisfy (i) .i.e., 
   m2 + 6m + 25 = 0 ( em ≠ 0)

  or, m i=
− ± −

= ±
6 36 100

2
3 4 . Hence the roots are  complex.

  120.(c) [The given equation is : d y
dt

dy
dt

t
2

2 3 2 0+ + = ]

  Given, d y
dt

dy
dt

y
2

2 3 2 0+ + = .................(i)
 
   Let y = em (±0) be a trial solution of the differential equation  

 (i).
  \ From (i), we have, (m2 + 3m + 2)em = 0
  \ m2 + 3m + 2 = 0[ em ≠ 0]
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coMPlete solution  to 

  or, (m + 2)(m + 1) = 0 ⇒ m = −2, −1.
  \ the general solution of the given equation is 
  y = Ae−2t + Be−t

  121.(d) Given, 
d y
dx

dy
dx

y
2

2 6 0+ − = ...............(i)

  Let y = emx(≠0) be a trial solution
  \ From (i), we get (m2 + m − 6) emx = 0
  or, m2 + m − 6 = 0[ emx ≠ 0]
  or, (m + 2)(m − 2) = 0  \	m = −3 or 2.
  \ The general solution is y = Ae−3x + Be2x

  122.(b) 


d y
dx

x x d
dx

dy
dx

x x
2

2 = − ∴ 





 = −cos sin . cos sin  

  

∴ 





 = −( )

∴ = + +

∴ − +

∫∫ ddx
dy
dx

dx x x dx

dy
dx

x x A

y x

cos sin

sin cos

sin coos

cos sin

x A dx

x x Ax B

+( )
= − + + +

∫

  123.(a) 
d s
dt

f d
dt

ds
dt

f
2

2 = ∴ 





 =.

  
∴ 






 =∫ ∫d

dt
ds
dt
dt fdt

  or, d ds
dt

f dt





 =∫ ∫

  \ ds
dt

A ft= + ...................(i)

  Given that when t ds
dt

u= =0,

  \ from (i) we get u = A + f . 0. \ A = u

  

∴ = + ⇒ = +

∴ = + + ( )

∫∫∫ds
dt

u ft ds udt f tdt

s B ut ft1
2

2................. i

	 	 \	when t = 0, s = 0,
  from (ii), we have 0 = B + 0 + 0  \ B = 0.

  \ s = ut +
1
2

2ft , which is the required general solution.

  124.(c) Given, d y
dx

m dy
dx

m y
2

2
22 0− + = ................(i)

  Let y = evx(≠0) be a trial solution of (i)

  Now, dy
dx

r e d y
dx

r erx rx= =. .and
2

2
2

  So, from (i) we get, (r2 − 2mr + m2)erx = 0
  \ (r − m2) = 0 [erx  ≠ 0]  \ r = m,m

  \ the general solution of the differential equation is 
  y = (ax + b)emx

  125.(c) ∴ = ∴ 





 =

d y
dx

x d
dx

dy
dx

nx
2

2 cos cos
  

  
∴ 






 =∫ ∫d

dx
dy
dx

dx nxdxcos

  ∴ = +
dy
dx n

nx C1
1sin ....................(i)

  Now, given that 
dy
dx

= 0 , when x = π. So from

  (i), we get, 0 1 01 1= + ⇒ =
n

n C Csin π

  so from (i), dy
dx n

nx=
1 sin

  \ Integrating with respect to x, we get

  y
n

nxdx y
n

nx C= ∴ = − +∫ 1 1
2 2sin . cos .............(ii) 

   
  Given y = 0, when x = π. So from (ii), we get

  
0 1 1

2 2 2 2= − + ⇒ =
−( )

n
n C C

n

n
cos π

  \ from(ii), we get y
n

nx
n

n
= − +

−( )1 1
2 2cos

  126.(a) 
d y
dt

dy
dt

y
2

2 0+ + =λ µ ...................(i)

  Let y = emt (≠0) be a trial solution of (i)

  
∴ = =
dy
dt

m e d y
dt

m emt mt. .and
2

2
2

  \ m2 .emt + λmem + μemt = 0

  \ m2 + λm + μ = 0 or, m m2
2

4
0+ + =λ

λ

  [λ2 = 4μ]. \ 4m2  + 4λm + λ2  = 0
  or, (2m + λ)2 = 0.  \ m = −λ/2. −λ/2
  \the required general solution is 

  y c c t e t= +( ) −( )
1 2

2λ     \ y → 0 when t → ∞

  127.(a) Let y = emx be a trial solution of the given equation.
  Then emx(3m2 − 2m − 8) = 0
  ⇒ 3m2 − 2m − 8 = 0 [emx ≠ 0]

  or, (3m + 4)(m − 2) = 0 ⇒ m = 2.−
4
3

which are the roots of the 
auxiliary equation.

  \ the general solution is y c e c ex
x

= +
−

1
2

2

4
3

  where c1, c2 are arbitrary constants.

  128.(d) Let y = emx be a trial solution of the given equation. 

  Then e m
c

mx 2
2

1 0−





 =
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coMPlete solution  to 

  ⇒m
c

emx2
2

1 0 0− = ≠( )  or, m
c c

= −
1 1, , which 

   
  are the roots of the auxiliary equations.

  \ The general solution is y c e c e
x
c

x
c= +

−
1 2 .......(i)

  
dy
dx

c
c
e c

c
ex c x c= − −1 2 . ..................(ii) given

  conditions are y = c and dy
dx

= 0  at x = 0
 

  (At a minium value of y, dy
dx

= 0vanishes)  
  
  
\ c = c1 + c2 and 0 = c1 − c2 ⇒ c1 = c2 = 

c
2

  \ the required solution is y c e c ex c x c= + −

2 2

  129.(b) Let y = emx be a trial solution of the given equation
   Then emx(m2 − 4m + 3) = 0 ⇒ m = 1.3 which are the roots of the 

auxiliary equation.
  \ the general solution is y = c1ex + c2e3x

  130.(b) Let y = emx be a trial solution of the given equation. 
  Then m2 − 2km + k2 = 0 [emx ≠ 0]
   or, (m − k)2 = 0 ⇒ m = k,k which are the repeated roots of the   

auxiliary equation.
  \ The general solution is y = (c1 + c2x)ekx

  131.(b) Let y = em be a trial solution of the given equation. 
  Then (m2 + 3m + 2)em  = 0
  ⇒ (m + 2)(m + 1) = 0 [ em ≠ 0]
   or, m = −1, −2 which are the roots of the auxiliary equation
  \ the general solution is y = c1e−1 + c2e−2t

  Also, dy
dt

c e c e t= − −− −
1

1
2

22

  Using y = 1 and dy
dt

= −2 at t = 0, we have
   
  1 = c1 + c2 and −2 = − c1 − 2c2 ⇒ c2 = 1. c1 = 0
  \ The required solution is y = e−2t

  132.(c) Let y = emx be a trial solution of the given equation. 
  Then  emx (m2 + m − 6) = 0 [emx ≠ 0]
  \(m + 3)(m − 2) = 0 or, m = 2.−3 which are the  roots of the auxiliary 

equation. \ the general solution is   y = c1e2x + c2e−3x

  133.(d) Let y = emx be a trial solution of the given equation. 
  Then  emx (m2 − 4m + 13) = 0
  ⇒ m2 − 4m + 13 = 0 [emx ≠ 0]

  or, m i=
± − ×

= ±
4 16 4 13

2
2 3 which are imaginary.

  134.(c)  Let y = emx be a trial solution of the given equation. 
  Then  (m2 − 3m + 2) emx = 0.
  ⇒ m2 − 3m + 2 = 0 [ emx ≠ 0]
  or, (m − 1)(m − 2) = 0  or, m = 1, 2 which are the 

  roots of the auxiliary equation.
  \ the general solution is   y = c1ex + c2e2x

  135.(d)  Let x = emt  be a trial solution of the given equation.
  Then (m2 + k2) emt = 0 ⇒ m2 + k2 = 0
  or, m = 0 + ik, 0 − ik
  \ The roots are imaginary.

  136.(a) Let x = emz  be a trial solution.
  Then emz(9m2 + 18m − 16) = 0
  ⇒ 9m2 + 18m − 16 = 0[ emz ≠ 0].
  \	9m2 + 18m − 16 = (3m − 2)(3m + 8) = 0

  ⇒	m = 
2
3

8
3

,− which are the roots of the auxiliary equation.
  

   \ the general solution is x c e c e
z z

= +
−

1

2
3

2

8
3 where c1  and c2 are 

arbitrary constants.

  137.(a) Let x = emt  be a trial solution.
  Then (2m2 + 5m − 12)emt = 0
  ⇒ 2m2 + 5m − 12 = 0 [ emt ≠ 0]
  ⇒ 2m2 + 5m − 12 = 0 ⇒ (2m – 3)(m + 4) = 0

  or, m = −
3
2

4, which are the roots of the auxiliary 
  
  equation. \ the required general solution.

  x c e c e
t

t= + −
1

3
2

2
4 where c1, c2 are arbitrary constants.

  138.(d) Let y = emx be a trial solution of the given equation.
  Then emx (m2 + 7m + 12) = 0 ⇒ m2 + 7m + 12 = 0.
   [ emx ≠ 0]
  \ m2 + 7m + 12 = 0 ⇒ (m + 4)(m + 3) = 0
  \ m = −4, −3 which are the roots of the auxiliary equation.
  \ the general solution of the given equation is of the form
  y = c1e−3x + c2e−4x where c1, c2 are arbitrary constants.

  Now, dy
dx

c e c ex x= − −− −3 41
3

2
4

  Using the condition that when x = 0, y = 1 and 

  dy
dx

= 0 , we have 1 = c1 + c2 and 0 = −3c1 − 4c2

  Solving for c1, c2 we get c2 = −3,c1 = 4.
  Hence the requried solution is y = 4e−3x − 3e−4x.
  139.(a) Let  y = emx be a trial solution. Then 
  emx (m2 − 7m + 12) = 0
  ⇒ m2 − 7m + 12 = 0[ emx ≠ 0]
  \ m2 − 7m + 12 = 0 ⇒ (m − 4)(m − 3) = 0
  or, m = 3, 4 which are the roots of auxiliary equation.
  \ the general solution is   y = c1e3x + c2e4x

  140.(c) Let y = emx be a trial solution. Then we have, 
  emx (m2 − 2m + 1) = 0
  ⇒ m2 − 2m + 1 = 0 [ emx ≠ 0]
  \ m2 − 2m + 1 = 0 ⇒ (m − 1)2 = 0
  or, m = 1,1 \ the roots of the auxiliary equation are 
  1, 1(repeated root). \ the general solution of the 
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  equation is y = (c1 + c2x)ex  where c1, c2 are arbitraryconstants.

  Now, dy
dx

c e c c x ex x= + +( )2 1 2

  Using the given conditions i.e.,  y = 3 and 
dy
dx

= 5
  When  x = 0 we have 3 = c1 and 
  5 = c2 + c1 ⇒ c2 = 2
  \ the particular solution is y = (3 + 2x)ex

  Now when x = log2, y = (3 + 2log2)2
  or, y = 6 + 4log2.
  141.(a) Let y = emx  be a trial solution. Then
  emx(m2 − 4m + 4) = 0
  ⇒ m2 − 4m + 4 = 0 [ emx ≠ 0]
  ⇒ (m − 2)2 = 0  or, m = 2, 2. Thus 2 is the repeated roots of the 

auxiliary equation.
  \ The general solution of the given equation is 
  y = (c1 + c2x)e2x  where c1 and c2 are arbitrary constants.

  Now, dy
dx

c e c c x e xx= + +( )2
2

1 2
22

  Given, y = 1 and dy
dx

= −2  when x = 0

  \ 1 = c1 and −2 = c2 + 2c1 ⇒ c2 = −4
  Hence the required particular solution is y = (1 − 4x)e2x

  142.(c) [The given conditions are, dy
dx

= −1when x = 1]

  x d y
dx

dy
dx

x
2

2 + = log  or, d
dx

x dy
dx

x





 = log

  or, d x dy
dx

xdx





 = log

  Integrating we get,

  
x dy
dx

xdx x x x c= = − +∫ log log

  At x = 1, dy
dx

= −1 \ − 1 = −1 + c   or, c = 0

  \ x dy
dx

x x x dy
dx

x= − = −log logor, 1

  or, dy = (logx − 1)dx
  Integrating we get, y = xlogx − x − x + c
  Hence the required solution is y = xlogx − 2x + c

  143.(a) Let y = emx be the trial solution of the given equation.
  \ m2 − 2am + a2 = 0

  ⇒ m a a a a a=
± −

=
2 4 4

2

2 2
.

  \ general solution is y = (A + Bx)eax

  144.(a) x = 3t2 and y = 3t − t3

  ⇒ =
dx
dt

t6  and dy
dt

t= −3 3 2

  

⇒ =
−

=
−

⇒ = − −







⇒ = −
+

dy
dx

t
t

t
t

d y
dx t

dt
dx

d y
dx

t

3 3
6

1
2

1
2

1
2

2 2

2

2 2

2

2

2 11
2

1
6

1
122

2

3t t
t
t









 = −

+

  Putting the values of x, y and 
d y
dx

2

2 in

  36 3
2

2
d y
dx

y x−( ) , we get

  

36 3 36 1
12

3 3

3 1 3

2

2

2

3
3

2

d y
dx

y x t
t

t t t

t x

−( ) = × −
+







 − −( )

= +( ) = + ∴ 336 3

3 3

2

2
d y
dx

y x x A

x x A A

−( ) = +

⇒ + = + ⇒ =

  145.(b) Let x = em be a trial solution.

  \ m2 − 3m + 2 = 0 ⇒ m =
± −

=
±

=
3 9 8

2
3 1

2
2 1.

   
  \ General solution x = c1e2t + c2e¢

	 	 \	 dx
dt

=2c1e2t + c2e¢

	 	 Now it is given dx
dt

= 0. x = 0 when t = 0

  \ 0 =  2c1 + c2 and 0 = c1 + c2  ⇒ c1 = 0 = c2

  \ x = 0 is the particular solution.

  146.(c) Let x = emx be a trial solution.
  \ m2 − 2am + (a2 − b2) = 0

  ⇒ m
a a a b a b a b=
± − +

=
±

= ±
2 4 4 4

2
2 2

2

2 2 2

	 	 \	Solution : y c e c ea b x a b x= ++( ) +( )
1 2

		 147.(d) Let x = emx be a trial solution of the given differential equation. 
  \ m2 − (a + b)m + ab = 0..............(i)
  ⇒ (m − a)(m − b) = 0 ⇒ m = a, b
  \ The general solution is y = c1eax + c2ebx

  148.(c) v A
r
B= + . Differentiating dv

dr
A
r

= − 2

  Again differentiating, d v
dr

A
r

2

2 3
2

= −

	 	
∴ + = − =
d v
dt r

dv
dr

A
r r

A
r

2

2 3 2
2 2 2 0.

		 149.(d) ax + by + c = 0. Differentiating, a b dy
dx

+ = 0
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  Again differentiating b d y
dx

d y
dx

2

2

2

20 0= ⇒ =

 150.(c) If x = e' sint . y = e' cost
  \ x + y = e' (sint + cost)
  Differentiating w.r.t.x we get,

  

dy
dx

dy dt
dx dt

e t e t
e t e t

y x
y x

d y
dx

y x

= =
−
+

=
−
+

=
+(

'cos 'sin
'cos 'sin

2

2

)) −





 − −( ) +








+( )

dy
dx

y x dy
dx

x y

1 1

2

  or, x y d y
dx

+( )2
2

2

  = 
x y dy

dx
x y x y dy

dx
x y+( ) − +( ) + −( ) + −( )

  i.e., x y d y
dx

x dy
dx

y+( ) − + =2
2

2 2 2 0
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 1.(c) Here, (3), (2) + (1)  (–1) + (–5) (1) = 0
 ⇒ Given line and plane are parallel.

	 	 Let		(α,β,	γ)	be	the	image	of	the	point	(1,3,4)	on	the	line	
x–1
3  =   

y–3
1  =  

z–4
–5 	in		the	plane	2x –y + z +	3		=	0,		then

  

   
α–1

2   =  
β–3
–1  =  

γ–4
1  =  

–2(2–3+4+3)
4+1+1  =  –2

 
	 	 α	=	–3,		β	=	5,		γ	=	2.
 ⇒	 Point	through	which	image	passes	(–3,5,2)
	 	 Hence,	equation	of	image	line	passing	through	(–3,5,2)	and	parallel	

to		
x–1
3  =  

y–3
1  =  

z–4
–5 	is			

x+3
3  =  

y–5
1  =  

z–2
–5

 
 2.(c)  l + m+ n  = 0 ⇒  l = –m –n (i)
  and  l2 = m2 + n2  (ii)
	 	 From	(i)	and	(ii)		
  (–m–n)2 = m2 + n2

 ⇒ 2mn = 0s
	 	 Case	I		:		If	m = 0
	 	 From	(i)		l = –n

 ⇒    
l
1 = n

–1 =  
–l –n
–1+1  =  m

0  (  m = –l  – n)   
 

 ⇒  
l
1 = m

0  = n
–1  = 

l m n2 2 2

1 0 1
+ +
+ +

 =  1
2

 ∴	 d.c.'s	are		 1
2

0 1
2

, −





  

  Case II		:		If	n = 0
	 	 From	(i)		l = –m

 ⇒    
l
1 = m

–1 =  
–l –m
–1+1  =  n

0  (  n = –l  – m)   
 

 ⇒  
l
1 = m

–1 = n
1   = 

( )l m n2 2 2

1 1 0
+ +
+ +

 =  1
2

 ∴	 d.c.'s		of	other	line	are
1
2

1
2

0, ,−







	 	 If	θ	be	the	angle	between	the	lines,	then

	 	 cosθ =   1
2

 ·   1
2

+ −





 + −






 =

1
2

1
2

0 1
2

·
  

	 	 θ	=	 π3 .
	 3.(b)	 For	coplanar		lines,

  

2 1 3 4 4 5
1 1

2 1

− − −
−k

k
  = 0 

 

 ⇒ 
1 1 1
1 1

2 1

− −
−k

k
 = 0

 
 
 ⇒ 1(1+2k)  +1 (1+k2) –1(2–k) = 0
 ⇒ k2 + 3k = 0
 ⇒ k(k+3) = 0 
 ∴ k  = 0, –3
 ⇒	 exactly		two	values.
	 4.(b)	 The	given	planes	are	
	 	 4x + 2y	+	4z – 16 = 0   ...(i)
	 and		 4x+ 2y	+	4z + 5 = 0   ...(ii)

 ∴	 Required	distance	=	
− −

+ +

16 5

4 2 42 2 2( ) ( ) ( )
 =  

21
6  =  

7
2 .

 
	 5.(c)	 	Equation	of	parallel	plane	is	
   x – 2y + 2z	+	λ	=	0	
	 	 Plane	(i)	is	at	unit	distance	from	origin.

  
λ

( )1 4 4+ +
 = 1  ⇒ λ  = 3 ⇒	λ	=	±	3

	 	 Required	planes	are	x –  2y + 2z + 3 = 0.
	 6.(a)	 Any	point	on	line	

   
x–1
2  =  

y+1
3  =  

z–1
4 	is		(2λ	+1,	3λ	–1,	4λ	+1)and	on		

x–3
1  =  

 

  
y–k
2  =  

z
1 	is		(μ+3,	2μ+ k,	μ)

 
	 	 for	lines	to	intercept	
	 	 	 2λ	+1	=	μ	+	3	 	 ...(i)
	 	 	 3λ	–1	=	2μ	+	k  ...(ii)
   4λ	+1	=	μ	 	 ...(iii)
	 	 Solving	(i)	and	(iii),	we	get	
	 	 	 λ	=	–3/2,	μ	=	–5

 ∴	 from		(ii)	–		
9
2  –1 = –10 +K

   k	=		9/2.

	 7.(d)	 The	direction	ratios	of	the	line		
x
1  = 

y–1
2  = 

z–3s
λ 	are	1,2,λ		and	

direction	ratios	normal	to	the	plane	x + 2y + 3z	=	4	are	1,2,3.	If	θ	
be	the	angle	betwee	the	line	and	normal	to	the	plane.	

	 	 cos	θ		=
1 1 2 2 3

1 4 1 4 92

. . .

( ) ( )

+ +

+ + + +

λ

λ
 = ( )

( )

5 3

5 142

+

+

λ

λ
	 	 angle	between	the	line		and	the	plane	is	(90	–	θ)

 ⇒	 sin	(90º	–	θ)			=		 ( )

( )

5 3

5 142

+

+

λ

λ 

	 or,		 90º	–	θ		=	sin–1 
( )

( )
cos5 3

5 14

5
142

1+

+












= 


















−λ

λ
	(given)

     

	 	 =	sin–1 
3
14
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 ⇒ 
( )

( )

5 3

5 2

+

+

λ

λ
 = 3

 ⇒	 25	+	9λ2	+	30λ		=	45	+	9λ
 ∴ λ = 2/3
	 8.(a)	 Mid	point	of	AB	is	M (1,3,5)

	 	 which		lies	on		 x
1  =  y –1

2  =  z –2
3

  

	 	 as			11 =  3 –1
2  =  5 –2

3  ⇒  1 = 1 =1
A (1,0,7)

B (1,6,3)

M x y z
1

1
2

2
3

=
−

=
−

 ∴	 Statement		-II	is	true
	 	 Also,	direction	ratio	of	AB are (1–1,0–6, 7–3)
	 	 i.e.	(0,	–6,4)	and	direction	ratio	of	the	line	are	(1,2,3)	
	 	 The	two	are	perpendicular,	if	
	 	 0.1	+	(–6)	.2	+	4.3	=	0
 ∴	 Statement	-I	is	true.
	 	 Both	statement	are	true	but	statement	-II	is	not	a	correct	explanation	

for	statement	-I	.
 9.(d) 	Direction	ratios	of	AP are  (3,–0, –1 –2,11–3)
  i.e. (3, –3, 8)
	 	 	and		direction	cosines	of	the	given	line	are		

  

2
29

3
29

4
29

, ,
 

 ∴ AQ  = Projection	of	PA	on	line		 x y z
2

2
3

3
4

=
−

=
−








 = 3× 
2
29

–3 × 
2
29

3
29

4
29

, ,+ 8 ×
2
29

3
29

4
29

, ,

 = 29
  and   AP  = ( ) ( ) ( )3 0 1 2 11 3 822 2 2− + − − + − =
       
     PQ   =  ( ) ( )AP AQ2 2 82 29 53− = − =

 Alternative Method :
  Let Q	(2λ,	3λ+2,	4λ+3)	be	any		point	on	the	line	AB
 ∴ Direction	ratios	of	PQ are	(2λ	–3,	3λ	+	3,	4λ–8)	perpendicular	to	

striaght	line	AB whose	direction	ratios	are	(2,3,4),	then	
  2·	(2λ	–3)+3·(3λ	+3)	+4	·	(4 λ –8) = 0 
 ⇒	 29	λ	–29	=		0
 ∴	 λ	=	1
 ⇒	 co-ordinates		of	Q are (2,5,7)
 ∴ PQ = − + − − + − =( ) ( ) ( )3 2 1 5 11 7 532 2 2  

	 10.(b)	 Equation	of	line	through	point	P(1,–5,9)	and	parallel	to	x – y = z is	

    x –1
1  =  y +5

1  =  z –9
1

  Let Q	(λ	+	1,	λ	–5,	λ	+	9)	be	any	point	on	the	line,		such	that	Q	lies	
on	the		plane	x –y + z =	5,	then

	 	 (λ+1)	–	(λ–5)+	(λ+9)		=	5
 ⇒	 λ	=	–10
 ∴	 co-ordinates	of	Q are (–9, –15, –1)

 ⇒ PQ = + +( ) ( ) ( )10 10 102 2 2

  =  10 3
	 11.(d)	 Point		on	the	line	,			 x –6

–1  = y +1
0  = z +3

4  = r are  (–r + 6, –1, 
4r – 3).

	 	 This	will	be	satisfy	plane	
   x + y  – z = 3
 ∴ –r	+	6	–1	–	4r + 3 = 3 
 ⇒ –5r + 5 = 0 ⇒ r = 1
	 	 Required	co-ordinates	of	point	=	(5,	–1,1)
	 12.(a)	 Point	(4,2,k)	should	lie	in	the	given	plane.
	 	 2(4)	–4(2)	+1	(k)  = 7 ⇒ k = 7.
	 13.(a)	 If	l,m,n	are	direction	ratios	of	lie,	then	by	
  Al + Bm + Cn  = 0
	 For		 x – y +z –5 = 0 l –m +n = 0  ...(i)
	 For		 x – 3y –6 = 0, l –3m +0 · n = 0 ...(ii)

	 or,	 		 l
0+3  = m

1–0  =   n
–3+1

 

	 or,		 	 l3 = m1 = 
n
–2

 ∴	 Direction	ratios	are	(3,1,–2).

	 14.(c)		 cos	θ	=	
1 3 1 1 3 1 2 4

6 24
× − − × + + ×( ) ( )

  = 6
12  = 1

2  
 ⇒	 θ		=	60º

	 15.(c)	 Ratio	=	–	 x1
x2

  = –  2
3
	i.e.		–2	:	3.

 
	 16.(a)	 Plane	passing	through	(3,2,0)	is	
  A(x –3) + B (y–2) +C (z–0) = 0  ...(i)
	 	 Plane	Eq.(i)	is	passing	through	the	line,			

   x –3
1  = y –6

5  = z	–4
4

  A(3–3) + B(6–2) + C	(4–0)		=	0	
  0.A	+	4B	+	4C = 0 ...(ii)
	and		also,	1.A + 5B	+	4C = 0 ...(iii)
	 	 From	(i),	(ii)	and	(iii)	

	 	 Required		plane	is	
x y z− −3 2

0 4 4
1 5 4

	 	 Solving,	we	get	
  x–y + z = 1.
	 17.(d)	 The	line	through	(a,b,c)	is	

   x –a
l  = y –b

m  = z –c
n  ...(i)

	 	 D.C's		of	z -axis	are	0,0,1
	 	 Hence,	the	line	will	be	

   x –a
0  = y –b

0  = z –c
1 .

	 18.(d)	 Distance	of	point	P	from	origin	

  OP = 4 36 9+ +  = 7
	 	 Now,	D.R's		of	OP = 2 – 0,  6–0, 3–0 = 2, 6,3
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 ∴	 D.C.'s		of	OP =   2
7  , 6

7  , 3
7   

 ∴	 Equation	of	plane	in	normal	form	is	
  lx + My + nz = P

 ⇒  2
7 x +  6

7  y + 3
7 z = 7 ⇒ 2x + 6y + 3z = 49.

 

 19.(c)  Let  x +1
3   =  y +3

5  =  z +5
7 		=		λ

 
	 	 Then	x	=	3λ	–1,	y	=	5λ	–3,	z	=		7λ	–5
	 	 General	point	on	this	line	is	(3λ	–1,	5λ	–3,	7λ	–5	

	 	 Again	let,		 x –2
1   =  y	–4

3  =  z– 6
5 		=		μ	 ..(ii)

	 	 Then	x	=	μ	+2,	y	=	3μ	+4,	z	=		5μ	+6
	 	 A	general	point	on	this	line	is	(μ	+2,	3μ+4,	5μ	+6).
	 	 For	intersection,	they	have	a	common	point,	for	some	values	of	λ	

and	μ,	we	must	have
	 	 (3λ	–1)	=	(μ+2),	(5λ	–3)	–	(3μ	+4)
	 	 (7λ	–5)	=	(5μ+6)
	 	 From	first	two,	we	have
	 	 μ	=	3λ	–3	 ...(iii)
	 and			 3μ	=	5λ	–7	 ...(iv)
	 	 From	Eq.(iii),	put	the	values	of	μ	in	Eq.	(iv)	we	have
	 	 3(3λ	–3)	=	5λ	–7
 ⇒	 9λ	–	9	=	5λ	–7

	 or,	 4λ	=	2		or	λ	=	 12   

	 	 Put	λ	=	 12 		in	Eq.	(iii),	we	get	
  

	 	 	μ	=	–			 32   (Putting	λ	=		 12 )
	 	 The	required	point	of	intersection	is	

  

1
2

1
2

3
2

, ,− −







.

	 20.(a)	 	Given	lines	intersect	in		a	point	
k

k
2 3

3 2
1 1 2−

 = 0 

 ∴ 2k2 + 5k – 25 = 0 ⇒ K	=	–	5,	5/2.

	 21.(b)	 p = 
−
+ +

=
−

= −
52

9 16 144
52

13
4

( )
	=	4.

 22.(c) Let l,m,n are	the	d.c'	s	of	the	line.	As	line	is	present	on	both	planes,	
so	this	line	should	be	perpendicular	on	the	normal	of	both	plane.

	 	 So,		4l	+	4m –5n =  0
  and 8l +12m – 13n  = 0 

 ∴	 So,			 
l

b1c2 – b2c1
 =   

m
c1a2 – c2a1

 =   
n

a1b2 – a2b1
 

 

 ⇒   
l

4(–13)	–12(–5)  = 
m

–5(8)	–(–13)(4)  = 
n

4(12)	–8(4)
 

 ⇒	  1
8  =  

m
12 =  

n
16

 
	 	 Let	equation	of	the	through	(x1, y1,	0)	then
	 	 4x1+	4y1  =  12
 and  8x1+ 12y1=  32
	 	 On	solving,		x1=1,  y1 = 2

	 	 So,	equation	of	line	is,	

  x– 1
8  = y– 2

12  = z
16

 

	 or,		 x– 1
2  = y– 2

3  = z
4 .

	 23.(d)	 Let	the	vertices	A,B,C, D of	quadrilateral	(x1, y1, z1),  (x2, y2, z2), 
(x3, y3, z3) and  (x4, y4, z4)	and	the	equation	of	plane	PQRS	be	

   u = ax + by + cz +d = 0 
 Let ur = ar x + br y +cr z + d, 
   where		r	=	1,	2,3,4

	 	 Then	AP
PB  · BQ

QC · CR
RD· DS

SA
 

 = −








 −








 −








 −










u
u

u
u

u
u

u
u

1

2

2

3

3

4

4

1
· · ·

 
	 24.(a)	 Direction	cosine	of	line	=	

2
7

3
7

6
7

, ,−







 

	 	 Now,	x '  =1 +  2r
7 , y '  = –2 + 3r

7
  and z ' = 3 –  6r

7
 

 ∴ 
1 2

7
2 3

7
3 6

7
+






 − − +






 + −








r r r
 = 5 ⇒ r = 1.

 

 25.(d) S.D =  

| |

( ) ( ) ( )

6 15 3
3 1 1
3 2 4

4 2 12 3 6 32 2 2

−
−

−

− − + + + − 

  = 
270
270

270 3 30= =

	 26.(a)	 Plane	is		 x
a  + y

b + z
c 	=	1,	where	

  

  p = 
1

1
2Σ

a








	 or,		  1
a2 +  1

b2 + 1
c2 = 1

p2
  
	 	 Now,	according	to	equation,	

  x =  a
4 , y =  b

4 ,  z = c
4

	 	 Put	the	values	of	a,b,c in	Eq.(i)	,then	we	get	the	locus	of	the	
centroid	of	the	tetrahedron		

  x–2  + y–2  + z–2 = 16 p–2   .
	 27.(d)	 Any	point	on	the	first	line	is	(4r + k, 2r +1, r–1)	and	any	point	on	

the	second		line	is		(r' +k +1, –r', 2r'	+1).		Then	lines	are	intersecting	
if	

	 	 4r + k = r '+k +1, 2r +1 = –r', r–1 = 2r' +1 
 	 Now,	4r – r'  = 1,  2r + r'  =  –1,  r –2r' = 2
	 	 Now	4r – r'  = 1,  2r + r'  
 ⇒  r –0, r' = –1
	 	 which	satisfy	r – 2r' = 2
	 	 This	is	true	s	for	all	k.
	 28.(c)	 Given	planes	are		
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  lx +my = 0 ...(i)
  and  z = 0 ...(ii)
 ∴	 Equation	of	any	plane	passing	through	the	line	of	intersection	of	

planes	Eqs.	(i)	and	(ii)	is	s
  lx + my + λz = 0 ...(iii)
	 	 DC's	of	normal	to	the	plane	Eq.(iii)	are	

  

l

l m

m
l m l m( )

,
( )

,
( )2 2 2 2 2 2 2 2 2+ + + + + +λ λ

λ

λ

	 	 and	DC's	of	normal	to	the	plane	Eq.	(i)	are	

  l

l m

m
l m( )

,
( )2 2 2 2

+ +
 , 0

 ⇒	 cosα	=	
l l m m

l m l m

. .

( ) ( )

+ +

+ + +

0
2 2 2 2 2λ

         =  
( )

( )

l m

l m

2 2

2 2 2

+

+ + λ 
 ∴	 sec2	α	=		 l2 + m2	+	λ2

l2 + m2  =1 +  	λ2

l2 + m2  
 
 ⇒ tan2	α	=		 	λ2

l2 + m2

 ⇒	 λ	=	±		 ( )l m2 2+ 	tanα
	 	 On	comparing	,	we	get		

  n = λ = ±		 ( )l m2 2+ 	tanα.
	 29.(c)	 	Lines	are	perpendicular	if	
  a1a2 + b1b2 + c1c2 = 0 
  Hence,  –3(3k) + 2k (1) + 2(–5) = 0
 ⇒ k = –  10

7
.

 
	 30.(b)	 Eliminating	n,		we	get
	 	 λ	(l+m)2 + lm = 0
 ⇒  λl2

m2	+	(2λ	+1)		
l
m
+λ	=	0	

 

 ⇒  
l1
m1

 ·  
l2
m2

 = 1 ...(i)
 

	 	 where		
l1
m1

 and  
l2
m2
	are	the	roots	of	this	equation,	further,	eliminating	

  
  m,	we	get	
	 	 λl2 – ln –n2 = 0

 ⇒  
l1
n1

 ·  
l2
n2

 = – l
λ

	 	 From	Eqs.(i)	and	(ii),

   
l1l2
1

 = 
m1m2

1  =  
n1n2
–λ

 =  
l1l2+ m1m2+ n1n2

1+1–λ
 

 
 	 lines	are	perpendicular,	
  l1l2 + m1m2 + n1n2 = 0
	 	 then		1+1–λ	=	0	
	 	 λ	=	2
	 31.(c)	 Point	(3,2,1)	and	(2,–3,–1)	lies	on
  11x + my + nz = 28

 i.e.  33+2m +n = 28
 ⇒ 2m + n = –5 ...(i)
 and 22 – 3m –n = 28
 ⇒ –3m –n = 6 ...(ii)
	 	 From	Eqs(i)	and	(ii),
  m = –1 and n = –3.

	 32.(b)	 Required	area	=	 ∆ ∆ ∆xy yz zx
2 2 2+ +( )  

	 		 where,	∆xy =  12|
α 0 1
0 1
0 0 1

b | =  12  ab  
 

	 	 											∆yz =  12 |
0 0 1

0 1
0 1
b
c

| =  12  bc
 
  

  and						∆2x =  12 |
0 1
0 0 1

0 1

a

c
| =  12  ac

  
  From	Eq.(i),	

  area =  12  ( )a b b c c a2 2 2 2 2 2+ + .

	 33.(a)	 Required	distance	=	 ( )3 5 342 2+ = .
	 34.(a)	 Let	the	equation	of	the	variable	plane	by	
  lx +my +nz = p
 ∴ Co-ordinates	 of	 the	 vertices	 of	 tetrahedron	 are	 (0,0,0)	 ;		

p
l

p
m

p
n

, , ; , , , ,0 0 0 0 0 0




















and .	If	(x1,y1,z1)	be	the	centroid

	 	 	of		tetrahedron,	then

  x1 =  p
4l , y1= p

4m , z1= 
p
4n

 

  p
l 	=	4x1,  p

m 	=	4y1,  p
n
	=	4z1

  

  Also,		volume	of	tetrahedron	=	64k3.

  i.e. 1
6

p l
p m

p n

/
/

/

0 0
0 0
0 0

	=	64k3

 

 

 ⇒  1
6

4 0 0
0 4 0
0 0 4

1

1

1

x
y

z

	=	64k3

 

 

 ⇒  64x1 y1z1
6 	=	64k3

 

 ⇒ x1 y1z1 = 6k3

 ∴ Locus	of	centroid	is	xyz = 6k3. 
 35.(d)	 Let	the	source	of	light	be	situated	at	A (a,0,0),	where	a	≠	0.	Let	OA 

be	the	incident	ray	and	OB	the	reflected	ray	ON	is	the	normal		to	
the	mirror	at	O

  ∠AON  = ∠NOB =  θ2 	(say)
	 	 DR's		of	OA	are	α,0,0	and	so	its	D.C.'s	are	1,0,0
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	 	 D.C's		of	ON are 1
3

, – 1
3

,  1
3

 
 

A(a,0,0)
N(1,–1,1)

O(0,0,0)

B

θ/2 θ/2

 ∴	 cos	 θ2  =  1
3

  Let l,m,n	be	the	D.C's		of	the	reflected	ray	OB, 

	 	 Then	 n + 0

2
2

cosθ
 =  1

3

 ⇒ l =  2
3  –1, m = –  2

3  , n =  2
3

 

 ⇒ l = – 1
3  , m = –  2

3  , n =  2
3

  
	 	 Hence,	D.C's		of	the	reflected	ray	are	

  –  1
3  , – 2

3 ,  2
3 . 

 

	 36.(b)	 Let	plane	is		 x
x1

 + 
y
y1

 +  z
z1

 = 1
  
	 	 which	passes	through	(a,b,c)

 ∴    a
x1

 + 
b
y1

 +  c
z1

 = 1

 ∴	 Locus	of	(x1,y1, z1)	is	

   a
x  + 

b
y  +  c

z  = 1.
 
	 37.(a)	 Since,	cos2 α 	+	cos2	β	+	cos2γ	=	1
 ⇒	 ∑sin2	α	=	3	–1	=	2.
	 38.(b)	 Here,	x2  – x1 = 2, y2– y1= –2, z2– z1 = 1

	 	 Now,	l,m,n for	PQ are 1
3  ,  2

3 , – 2
3

 
 ∴	 Projection	of	RS	on	PQ	=	∑l (x2 –x1)

  = 
2
3

4
3

2
3

− −  = −
4
3  = 43  . 

 
	 39.(b)	 The	given	lines	can	be	written	as	

   x–b
a  = y

1  =  z – d
c   and   x–b'

a'  = y
1  =  z – d '

c'  

	 	 given	lines	are	perpendicular,	then	
  a · a ' +1 · 1 + c · c'  = 0 
 
 ⇒ aa' + cc' = –1
 
 
 
	 40.(a)	 PM = 1 1

2
0 1 2 3

2

2
2

2

−





 + − + +






( )

  
 
           = 1

4
1 49

4
+ +






 

 
  
  
        =  

54
2

3 6
2

=
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	 1.(a)	 	cosθ1 =   4
5  

	 	 cosθ2 =  4
5 ⇒ cos2θ1 + sin2θ2 = 1.

 2.(c)  x( ) ( ) ( ) ( )3 2 4 2 2 4 2 3i j k y i k z i j k xi y j zk          + + + + + + + = + +α

 ⇒		 (3	–	α)	x + 2y + 4z  = 0
  2x	–	αy + 2z = 0 
  4x + 2y	+	(3	–	α)	z = 0
  For non-trivial  solution

  
3 2 4

2 2
4 2 3

−
−

−

α
α

α

  = 0
 

	 3.(d)	 λ	=	 a b a b
   

×( ) ×( ) =· 4 3  abcos π3  =1

	 	 λ	(a2b2 – ( · ) )a b
  2 4 3= ) ⇒ b = 1

	 	 λ	(4	× 1 –(1)2) = 4 3 .

 4.(c) 
a a a b a c

b a b b b c

c a c b c c

a b c

     

     

     

  

· · ·

· · ·

· · ·

=  
2   

 
 

 5.(d) 16 a


  b


	sinπ	/2	=	3 a


2 + 3 b


2+ 6 a


  b


    ⇒ 3a2 –10ab +3b2 
= 0 

 
 ⇒ (3a – b) (a – 3b) = 0
  Now, OC AB a b b a OC AB

�� �� � � � � �� ��
· ( )·( ) || cos= + − θ  

 

 ⇒ 
b a

a b a b

a a
a a

2 2

2 2 2 2

2 2

2 2
9
9

−

+ +
= =

−
+

cosθ   {using b = 3a}
 

 ∴	 cosθ	=			
4
5               ∴ tan  θ2  = 

1
1

1 4 5
1 4 5

1
3

−
+

=
−
+

=
cos
cos

/
/

θ
θ  

 

 6.(c) AM AB AC
� ���� � ��� � ���

= +
1
2

( )  

A

CMB

 
 

 7.(d) a b b c c a

a b c a b b c c a

� � � � � �

� � � � � �
− + − + −

= + + − + +

=

2 2 2

5 5 5 4

1

2 2 2

2 2 2 ( · · · )

55 4 15 4 3
2

21− + + ≤ −
−






 =

+ +

( · · · )

· · ·

a b b c c a

a b b c c a

� � � � � �

∵
� � � � � �

≥≥
−3
2

 
 

 8.(c) 
2 3
3 3 5

2 2
0

λ

λ
= 	 λ2	–	3λ	+	2	=	0	

 

 9.(d) c a b b a b a b b
    2 2 2 2 2 2 24 9 4 9 192= × = = − + =( ) ( ( · ) )

  c b a b c b b c
     

+ = × ⇒ + +3 2 9 62 2 ·

 = 4 6 4 1922 2 2( ( · ) ) . . cosa b a b− ⇒
 

θ

 =  – 288 ⇒	cosθ		=	
− 3

2

 10.(d) ( a


+ b


 – c


) · |–( b


 + c


– a


) × ( c


+ a


– b


 ) _|
 

          ( a


+ b


 – c


) · ( b


 × c


+ b


 × a


+  c


× a


– c


× b


– a


× c


+ a


× b


 )

 = 2 ( a


+ b


 – c


) · ( b


 × c


 +  c


× a


)

 = 2([ a


 b


  c


] + [ b


 + c


– a


]) = 4[ a


 b


  c


] .

 11.(b) ( a  × b ) ×  ( a  + b ) = ( a  ·( a  + b )) b  –  ( b  ·( a  + b )) a

 = (1+ a  · b  ) ( b – a )

 12.(b) Angle between planes is angle between n


1  and n


2 , where n


1  = 

AB AC
� ��� � ���

×  and  n


2  = AD AC
� ��� � ���

×
 

   n


1  = – 2 4 3i j k  + −
  

   n


2  = 6 3 6i j k  + −

13.(b) c a c c a a c c c
        

− = ⇒ − + = ⇒ − + = ⇒ =
2 2 2 2 2

8 2 8 2 1 0 1·  

  Also, a b i j k a b
� � � � � � �
× = + + ⇒ × =2 2 3

 ∴	 	 a b c a b c
     

×( )× = × 	sin π6  = 3.1. 1
2  = 3

2 

14.(b)  Area of triangle = 
1
2

3a b
 

× =

 ⇒	 a b
 

	sin π
3

 = 6  ⇒ a b
 

	 12
3

	 	 a b
 

∙ 	=	 a b
 

	cos π
3

  = 2 3 .
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 15.(b)  Perpendicular distance  from origin

   d  =  
p

a b c2 2 2+ +
  d2 = 

p
a b c

2

2 2 2+ + 

 16.(d) a b −  =1
 

 ⇒	 cosθ	=	 
1
2

  volume of  parallelopiped = a b a b   ×





 
  

  = sin2	θ		=	
3
4 

 17.(d) Equation of line PQ

   
x–3
1

 =  
y–7
2

 = 
z–1
–6

 = λ 
  
  Point  Q	(3+λ	,	7	+2λ,	1–6λ)
  If it lies on plane 3x + 2y + 11z  = 9, then  

	 	 λ	=		 
25
59 .

 

 18.(b)  V1  = a b c
  

 
  

  V2 = a b c a b c a b c
        

+ = − + − + 2 3 2 4 2
  

       = 15 a b c
  

 
 19.(b) Equation of line PQ

  r i j k i j k
� � � � � � �= − + + + +( ) ( )2 2 3 5µ

 ⇒ Co-ordinate of Q	(2+	μ,	5μ	–2,	3	+	μ)
  If point Q lies on plane,  then 

	 	 μ	=	
10
27  

  
PQ i u j uk i j k
� ��� � � � � � �= + + = + +µ 5 10

27
50
27

10
27  

 

 20.(b) a x i y j z k a x i y j z k
� � � � � � � �1 1 1 1 2 2 2 2= + + = + +,  

  and a x i y j z k
� � � �3 3 3 3= + +  are mutually perpendicular unit vectors. 

  

   then  [ ]a a a
x y z
x y z
x y z

  

1 2 3

1 1 1

2 2 2

3 3 3

=  = ± 1.

 23.(a) On solving Ax = C, & Bx = D 

  x = 
1
2
3

















   x =  

3
1
2

















  P =  (1,2,3)  , Q =  (3,1,2)

  PP ' ;  
x–1
1

 = 
y–2
1

 = 
z–3
1

 = λ 
 

 

P

P

Q'

Plane

x+y+Z = 9

1,2
,3

  (λ	+1,	λ	+2,		λ	+	3)			Lies	on	plane.
	 	 3λ	+	6	=		9	⇒	λ	=	1
 ∴ P'  = (3,4,5)
  similarly, Q' = (5,3,4)
  Now, check the options.  

 24.(b) AM i j

BM i

CM i j k

� ���� � �
� ���� �

� ���� � � �

= − +

= −

= − + +

( )

( )

( )

α

α

α

1

2

3 2 2 aree coplaner, then 
1 1 0α

α
α

−
−
−

=2 0 0
3 2 2

0

 

 25.(a) Normal vector  is parallel to PQ
� ���

  
x y z1 1 11

1
2

1
3

1
−

=
+
−

=
−

	=	λ	

P(1,–2,3)

Q(x1, y1,z1)

 ⇒ x1	=	λ	+1,	y1	=	–2	–	λ,	z1	=	3	+	λ
  Mid point of PQ is lie on the plane

 ⇒	 λ	=	 
2
3  

  Q = 5
3

8
3

11
3

, ,−







	 26.(a)	 Line	represented	by	x + ay – b  = 0 , cy + z – d  = 0  is parallel to 

  ( ) ( )i a j c j k ai j ck      + × + = − +

	 	 Line	represented	by	–x + a'y + b' = 0 , c'y –z +d ' = 0 is parallel to 

  ( ) ( )i a j c j k ai j ck      − × − = + +  
  If these two lines are perpendicular, then 
  aa' + cc' = 1.
	 27.(c)	 Let	 length,	 breadth	 and	 height	 of	 rectangular	 box	 be	 a,b,c 

respectively.

n i j k
� � � �= + +

Q
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Z

Q

R

X

Y

R
(0,0,c)

(0,b,c)

(0,b,0)
(a,0,c)

(a,0,0)

(0,0,0)

  

P ai ck

R b j ck

O a i b j c k

OQ OR a

�� � �
�� � �
�� � � �

� ��� � ���

= +

= +

= + +

=

2 2 2

cosθ
22 2 2 2 2 2
i b j c k a i b j c k� � � � � �+ +






 − −





·

 ⇒	 cosθ	=	– 
1
3

 ; similarly	cosϕ	=	–	 
1
3

 
 
 28.(d) ( ) ( )

( · ) ( · ) ( · ) ( · )

a b c a b c

a c b b c a a c b a b

     

          

× × = × ×

− = − cc

a b c b c a



     

⇒ =( · ) ( · )

	 29.(d)	 Let	 r xi y j

r r j

x y

� � �
� � �
= +

+ =

⇒ + + =

· ( )

( )

6 7

3 162 2

 

  Area of quadrilateral = 8 7

(– 7 ,0) ( 7 ,0)
(0,1)

(0
,–

3)

(0,–7)

y

xO

 30.(b) 
1
2 1

2

( ) (p q r q

q r

�� � � �

� �
− × −

×
 = 4

  
  

  Also,  p k q k r
�� � �
+ +1 2  = 0  P ( )p

��

O

R ( )r


( )q


Q

 ⇒ p k q k r
�� � �
= − −1 2

 = 0
 
 ⇒ kl  +  k2

  + 1 = 4
  kl  +  k2

   = 3
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